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SETS
A set is a collection of well defined objects which are distinct from each other. Sets are generally
denoted by capital letters A, B, C, ........ etc. and the elements of the set by small letters a, b, ¢

....... etc.

If ais an element of a set A, then we write a € A and say a belongs to A.

If a does not belong to A then we write a A,

e.g. the collection of first five prime natural numbers is a set containing the elements 2, 3, 5, 7, 11.

METHODS TO WRITE A SET :

Q) Roster Method or Tabular Method : In this method a set is described by listing elements,
separated by commas and enclose then by curly brackets. Note that while writing the set in
roster form, an element is not generally repeated e.g. the set of letters of word SCHOOL may
be written as {S, C, H, O, L}.

(i) Set builder form (Property Method) : In this we write down a property or rule which gives us
all the element of the set.

A = {x : P(x)} where P(x) is the property by which x € A and colon ( : ) stands for ‘such that’

Example # 1 : Express set A ={x: x € N and x = 2" for n € N} in roster form
Solution : A={2,4,8, 16, ... }

Example # 2 : Express set B ={x3: x <5, x € W} in roster form
Solution : B={0, 1, 8, 27, 64}

Example # 3 : Express set A ={0, 7, 26, 63, 124} in set builder form
Solution : A= {x:x=n-1,neN,1<n<5}

TYPES OF SETS

Null set or empty set : A set having no element in it is called an empty set or a null set or void set, it is
denoted by ¢ or { }. A set consisting of at least one element is called a non-empty set or a non-void set.

Singleton set : A set consisting of a single element is called a singleton set.
Finite set : A set which has only finite number of elements is called a finite set.

Order of a finite set : The number of distinct elements in a finite set A is called the order of this set
and denoted by O(A) or n(A). It is also called cardinal number of the set.

e.g. A={a, b,c, d} = n(A) = 4
Infinite set : A set which has an infinite number of elements is called an infinite set.

Equal sets : Two sets A and B are said to be equal if every element of A is member of B, and every
element of B is a member of A. If sets A and B are equal, we write A = B and if A and B are not equal

then

A=B

Equivalent sets : Two finite sets A and B are equivalent if their cardinal number is same
i.e. n(A) =n(B)

e.g. A={1,3,57,B={ab,cd} = n(A) =4 and n(B) =4

= A and B are equivalent sets

Note - Equal sets are always equivalent but equivalent sets may not be equal
Example # 4 : Identify the type of set :
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0] A={xeW:3<x<10} (i) A={a,B,y, 5}
(iii) A={1,0,-1,-2,-3,..... } (iv) A={1,8,-2,6,5and B={1, 8, -2, 6, 5}
v) A = {x: x is number of students in a class room}
Solution : 0] finite set (ii) finite set
(iii) infinite set (iv) equal sets
(v) singleton set

Self Practice Problem :

(1) Write the set of all integers 'x' such that -2 < x — 4 < 5.
(2) Write the set {1, 2, 5, 10} in set builder form.
3) IfA={x:x?<9,x e Z}and B ={-2, -1, 1, 2} then find whether sets A and B are equal or not.
Answers (1) {3,4,5,6,7, 8}
(2) {x : x is a natural number and a divisor of 10}
3) Not equal sets

SUBSET AND SUPERSET :

Let A and B be two sets. If every element of A is an element of B then A is called a subset of B and B is
called superset of A. We write itas A c B.

e.g. A={1,2,3,4andB={1,2,3,4,5,6,7} = Ac B
If A is not a subset of B then we write Az B

PROPER SUBSET :

If A'is a subset of B but A = B then A is a proper subset of B. Set A is not proper subset of A so this is
improper subset of A

Note : (i) Every set is a subset of itself
(i) Empty set ¢ is a subset of every set
(iii) Ac Band Bc A= A=B
(iv) The total number of subsets of a finite set containing n elements is 2".
(v) Number of proper subsets of a set having n elements is 2" — 1.
(vi) Empty set ¢ is proper subset of every set except itself.
POWER SET :

Let A be any set. The set of all subsets of A is called power set of A and is denoted by P(A)

