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METHODS OF INTERGRATION
Integration by Substitution
If we perform the substitution ¢ (x) = tin an integral, then
(i) Every occurrence of x will be substituted with the new variable t.
(i) The differential dx is also expressed in terms of dt.

2

Ex. Evaluate: I see X dx
3+tanx
2
Sol 1 [
3+tanx
3+tanx =t
sec” xdx = dt
% =Int+C

In|(3+tanx)|+C

dx

Ex. Determine: I -
1+e

Sol. 1=j1 L x
+e

eX
J‘e"+l

X

J‘e:?+1

J‘c:jx(ex + 1)
(e +1)

e"+1|+C

log,

Ex. Find: Itan“ xdx

Sol. I tan* xdx =J- tan? x - tan? xdx
Itanz X(sec2 x—l)dx
j tan” x sec” xdx — J. tan? xdx
Itanz xsec” xdx —J‘(sec2 X —l)dx

tan3x
—tanx+x+C

Ex. Evaluate: J- %dx
X +x"+1

Sol. dx

1=
x' x4+
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[

Ltan_l 2x° 11 +C
3 V3

Integration Using Trigonometric Identities
Consider the following integral
t = [ cos? xdx
Now, recall the identity, cos 2x = 2cos?x — 1

1+cos 2x
2

= cos?x =

14+cos 2
[= fcoszxdxszde

I=%fdx+%fc052xdx

I=1x+isin2x+c
2 4

As it is clear from the above example when the integral involves some trigonometric functions,

we use some known identities to convert the given integral into a convenient form.

Integrals of Some Particular Function
Integration of type

d
Jax +zX+C J-\/ax +bx+c

Ex. Evaluate: j-\/ x2 +2x + 5dx
Sol. We have, I VX2 +2x+5
I\/xz +2x +1+4dx

J“KJH' 1)*+2?

%(x+1),/(x+1) +2% + (2) In

%(x+1)\lxz +2x+5+2In

J\/ax +bx +cdx

Express ax® + bx + c as a perfect square and then utilize the standard results.

(X+D)+/(x+1)? +22|+
(x+1)+Vx? +2x+5‘+C
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Ex. Evaluate: J Z;dx
X —=2x+3

Sol. 1=j2—
X" —=2x+3

I(x 1) +2 dx
Ix 1)? +<J‘)
j(x 1)? +<J‘>
Ltan'l(X 1J+C
NG V2

Ex. Evaluate: j

1
N33 +8x— NG o
1
Sol. J‘mdx
[
,/—{xz —8x—33}
j 1
\/—{xz —8x+16—49}
j;dx
,/—{(x—4)2 —72}
[EE—
77 = (x—4)

sin_l(x_4)+C
7

j pPX+q I\/ PX+9q dx,f(px+q) ax’ + bx +cdx

dx

Integration of type

ax® +bx+c ax’ +bx+c

Represent px + q as A times the derivative of the denominator plus B.

2x+3
Ex. Evaluate:
J. VX2 +4x+1
2x+3
Sol.
j\/X +4x+1
j(2X+4) 1
VxZ+4x+1
2x +4 1
dx — dx
‘[\/x +4x+1 ‘[\/x2+4x+1
dt 1
—— | —nm=dx
I I\/<x+2)2—(ﬁ>2
t= (x2 +4x+ 1) (For IST integral)
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2Wt=In|(x+2)+|+Vx2 +4x+1C

2Wx2 +4x+1-In x+2+\/x2+4x+1‘+C

Ex. Evaluate: J-(X— 5WX? + X dx

9 (2
Sol. (X—S)—In-dx(x +x)+},l.
Xx=5=A2x+1)+p

By comparing coefficients of similar powers of x, we obtain
1=2Aand A+pu=-5

1 11
A=—andp=——
2 H 2

I(X—S) x? + xdx

j(l(2X+l)—l—l) x% +xdx
2 2

J‘%(2x+1)\/x2 +xdx—1—21f\jx2 +xdx

LY Ny (Hg_(gdx

(Where t = x2 + x for first integral)
1 ﬁ —ﬂ L x+1 x+1 2— 1)
2°3/2 2 []207 2 2 2
2 2 2
—l(l) In x+l + x+l (2 +C
2 \2 2 2 2

e _£{2x+1 2 (x+l)+\/x2+x
2

—3? X +x—lln
3 2 4 8

]+c

3/2
:l(x2+x) _Hp2x+d x2+x—l€n
3 21 4 8

Jc
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Integration By partial Fraction
Integration of rational algebraic functions by using partial fractions:
® Partial Fractions:

f(x)
g(x)
function of x. Assume the degree of f(x) is less than the degree of g(x); if not, perform division of

f(x) by g(x) until the degree of the numerator is lower than that of the denominator. Then, apply
the concept of partial fractions as outlined below:

If f(x) and g(x) represent two polynomials, the expression

defines a rational algebraic

CASEI
When the denominator can be expressed as the product of non-repeating linear factors.

