CLASS-12 JEE - MATHS

METHODS OF SOLVING ORDINARY DIFFERENTIAL EQUATION OF FIRST ORDER AND FIRST
DERESS
Differential Equation Of First Order And First Degree
A first-order and first-degree differential equation belongs to the type:
dy
& +f (x,y) =0
This expression can also be represented as: Mdx + Ndy = 0, where M and N are functions of x and
y.

Solution methods of First Order and First Degree Differential Equations
Variables Separation
Certain differential equations can be solved using the separation of variables method. This
approach is applicable when the differential equation can be expressed in the form A(x) dx + B(y)
dy = 0.
Where A (x) is solely a function of 'x' and B(y) is solely a function of 'y'.
A general solution for this is provided by,
[Ax) dx+ [B(y)dy =c
Where 'c’' is the arbitrary constant.

Ex. Find the solution to the differential equation (1 +x)y,dx=(y-1)x,dy.
Sol. The equation can be written as -

e
J{i+1jdx=f[1—$)dy2

Inx+x=y-Iny+c
Iny+Inx=y-x+c

xy=e""
2
Ex. Solve the differential equation xyd—y = 1ty (1 +x+x° )
dx  1+x°
Sol. The differential equation can be expressed as:

xy%:(1+y2 ){1+

X ]
1+%°

Y dy:(l+ ! ]dx
1+y2 X 14x?

Integrating,

N |-

1n(1+y2):1nx+tan_1x+c

-1
J1+y? =cxe™ X

Ex. Solve j—y:(ex +1)(1+y2)

X
Sol. The equation can be formulated as:
dy _ (eX + 1)dx
1+y?

Integrating both sides, tan-ly = eX+x + c.
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Ex. Solve the differential equation (X3 —yx3 )3—}, +y3+x%y =0
X
Sol. (X3 —y2x3)d—y+y3 +x4y3 =0
dx
2 2
1=y dy + 1t+x dx=0
y? x

J 1.1 dy+J‘[i+ljdx:O
vy 3 x
x| 111 1
log| — |==| —+— |+¢
y) 2 y2 x?
Polar Coordinates Transformations
At times, converting to polar coordinates makes the separation of variables more convenient. In
this context, it is helpful to recall the following differentials:
A If x=r cos 6; y =r sin 0 then,
0] xdx +ydy = rdr
(ii) dx* + dy? = dr® +r*de?
(iii) xdy —ydx = r’de
3B Ifx=rsecO &y=rtan0 then
0] xdx —ydy =rdr
(i) xdy —ydx = r? secf de.

Ex. Solve the differential equation xdx + ydy = x (xdy - ydx)
Sol. Taking x =r cos6, y = r sinf

K1yt =1?
2xdx + 2ydy = 2rdr
xdx+ydy =rdr ... )
Y —tano
X

dy
Xi [—

dx =sec’0- @

XZ dx

xdy — ydx = x% sec? 0-d0
xdy-ydx=r’d6 ... (i)
By employing (i) and (ii) in the provided differential equation, it transforms into:

rdr = rcos0-r2d0

d—zr:cosede

r

1 .

—=sinO+A

r

- ! = y +A
\/x2+y2 x2+y2
y+1

=c 3(y+1)2=c(x2+y2)

VX2 +y?
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X+ yd—y 4
Ex Solve : dx _y2 1oy Y
_ dy x*
y dx
X+ yd—y 4
Sol. dX _ 2 2y* + L
_ dy x*
Y dx

x* +2x2y? 4yt

XZ

xdx +ydy _ (XZ +y2)2

ydx —xdy x>
xdx+ydx —(xdy—ydx)
2 2
(x2+y2) X
lZde+2ydy :_d{zJ
2
2 (xz +y2) X
2,2
14(+y?) (2)
~=—d| =
(xz +y2) X
Now integrating both sides
11 Y.
2 XZ +y2 X
y 1 .
X 2(X2+y2)

Reducible to the Variables Separable form

If a differential equation can be transformed into a separable variables form through an
appropriate substitution, it is termed "Reducible to the variables separable type." Its general form

is. j—y =f(ax+by+c)a,b=0. To solve this, putax + by + c =t.
X

Ex. Solveg—y =cos(x+y)—-sin(x+y).
X

Sol. 3—y:cos(x+y)—sin(x+y)
X

xt+y=t
dy _dt_,
dx dx

— —1=cost-sint
dx

dt

4t
1+cost—sint
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Ex.