Example #5: Examine whether the following statements are true or false :

(i) {a} z{b, c, a}

(i) {x, p} @ {x:xis a consonant in the English alphabet}
(i) {a, B, 7,8} ={a, B, ¢, v}

(iv) {a, b} € {a, {a}, b, c}

Solution : 0] False as {a} is subset of {b, c, a}
(ii) False as X, p are consonant
(iii) False as element y, & is not in the set {a, B, ¢, v}

(iv) False as a, b € {a, {a}, b, c} and {a, b} = {a, {a}, b, c}

Example # 6 : Find power set of set A ={1, 2, 3}
Solution : P(A) = {¢, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}
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Example # 7 : If ¢ denotes null set then find

(a) P(¢) (b) P(P(9))
(©) n(P(P(P(9)))) (d) n(P(P(P(P($))))
Solution : (@) P(9) = {¢} (b) P(P(9)) = {o.{0}}
(©) n(P(P(P(9)))) =22 =4 (d) n(P(P(P(P(9)))) = 2* = 16
Self Practice Problem :
(4) State true/false : A={p,q,r s}, B={p,q,r, p, t} then AcB.
(5) State true/false : A={p,q,r s}, B={s,r, q, p}then A c B.
(6) State true/false : [4, 15) c [-15, 15]
Answers 4) False (5) True (6) True

UNIVERSAL SET :

A set consisting of all possible elements which occur in the discussion is called a universal set and is
denoted by U.

eg.ifA={1,2,3,B={2,4,5 6}, C={1, 3,5, 7} then U ={1, 2, 3, 4, 5, 6, 7} can be taken as the
universal set.

SOME OPERATION ON SETS :

0] Union of two sets: AuB={x:x e Aorx € B}
eg.A={1,2,3},B={2,3,4thenAuB={1, 2, 3, 4}

(i) Intersection of two sets: AnB={x:x e Aand x € B}
eg.A={1,2,3},B={2, 3,4 thenAnB={2, 3}

(i) Difference of two sets: A—B ={x:x e Aand x ¢ B}. Itis also written as A N B'".
SimilarlyB—A=B n A’ eg.A={1,2,3},B={2,3,4}; A-B ={1}

(iv) Symmetric difference of sets : Itis denoted by AABand AAB=(A-B)u (B-A)

(v) Complementofaset: A'={x:x g Abutx e U}=U-A
eg.U={1,2,..... , 10}, A={1,2,3,4,5}thenA'={6, 7, 8, 9, 10}
(vi) Disjoint sets : If An B = ¢, then A, B are disjoint sets.
eg. lfA={1,2,3,B={7,89thenAnB=¢

VENN DIAGRAM :

Most of the relationships between sets can be represented by means of diagrams which are known as
venn diagrams. These diagrams consist of a rectangle for universal set and circles in the rectangle for
subsets of universal set. The elements of the sets are written in respective circles.

Forexample IfA={1, 2,3}, B={3, 4,5}, U={1, 2, 3, 4, 5, 6, 7, 8 then their venn diagram is

UW U@ U@D U(@

B A DB AB

u

A

AnB
U

@ ®

A (AAB)=(A—B)uU (B—-A) Disjoint
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LAWS OF ALGEBRA OF SETS (PROPERTIES OF SETS):
Q) Commutativelaw :  AUB)=BUA;AnB=BnA
(i) Associativelaw : (AUB)UC=AuUBUC);(AnB)NnC=An(BNC)
(iii) Distributivelaw : Au BN C)=(AUB)n(AUC);An(BuUC)=(AnB)U(ANC)
(iv) De-morganlaw : (AUB)=A'nB';(AnB) =A"UB'
(V) Identity law : AnU=A; Au¢d=A
(vi) Complementlaw : AUA' =U,AnA =¢,(A) =A
(vii) I[dempotentlaw : ANA=A AUA=A
NOTE :
() A-BuC)=(A-B)n(A-C);A—-(BNnC)=(A-B)U(A-C)
(i) And=¢,AuU=U

Example#8:LetA={1,2,3,4,5 6}landB={4,5,6,7,8,9}thenfind AUuB
Solution : AuB={1,23,4,56,7,8,9}

Example#9:LetA={1,2,3,4,5,6},B={4,5,6,7,8,9}. Find A—B and B — A.
Solution : A-B={x:xeAandx B}={1, 2, 3}
similarly B—- A ={7, 8, 9}

Example # 10 : State true or false :
0) AUA =A (i) UnA=A
Solution : 0] false because AU A'=U (i) trueas Un A=A

Example # 11 : Use Venn diagram to prove that A—B=ANB'".

