8 Properties of Triangles

We’'ll cover the following key points:
- Triangles - Triangle inequality property
- Angle sum property of triangle - Pythagoras theorem

- Exterior angle property of triangle

Learning Outcomes

By the end of this chapter, students will be able to:

Still curious?
Talk to me by
scanning

the QR code. Hi, I’'m EeeBee

Define and identify different types of triangles, including equilateral, isosceles, and scalene
triangles.

Understand and apply the concept of the angle sum property of a triangle, which states that the
sum of the angles of a triangle is always 180°.

Identify and understand the properties of congruent triangles, including the criteria for
congruence (SSS, SAS, ASA, AAS).

Understand and apply the properties of similar triangles, including the concept of proportional
sides and equal corresponding angles.

Calculate the perimeter of different types of triangles by adding the lengths of their sides.
Solve problemsinvolving the area of triangles, using the formula: Area =1/2 x base x height.

Understand the concept of the medians, altitudes, and perpendicular bisectors of a triangle and
how to construct them.

Understand the concept of the incentre, circumcenter, orthocenter, and centroid of a triangle
andtheir properties.

Use the properties of triangles in real-life applications, such as in architecture, engineering, and
design.

Apply the Pythagorean theorem to right-angled triangles and solve problems involving right

triangles.
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Introduction

| KITANYLLO

angles.

6

A trlangle isa polygon with three 51des and three 4 __ s i:_ P

——e Triangles «—
Let us revise a few things about triangles we have learnt earlier.

A triangle is a closed figure made of threeline segments.

It has three vertices, three sides and three angles. .
On the basis of sides, there are three types of triangles : ——
(i) Scalenetriangle (ii) Isoscelestriangle (iii) Equilateral triangle

On the basis of angles, there are three types of triangles::
(i) Acute-angledtriangle (i) Obtuse-angledtriangle (iii) Right-angled triangle
Medians of a Triangle

The line segment joining the mid-points of the sides of a triangle to the opposite vertices are
called medians of the triangle.

Let D, E and F are the mid-points of sides BC, AC and AB
respectively of AABC. Then, the line segments AD, BE and CF
are the medians of AABC.

Altitudes of a Triangle

In a triangle, the line segment drawn from the vertex to its opposite side so that it becomes
perpendicular to its opposite side is called the altitude of the triangle. A triangle has three

altitudes with respect to each side. a
In the fig., AD, BE and CF are the three altitudes of AABC 2 £
drawn respectively from A on BC, from B on AC and from o
Con AB.
B 5 C
D

b
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1.
2.

An altitude is the shortest distance from the vertex to its opposite side. A

Analtitude mightbe outside the triangle as in the following figure.

Here, AD 1BC.
AD is the altitude drawn from the vertex A to R =T
base BC of AABC. e D

Let us prove the Angle sum property of triangle that the
sum of the measures of the three angles of a triangle is
equal to 180°, using the property of parallel lines.

——e Angle Sum Property of Triangle «—

e

Given: A triangle ABC (say) Take a Task Watch Remedial
ToProve: ZA+ 2B+ £C=180°
Construction : Through the vertex A, draw aline DE parallel to the base BC.

Proof:Now, BC || DE and ABisatransversal. « >
Z/DAB=/ABC [Alternate angles] .... (i)
Similarly, ZEAC=2/BCA [Alternate angles] .... (ii)

From the figure, we get

B C

ZDAB+/BAC+/EAC=180°[ " DE represents a straight line and the
sum of the angles is equal to a straight
angle.]

ie, ZABC+ZBAC+/ZBCA=180° [ Substituting the alternate angles for
ZDABand Z EAC from (i) and (i) |

Thus, it is proved that the sum of the measures of the three angles of a triangle is equal to 180°

or two right angles.

1.
2.

A triangle cannot have more than one right angle.
A triangle cannot have more than one obtuse angle i.e., if one angle of a triangle is obtuse,
then the other two are acute.

In a right triangle, besides the right angle, the other two angles are acute and their sum is
90°.

=
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4. Inanequilateral triangle: (i) allsideshave samelength.
(ii) eachanglehasmeasure 60°.
5. Inanisoscelestriangle: (i) twosideshavesamelength.
(ii) baseangles opposite to equal sides are equal.