Sol.

Ex.

Sol.

sec? £dt
[—=—=ldx
2{1 —tan t]
2
—In l—tanXer =X+cC
2
Solve & — (4x+y +1)>
dy
Putting dx+y+1=t
L4y _de
dx dx
dy _dt_,
dx dx
. . dt 2
Given equation becomes ——4=t
dx
dt _dx
t*+4
(Variables are separated)
Integrating both sides,
t
[ =[d
4+t
1, 4t
—tan " —=x+c
2 2
ltan’1 4X+y+1]:x+c
2
Solve:y' = (x +y + 1)?
y'=x+y+1)? (i)
Let t=x+y+1
ﬂ =1+ d_y
dx dx
Substituting in equation (i)
We get, i =t +1
dx
J- dt :_[dX
1+t

tan ' t=x+C
t=tan(x+C)
x+y+1=tan(x+C)
y=tan(x+C)-x-1

Equation of the Form

= yf (xy)dx + xg (xy)dy =0

The substitution xy = z transforms the differential equation of this structure into a form where the

variables are separable.
Let Xy =7



CLASS-12 JEE - MATHS

xdz —zdx

X
using equation (ii) & (iii), equation (i) becomes

Ef(z)dx +xg(z) {M} =0
X X2

Ef(z)dx +g(z)dz - Eg(z)dx =0
X X

2 (£(2) - g(2)}dx + g(z)dz = 0a
X

Laxs g(z)dz _
X z{f(z) - 8(2)}

Solution by Inspection

At times, by recognizing a certain group of terms as being part of an exact differential, we can
solve the differential equation in which they occur by inspection. The following list will be of help

in finding a perfect differential made up of group of terms.

d(xy) = xdy + ydx
yy _ xdy —ydx
1) =—=
x\ ydx — xdy
-2
xdy — ydx
d (1n X) =Xy -y
X Xy
dy —yd
X x% +y?

< _1X)_ydx—xdy
T ox2+y?

<y2) 2xydy — y*dx
d(=)= _
X X
<x2> 2xydx — x2dy
d(=)= _
y y
d( 1 )_ y2dx + 2xydy
xy? - x2y4
xdy + ydx
d{sin"(xy)} = ——
1 — x2y?
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Homogeneous Equations
A function f(x, y) is considered a homogeneous function of degree n if the substitutionx =1 x,y
=Ay,, A > 0results in the equality:

fOx 1) = A" f (xy)

The degree of homogeneity, denoted by 'n', can take any real number.

Ex. Find the degree of homogeneity for the given function.
33
. 2 2 .. x2 + y2 . x
@ fx,y)=x"+y (i) f(x,y)= (i) f(x,y)=sin| —
(x+y) y
Sol. (i) f(x,Ay) = A%x? +0%y?
-2 (Xz : yz)
= 2’f(x,)

Degree of homogeneity — 2

7\.3/2)(3/2 + 7\43/2}’3/2

ii fOX,Ay) =
(in) (Ax,Ay) Tty

f(ux,Ay) = A2 f(x,y)

Degree of homogeneity — %

(iii) f(Ax,Ay) :sin[x—XJ
ry

=\ sin(ij
y

=1f(x,y)

Degree of homogeneity — 0

Ex. Ascertain whether each of the following functions is homogeneous or not.

(i) f(x,y)=x>—xy (i) f(x,y)= Xy 3 (iii) f(x,y) =sinxy

X+y
Sol. (i) =A% - Axy
=2 (x2 —xy) = ﬂ.zf(x, y) Homogeneous.
y WXy on
(i) fOAX,Ay) = ——=—F # A f(x,y) Not homogeneous.
AX+ATy
® f(x,1y) = sin(kzxy) #A" (x,y) Nothomogeneous.

Homogeneous first order differential equation

dy _ f(x,y)
dx  g(x,y)
Where f (x,y) and g(x,y) are homogeneous functions of x,y and of the same degree, is said to be

A differential equation of the form

homogeneous. Such equations can be solved by substituting y = vx,

10
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®

Ex.

