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I FUNDAMENTALS OF MATHEMATICS

SETS

A set is a collection of well defined objects which are distinct from each other.

METHODS TO WRITE A SET :

() Roster Method or Tabular Method : In this method a set is described by listing elements,
separated by commas and enclose then by curly brackets.
(i) Set builder form (Property Method) : In this we write down a property or rule which gives us

all the element of the set.

TYPES OF SETS

Null set or empty set : A set having no element in it is called an empty set or a null set or void set, it is
denoted by ¢ or { }.

Singleton set : A set consisting of a single element is called a singleton set.
Finite set : A set which has only finite number of elements is called a finite set.

Order of a finite set : The number of distinct elements in a finite set A is called the order of this set
and denoted by O(A) or n(A). It is also called cardinal number of the set.

e.g. A={a, b,c,d} = n(A) =4

Infinite set : A set which has an infinite number of elements is called an infinite set.

Equal sets : Two sets A and B are said to be equal if every element of A is member of B, and every
element of B is a member of A. If sets A and B are equal, we write A = B and if A and B are not equal
then A= B

Equivalent sets : Two finite sets A and B are equivalent if their cardinal number is same i.e. n(A) = n(B)
e.g. A={1,3,57,B={ab,c,d = n(A) =4 and n(B) = 4

= A and B are equivalent sets

Note - Equal sets are always equivalent but equivalent sets may not be equal

SUBSET AND SUPERSET :
Let A and B be two sets. If every element of A is an element of B then A is called a subset of B and B is
called superset of A. We write itas A c B.
e.g. A={1,2,3,4andB={1,23,4,5,6, 7} = Ac B
If A'is not a subset of B then we write Az B

PROPER SUBSET :

If A'is a subset of B but A = B then A is a proper subset of B. Set A is not proper subset of A so this is
improper subset of A

Note : (i) The total number of subsets of a finite set containing n elements is 2".
(i) Number of proper subsets of a set having n elements is 2" — 1.
POWER SET :

Let A be any set. The set of all subsets of A is called power set of A and is denoted by P(A)

UNIVERSAL SET :
A set consisting of all possible elements which occur in the discussion is called a universal set and is
denoted by U.
eg.ifA={1,2,3,B={2,4,5 6}, C={1, 3,5, 7} then U ={1, 2, 3, 4, 5, 6, 7} can be taken as the
universal set.

SOME OPERATION ON SETS :

Q) Union of two sets: AuB={x:x e Aorx € B}
eg.A={1,2,3},B={2,3,4thenAuB={1, 2, 3, 4}

(i) Intersection of two sets: AnB={x:x e Aand x € B}
eg.A={1,2,3},B={2, 3,4 thenAnB={2, 3}

(iii) Difference of two sets: A—B ={x:x e Aand x ¢ B}. Itis also written as A N B'.

SimilarlyB—A=B N A' eg.A={1,2,3},B={2,3,4};A-B ={1}
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(iv) Symmetric difference of sets : Itis denoted by AABand AAB=(A-B)u (B-A)
(v) Complementofaset: A'={x:x e Abutx e U}=U-A
eg.U={1,2,... , 10}, A={1,2,3,4,5thenA'={6, 7, 8, 9, 10}

LAWS OF ALGEBRA OF SETS (PROPERTIES OF SETS):
Q) Commutativelaw : AUB)=BUA;AnB=BnNnA
(i) Associativelaw : (AUB)UC=AuUBUC);(AnB)NnC=An(BnNC)
(iii) Distributivelaw : AU BN C)=(AUB)n(AUC);An(BuUC)=(AnB)U(ANC)
(iv) De-morganlaw: (AuUB)=A'nB";(ANnB)=A"UB'
(v) Identity law : AnU=A;AUu¢$=A
(vi) Complementlaw : AUA'=U,AnA =¢,(A) =A
(vii) Idempotentlaw: ANnA=A AUA=A

SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN SETS :

If A, B, C are finite sets and U be the finite universal set then

0] n(A U B) = n(A) + n(B) —n(A n B)

(i) n(A - B) = n(A) — n(A " B)

