CLASS-11 JEE - MATHS

L'HOPITAL'S RULE

If f (x) and g (x) are functions of x such that f (a) = 0 and g (a) = 0, then.
S (GO NN )
lim— = lim—
x-agx) x-ag'®

In this context, f'(x) and g'(x) represent the derivatives of f(x) and g(x) with respect to x.

3 1. When employing this rule, it is necessary to differentiate f (x) and g (x) separately.
2 L. Hospital's Rule is true even if f(x) = g(x) =0
when x = o
lim © = [jm L&
x-0 g(X)  x-00 g (X)
3. Forms 0 X oo and oo — oo, reduced either to form % or E for using L. Hospital's rule
4, 0%, 1%, 0% such types of form can be reduced to % or E by taking log of the given

expression.
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DERIVATIVES
Derivative of a Function at a Point

The instantaneous rate of change of f(x) at x, expressed mathematically as f'(x) or f'(x) or %is

referred to as the derivative of f, at x. geometrically, it signifies the slope of the tangent at the point
(x,y) on the curve y = f(x).
f(x+h)—f(x)

f'(x) = Lil% . (derivative by first principle)f’(a)

f(a+h)—f(a)

}lirr(l) provided the derivatives exist.

Ex. Apply the first principle to determine the derivatives of the following functions.
1. X" 2. a%,a>0
3 tanx,x¢(2n+1)g,nEZ 4. secx,x¢(2n+1)g,nEZ
5. sin"'x,—1<x<1

Sol. 1 We have

, . f(x+h)-f(x) . (x+h)—x?
f =] =1
O hoo  h
K[(1+2)n-1]
im—————
h-0 h
n[a+dyn_q n_
X[(—;‘l)] = x"im“—;t=1+2 say
h-0  x(1+3-1) t-1 t-1 X
x"1.n =nx"!
2. We have
f’(X) — lim f(x+h)—f(x)
h-0 h
hm ax+h_ax
h-0 h
lima* (ot
h-0 h
h
X1: a’—1
a*lim(5)
a*lna
3. We have
f’(X) — lim f(x+h)—f(x)
h-0 h
. tan(x+h)—tanx
hm =
tan(x+h)—-tanx . 1+tan(x+h)tanx
h—o0 1+tan(x+h)-tanx h
}lirr(l)mn(xhﬁ [1 + tan(x + h)tanx]
lllirr(l)(ta:h)[l + tan(x + h)tan x]
1% [1+tan?x] =sec’x
d tanx) 5
— (tanx) = sec*x
dx (
4. We have

f’(X) — lim f(x+h)—f(x)
h-0
lim sec(x+h)—secx

h-o0 h
cos x—cos(x+h)

h—0 hcos xcos(x+h)

. h
h. sin— 1
lim2sin(x +-) —% - —
h-0 ( + 2) 22 cos xcos(x+h)
. 1
sinx-1-
COSXCOSX

tan xsecx

d
. (secx) = secxtanx
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5. We have,
y =f(x) =sin"1x
x—smy=>ye [—; g]
__ 1. sin(y+h)-siny
d_y ==
lim 2cos(y1}-lg)sin%
h-0 25
smh
hmcos(y + —) (—= )
cosy =+/1— sm2y
Vv1-—x2
byt _dgp-t
Yl el (sin™" x)

Derivatives Of Standard Function

d .
&(sm X) = COS X

d .

= (cosx) = —sinx

d )

= (tanx) = sec” x

d __ 2
= (cotx) = —cosec” x

d
= (secx) = secxtanx

d

= (cosecx) = —cosec xcot X

d
™ (constant) =0

i(x“) =nx"Ln€eR
(Xn) = X #0

Q4 oaxy —

dx(e)—e

di;(a")=a"1na;a>0,aqt1

d 1 d 1

&(IHX)—;,X>O(&(IH|X|)—;,X¢O)

d%(logax)=§logae;x>0,a>0,a¢1

4 =X o K.

dX(|X|)—IXI or X,X¢0

While the idea of the inverse of a function is covered in the twelfth grade curriculum, the
derivatives presented below aid in addressing limit problems using L Hospital's Rule.