Sol.

A function F(x, y) where f(x, y) and g (%, y) are homogeneous functions of x and y and of the same
degree, is considered homogeneous. Such equations can be solved by substituting y = vx.
So that the dependent variable y is changed to another variable v.

As f(x, y) and g(x, y) are homogeneous functions of the same degree, denoted as n, they can be

f(x,y) =x"f, [%J

g(xy)=x"g, [XJ
X
y=¥X
d dv
d—z =V + X&
The given differential equation, therefore, becomes
v+ X
v )
dx g )

g(Mdv  dx
f(v)-vg,(v) x '
So that the variables v and x are now separable.
In certain cases, homogeneous equations can be resolved by substituting (x = vy) or by

expressed as:

employing polar coordinate substitution.
Find the solution for the differential equation (x2 - y2) dx + 2xydy = 0, with the initial condition y

=1whenx=1.

dy __x-y®
dx 2xy
y =ux
d_y dv
dx dx
dv 1-v?
V+X—=—
dx 2v
J. v dv=-— d—X
1+v? X

ln(1+v2):—lnx+c

x=1,y=1, v=1

In2=c

2
Ind|1+% |xt=In2
X2

X +y2 =2X

11
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Ex.

Sol.

X X

Find the solution to the differential equation: | 1+2e¥ |dx+2e¥ [1 —Ej dy=0
y

The equation is homogeneous with a degree of 0.
Put x =vy, dx=vdy+ydv
Subsequently, the differential equation transforms into

(1 +2¢" )(vdy +ydv)+2e¥(1-v)dy =0
(v+2e")dy+y(1+2e")dv:0

\'
d_y+1+2e

y  v+2e’

dv=0

Integrating and replacing v by x
y

We get lny+ln(v+2ev)=lnc

X

And X+ 2ye; =C

Non-homogeneous Equation of First Degree in X and Y
Equations reducible to homogeneous form

Ex.

Sol.

dy a,x+b,y+c, a, b
G _AXTRYTG AL 21 canbe reduced to homogeneous form

2 2

An equation of the form where
dx a,x+byy+c, a

by changing the variablesx,ytou,vas Xx=u+h,y =v+k
Where h, k are constants chosen to make the given equation homogeneous.

dy _dv
dx du

We have

The equation becomes,

dv a1u+blv+(a1h+b1k+cl)

du a2u+b2v+(a2h+b2k+c2)
Let, h and k be chosen so as to satisfy the equation
a; h+bk+c¢; =0 - (1)
a, h+b,k+c, =0 . (if)

Solve for h and k from (i) and (ii)
NOW, ﬂ = M
dv a,u+b,v

Is a homogeneous equation and can be solved by substituting v = ut.

Solve the differential equation dy = X+2y-5
dx 2x+y-4
Let x=x+hy=Y+k
dy = i(y +k)
dX dX

12
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dy _dy
dxX  dx

On dividing (i) by (ii)
dy _dvy
dx dx
dy X+h+2(Y+k)—5
dX 2X+2h+Y+k-4
X+2Y+(h+2k—5)
:2X+Y+(2h+k—4)

h & k are such that
h+2k-5=0
2h+k-4=0
h=1k=2
dY X+2Y
dX 2X+Y
Now, substituting Y = vX
d—Y:v+Xﬂ
dX dx
dv  1+2v
dX  2+v

J'2+v dXx

Which is homogeneous differential equation.

dv=|—
1-v2 X

j[2(341)+z(1zg_v)]dv=lnX+c

%1n(v+1)—%1n(1—v) =InX+c

v+1
(1-v)?

In =InX%+2c

Y+X) X _ 2
(X-Y) X2
X+Y=c¢(X-Y)

eZc :CI
x—l+y-2=c'(x-1-y+2)
x+y-3=c(x-y+I)’
L,
a, b,

are separable.