Verification

Case1: Draw a triangle on a thick sheet of paper. Mark three
angles and label them as £1, £2 and /3. Cut out the 3
triangular region. Cut further into three parts so that
each partrepresents an angle. 5
Now, draw a line AOB. Arrange the three cut- L
outs of the angles such that the vertex of each

angle falls at the point O and one arm of /1 is
along the ray OA, £2 is adjacent to £1 and £3 A
A O B

isadjacentto £2,as shown in the figure. )

»
»

Observe that the outer arm of Z3 is along the ray OB.
This shows that the three angles together make the straight angle AOB.

Hence, we find that the sum of the measures of the three angles of a triangle is 180°.
Hence verified

Creativity and Innovation

Take a piece of paper and cut out a triangle ABC. Fold the altitude AD through A. Fold the
three corners such that all the three vertices A, B and C touch at D as shown in the following

figures: A
A A ld line
/\ | DTN
- u| L D )
B = B D C Fold line

We observe that all the three angles form together a straight angle. Hence, we find that the

\_sum of the measures of the three angles of triangle is 180°. )

Case2: We know that the set squares represent the triangle. So, let us measure the angles of
the set squares. There are two set squares.

In figure (i), the set square hasangles 30°, 60°, 90°.
Their sum =30° + 60° +90° =180°

ey



Fig. (i) Fig. (i)

In figure (ii), the set square has angles 45°,45°,90°.

In each case, we see that the sum of the angles of a triangular figure is 180°.

Example1:

Solution:

Hence verified.

In the given figure, find the measure of the angle marked as x.

In ATND, itis given that,
TN = DNand /D =38° D
ZNTD = 38° [ baseanglesare equal.]

So,the ATND isanisosceles triangle.
Then, ZTND =180°- (LNTD + «D)
[Using angle sum property of a A]
=180°-(38°+38°)=180°-76°=104°

Also, ZDNK =180° [Straightangle]
i.e, ZTND+ZKNT =180° [Linear pair of angles]
or ZKNT =180°-ZTND =180°-104°=76°.
In ATNK,since TK =NKand ZKNT =76°

ZKTN =76° [in ATNK, base angles are equal. ]

Nowin A TNK, ZKNT+ Z KTN + x (i.e £ K) =180°
[Angle sum property of a triangle]
ie., 76°+76°+x =180°
or x=180°-152°=28°
Hence, the value of x, i.e., £ K=28°.

@



Example2: One of the angles of a triangle has measure of 80° and the other two angles are

equal. Find the measure of the two angles.

Solution:  InAABC, using angle sum property of the triangle,

A+ /B+/ZC=180° A
= 80°+x+x=180° 80°
= 2x = 100° . x
= x =50° B ~

Hence, two angles are 50° and 50°.

Example3: Findallthe threeanglesofaright-angledisoscelestriangle.

Solution:  Let ABCbeanisosceles triangle such that

1.

ZB=90°and LA=ZC=x.
By the angle sum property of a triangle, we have
x+x+90°=180°
o o o 90
or 2x=180°-90°=90°0orx=
Therefore, ZA =45°, /B =90°, LC=45°.

o B
=45°

A B
In the adjoining figure, if AB || CD, £A =50°and /B =40°, find 500 40
the measures of the remaining four angles. A
Give reasons for your answers.
€ D

Line Segment ABand CD intersect at O such that AC || DB.
If ZCAB =35°and ZCDB=55°, then find the value of ZBOD.
(i) 110° (ii) 70° (#ii) 90° (iv) 80°

In the adjoining figure, measures of angles Z/BACand ZACD
are indicated. Calculate the measures> of the remaining

angles.Is A ABCisosceles ? Give reason.



4. Inthefigure, AB || CDand AD, BCare the transversals. N - D
What is the measure of ZAOB?

5. Inthegiventriangle ABC,AB=AC. BRI 110° A B
Find all the three angles of the triangle.

B C A

6. Find each of the angles of the triangle ABC in the adjoining
figure, where BA || CE.

B C D
> |
7. If I || m, find the values of the 60° 4
unknown angles in the figure
given at right. R
P 125°

8. In the following figure, D and E are point on sides AB and
AC of AABC respectively such that DE || BC. If ZB = 30°
and ZA =40°find x, yand z. B

Experiential Learning

Complete the given tables :
Table 1 : There are three types of triangle on the basis of sides.

