Definite Integration & Its Application

IDefinite Integration & its Application

Newton-Leibnitz formula.

Let dix (F(x)) =f(x) V x € (a, b). Then _Tf(x) dx = Iir[l F(x) - lim  F(x).

b
Note: 1. If a>Db, then _[f(x) dx= Ilim F(X)- lim F(x).
x—b* X—a~
2. If F(x) is continuous at a and b, then = F(b) — F(a)

dx
(x+1(x+2)
1 1 1

DX+ 2) = 1 xi2 (by partial fractions)

.2[ dx
1 (X+D(x+2)

2
Example#1: Evaluatej
1

Solution :

= [¢n(x+1)—(n(x+ 2)]f =/n3 —/n4—/n2 + (n3

Self practice problems :
Evaluate the following

1) dx 2) (2sec? x+x* +2) dx (3)

J2~ 5x°
T X2 +4x+3

4 2
Ans. (1)5— 2 (Qén 5 Ej @ = _+X 42 @) L
2 4 2 1024 2

Property (1) _Tf(x) dx = Tf(t) dt

ie. definite integral is independent of variable of integration.

Property (2) _Tf(x) dx =— Tf(x) dx

b 4 b
Property (3) _[f(x) dx = _[f(x) dx + If(x) dx, where ¢ may lie inside or outside the interval [a, b].

X+3  X<3

5
Example#2: Iff(x) = , then find | f(x) dx.
P ) {3x2+1 : x>3 -2[()

3

Solution ;ff(x) dx = Ef(x) dx + if(x) dx = Z(x+3) dx + E(3x2+1) dx={x?2+3x}2 + [x3 +x]z

= 9;4 +3(3—2)+53—33+5—3:2%1

8
Example#3: Evaluate J'|x—5|dx.
2

8 5 8
Solution : j|x—5|dx = j(—x+5) dx + j(x—5)dx =9
2 2 5
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2 5 2
Example#4: Show that j(2x+1) dx = _[(2x +1) + _[(Zx +1)
0 0 5

Solution : LHS. =x2+x]?, =4+2=6 ; RHS.=25+5-0+(4+2)—-(25+5)=6
L.H.S.=R.H.S

Self practice problems :
Evaluate the following

4) j(l X=1|+]|x-=3])dx (5) j‘[x]dx , where [x] is integral part of x.

6) [Vi] at
Ans. (21) 10 (5) 6) 13

Property (4) _[f(x) dx —j(f(x)+f( X)) dx = Zlf(x) dx , if f(-x)=f(x) ie. f(x) is even

- 0, it f(-x)=-f(x) ie. f(x) is odd

1 X -X
Example#5: Evaluate j 3+3 dx

X

1 X 1 -
Solution : I 3 +3X J'[ +37 3 +8 j
o 143 o

1
!
3 3"
= .[ (3 +37) dx = - — ———j
o mn3  /n3 ), n3  ¢n3 n3  /n3

(3*+3x (3% + 3 )]

1+3* 1+ 37 1+3* 1+3*

2
Example#6: Evaluate Icosxdx.

2

T

2
Solution : cosxdx = 2_[ cosx dx=2 (- cos x is even function)

1
Example#7: Evaluate j Ioge(z_xj dx.
bl 2+X

Solution:  Let f(x)=|oge(2_xj f(—x)=Ioge( og, [ 2= Xj = —f(x)
2+X 2-X 2+X

1
ie.  f(x)is odd function j log, 2-

Self practice problems :
Evaluate the following

@ fIx]dx (8) in"xdx.  (9)

Ans. (7) (8) 9)

Property (5) _T f(x) dx = jl f(a+b—-x) dx. Further ]l f(x)dx = _T f(a—x) dx

a a 0 0
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g (sinx)

. g (cosx) dx =
g (sinx)+g (cosx)

o) i
CEnER)

Example#8: Prove that

ot— 3

g (sinx)
g (sinx)+g (cosx)

Solution :

X = I= dx

ot—N |

JE- g (cosx)
5 9 (cosx)+g (sinx)
on adding, we obtain

o = ( g (sinx) . g (cosx) jdx

g (sinx)+g (cosx) g (cosx)+g (sinx)