&
C

#
2

Ex. Solve: (x +y)dx+ (3x+3y-4)dy =0
Sol. Let t=x+y
dy = dt-dx
tdx + (3t-4) (dt-dx) =0

13

then the substitution ax + by = v will reduce it to the form in which variables
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2dx+[32t_4jdt=0

2dx—3dt+idt:0
2—t
Integrating and replacing t by x + y, we get
2x-3t-2[In| 2-0)[] =cq
2x-3(x+y)-2[In| 2-x-y)|]=c1
x+3y+2In|(2-x-y)|=c

dy 2x+3y-1
dx 4x+6y-5
Sol. Putting u=2x+ 3y

l ﬂ_z _u-1
3\ dx ~ 2u-5
E_Bu—3+4u—10
dx 2u-5

_[ 2u-5
7u-13

Ex. Evaluate

dx=[dx

1
7u-13

zfl-du—gf -du=x+c
7 7

Eu—g-lln(7u—13):x+c
7 77

9
4X+6y—7ln(14x+21y—13):7x+7c

-3x+6y —;ln(l4x+21y -13)=¢'

Ifay + bq =0, then a simple cross multiplication and substituting d (xy) for
xdy + ydx and integrating term by term, yield the results easily.
Ex. Evaluate dy _xz2y+l
dx 2x+2y+3
dy x-2y+1
dx 2x+2y+3

Sol.

2xdy + 2ydy + 3dy = xdx — 2ydx + dx

(2y +3)dy = (x+ 1)dx — 2(xdy + ydx)
On integrating,

[(2y +3)dy = [(x+1)dx -2 d(xy)

N
y2+3y:7+x—2xy+c

Ex Find d_y:LM
dx 2x+y-1

Sol. Cross multiplying,
2xdy +ydy —dy = xdx — 2ydx + 5dx
2(xdy +ydx) +ydy —dy = xdx + 5dx
2d(xy)+ydy —dy = xdx + 5dx

14



CLASS-12 JEE - MATHS

On integrating,

2 2

y X
2xy +—-y=—+5x+cC
Y 2 Y 2

x? —4xy—y* +10x+2y =c¢’'

¢ =-2c
Ex. Solve y(xy+1)dx+x(1+xy+x2y2)dy =0a
Sol. Let Xy =V
\%
y=—
X
dy = xdv — vdx
<2

Now, differential equation becomes

2

X(V+1)dx+x(1+v+v2)[Mj:0
X X

On solving, we get
v3dx—x(1 +V+v2) dv=20
Separating the variables & integrating

We get, fd—x— 11 av=o
X V3 VZ v

1 1
Inx+—+—-Inv=c
vt v

2v? ln[X] —2v—1=-2cv?
X

2x%y? Inn —2xy —1 = Kxx’y?

where K=-2c¢

15
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Linear Differential Equation (Lagrange's Linear Differential Equation)

Note:

Ex.

Sol.

A linear differential equation has the following characteristics:

The dependent variable and its derivative are of the first degree and not multiplied together.
All derivatives should be in polynomial form.

The order of the derivatives may be more than one.

The mth order linear differential equation is of the form.

dmy dmfly dy
P, (x) o +P (x) T S O Pm_l(x)aJr P (X)y=¢(x)
Where P(x), P{(X) correererrnnns P, (x) are called the coefficients of the differential equation.
The coefficients of the differential equation are denoted as Po(x), P1(X) .occerreeen. Pm(X).

While a linear differential equation is always of the first degree, it's important to note that not
every differential equation of the first degree is linear.

2 3
E.g. the differential equation d—z + (j—yj +y? = is not linear, though its degree is 1.
dx X

d . . . . . .
d—y+ y2 sinx =Inx is not a Linear differential equation.
X

Which of the following equations is linear and which one is nonlinear?

dy 2 _ 2 dy _ X dy )
(A)E+Xy =1 (B)x &+y—e (C)E+3Y—XY
dy = o dy dy
(D)xa+y =sinx (E)E:cosx (F)E‘*Y—O
dy 3 2
G)dx+dy =0 H)x| == |+ =
( ) x+dy ( )X[dxj dy Y
dx
None Linear (A), (©), (D), ()
Linear (B), (E), (F),(G)

Linear differential equations of first order

The differential equation 3—}, +Py =Q islineariny.
X

(Where P and Q are functions solely dependent on x.)

Integrating Factor (LF.) :

Itis an expression that, when multiplied by a differential equation, transforms it into an exact form.