S.No. Side 1 Side 2 Side 3 Types of the triangle
(i) 12 cm 12 cm 12 cm triangle
(i) 18 cm 24 cm 18 cm triangle
(iii) 13 cm 15cm 10 cm triangle

Table 2 : There are three types of triangle on the basis of angles.

S.No. Angle 1 Angle 2 Angle 3 Types of the triangle
(i) 90° 40° 50° triangle
(i) 50° 70° 60° triangle
(i) 130° 30° 20° triangle
- J

@



——e Exterior Angle Property of Triangle «—

If a side of a triangle is produced, the exterior angle so formed is
equal to the sum of two interior opposite angles.

Proof: Let ABC be a triangle such that its side BC is produced to

form ray BX. Then, ZACX (=Z 4) is the exterior angle of AABC
at Cand £ 1 and £ 2 are its two interior opposite angles.

We have to prove that, X
L4=L1+ /2.
We know that the sum of the angles of a triangle is 180°.
Therefore, /1+/2+/3 = 180° ..(1)
Also, 3+ /4 = 180° [ Z3and Z4 formalinear pair] ...(if)
From (i) and (i), we get
L1+ 22+ /43 = L3+ /4
ie., L1+ /2 = /4
Hence, /4=/1+ /2 Hence Proved.
AnImportant Result @

In the above figure, wehave Z ACX=ZA+ /B
Watch Remedial
ie, ZACX> LZAorLACX> /B.
Thus, in a triangle an exterior angle is greater than either of the interior opposite angles.

Example4: Inthe figure, two of the angles have measures 60° and 70°. Find the measure of

ZXYT. X
Solution: In AXYZ, ZXYTisanexterior angleat Y. 0°
So, LXYT=/4YXZ+/LXZY

=60°+70°=130°

Thus,  ZXYT=130°. 7
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Example5: An exterior angle of a triangle is 110° and one of the interior opposite angles is
30°. Find the other two angles of the triangle.

Solution:  Let ABC be a triangle whose side BC is produced to form an exterior angle
ACD such that ZACD =110°.
Also, ZA=30°.
By exterior angle theorem, we have A
ZACD = ZB+ZA
ie., 110°= £ B +30° o
or ZB=110°-30°=80° 110°
Now, ZA+/B+/2C=180° B C D
ie, 30°+80°+ZC=180°
or /C = 180°- (80° + 30°) = 70°

Hence, the other two angles of the triangle are 80° and 70°.

A

1. Inthefiguregiven atright,find: o

(i) ZACD (ii) ZAED

40° 52° A
B C D

2. Inthefigure givenbelow, find: 07*

(i) x (i) y (iii) z -

40° Z [y
B D C

3. Inthefollowingfigure, find the values of xand y.

X OA
80°
120°
) ~
B C Y = l
4. In the adjoining figure, the measures of some of the *
angles areindicated. Find xand y.
) 150°,40° 1) 110°,70°
(0 (i1 40° yA70°
(iii) 70°,110° (iv) 150°,110° m”

@



5. Inthe figure given at right, two of the angles are indicated. What
are the measures of ZACX and ZACB? 50°

550
B C X

v

6. Inthefigure given below, find ZABD. Also, find ZABC, if ZC=3 ZABC.
(S

(A

70°
Vs

B D

7. Inatriangle, an exterior angle at a vertex is 95° and its one of the interior opposite angles
is 55°. Find all the angles of the triangle.

8. One of the exterior angles of a triangle is 80° and the interior opposite angles are in the
ratio 5:3. Find the angles of the triangle.

—= Triangle Inequality Property «—

Watch Remedial

Consider a triangle ABC as shown in the following figure. It has A
three sides BC, CA and AB. Let us denote the sides opposite to the
vertices A, B, Cby a, b, crespectively,i.e.,a=BC,b=CAandc=AB. ¢ b

The sides of a triangle satisfy an important property as stated in

the following: B _ C

Triangle Inequality Property : The sum of any

. : . P I iangle, th ] i
two sides of a triangle is greater than the third side. na triangle, the angle opposite

to the Largest side is the largest.