Self practice problems:
Evaluate the following

(10)

1+sinx

T
0
n 5n
JZ.
0

>
(1) [ dx
5 SINX +COS X

XSinX cosX T dx
1+

sin* x + cos” x
12

o9, (1+42) (12 & @

(12)

Ans. (10) (11) %
Property (6) 2ff(x) dx = i(f(x)+f(2a—x)) dx = Zlf(x) e, i f(2a-x)=1()
° ° 0, it f(2a—x)=—f(x)

Example#9: Evaluate _[ cotx.cos2xdx

Solution : Let f(x) = cotx cos2x
= f(n — X) = cot(n—x) cos2(n—x) = —cotx cos2x = — f(x)

" I cotxcos2xdx =0

Example#10 : Evaluate I _dx dx.

o 1+3cos’ x

. 1 T dx
Solution : Let f(X)= ——WM— = f(rr — x) = f(x =5 | —
) 1+3cos® x (m=x) =1 ~£ 1+ 3cos® x

T

3 3 2 2 2
J- dx :2J~ sec’x dx _, f sec’x dx _ {tan_l(ta;x)}
0 0

1+ 3cos? x l+tan®x+3 4 +tan® x o

X—>7/2—

tang is undefined, we take limit= lim tan™ (ta%j_ tan™ (%) =n/2-0=m/2

Example#11 : Evaluate : .[(cot‘l X)?dx
0

©

Solution : Letl= _[(cot‘l x)’dx = Let x = cotd dx = — cosec?0 do
0
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2
3

2
02(—cot®)) "+ 2[6 coto do —~  1=0+2[0 coto do
0
0

Standard result

(20¢nsin@);'* —2 [¢nsine de . =0-2 x (—ﬁjznz = n/n2,
¢nsin6do :?Enz 2

Self practice problems :

Evaluate the following

= [ /n (1+X2) 2 tanx 1 .
(14) l {T] dx.  (15) ! mdx (16) ! /n sm(ng dx.

Ans. (14) n/n2 (15) génZ (16) —/n2

Property (7) If f(x) is a periodic function with period T, then

@ nJTf(x) dx =n _T[f(x) dx,nez

jf(x) dx =n]'f(x) dx,nez acR

r]JIf(x) dx =(n—m) JT'f(x) dx,m,nez

a+nT a
j f(x) dx jf(x) dx,nez aeR
nT 0

b+nT

(v) j f(x) dx Tf(x) dx,nezabeR

a+nT

5
Example#12 : Evaluate '[e‘” dx , where {.} denotes the fractional part function.
-3

Solution : iew dx = (5—(—3))je{X}dx = 8jexdx = 8(e*). =8(e-1)
-3 0 0

1000 n
Example#13: Evaluate )’ jlcosan dx
n=1 n-1
1 2 1000 1000
Solution : _[|c052nx| dx + I|cosan| dx + + j | cos2nx | dx = j | cos2nx | dx
0 1 999 0

Now |cos2nX| is a periodic function of period 1/2
1

2
1=2000 [|cos2mx|dx = 1=2000 x 2 = 4000
0

Self practice problems :

Evaluate the following

4

2
a7 J'ezx'[zx]dx , Where [*] denotes the greatest integer function.
-1
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L4r 3n

3 2
(18) j | sinx | dx (19) j (sin* x + cos* x)dx
0 T

Ans. (17 4—23(e—1) (18) % (19) %

. _ _ P dF(x) _ . :
Leibnitz Theorem : If F(x) = j f(t) dt, then o h'(x) f(h(x)) — g'(x) f(g(x))
9(x)
Proof : Let P(t) = '[f(t) dt = FX)= h(J‘X)f(t) dt = P(h(x)) — P(g(x))

g(x)

= %= P(h(x)) h"(x) = P"(g(x)) g'(x) =f(h(x)) h'(x) —f(9(x)) g'(x)

Example#14 : If F(x) = j Jtant dt , then find F'(x).