++++ T4 FU

Solution : =A-B
From venn diagram we can conclude that A—B=ANB'".

Self Practice Problem :
(7 FINndAuBifA={x:x=2n+1,n<5 neN}andB={x:x=3n-2,n<4,n e N}
(8) FindA—(A-B)ifA={5,9,13,17,21}and B={3, 6, 9, 12, 15, 18, 21, 24}
Answers (7) {1,3,4,5,7,9, 10, 11} (8) {9, 21}

SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN SETS :
If A, B, C are finite sets and U be the finite universal set then

@) n(A U B) = n(A) + n(B) — n(A N B)
(i)  n(A-B)=n(A) —n(ANB)

(i)  nNAUBUC)=nA)+nB)+nC)-nANB)-nBAC)-nANC)+nANBAC)

(iv) Number of elements in exactly two of the sets A, B, C
=n(ANnB)+n(BNC)+n(CnA)-3n(AnBNC)
(v) Number of elements in exactly one of the sets A, B, C

=n(A)+nB) +n(C)-2n(AnB) —2n(BNC)-2n(An C) + 3n(An B N C)
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Example # 12 : In a group of 60 students, 36 read English newspaper, 22 read Hindi newspaper and 12 read
neither of the two. How many read both English & Hindi news papers ?

Solution : n(U) =60, n(E) =36, n(H) =22
NE' nH)=12 = n(EuH) =12

n(U)-n(EUH)=12

n(E u H) =48

n(E) + n(H) — n(E n H) =48

n(E nH)=58-48=10

Uy

Example#13 : In a group of 50 persons, 14 drink tea but not coffee and 30 drink tea. Find

0] How many drink tea and coffee both ? (i) How many drink coffee but not tea ?
Solution : T : people drinking tea
C : people drinking coffee
() NM=nT-C)+n(TNnC) = 30=14+n(TnNC) = n(TNnC)=16
T C

;

(i)  n(C—=T)=n(TuUC)-n(T)=50-30=20

Self Practice Problem :
9) Let A and B be two finite sets such that n(A — B) = 15, n(A u B) = 90, n(A n B) = 30. Find n(B)

(20) A market research group conducted a survey of 1000 consumers and reported that 720
consumers liked product A and 450 consumers liked product B. What is the least number that
must have liked both products ?

Answers 9) 75 (20) 170

Intervals :
Intervals are basically subsets of R and are commonly used in solving inequalities or in finding
domains. If there are two numbers a, b € R such that a < b, we can define four types of intervals as

follows :
Name Representation Discription
Open Interval (a, b) {x :a <x<b}i.e. end points are not included.
{x:a<x<b}i.e. end points are also included. This is possible only when
Close Interval [a, b] both a and b are finite.
Open - Closed Interval (a, b] {x:a<x<b}ie.ais excluded and b is included.
Close - Open Interval [a, b) {x:a<x<b}ie. aisincluded and b is excluded.
Note: (1) The infinite intervals are defined as follows :
0 (a,0) ={x:x>a} (ii) [a, ©) ={x:x>a}
(iii) (=00, b) ={x: x < b} (iv) (=00, bl ={x: x< b}
v) (o0, 0) ={x:x e R}
(2) x € {1, 2} denotes some particular values of x, i.e. x =1, 2
3) If there is no value of x, then we say x € ¢ (null set)

General Method to solve Inequalities :
(Method of intervals (Wavy curve method)

kl — k2 - — —_ kn
(x—2y)t(x—8y)? ———(x—a,)"
Where k,, k, ...k, andrg,r, ........ r, e Nand b, b,....b,and a,, a, ......a, are real numbers.