Let's assume... g(x)=(x—al)(x—az)...(x—an )
fx) A A A

Then, we assume that = + ot
g(x) Xx-a, Xx-a, Xx—a

Where A1, Az, An are constants that can be determined by equating the numerator on the right-
hand side to the numerator on the left-hand side and subsequently substituting them.
X =80,8y,000een .
CASEII:
When the denominator g(x) can be represented as the product of linear factors, with some of
them being repeated.
Example:

1 1

This can be expressed as

Al Az A3 ..... Ak Bl Bz + ot Br

+ + + ot + +
— 2 3 k _ _ -
X-a (x—a) (x—a) (X—a) (X a1) (X az) (X ar)
To find the constants, we equate the numerators on both sides. Some of these constants are
determined through substitution, as in Case I, while the remaining constants are obtained by

equating the coefficients of the same power of x. The procedure is illustrated in the following
example.

CASE III:
When certain factors of the denominator g(x) are quadratic but non-repeating, for each quadratic

. . . Ax+B
factor ax* + bx + ¢, we posit a partial fraction of the form ———————. Here, A and B are constants

ax’ +bx+c
determined by comparing coefficients of corresponding powers of x in the numerators on both
sides. In practice, it is recommended to assume partial fractions of this form

A(Zax + b) . B

> > . The following example illustrates the procedure.
ax“+bx+c ax“+bx+c

CASEIV:
When certain factors of the denominator g(x) are quadratic and recurring, fractions of the form

{AO(Zax+b)+ A, }+{ A(axsd) 4 }+ {AZk_l(Zax+b)+ Ay }

ax? +bx+c ax’+bx+c (ax® +bx+c)?  (ax’+bx+c)? (ax’ +bx+c)k (ax® +bx +c)k

10
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Ex. Evaluate j (2x=1)
E-DE+2)(x-3)
Sol.  Let @x-1) _ A, B C
x-D+2)(x-3) x—-1 x+2 x-3
- 2x—1 _A(x+2)(x-3)+B(x-1)(x-3)+C(x-1)(x+2)
E-DE+2)(x-3) E-DE+2)(x-3)
Putting x=1 -6A=1
1
= A= —
6
Putting x=3, 10C=5
1
= C=—
2
Putting x=-2,15B=5
1
= B=——
3
So —lj‘idx—l de+l idx
67 x-1 37 x+2 27x-3
1 1 1
—— log |x- 1| —= loge|x + 2| + = loga|x-3| +C
6 g | | 3 gel | 5 gel |
3 _ 2 1 _2
Ex. Solve )(?)(—+())( into partial fractions.
X" —5x+6
Sol. In this case, the provided function is an improper rational function, meaning that the degree of
the numerator is greater than the degree of the denominator.
On dividing,
3 _ 2 1 _2 _
We get, X62’)(—4-()X=><—1+M ........... )
x* —5x+6 (x* -5x+6)
We have, x4 x4
x> -5x+6 x-2)(x-3)
—x+4 A B
So, let = +
x-2)(x-3) x-2 x-3
Then -x+4=AX-3)+B(x-2) s (i)
Puttingx - 3 = 0 orx = 3 in (ii),
We get 1=B()
= B=1.
Puttingx - 2 = 0 orx = 2 in (ii),
We get 2=A2-3)
= A=-2
-Xx+4 2 N 1
(x-2)(x-3) x—2 x-3
3 2
Hence X" —6x" +10x 2=x—1— 2 + 1
x* —5x+6 x-2 x-3

11
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Ex. Resolve > 3x=2 into partial fractions, and evaluate J Bx—2)dx .
x-1D*(x+1)(x+2) (x-1*(x+1)(x+2)
— A A A A
Sol. Let 3x-2 =1 4 2 4 78 L T4
x-1D’Ex+1D(x+2) x-1 (X_1)2 x+1 x+2
= 3x-2