According to this property, in a triangle ABC, we have

A
b+c>a;c+a>banda+b>c
Example6: Oisapointin theinterior of AABC. State which of
the following statements is/are "True' or 'False" O
Give reasons in support of your answer. B C

(i))OA+OB>AB (1) OB+OC<BC
(iii) OA+ OC=AC
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Solution:

Example7:

Solution:

Example8:

Solution:

Example9:

Solution:

Example 10:

(i) Since OA, OBand AB are the sidesof AOAB
OA+OB>AB [Triangle Inequality Property]
The given statement (OA + OB > AB) is True.

(ii) Since OB, OCand BCare the sidesof AOBC
OB+0OC>BC [Triangle Inequality Property]
The given statement (OB + OC < BC) is False.

(iii) Since OA, OCand AC are the sides of AOAC
OA+0OC>AC [Triangle Inequality Property]
The given statement (OA + OC = AC) is False.

Which of the following can be the possible lengths (in cm) of a triangle ?

(i) 3,5,3 (i1) 4,3, 8

(i) Since3+5>3,5+3>3and3+ 3> 5, therefore (3, 5, 3) can be the possible
lengths (in cm) of the sides of a triangle.

(ii) Since4 + 3 < 8, therefore (4, 3, 8) cannot be the length (in cm) of the sides of
atriangle.

Two sides of a triangle measure 7 cm and 9 cm. Find the possible length of the
third side.

Since, the sum of any two sides of a triangle is greater than the third side, the
length of third side should beless than 16 cm.

In the following figure,in A ABC, AB =3 cm, A

BC =4 ¢m and AC =5 ¢m. Name the smallest and
the largest angles of the triangle.

5cm
3cm

As the largest angle is always opposite to the longest

side, Z B is the largest angle. Similarly, since the L . ~
cm
smallest angle is opposite to the shortest side, ZCis

the smallest angle. A

In the given figure, AM isa median of A ABC.
Provethat AB+BC+CA>2AM.

@



Solution:  InAAMC, we get
CA+MC > AM (i)
InA ABM, we get
AB+MB > AM .. (i)
Adding (i) and (i), we get
AB+(MC+MB)+CA > 2AM
ie., AB+BC+CA > 2AM Hence Proved.

| Exercise 8.3

1. Which of the following can be the possible lengths (in cm) of a triangle ?
(i)4.8, 4.8, 4.8  (ii)21, 22, 43 (i) 5, 7, 9 (iv)2, 10, 15

2. Pisapointin the interior of AABC as shown in the following

figure. State whether the following statements is/are true (T) R

or false (F):

(i) AP+ PB< AB (i) AP + PC > AC :

(iii) BP + PC=BC B C
3. Inthegiven figure, Pisthe pointontheside BCof AABC. A

Complete each of the following statements using symbol '=', '<’ or

>'soastomakeittrue:

(i) AP AB+BP

(ii) AP AC+PC B F C

(iif) AP %(AB+AC+BC)

4. Qs apoint in the exterior of AABC. What symbol >, '<' or '=" will you use to complete
the statement OA + OB AB?

Write two other similar statements and show that:

OA+OB+0OC> % (AB+BC+CA)

ey



—=* Pythagoras Theorem *—

A right triangle has a right angle. An important theorem called

Pythagoras Theorem relating to aright triangle is stated as follows:

In a right triangle, the square of the hypotenuse equals the sum of )

the squares of its remaining two sides.

In aright triangle ABC right-angled at Ci.e., AB is the hypotenuse B
and AC and BC are the other two sides of the triangle, we have

ie.,

ie.,

Perpendicular

Base

@)

(AB)? = (BC)*+(CA)?

(Hypotenuse)2 = (Base)? + (Perpendiculaur)2

2=a*+b* wherea=BC,b=CAandc=AB right angle.

Hypotenuse is the side
which is opposite to the

Verification of Pythagoras Theorem

In order to verify the Pythagoras theorem, we perform the following experiment :

Experiment

1.

What do you observe ?

For each triangle, itis observed that, Z=a’+b*

Draw a right triangle ABC, right-angled at C with sides BC =5 cm
and AC=4cm.