Then to solve the inequality following steps are taken.
Steps : -
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Points where numerator becomes zero are called zeros or roots of the function and where denominator
becomes zero are called poles of the function.

0] First we find the zeros and poles of the function.

(i) Then we mark all the zeros and poles on the real line and put a vertical bar there
dividing the real line in many intervals.

(iii) Determine sign of the function in any of the interval and then alternates the sign
in the neghbouring interval if the poles or zeros dividing the two interval has
appeared odd number of times otherwise retain the sign.

(iv) Thus we consider all the intervals. The solution of the g(x) > 0 is the union of the
intervals in which we have put the plus sign and the solution of g(x) < 0 is the
union of all intervals in whichwe have put the minus sign.

5
(x = 2)(x + 1)° (x—lj (x +8)°
2 is>0or<0.

Example# 14 : Solve the inequality if f(x) =
P quality It 1x) x*(x =33 (x+2)°

1 5
(x-2y°(x+1)° (x _Ej (x +8)> 1

Solution. Let f(x) = the poles and zeros are 0, 3,— 2,— 1, 5 8,2

x#(x =323 (x+2)°

NN NN o
-8 2N A1 0 NN 8

If f(x) >0,then x € (0, -8)U(-8,-2)uU(-1,0) U [0%} U (3, )
and if f(x) <0,thenx e (-2,-1) U [% Zj v (2, 3) Ans.
Exponential Function

A function f(x) = ax=exa (a >0, a # 1, X € R) is called an exponential function. Graph of
exponential function can be as follows :

Case -1 Case-1I
Fora>1 ForO<al
f(x) (x)
. 1)
©.1)
- Ol - - Ol e

Logarithm of A Number :

The logarithm of the number N to the base 'a’ is the exponent indicating the power to which the base 'a
" must be raised to obtain the number N. This number is designated as log, N. Hence:

logN=x<a=N,a>0,az1&N>0

If a =10, then we write log b rather than log, b.
If a = e, we write Inb rather than log_b. Here 'e' is called as Napier's base & has numerical value equal

to0 2.7182.

Remember

log,,2 =~ 0.3010 ; log,,3 ~ 0.4771
/n2 = 0.693 ; /n 10 = 2.303
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Domain of Definition :

The existence and uniqueness of the number log, N can be determined with the help of set of
conditions,a>0&a=1&N>0.

The base of the logarithm "a' must not equal unity otherwise numbers not equal to unity will not have a
logarithm and any number will be the logarithm of unity.

Graph of Logarithmic function :
f(x) = log.x is called logarithmic function where a >0 and a# 1 and x > 0. Its graph can be as follows:

Case- | Case- |l

Fora>1 ForO<ax<1
f(x) f(x)
A A

< /(1,0) i < 0[(1.0) >

Fundamental Logarithmic ldentity :
a%%N=N a>0,a%1&N>0

o

The Principal Properties of Logarithm:

Let M & N are arbitrary positive numbers, a >0, a = 1, b >0, b # 1 and o, p are any real numbers,

then :
0] log, (MN) = logg M + log, N ; in general log, (X, X, ... X.)
=logx, +log, X, + ........ +log, X,
(i) log, (M/N) =log,M —log, N
(iii) log, M* = a.. log, M
: 1
(iv) log s M= E log,M
(v) log, M :Iog_aM (base changing theorem)
a
NOTE :
* log,1=0 * log,a=1
. log,,a=-1 . log,.a =
g1/.’:\ gb |Oga b
- ax= exén a - aIogc b _ blogC a
Note : 0] If the number and the base are on the same side of the unity, then the
logarithm is positive.
(i) If the number and the base are on the opposite sides of unity, then the logarithm is

negative.