(iii) nNAUBUC)=nA)+n(B)+n(C)-n(ANB)-nBNC)—-n(ANC)+n(AnBNC)

(iv) Number of elements in exactly two of the sets A, B, C
=n(AnB)+nBNC)+n(CnA)-3n(AnBNC)

(v) Number of elements in exactly one of the sets A, B, C
=n(A) +n(B) +n(C)—2n(AnB) —2n(BNC)-2n(An C) +3n(An BN C)

Intervals :
Intervals are basically subsets of R and are commonly used in solving inequalities or in finding domains.
If there are two numbers a, b € R such that a < b, we can define four types of intervals as follows :

Name Representation Discription
Open Interval (a, b) {x :a < x<b}i.e. end points are not included.
{x:a<x<b}ie. end points are also included. This is possible only when
Close Interval [a, b] both a and b are finite.
Open - Closed Interval (a, b] {x:a<x<b}ie.ais excluded and b is included.
Close - Open Interval [a, b) {x:a<x<b}ie.aisincluded and b is excluded.
Note : (i) (a, ) = {x: x > a} (ii) [a, o) = {Xx : x > a} (i) (= oo, b) = {x:x < b}

(iv) (=00, b] ={x : x < b} (v) (o0, 0) ={x:x € R}

Graph of polynomial

To plot a graph of polynomial, several sets of Points (x, y) are required.

The key points are (i) stationary points ( where g—y =0)
X

(ii) y-intercept ( where x is zero)
(iii) x-intercept ( where y is zero)

and (iv) behaviour of polynomial at x tends to + «

Logarithm of A Number :
The logarithm of the number N to the base 'a’ is the exponent indicating the power to which the base 'a’
must be raised to obtain the number N. This number is designated as log, N. Hence:

logN=x<a=N,a>0,a#z1&N>0
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Domain of Definition :

The existence and uniqueness of the number log, N can be determined with the help of set of conditions,
a>0&a#1&N>0.

The Principal Properties of Logarithm:

Note :

Let M & N are arbitrary positive numbers, a >0, a= 1, b >0, b # 1 and «a, p are any real numbers,
then :

[ og.(M.N) =log_M + log_N ; in general log, (X, X, ...... x)=logx, +log_ X, + ........ + log_ x
i I a M N l aM l aN i ll a 1772 n l a1l I a2 l a’’n
(i) log, (M/N) =log,M —log, N (iii) log, M* = a.. log, M
(iv) log s M= 1 log,M (v) log, M :Iog_aM (base changing theorem)
a B log, b
V)  loga= — (viijy  ar=eXm?
log, b
(vii)  a°%b —plos.a x)  a°%N=Na>0a21&N>0
0] If the number and the base are on the same side of the unity, then the
logarithm is positive.
(i) If the number and the base are on the opposite sides of unity, then the logarithm is
negative.

Logarithmic Equation :

The equality log, x = log, y is possible if and only if x = y i.e.
log,x=log,y e x=y
Always check validity of given equation, (x>0,y>0,a>0,a=1)

Logarithmic Inequality :

Let 'a’ is a real number such that

(i) If a> 1, then logx > log, y = X>y

(i) Ifa>1, thenlogx < a = O<x<a“

(iii) If a>1, then log,x > a = X >a*

(iv) IfO<a<1,thenlogx> logy = O0<x<y

(v) IfO<a<1,thenlog, x<a = X > a*

Form -1:f(x)>0,g(x)>0,g(x)=1

Form Collection of system

fx)=21 1

(@ logyy f(x)>0 (x) 909>

g 0<f(x)<1 , 0<g(x)<1

f(x)>1 1

(B)  logy, f(x) <0 o (x) + 0<g09 <

9 0<f(x)<1 , gx)>1

f(x) > &, 1

©  logyy, > a - () (9(x)) 9(x) >

0<f(x)<(g(x))* , 0<g(x)<1
0 < f(x) < . 1

@ logy, f9<a - <) <@ . gx)>
f(x)2(g(x))* . 0<g(x)<1

Form - 11 : When the inequality of the form

Form Collection of system

@ 10gy fX) 210840 90 = 0 < f(x) < 9(X):0 < (x) < 1

0 < f(x) < g(x),4(x) > 1,
f(x)=g(x)>0,0<d(x)<1

{ f(x) 2 g(x), ¢(x) > 1,

(b) log, f(X) < logy, 9(X) <
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Absolute value function / modulus function :
x if x>0