Measure AB.
Repeat the experiment by taking other right triangles

5cm

ABCbeingright-angled at Cwith different measures.
Measure the sidesa (=BC), b (=AC) and c (=AB) in each case.

Compute a®, b*and ¢* and tabulate the result as follows::

AABC a b c a’ v | Isc’=a’+b>?
I

II

I1I

4 cm

Thus, we conclude that: Take a Task Watch Remedial

@
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In aright triangle ABC, right-angled at C, ¢* = a” + b”.
Similarly: InAABG,if ZB=90° thenb’=a>+c’.
InAABGC,if ZA=90°thena’=b"+c%

Hence in a right-triangle, the square of the hypotenuse equals the sum of the squares of its
other two sides.

Hence, the Pythagoras Theorem is verified.
Pythagorean Triplets
By definition, three positive integers a, band c are called Pythagorean triplets, if ¢* = a* + b°.

Once we get the Pythagorean triplets (a, b, ¢), we may divide or multiply all the three numbers
by the same constant to get new triplets.

Forexample:a=2.5,b=6,c=6.5form the Pythagorean triplets.
Now multiplying them by any number, say by 2, we get
a =25x2=5—(5)2*=25 b=6x2=12 —>(12)*>=144
¢ =65%x2=13—(13)*=169
e, 169 =25+144
25,144,169 are the new Pythagoras triplets formed from the triplets 2.5, 6, 6.5.

Example 11: The hypotenuse of a right triangle is 13cm long. If one of the remaining two
sidesis of 5cmlength,thelength of the othersideis:

(i) 18 cm (i) 24 cm (iii) 12 cm (iv) 6cm
Solution:  Let ABCbearighttriangle, right-angled at C.

Then, AB=13cmand BC=5cm.

Now, by Pythagoras theorem, we have

AB? = BC*+AC? i.e.,(13)*=5"+ AC?

or 169 = 25+ AC?or AC* =169 -25=144

or ACxAC=12x120rAC=12cm

Hence, the length of the required side of the right triangle is 12 cm.

So, the option (iii) is correct.

s



Example 12: A ladder is placed in such a way that its foot is at a distance of 5 m from a wall
and its top reaches a window 12 m above the ground. Determine the length of

theladder.
Solution: Let ABbetheladder and B be the window .

Then,BC=5mand AC=12m. A
Since ABC isaright triangle, right-angled at C

AB? = AC’+BC? (Pythagoras theorem)
ie., AB? = 52+ (12)2=25+144=169 12m
or ABxAB = 13x130rAB=13m
Hence, thelength of theladderis 13 m B 5m C

1. Thehypotenuse of aright triangle is 25 cm and its perpendicular distance is 7 cm, find the
length ofits base.

2. Perimeter of arectangle is 34 cm. If its breadth is of 5 cm, find the length of each diagonal
of it.

3. Thesides of two triangles are given below. Determine which of them is the right triangle:
(i) a=6cm,b=8cm,c=10cm (i) a=5cm,b=8cm,c=11cm

4. ABCisanisoscelesright triangle, right- angled at C.
Prove that: AB*=2AC”

5. Aladder of 15 m long reaches a window which is 9 m above the ground on one side of a
street. Keeping its foot at the same point, the ladder is turned to other side of the street to
reach awindow of 12 m high. Find the width of the street.

6. A man goes 10 m due east and then 24 m due north. Find the distance from the starting
point.

7. A tree broke at a point but did not separate. Its top touched the ground at a distance of
6 m from its base. If the point where it broke be at a height 2.5 m from the ground, what
was the total height of the tree before it broke ?

e



Chapter-end Exercige

A. Multiple Choice Questions (MCQs)

Tick (v') the correct option.
1.

5
In the given figure, it ZACD is P of a straight angle,
the value of x is:

(a) 60° _J @) 700 ]
() 75° () @ 60° ) WA

v

. Inthe given figure, it Z/CDE = ZDEC, then ZAED =?

(a) 124° ) Al

(b) 112° ) AN

(c) 68° ) 0

(d) 120° () B C P

3. A person goes 12 m due east and then 5 m due north. The distance from the starting

2. Anisosceles triangle can be an obtuse- angled triangle also.
3. Atriangle can be formed whose anglesare 120°,30°, 30°.