X

Solution : F'(x) = 2x . Vtanx® —1. Jtanx

X3

Example#15: If F(x) = J‘é—ltdt then find F’(e)
n

X2

Solution :

Example#16 : Evaluate : Lim M

x—0" 5 X
Solution : Applying L" hospital rule

. 2xsinxtanx .1 (sinx)/{(tanx 1
Lim ————— = Lim= | — ==
x>0 4x x>0 2 X X 2

Example#17 : Let f(X) =I(t—1)(t— 2)? dt, then find a point of minimum
0

Solution : f(x) = .X[(t—l)(t—Z)2 dt

f(x) = (x-1) (x-2)
P + +

} } —>
—00 1 2 00
= X =1 is the point of minimum

S +4 -4 = _Lr . Hence (1, —E) is a point of minimum
3 12 12

1
f(1) = _[(t3 —5t2 +8t—4)dt = %—
0

1 b
Example#18 : Evaluate , _[ >>_]. ‘b’ being parameter.
5 Inx

txt -1 di (b) _ j x°/nx

Solution : Let I(b) = ‘[ v dx = ab J dx + 0 — 0 (using modified Leibnitz Theorem)
/nx /NX

Xb+1 1
- J = = Ib)=/n (b+1) +c
+

0

10)=0 . ¢=0 . I(b)=¢n (b+l)
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¢ tan(ax)

0 Xv1-x?

1 -1
Solution : LetI(a) = _[ fan_ () dx =

o Xv1-x2 da

dx =cos t dt

Example#19 : Evaluate dx , ‘a’ being parameter.

dx=| ————
(1+a°x®) x4/1-x2 ‘([ (1+a*x* W1-x?

dI (a):j X 1 B dx
0

Putx =sint

=
LL :x=0 = t=0
=

UL :x=1 t=

I
2

2 2

1 dt
,f 2 o2 " cos tdt = I Toalainly
o 1+a“sin“t cost o 1+a“sin“t

sec’t dt 1
1+ (1+a%)tan’t 1+a

= tan-t ( 1+a? tant)} = L

T
o V1ta? 2

g /n (a+\/1+a2) + cBut I(0)=0 =c= 0=1I(a)= gfn (a+\/1+az)

Self Practice Problems :

(20) If f(x) = XJ‘Jcos t dt, find f'(x).

(21) Find the equation of tangent to the y = F(x) at x = 1, where F(x) =

j f(t—t)dt then find f(1)

22) If ff(t)dt =x? -

(23) If f(x) = Ixzﬁnt dt then find f'(e)
4x2 2
(4) Ify= | t“e‘“dt,Findd—)z/
7 d
d’y

d 2

(25) Ify= j /n(L+t)dt , then find —=
X
0

X2 (1+X) n
(26) |If j f(t)dt = x then find f(2) (27)  Evaluate _[fn (1+bcosx) dx, ‘b’ being parameter.
0

0

Ans. (20)  3x2 Jcosx® (1) V2x-y=.2 (22) 2/3

(23)  e*(6e-1) (24) 2048
o {1+\/1—b2]

(25) % [2x2 + (1 +x9)/n(1 +x2)] (26) % 27) :

Reduction formulae in definite Integrals:

s

E _
IfI, = j sin"x dx, then show that I = (n_l] I,
n
0

I = sin"x dx
s

n 2
I,=[-sin"*x cosx]? + [(n-1 sin"?x . cos’x dx =(n-1) I sin"?x . (1-sin?x) dx
0
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=(n-1) | sin"?x dx — (n-1)

=

2
sin" x dx =_[ cos" x dx

E“ﬂ(:i)(::ij

T

St

sin"x dx =1 +(n-1)I[ =(n-1)1,

I, or I, according as nis even or odd. I, =
ij z
2) 27

2

I,=1

r
2

if nis even

n-2

Hencel =
n-1\n-3
=

J(

J.l, if nis odd

tan" x dx, thenshowthatl +1 ,=

(tanx)"? . tan2x dx

T

4
(tanx)"? sec?x dx — .[ (tanx)"? dx {
0

1
n-1

n - In—z

sin™ x .

(tanx)"2

I +1

(sec — 1) dx
(tanx)"* }4 ~
-1 o

1

n-2

cos"x dx, then showthatl =

X . COSs

sin™*x (sinx cos"x) dx =

T
2
. m
jj sin™? x.cos" x.cos? x dx = (
n
0

m—lj L
n+1 '

= (1+
m= 1) Im—2,n

.