Example#15: Find the value of the followings :

. 32 9
i log. 72 +log,| — | + log, | — Ans. 2
0} g, 92(81j 92(64j

1
(ii) 71092549 Ans. 5
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2

Solution. 0] 09,72 + ..........
2° 3?
= Iogz{Z3 3% 2—6} =log,4 =2
1 2
(”) 7'092549 - 7Iog49 25 _ 7E|0975 - 5Iog77 =5
Self practice problem :
(11) Find the value of the followings :
0] log,,343 (ii) 4log,,243
(i) 100,0,1000 (V) 10g; 47 +43)
(V) log,,.625
(12) log,9.10g,10 ......... log,,64
(13) Find the value of log cotl® + log cot2° + log cot3° + .... + log cot89°
Ans. (11) (i) 3/2 (i) 20/3 (i) -3/2  (iv) -1 (v) 4/3
(12) 2 13y o
Logarithmic Equation :
The equality log, x = log, y is possible if and only if x = y i.e.
log,x=log,y &x=y
Always check validity of given equation, (x >0,y >0,a>0,a= 1)
Example#16 : log (4x—-3)=2 Ans. x=3
Solution. Domain:x>0,4x-3>0,x=1
Hence 4x-3=x? = X2—4x+3=0
x=3 or x =1 (rejected as not in domain)
Exmaple#17 : log, (loglog, (x2+4)} =0 Ans. x=#%11
Solution. log,(log (x2+4)} =2°=1
= log,(x*+4)=3*=3
= (x2+4)=5%=125 = x2 =121 = x=%11
Example#18 : log,(x?) +log, (x +2) =4 Ans. x=2
Solution. log, (X2(x +2) =4 = x*+2x2-16=0 = (x—2) (X’ +4x+8)=0
—_—
D<0
X=2
Self practice problem
(14) 380X =7 (15)  (log,X)? - (log,,x) —6 =0
(16)  3(logx + log,7) = 10 (A7) (x+2)°%0+2) = g(x + 2)?
Ans. (14) x=3 (15) x=10° % (16) x=343,37 (17) x=60r-312

Logarithmic Inequality :
Let 'a' is a real number such that

() Ifa>1, then log,x > log, y = X>y

(i) Ifa>1, thenlogx < a = O<x<a“
(iii) Ifa>1, thenlogx > a = X>a®

(iv) IfO<a<1,thenlogx> logy = 0<x<y
(v) IfO<a<1,thenlog, x<a = X > a®
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Form -1:f(x)>0,9(x)>0,g(x)=1

Form Collection of system

@  logg f(x) =0 { f)=1 ., gx)>1

0<f(x)<1 , O0<g(x)<1

fx)21 , O0<g(x)<1
(b)  logge fx) <0 < {o <fx)<1, gx)>1
©  log (00> a - { 0= (E)° . g0>1
0<f(x)<(g(x))* , 0<g(x)<1
@ logy, f9<a - {o <fO<@)* . g0>1
f(x)2(g(x))* . 0<g(x)<1
From - 11 : When the inequality of the form
Form Collection of system
f(x) 2 g(x), ¢(x) > 1,
(a) l0gx) f(X) 2109, 9(X) < {0 < H(x) < g(x):0 < (x) < 1

(0) 10y f(X) < l0gyy 9(X) < { 0 <1(x) < 9(x),6(x) > 1

f(x)>g(x)>0,0<d(x)<1

Example # 19 :  Solve the logarithmic inequality log, s (2x? + 7x + 7) > 0.
Solution. Since log, 5 1 = 0, the given inequality can be written as.

log, s (2x? + 7x + 7) > log, 5 1

when the domain of the function is taken into account the inequality is equivalent to the system
2x2 +7x+7>0

of inequalities
2x% +7x+7<1

Solving the inequalities by using method of intervals xe {—2, _73}

Example # 20 : Solve the inequality log,,; (5x —1) > 0.

