CLASS -11 JEE - MATHS

PROPERTIES OF BINOMIAL COEFFICIENTS

(1+x)"=Cy+ Cyx+ Cux? + C3x3 + ... +Cx" =YL, "Cr5neN (D)
Where Co,Cq,Cy, wv wevvv ... Cp are called combinatorial (Binomial) coefficients.
(@ The sum of all the Binomial coefficients is 2".
Put x=1,in (i)
We get Co+Ci+Cy+ +C,=2"
= = "C,=0 .. (i1)
(1)) Put x=-11in (i)
We get Co—C+C;—C3uveevnn +Cy =0
= o, (-D™C =0 ... (iii)
(© The sum of the Binomial coefficients at odd position is equal to the sum of the Binomial

coefficients at even position and each is equal to 2"
From (ii) & (iii),

Co+Cy+Ci+ .. =C +C34+C5 4 - ... = 2071
D "Cr+ "Croy = n+1Cr
"Cr _ n-r+1

) T

n _NDphgq _nh n-1,9 _ .. — n(n-1)(n-2)...(n-r+1)
® G = r Cr1 = r r-1 Crog =r e r(r-1)(r-2)...1

r+1
®  "Co=12omag,
Ex. Prove that: 25C;o + 2*Cyo + =+ wuu .. + 19C;, = 2°Cy,
Sol. LHS 10C0+ 2Cio + 2Cip 4 v e e+ 25Cy
11C11 + 11C10 + 12C10 + s ....+ 25C10
20+ 2Cp 4 v et + 25Cyp
13Ci1 + BCip 4. 25Cy

And so on. RHS = 26C,,

Alternative

LHS = coefficient of x*° in {(1 + X)) + (1 + )™ + -+ oo e e .. (1 + %)%

16_
Coefficient of x° in [(1 + x)*° “;X}Tll]
26 _ 10
Coefficient of x1° in w
Coefficient of x1% in [(1 + x)%® — (1 + x)°]
= %6Cy;; —0 = ?°Cyy

Ex. Prove that:

(a) C,+2C,+3C3+ ...+ 2C, =n-207!

n+1_
() Co+24+&4.. g2 1
2 3 n+1 n+1
Sol. (a) LHS. =y r-"C, = z;;lr-g- n=1e
n - - — —
Do T T =0 [T+ MG+ + 2T C ]
=n-2"1

Aliter: (Using method of differentiation)

(148 = "Co+ "Cix+ "Cox% + v v+ "CuxX™ (A)
Differentiating (A),
We get n(1+x)"1 =C; +2C,x + 3C3x% + .o 4+n - Cpx" L
Put x =1,
Ci+2C, +3C5+ e +n-C,=n-2"1
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(b)  LHS N7 e o 1 N onttg
e =0 r+1 n+1 r=0 r+1 r
1 n
=— Do "Ca
1
— E[n+1C1 + n+1C2 4+ e+ n+1cn+1]
— ﬁ [2n+1 _ 1]
Aliter: (Using method of integration)
Integrating (A),
n+1 2 3 n+1
We get B 4 C=Cox+ o S B
(Where C is a constant)
Put x=0
We get, C=- _an
w = C0X+C1_x2+£+ e+ Cox*2
n+1 2 3 n+1
Put X =1,
n+1_
We get Co+L+8l4.. 2 -1
2 3 n+1 n+1
Put X =-1,
B
We get Co >t =
n
Ex. Prove that C; —C3 + C5 — -+ .....= 22sin - %
Sol. Consider the expansion

1+ )8 =Co+ Cyx+ Cux? + -+ oo+ Cpx" ... (i)
Puttingx = -1, in (i)
We get (1 - l)n = CO - C]_l - Cz + C31 + C4 B IR (_1)ncnin

2 fos () s (-2

=(Co—Cy+Cyp—-...)—i(C; —=C3 +C5 — -+ ...) o (H0)
Equating the imaginary part in (ii)
We get C,—C3+C5—-. =255in¥
Ex. If (1 +x)" =Cy + Cyx + Cyx% + -++.. +C,x"then prove that

z (€ +C)? = (n— 1)2C,, + 22"
0si<jsn

So.  LHS Z (C; + C))?
0<i<js<n
=(Co+C)?+ (Co+C)%+ -+ (Co+Cr)?+(Cy +C)2+ (Cy +C3)2 + -
+(C;+C)2+ (C, +C3)%2+(Cu+CO%+ -+ (Cy + C)% + . +(Cyueq + C)?
=n(C§+C§+C§+---+C§)+ZZ CiCj

0<i<i<n

2n!
_ .2n No2n-1 _
=07y +2 {2 2-n!n!}

n. 20C, + 22" — 2n¢,
=(m—1)- 2C, +2%" = RHS