{ sin™!

m
n+

m_

(m —1) sin™2 x cos x dx
n+1 o

m
_1) 2
1) I (sinrH X.cos" X — sin™ x.cos" x) dx
+
0

m—lj
Im—2n
n+1 '

S

according as m is even or odd.

m+n
m-3
m+n-2

=l

cos" xdx and L,

-l
!

5
m+n-4

0,n or Il,n

1

sinx.cos" xdx = —

n+1
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2. Walli’s Formula

T

2
Example#20 : Evaluate I sin®x cos®x(sinx + cosx) dx.

T

2

Solution : Given integral = | sin®x cos?x dx + | sin®x cos®x dx

sinx cos®x dx (- sin®x cos2x is odd and sin?x cos3x is even)
_ 4
15
™
Example#21 : Evaluate j xsin’ xcos® x dx
0
1
Solution : Letl= _[ xsin’ xcos® x dx
0

™ N
I= | (m=x) sin(n-x) cos®(n—x) dx == I sin’ xcos® xdx — I xsin’ xcos® x dx
0 0

6.4.2.5.3.1 L

=2l=x.2 | sin"xcosbxdx =>[=qp ———====  — [=
13.11.9.7.5.3.1 9009

Example#22 : Evaluate : J‘xm\/a—xdx
0

Solution : Put x = a sin20 = dx = 2a sin® cosO do
Lower limit: x =0 = 06=0

Upper limit x = a —-0="

n (5.31)(2) _ 5na’
2 86.4.2 128

_[xs’zx/a— xdx = |2a*sin®0cos?0do =2a*x
0

Self Practice Problems:

Evaluate the following

T g

2 2 1
(28) I sin*'x dx : (29) I sin®x cos*x dx : (30) _[ x® sin™x dx
0 0 0

7

(31) j‘ X (a2 —xz)E dx . (32) JZ' x¥? J2-x dx.
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9
Ans. (28) 22 09 B @y E_18 gy
693 315 9

14 245
Property (8) If yw(x) <f(x)<¢ (x) fora<x<b,then
b b b
j w(x) dx < j f(x) dx < j o(x) dx
b
Property (9) Ifm<fx)<Mfora<x<b,thenm (b-a)< If(x) dx<M(b-a)

b
Further if f(x) is monotonically decreasing in (a, b), then f(b) (b —a) < If(x) dx < f(a) (b —a) and if f(x) is

b
monotonically increasing in (a, b), then f(a) (b — a) < _[f(x) dx <f(b) (b —a)

b b
Property (10) < j | f(x) | dx

b
Property (11) If f(x) > 0 on [a, b], then If(x) dx >0

1 1 1 . .
Example#23: For x € (0, 1) arrange f,(x) = ,f.(x) = and f (x) = ———— in ascending order
p (0, 1) arrange f,() = ==, {,0) =o— M= g g
1 ¢ 1
and hence prove that = /n2 < J' 3
6 5 9—-X%X"—X
Solution : 0<x¥<x?,forall x € (0,1) X2 < X2+ X3 < 2x?
—2X2 < — X2 —X3< —x? 9-2X2<9—Xx2-—x¥<9-—x?
1 - 1 - 1
9-x*> 9-x*-x® 9-2x?
f,(x) <f,(x) <f(x) forx € (0, 1)

jfl(x) dx < _l[f3(x) dx < jfz(x) dx

1 1

IQXI r<[5e

9-—
("“J
<
9x—x
1

1
—=/n2< Fax < /n5
6 I9—x -x° 62

¢ (5-x 6
Example#24 : Prove that 1 <j — dx<=
5 \9—X 5

Solution : Let f
uti x) = 9—x2
(x=9)(x-21

o PX) = — X7

= f'(xX) =0 or notdefined =>x=1

Then f(0) = 5/9, f(1) = % f(2) = 3/5 The greatest and least values of the integrand in the

interval [0,2] are respectively , equal to f(2) = 3/5 and f(1) = %

2
(2—0)1<j(5 dex<(2 0)3/5 Hencel< j(S‘ijdKQ
2 lo-x? 9-x 5
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1