4.
5.

pointis:

(a) 17 m () ) 5m C )@ 1am [ ) 13m

. If x, y and z are base, perpendicular and hypotenuse of a right triangle respectively,

then according to the Pythagoras Theorem, we get:

(a) X*=y*+2° D(b) yV=2+x D (c) Z2=x"+y* D(d) AlloftheseD

True/ False: Knowledge Application

1.

In aright-angled triangle, only one angleisacute.

Sum of two sides of a triangle is greater than or equal to the third side.

JUULL

Iftwo angles of a triangle are 65° and 45°, then third angle is 20°.

@
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C. Match the Columns:

Column A ColumnB
(a) Thenumber ofaltitudesina (i) equal
triangle is
(b) Inanisoscelestriangle, the angle (i) 3

opposite to equal sides are

(¢) Thenumberofelementsofatriangleare . (iii) greater
d) The sum of the two sides of a triangle iv
“ is than the third side. : ’ )* g!stom ea”"g L
D. Answer the following questions: LZ‘?::’:;‘;E: ‘ : ""?f'*

1. Which of the following can be the sides of a triangle ? m e
(i) 2cm,3cm,5cm (ii)) 4cm,3cm,5cm
(iii) 6cm,8cm,7cm (iv) 45 mm, 50 mm, 135 mm

2. In the following figure, the sides BC, CA and AB of ?A\“
AABC are produced in the order forming exterior
angles ZACD, Z/BAE and ZCBE . ‘
Show that Z/ACD + ZBAE + ZCBF = 360°. F CD

3. In AABC, ZA = 50° and BC is produced to a point D. The bisectors of ZABC and
ZACD meetatEand AB|| CE. Find ZE.

4. The sides AB and AC of AABC are produced to P and Q respectively. The bisectors of
exterior anglesat Band C of AABC meetat O.
Prove that Z BOC=90° - % ZA.

5. Two poles of height 15 m and 30 m stand upright on a playground. If their feet are
36 mapart, find the distance between their top.

6. In the figure, AD L BC, AB = 15 ¢m, CD =5 ¢m and / -
AC=13 cm. Calculate the lengths of sides AD and BC. e

7. In the following figure, ABC is a right triangle, right- angled at

C,and CD 1 AB. Also ZA =65°, D 5cm €
Find : (i) ZLACD (ii) ZBCD
(iii) ZCBD 65°

A D B
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Mental Maths

1. Iftheanglesofatriangleareintheratio2:3:4, determine the three angles.

2. Inthe following Fig, AC LCEand ZA: ZB: ZC=3:2:1.

Find the value of ZECD.
3. In the following figure, AD and CE are respectively i
perpendiculars to sides BCand AB of AABC.
If ZECD =50° find ZBAD. B ~
D C

\ J

HOTS (Higher Order Thinking Skills)

1. Oneangle of a triangle is the sum of its two other angles. If one of these two angles is half

of the third angle, find all the angles of the triangle.

2. A5mlongladder reaches a window of height 4 m on one side of the road. The ladder is
then turned over to the opposite side of the road and is found to reach another window of
height 3 m . Find the width of the road.

J

In each of the following questions, an Assertion (A) and a corresponding Reason (R)
supportingitis given.
Study both the statements and state which of the following is correct:
(a) Both A and Raretrueand Risthe correct explanation of A.
(b) Both A and Rare true but Ris not the correct explanation of A.
(¢) AistruebutRisfalse.
(d) AisfalsebutRistrue.
1. Assertion (A): Anobtuse-angled triangle has one obtuse angle.
Reason (R) : Anacute-angled triangle has all three acute angles.
2. Assertion (A): A triangle cannot have more than one right angle.
Reason (R) : The sum of the measures of the three angles of a triangle is equal to 360°.
3. Assertion (A) : In a triangle an exterior angle is smaller than either of the interior
opposite angles.
Reason (R) : An exterior angle and the interior adjacent angle form a linear pair of
angles.
4. Assertion (A): Attitude of a triangle bisects the side.
Reason (R) : Allangles of an equilateral triangle are acute.
5. Assertion (A): Aright-angled triangle can be an isosceles triangle also.
Reason (R) : A triangle can be formed whose angles are 120°, 30° and 30°.

@