4 sin~lyx) = —— . —

dx(sm X)_J—' 1<x<1
d

E(cos x)—? -1<x<1
A on-1y) =+ .

dx(tan x)—1+x2,x€R

Basic Rules of Differentiation

d N
= (cot™x) = o2 XE R

d N1
&(sec X) = ol [x] > 1

d N
&(cosec X) = g x| >1

The subsequent rules facilitate the determination of a function's derivative without relying on the

first principle.

i{ku(x)} = —u k being a constant.
dv
2 (e £ Vo) = Lyl
Generalization
4 + + + .. —dudvdw
dx(u(x) tvx)twx) t--.) = i Sl i
d du dv
&(u(x) -v(x)) = & Vtug
Generalization

% (VW) = j—sz + u%w +uv
= WEVEWEOLX) ...

dw dt
uva(t....) + uvwa(....) + .-

dx

du dv
) _E(VWt""') +u&(wt....) +
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Ex.

Sol.

du dv
4 a0, _ VEugy
dx “v(x) v2

y = COS XCOS 2XC0s 4xcos 8x

y= 1+ +x)A+xH1+x8) ... (1+x2")

y = (cos x — isin x)(cos 3x — isin 3x)(cos 5x — isin 5x) .... (cos 2007x — isin 2007x)

y = sin Xcos xtan xcosec xsec xcot x, if all the functions are well defined

If, y = f(x), where f(x + i) = x* 4+ x4

L y= loga x
1
2. y= xlog, x
3.
4.
5.
6.
7.
We have
1. y = -
1
2. y= xlog, x
3.

_ X 1 ( X )
- log, x - loge xxlog, e - log, e \loge x

dy 1 d( X )
dx_logaedx loge x

d d
1 [d—ixloge x—xa(loge x)]

loga e (loge )2

(loge a)[loge X—X-%]

(loge X)?
X
(loge @) lOge(E)
(loge x)?
d(1 d
d_y _ %xxloga X—l-a(xloge xxlog, e
dx (xloga x)2

0xxlogy e—1xlogy e[%xloge x+x%(loge x)]

(xloga x)?

—log, e[1xloge x+x-%]

(xlog %)
_ —(1+loge x)log, e
(xloga x)?

Yy = COS XCO0S 2Xc0s 4xcos 8x

2sinx

— COS XCO0S 2xc0s 4xcos 8x
2sinx

2sin 2Xcos 2Xcos 4Xcos 8x

2X2sinx
2sin 4xcos 4xcos 8x

2X4sinx
__ 2sin 8xcos 8x

2X8sinx
_ sin16x

" 16sinx
dy _d (sin16x)
dx ~ dx \16si

. d, . . d, .
1 sin xa(sm 16x)—sin 16xa(sm X)

16 sin? x
1 sinx-16cos16x—sin 16X-cosx

16 sin2 x
1 [16sinxcos 16x—sin 16 xcos x]

16 sin? x
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5. y=1+x1+x2)A+xHA+x8)....(1+x2")
3:2 A+ )0 +x)A +xH(L+x) .. (1 +x27)
(1-x2)(1+x2) (1+x*) (1+x8) .. (1+x2T)

(1-x)
(1-xH(1+xH) (1+x8)...(1+x2)
(1-x)
(1-x3)(1+x8)...(1+x2")
(1-x)
_a-x2Ha+x?h)
- 1-x

ECLES!
—X

1-x
dy _ a-9aa-""-a-x"
dx (1-x)2
(1-x)(0—20+1.x2" -1y (g 2™y gy
(1-x)?
)—2n+1(1—x)(x2n+1_1)
(1-x)?

(1%

n+1
—x2

(1

6. y = (cos X — isin x)(cos 3x — isin 3x)(cos 5x — isin 5x) .... (cos 2007x — isin 2007x)
eTIX. 73X, @78 @712007X [6=i0 = (559 — isin 0]
@~ 1(1+3+5+7+:-.4+2007)x
e 1(1009X — (5(1004)2x — isin(1004)%x
% = —sin(1004)2x X (1004)2 — i x (1004)2cos(1004)2x
—(1004)2[sin(1004)%x + icos(1004)2x]
7. y = sin xcos xtan Xcosec xsec Xcot X
(sin xcosec x)(cos xsec x) (tan xcot x)
I1x1x1=1

dy_i _
E_dx(l)_o
8. We have
1 1 1 1
— 4 — 2 2 — 2 2
f(X+;)—X +X—4—(X +X_2) —2—[(X+;) —2] -2
fx)=(x*-2)2-2
x*—4x? +2
=y
dy _d a4y 4 p02y 4
dx  dx (X ) dx (4X )+dx (2)
4x3 —8x+ 0

4x(x? — 2)