Example#25 : Estimate the value of jexzdx using (i) rectangle, (ii) triangle.
0

Solution : (i) By using rectangle

1
Area OAED < '[exzdx < Area OABC
0

1
1<jex2dx <l.e
0

1
1< Iexzdx <e
0

(i) By using triangle
1

Area OAED < Iexzdx < Area OAED + Area of triangle DEB
0

1 1
1< [efdx <1+ %.1.(e—1) 1< [e'dx < s
0 0

1 1
Example#26 : Estimate the value of J'exzdx by using jexdx.
0 0

Solution : For x € (0,1), e <e

= 1x1< Jl'exzdx < Jl'exdx
0 0

1
1< jexzdx <e-1
0

Self practice problems :
1 1
(33) Prove the following : je’x cos® xdx < .[e’xz cos® x dx
0 0
P
(34) Prove the following : 0 < |sin"*x dx < Isin2 x dx,n>1
0

11
(35) Prove the following : e © <Ixxdx <1
0

dx <

1.3
(36)  Prove the following : — % < Im
0

2+ x?

T

d

2

(37) Prove the following : 1 < J',/sin X dx < \/%
0
/

3
(38) Prove the following : tanx X < ﬁ
T

nl/4 X
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Definite Integral as a limit of sum

Let f(x) be a continuous real valued function defined on the closed interval [a, b] which is divided into n
parts as shown in figure.

Ay

y =fx)

aatha+2h ar (T armheb

The point of division on x-axis are a, a + h, a + 2h a + (n-1)h, a + nh, where b-a =h.
n

Let S, denotes the area of these n rectangles.

Then, S, = hf(a) + hf(a + h) + hf(a + 2h) + +hf(a + (n — 1)h)

Clearly, S is area very close to the area of the region bounded by curve y = f(x), x—axis and the
ordinates x = a, x = b.

n—ow

b
Hence I f(x) dx = Lt S,

b

froo o= L0 raem = 1 5 (52 far O]

a r=0 n n

Note :
1. We can also write

b n _
S_=hf(a + h) + hf (a + 2h) + +hf(a+nh)and | f(x) dx = Lt Y (b—a
2 n—o n

r=1

¢ w1 r
Ifa:O,bzl,jf(x) dx = Lt > = f (—j
r:On

n— o
b n

Steps to express the limit of sum as definite integral :

n— o

Step 1. Replace — by x, 1 bydx and Lt by |
n n

Step 2. Evaluate Lt (Lj by putting least and greatest values of r as lower and upper limits
n—ow n

respectively.
p

pn
For example Lt >’ 1y (Lj = J' f(x) dx
n n

n— o -1 )

+

Example#27 : Evaluate Lt
1+n 2+n 3+n

{ 1 1 1
+
1 1
+ +
1+n 2+n 3+n

on
= Lt l

n—ow =1 n

Solution : Lt {

n— o
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n+1 n+2
n?+1% n®>+22

Example#28 : Evaluate Lt {

. on+r
Solution : Lt > —
N /= n +r

n—o n—ow

and Lt (Lj Lt j =1, when r = n, upper limit=1

1

0

1 1
_[ 1+X2 dx % _[ dx =[tanx], + E log, (1+ xz)}
0 0

Example#29 : Evaluate : lim

n—o

e (nln
[2n(2n —1)(2n-2)....(n +1)j
nn

! I
Solution : Lety = lim ((Zn).J = /ny=lm = /n ((Zn) ]
| n n-wx N n[ n

=lim
n—ow
1

n—w
0

Im
n
= lim 32 (en(a+ i) = Jrnedx = Gunwe 0t — [ ox

= (xXn1+X))— (X—=/n@+Xx)); =¢n2—(1-/(n2) =/(ndle =y =4le

Self Practice Problems :
Evaluate the following limits

2

2
(39) lim 1+ n T+ n 5+
e n o (n+1)° (n+2)

40)  lim

n—ow

1 1 1
+ +
L+n 2+n 3+n

(41) lim iz {sin31+ 23in3ﬁ
n—e N 4n 4n

(42)  lim 2 \/7

(43) lim (tani tanﬁ
n—e 2n 2n

(39)% (40) (41) f (52 — 157)

(42) g (43)
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Area Between The Curve :

Area included between the curve y = f(x), x-axis and the ordinatesx=a,x=Db

b
€)) If f(x) >0 for x € [a, b], then area bounded by curve y = f(x), x-axis, x =aand x = b is J‘ f(x) dx

y = f(x)

a b
Graph of y =f(x)

Example#30 : Find the area enclosed between the curve y = x? + 2, x-axis, x =1 and x = 2.