The symbol of modulus function is f (x) = |x| and is defined as: y= | x| :{ . .
-x if x<0

y
+
N \
N
< l » X

y =[x
Properties of modulus : Foranya,b eR
(i) la| = 0 (i) lal =1-a]
(iii) la] > a, |a] = -a (iv) lab] = |a] |b]
(v) % = % (vi) |a + b| <|a| + |b] ; Equality holds when ab >0

(vii) |a—Db| > [|la] - |b]] ; Equality holds when ab >0

Irrational function :

An irrational function is a function y = f(x) in which the operations of addition, substraction,
multiplication, division and raising to a fractional power are used.
3 1/3
+ X

2X ++/x

(a) The equation \/f(T = g(x), is equivalent to the following system
f)=0%(x) & g(x)=0

(b) The inequation \/ﬁ < g(x), is equivalent to the following system
fx)<g’(x) & f(x)=0 & g(x)=0

(c) The inequation \/@ > g(x), is equivalent to the following system
gx)<0 & f(x)20 or gxX)=0 & f(x)>g3(x)

For example y = is an irrational function

Greatest integer function or step up function :

The function y = f (x) = [X] is called the greatest integer function where [x] equals to the greatest
integer less than or equal to x. Graph of greatest integer function is

Properties of greatest integer function :
(a) Xx=1<[x]<x (b) [x£m] = [x] £ m iff m is an integer.

0; if x i i
©  M+<Xx+yl<K+]+1 (d) [x]+[_x]:{ _1' Oth:rw?:e Integer
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Fractional part function:

It is defined as y = {X} = x — [X]. It is always non-negative and varies from [0, 1). The period of this
function is 1 and graph of this function is as shown.

Properties of fractional part function :

0 , if x is an int
@  {xtm}={¢iffmisaninteger (b)  {x}+{-x} = o x 1S an integer
1, otherwise

1 for x>0
Signum function : f(x)=sgn(x)=40 for x=0
-1 for x<0

Trigonometric functions of sum or difference of two angles:

(&) sin (A £ B) = sinA cosB + cosA sinB
(b) cos (A +B) =cosA cosB F sinA sinB
(c) sin2A - sin2B = cos?B — cos?A = sin (A+B). sin (A- B)
(d) cos2A — sin2B = c0s?B — sin2A = cos (A+B). cos (A— B)
+ _
ta_n A £ tan B 0 COt(AiB):COt A cotB ¥ 1
1 ¥ tan A tan B cot B £ cot A
(99 sin(A+B+C)=sinAcosBcosC+sinBcosAcosC+sinCcosAcosB-sinAsinBsinC
(h)cos (A+B + C)=cos A cos Bcos C-cosAsinBsinC-sinAcosBsinC-sinAsinBcosC
tan A + tan B + tanC-tan A tan B tan C

— tan A tan B - tan B tan C- tan C tan A’

(e) tan(A£B) =

0] tan(A+B+C):1

(tan (6, +6,+ 0, + ...... +0)=

where S, denotes sum of product of tangent of angles taken i at a time

Transformation formulae :

0] sin(A+B) + sin(A — B) = 2 sinA cosB (a) sinC + sinD = 2 sin < er D cos c ; D
(i) sin(A+B) — sin(A — B) = 2 cosA sinB (b) sinC — sinD = 2 cos €+D sin < ; D
(iii) CcOS(A+B) + cos(A — B) = 2 cosA cosB (©) cosC + cosD= 2 cos ¢ J2r D cos ¢ ; D
(iv) cos(A — B) — cos(A+B) = 2 sinA sinB (d) cosC—cosD =2 sin €+D sin D ;C

Multiple and sub-multiple angles :
€) sin 2A = 2 sinA cosA Note : sin6 = 2 sin gcos getc.
(b) cos 2A = cos?A — sin?A = 2c0s2A-1 =1 - 2 sin?A

Note:20052221+cose, 2 sin? gzl—cose.