Solution. by using the basic property of logarithm.
5x <2 X < %
bx-1<1
=
5x-1>0 1
5x>1 X>—=
5

= The solution of the inequality is given by (é éj Ans.
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Example # 21 : Solve the inequality Iog(2X+ 3) NCRS Iog(2X+3) (2x + 3).
Solution. The given inequality is equivalent to the collection of the systems
0<2x+3<1 0]
{xz >2x+3
2x+3>1 (i)
{O <x?<2x+3

Solving system (i) we obtain
=3 x<t
2

x=-3)(x+1) >0 (iii)
System (iii) is equivalent to the collection of two systems

_—23<x<—l X>3; (iv)
-3
7<x<—l x<-1 (v)

system (iv) has no solution. The solution of system (v) is X e [_73 —1] ,

solving system (ii) we obtain.

x>-1 x>-1
or = Xxe(-1,3)
(x=3)(x+1) <0 -1<x<3

Xe (;,—1} u(-1,3)

) . . 2Xx
Example # 22 : Solve the in equation log 2 —12x430 [Iog2 ?j >0.
10
Solution. This in equation is equivalent to the collection of following systems.
2 _ 2 _
X 12X+30>l 0<x 12X+30<l
10 10
2X and 2Xx
log,| — | > O<log,| —|<1
gz[ 5 j " 92( 5 J
Solving the first system we have.
2
x*-12x+20>0 (x=10)(x—2)>0 X<2 or x>10
2X = =
= >2 X>5 X>5

Therefore the system has solution x > 10
Solving the second system we have.

0<x?>-12x+30<10 x?—12x+30>0 and x?>-12x+20<0
p— j—t
1<2—X<2 E<x<5
5 2

x<6—\/€ or x>6+\/€ and 2<x<10

E<x<5
2

The system has solutions g <x<6-6 combining both systems, then solution of
the original inequation is.

Xe(%,G—\/g)u(lo,oo) Ans.
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Self practice problems :
(18) Solve the following inequalities

() log,, , 5 (9x2 +8x +8) > 2
(i) log,, (X2 —x —2) > log,, (— x? + 2x + 3)
(iii) log, (x®—x2-2x) <3
Answers : 18) (i) [-%,-%) (ii) (2, gj (iii) (2, »)

Characteristic & Mantissa
[log, N] is called characteristic of log of N with base ‘a’. It is always an integer.
{log, N} is called mantissa of log of N with base ‘a’. Mantissa < [0, 1)

Characteristic of log of 1 with base 10 =0
characteristic of log of 10 with base 10 =1
characteristic of log of 100 with base 10 =2
characteristic of log of 1000 with base 10 = 3
characteristic of log of 83.5609 with base 10 =1
characteristic of log of 613.0965 with base 10 = 2

Interval, Cha.(Base 10) number of digits No. of integers in the interval
in no
[1, 10) 0 1 9=9x10°
[10, 100) 1 2 90 =9 x 10*
[100, 1000) 2 3 900 =9 x 102
[100, 10000) 3 4 9000 =9 x 10°
|
|
|
n (n+1) 9 x 10"
Note :
If characteristic of a number (base of log is 10) is found to be n, then there would be (n + 1) digits in that
number.
* Characteristic of log of % = 0.1 withbase 10=- 1

Characteristic of log of ﬁ = 0.01 with base 10 = - 2

Characteristic of log of L 0.001 with base 10 =- 3
1000

Characteristic of log of % with base 10 =— 2

Characteristic of log of 3 with base 10 =— 3
1000
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Interval Characteristic (base 10) No. of zeros immedi- No.ofinteger resiprocal

ately after decimal of which lies in interval.

[1/10, 1) -1 0 9 = 9x10%1
[1/100, 1/10) -2 1 90 = 9x10%*
=[0.01, 0.1)
[1/10%, 1/10%) = [0.0001, 0.01) -3 2 900 = 9x10%*
[0.0001, 0.001) -4 3 9000 = 9x104+*

|

|

I

I

-n (n-1) =9 x 10~
Note :

If characteristic of a number (base of log is 10) is found to be —n, then there would be (n —1) zeros

immediately after decimal before first significant digit.

Example # 23 Find the total number of digits in the number 18%.
(Given log,,2 = 0.3010 ; log, ;3 = 0.4771) Ans. 63

Solution. N = 18%°
log,,N =50 log,,18 = 50 (0.3010 + 0.9542) = 50(1.2552) = 62.76

Characterstic = [log,,N] = 62
No. of digits =62 + 1 = 63

Self practice problem
(19) Find the total number of zeros immediately after the decimal in 6-2%° .

Ans. (19) 155