Solution : 03

| x=1 x=2
Graph ofy =x2+ 2
2 3 2
Area = I(x2 + 2)dx = {X—Jr 2x} - 13
3 3

1 1
Example#31 : Find area bounded by the curve y = /n x + tan-*x and x-axis between ordinates x = 1 and x = 2.
Solution : y =/n X + tan-*x

1

Domain x > 0, d_y:1+ > >0
dx X 1+X

yisincreasingand x =1,y = % =y is positive in [1, 2]
2

2
Required area = I (/n x+tan'x) dx= {x/@nx —X+xtan™x —%fn(1+ xz)}
1 1

=2/M2-2+2tan'2 - % Mm5-0+1—-tant1l+ % /n?2
= > £n2—1 ms+2tan2—- % —1
2 2 4
Note : If a function is known to be positive valued then graph is not necessary.

Example#32 : The area cut off from a parabola by any double ordinate is k times the corresponding rectangle
contained by the double ordinate and its distance from the vertex. Find the value of k ?
Solution : Consider y?=4ax,a>0 and x= ¢
(c.2+/ac)

Area by double ordinate = 2J‘2\/5\/§ dx =%\/§ c¥?
0

X=C

Area by double ordinate = k (Area of rectangle)
g a ¢ =k 4/a ¢¥* =k :% (c~2+ac)

Figure
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(b) If f(x) < 0 for x € [a, b], then area bounded by curve y = f(x), x-axis, x =a and x = b is —
b

j f(x) dx

a

a b

.

Graph of y = f(x)

Example#33: Find area bounded by y = log, X and x-axis between x =1 and x = 2
2

Solution : A rough graph of y = log, x is as follows
2

2 2
Area = — J' log, x dx =-— j log, x .log, e dx
1 2 1 2

= —log,e . [x log,x-x? =—log,e .(2log2-2-0+1)=-log, e .(2log,2—-1)

2 2 2
Note : If y =f(x) does not change sign in [a, b], then area bounded by y = f(x), x-axis between

b
ordinates x =a,x =b is I f(x) dx

(c) If f(x) > 0 for x € [a,c] and f(x) <O for x € [c,b] (a < c < b) then area bounded by curve y = f(x)

and x-axis between x =aand x = b is jf(x) dx —'[f(x) dx

Example#34 : Find the area bounded byy= x3 and x- axis between ordinates x = -1 and x =

Solution : Required area = I —x3dx + jx3dx
-1

Graph of y = x°

Note : Most general formula for area bounded by curve y = f(x) and x- axis between ordinates x =aand x = b

is T| f(x) | dx
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Area included between the curve x = g(y), y-axis and the abscissasy=c¢,y=d

(a) If g (y) >0 fory € [c,d] then area bounded by curve x = g(y) and y—axis between abscissay = c
and

d
y=dis [ g(y)dy
y=C
y
— y= d

X=g(y)
_ y=c

—fF———X

Graph of x = g(y)
Example#35 : Find area bounded between y = cos*x and y—axis between y = g andy = m.
Solution : y = cost X = X=Ccosy

Required area = —]Ecosydy

2

Graph of y = cos™x

=—siny]: =1
2

Example#36 : Find the area bounded by the parabola x? =y, y-axis and the liney = 1.

\B E

Solution : Graph of y = x?