Fundamentals of Mathematics

2 tan &
(c) tan 2A :w Note : tanf = ———=2—
1 - tanA 1 - tan 5
_ 2
(d) sin 2A:2ta—n,2°\’ cos ZA:W
1+ tan“A l1+tan” A
(e) sin 3A = 3 sinA— 4 sin*A
) cos 3A =4 cos®A — 3 cosA
_ 3
) tan 3A = 3 tan A tr;m A
1 - 3 tan“A
Important trigonometric ratios of standard angles :
€) sinnt=0 ; cosnn=(-1)" ; tannn=0, wheren e 1
(b) sin 15° or sin - = V3 -1 =cos 75° or coss—7t ;
12 22 12
cos 15° or cos —~ = 341 =sin 75° or sinﬂ ;
12 22 12
tan15° = 3-1_ 2-+/3=cot 75° ; tan 75° SR 2++/3 = cot 15°
J3+1 J3-1
(c) sin~ or sin 18° = \/g—_l =cos 72°; cos 36° or cos T 5 1 = sin 54°
10 4 5 4
Conditional identities:
If A+B+C=nx then:
0] sin2A + sin2B + sin2C = 4 sinA sinB sinC
(ii) SinA + sinB + sinC = 4 cos %cos EcosE

(iii) cos2A+cos2B+cos2C=-1-4cosAcosBcosC
(iv) cosA+cosB+cosC=1+4sin %sinEsinE
(v) tanA + tanB + tanC = tanA tanB tanC

(vi) tan A tan E+tan B tan E+tan < tan A= 1
2 2 2 2

(vii) cotA + cotE + cot E: cotﬁ. cotE. cotE
2 2 2 2 2
(viii) cotAcotB+cotBcotC+cotCcotA=1

Sine and Cosine series:

: . . . . sin% . n-1
(i) sina +sin (o + B) +sin(a + 2B ) +...... + sin{a + (N-1) B} = — 5 sm(a = Bj
sint
2
. nﬁ
) sin—=- n-1
(ii) cosa +cos(a+B)+cos(a+2B) +...+cos {a + (n—-1) Bj= — é cos(a t [3]
sint
2

where : B = 2mr, m e |
Product series of cosine angles

cos 0. cos 20 . c0s220 . cos2°0 ...... cos2m19 =

Range of trigonometric expression:

Range of E=asin6 + b cosH is [—\/a2+b2,\/a2 +b2}
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Trigonometric Equation :

An equation involving one or more trigonometric ratios of an unknown angle is called a trigonometric
equation.

Solution of Trigonometric Equation :

A solution of trigopnometric equation is the value of the unknown angle that satisfies the equation.

Thus, the trigonometric equation may have infinite number of solutions (because of their periodic nature)
and can be classified as :

(@ Principal solution (ii) General solution.

Principal solutions :

The solutions of a trigonometric equation which lie in the interval [0, 2r) are called Principal solutions.

General Solution :

The expression involving an integer 'n' which gives all solutions of a trigonometric equation is called
General solution. General solution of some standard trigonometric equations are given below.

General Solution of Some Standard Trigonometric Equations :

Q) If sin® =sina =>0=nn+(-1)"a whereae{—g,%}, nel

(i) If cos® =cosa =>0=2ntta where a € [0, n], nel

(iii) If tan 6 = tana =0=nn+oa Whereae[—g,gj, nel

(iv) If sin20 = sin2a =0=nnta,nel

(v) If cos20 = cos?2a =0=nnta,nel

(vi) If tan20 = tanZ o =>0=nnta,nel [Note: a is called the principal angle ]

Some Important deductions :

0] sing =0 = O0=nm, nel

i sSind = = =(4n + —,nel
(ii) ino =1 0= (4n +1) ;‘

1l SinG = — = =(4n - —, nel
(iii) ino=—1 0=(4n-1) ;‘

v cosO = = =(2n + —,nel
(iv) 0=0 0=(2 1)72C

(v) cosf =1 = 0=2nm, nel

Vi cosO = — = =2n+1n, nel
i 0 1 0=(2 1

(vii) tan6 =0 = 0=nm, nel