Pdx
The integrating factor for a linear differential equation is = g(x) = ej After multiplying the
above equation by (ignoring the constant of integration),
L.F it becomes;

d_y'eIde +PY'eJ.PdX =Q'e'[PdX
dx

2yl

dx

J.de I Pdx

e =] Q-e +C

Attimes, the differential equation becomes linear when x is considered the dependent variable and
y as the independent variable. In such cases, the differential equation takes the following form:

16
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dx
E + P1X = Ql
[p,dy
Here, P1 and Q1 are functions of y. The I.LF. nowis €
. -1, \d
Ex. Find 2 ety ) dy _
X in (1+y )+(x e ix 0
Sol. The differential equation can be expressed as:

dy

dy 14y?  14y?

dx 1 etan’'y
f—x

tan-1_ _tan! y

So, solution is xem v o8& Ve "4y
1+y?
Let, etan—ly -t
tan—1
€ Yay=dt
1+ y2

-1
xe®" Y = [dt

Putting e y=
Or xe™ly -1~
tan! y 2tan ! y
2xe =e +c

2 .2
Ex. Solve d_y+ 3x _sn )3(

X 1+x°7  1+x

Sol. dy +Py=Q
dx

3x%

1+%°

p=

e nfrex)

F =eIP~dx —e 14x 3

=1+x
General solution is

y(IF)=][Q(IF)-dx+c
sin’x
y(1+x3)=1m(1+x3)dx+c

y(1+x3):fl_czﬂdx+c

sin2x
4

1
1+x3):—x—
y( :

Ex. Evaluate xIn Xj_y +y=2Inx
X

Sol. d—y+y:E
dx X

17
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1 2

X /Inx’ X
1
IF = efP.dx — eJXlnxdx — eln(lnx) =Inx
General solution is

yo(lnx):fglnx~dx+c
y

y(Inx) =(Inx)* +c

Equations reducible to linear form

By change of variable.
Frequently, a differential equation can be transformed into a linear form through a suitable
substitution of the non-linear term.

Ex. Solve: j—i:cosx(sinx—yz)
Sol. The provided differential equation can be transformed into a linear form through a change of
variable by an appropriate substitution.
Substituting v =z
oy dy _dz
dx dx

differential equation becomes

sinx dz .
— +C0SX-Z=Ssinxcosx

2 dx

E+ 2cotx-z=2cosx which is linear in d_z
dx dx

IF = echosxdx _ emeX _ sinz X
General solution is

z.sin® x = [2cosx-sin*x-dx+¢
. 2 .
y2 SlI'l2 X = ESIH3 X+cC
Bernoulli's equation

Equations of the form j—y +Py=Q-y",n#0andn=1 where Pand Q are functions of x, is called
X
Bernoulli’s equation.

dy

Equations in the form —+Py =Q-y",n#0 and n=1 where P and Q are functions of x, are

dx
referred to as Bernoulli's equations.
e.g. Zsinxd—y—ycosx:xy3eX
dy
On dividing by y»
We get y—n d_y + Py—n+1 _ Q
dx
Let y =,
1 dy dt
So that n+l)y ==
( 2 dx dx

Then equation becomes g—t +P(1-n)t=Q(1-n) linear with t as a dependent variable.
X

18
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Ex.

Sol.

Ex.

Sol.

2
Find W _Y_Y

3 5 (Bernoulli’s equation)
X X x

Dividing both sides by y?
1dy 1 1

e A |
y2dx xy x?
Putting 1 =t
y
_ldy dt
y? dx dx
Differential equation (i) becomes,
Jde 1
dx x 2
dt t
—+—=—— which is linear differential equation inE
dx x X2 dx
(La
=e* =e" =x

t-x :I—Lz-xd)u-c
X

Determine the solution for the given differential equation: j—y —ytanx = -y’ secx
X

1 dy

—2———tanX:—secx

yedx y
1 _V_—l dy dv
y 'yz dx dx
—av
———vtanx =-secx
dx
—+vtanx =secx,
dx

Here, P=tanx,Q =secx

_ [sanxdx = _ 2
LF.=e = secx|v|secx|=[sec’ xdx+c

Hence the solution is y ! | secx |=tanx +c

19