A (x=1)(x+1)(x+2) + A, (x+ 1)(x+2) + Ay (x=1) (x+2) + A, (x=1) (x+1) couns)
Puttingx -1 =0or,x=11in (i)

we get 1=A21+1)(1+2)
= A= —E
4
Puttingx + 1 =0 or,x =-1in (i)
we get -5=A3(-2)2(-1+2)
= Az = —E
4
Puttingx + 2 =0 or,x =-2 in (i)
we get -8=A4(-3)2(-1)
= Ay = §
9
Now equating coefficient of x3 on both sides,
we get 0=A1+ A3+ As4
= A1=-A3-ns
5.8_13
4 9 36
3x-2 13 1 5 8
2 - * 2 *
(x=1) (x+1)(x+2) 36(x-1) 6(x-1) 4(x+1) 9(x+2)
Hence j (3x—-2)dx
-1 x+1D)(x+2)
EIn|x—1|— ! —Eln|x+1|+§ln|x+2|+c
36 6(x—-1) 4 9
<2
Ex. Evaluate j — dx
X +H(x*+1)

2
Sol. j S S P
+4)(x*+1)

1
3 “+d X2 +1

=i><l tan~1 X —ltan‘1x+C
3 2 2 3

= Etan‘1 i —ltan'1x+ C
3 2 3

12
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Ex. Resolve _ == into partial fractions.
-1 +1)
2x-3 A Bx+ Dx+E
Sol. Let (X—l)(Tl)z =11 + 21 T Gt Then,

2x—3=A*+1)?+ Bx+ Ox—-1D*+ 1)+ Dx+E)(x—1) ....... (D)
1
Puttingx = lineq (i),weget —1=A(1+1)?=>A= ~2

Comparing coefficients of like powers of x on both side of (i), we have

A+B=0,C-B=02A+B-C+D=0,C+E—B—-D=2and

A—C—-E=-3.
1
Putting A = — 1 and solving these equations, we get
B= L CD= ! d
=z=CD=7an
E—S' 2x—3 1 + x+1 4 9x +5
T2 E-DEE+H1D?2 4x-1) 4(x24+1) 2(x2+1)2
Ex. Resolve into partial fractions.
x' -1
Sol. We have, 2x = 2
-1 x-1DE +x+1)
So, let 2x _ A Bx+C
x-D(x*+x+1) x-1 x*+x+1
Then, 2x=A (x2 +x+1)+ Bx+0) (x-1) ()
Puttingx -1 =0or, x=11in (i),
We get 2=3A
2
= A=—
3
Putting x = 0 in (i),
We get A-C=0
2
= C=A=—
3
Putting x = - 1 in (i),
We get -2=A+2B-2C
2 4
= -2= —+2B-—
3 3
= B= -2
3

2 2
2x 2 1 3 3
+

X3—1_3.X_1 < +x+1
2x 21 2 1-x

Or = +
-1 3x-1 3x*+x+1

13
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Integration by parts:
The integration of the product of two functions, f(x) and g(x), can be accomplished using the
formula:

J(F(0)2())dx = £(x) [(g(x))dx =] (%(f(X))I(g(X))dedx
) Upon determining the integral J- g(x)dx , it will be devoid of any arbitrary constants.

(i) I g(x)dx Should be considered identical in both instances.

(iii) The selection of f(x) and g(x) can be guided by the ILATE rule. The function that appears later is
treated as the integral function (g(x)).

I - Inverse function
L - Logarithmic function
A - Algebraic function
T - Trigonometric function
E - Exponential function
Ex. Evaluate: j xlog, xdx
Sol. Let I= jg(x)dx
- log, ijdx—_[ i(log x)jxdx dx
dx
2 2
log, X(X—]—lex——dx
2 X
2 2
X
= — logex-— +C
2 ee
Ex. Evaluate: jx In(1+x)dx
Sol. Let I=1= Jx In(1+x) dx
2 2
In(x+1)% - [ Xax
2 x+1 2
2 2
X 1) -1 [ X ax
2 24 x+1
x? 1ex*-1+1
X Inx+ 1)——J'—dx
2 24 x+1
2 2 _
X—In(x+1)—lJ‘ X 1+ ! X
2 20 x+1 x+1
2
X 1 1
—In(x+1 ——j- x—1)+ X
2 ( ) 2 ( ) X+ l}j
2 2
X—Ir1(x+1)—lj X——X+In|X+1| +C
2 2J1 2
Ex. Evaluate: jezx sin 2x dx

ax

Sol. We know that j e sinbxdx = (asin bx-b cosbx) + C

a’ +b?

14
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a=2
er
and b=2= 3 (2sin2x - 2cos2x) + C
Note :
0 j eX [f(x) + f'(x)] dx = eX f(x) + C
(i) j [f(X) + xf' ()] dx = x f(x) + C
1
E Eval : _—
X. valuate I[In (Inx)+ () }dx
SoL  Let 1= j (In(lnx)+ 1 ]dx
(Inx)?
put x=e'
dx=e'dt

I=Iet(lnt+l)dt

2

J-et Int—l+l+i dt
t t 2

et(lnt—lJ+C
t

X[In(lnx) —i} +C

Inx
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