1 1
2
Area OEBO = Area OAEO = ||x|dy = [y dy=—

Example#37 : Find the area bounded by the parabola x> =y and line y = 1.
Solution : \e E s/ v

N

[¢]

Graph of y = x?
Required area is area OABO

1 1
= 2 area (OAEO) = 2[[x|dy = 2[\y dy:%_
0 0

Example#38 : For any real t, X =% (et+eh),y= % (et — e™) is point on the hyperbola x? — y? =1.Show that the

area bounded by the hyperbola and the lines joining its centre to the points corresponding to t,
and -t ist,.
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Solution :

It is a point on hyperbola x? — y? = 1.
elt Jrze"l ell +ze"1
Area (PQRP) = 2 j ydx =2 j VX2 —1dx

1 1
elie™
2t -2t
t—e !

:2{% \/xz—l—% En(x+\/x2—1)} Gl
1

4

ty —t (e 2, -2
Area of AOPQ = 2x ~[ & +© el-e’)|_e'-e
2| 2 2 4

Required area = area AOPQ — area (PQRP) = t,

_tl

If g (y) <0 fory e [c,d] then area bounded by curve x = g(y) and y—axis between abscissay = c

d
andy=dis — j g(y)dy

y=C

Note : General formula for area bounded by curve x = g(y) and y-axis between abscissa y = ¢ and
. d
y=dis [ lg)]dy

Curve-tracing :

To find approximate shape of a curve, the following phrases are suggested :
(@) Symmetry:

(i)

Symmetry about x-axis :

If all the powers of 'y' in the equation are even then the curve (graph) is symmetrical about the
X-axis.

a>0

E.g.:y?2=4ax.

Symmetry about y-axis :
If all the powers of 'x' in the equation are even then the curve (graph) is symmetrical about the
y-axis.

E.g.: x2=4ay.

Symmetry about both axis :

If all the powers of 'x' and 'y' in the equation are even, then the curve (graph) is symmetrical
about the axis of 'x' as well as 'y' .

E.g.: x2+y2=a2
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(iv) Symmetry about the liney =x:
If the equation of the curve remain unchanged on interchanging 'x' and 'y', then the curve
(graph) is symmetrical about the line y = x.

a‘;ﬂo
E.g.: x3+y®=3axy.

Symmetry in opposite quadrants :
If the equation of the curve (graph) remain unaltered when 'x' and 'y' are replaced by '—x' and '-
y' respectively, then there is symmetry in opposite quadrants.

~

E.g.: xy=c?

Find the points where the curve crosses the x-axis and the y-axis.
(c) Find S—y and equate it to zero to find the points on the curve where you have horizontal

tangents.

(d) Examine intervals when f(x) is increasing or decreasing
(e) Examine what happens to 'y’ when x — o or X —» —
Area between two curves

If f(x) > g(x) for xe[a,b] then area bounded by curves (graph) y = f(x) and y = g(x) between ordinates x =
b

aandx=b isj(f(x)—g(x)) dx .

X=a

Example#39 : Find the area enclosed by curve (graph) y = x> + x + 1 and its tangent at (1,3) between
ordinates x =—2 and x = 1.
Solution : d_y =2x+1
dx
dy
dx
Equation of tangent is
y—-3=3(x-1)
y = 3X
1
Required area = I(x2+x+1—3x) dx
-2

1 3 1
= J.(x2—2x+1) dx=?—x2+x}
b 2

b
Note : Area bounded by curves y = f(x) and y = g (x) between ordinates x =aand x=b is I| f(x)—g(x)| dx.
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Example#40 :

Solution :

Example#41 :
Solution :

Example#42 :

Solution :

Find the area of the region bounded by y = sin x, y = cos x and ordinates x = 0, X = /2
nl2

j | sinx —cosx | dx
0

nl4 nl2
J (cosx —sinx) dx +J (sinx—cosx) dx =2(~J2-1)
0 /4

Find the area contained by ellipse 5x? + 6xy + 2y + 7x + 6y + 6 =0

5x2+ 6xy +2y?+ 7x+6y+6=0
—_ + - —
y= 3(1+x) «/2(3 X)(x=1)

2y +6(L+x)y+5x2+7x+6=0

Clearly, the values of y are real for x [1,3]
y

b, Py yTow

whenx =1,wegety =-3 and, x=3=y=-6
Letf(x) = S X)+VEB=X)(x~-1) 301+ x) =B X)(x-1)
2

2

and, g(x) =

required area = .Sf{g(x) — f(x)}dx

= N agax = |[VP-6o27ox = | 22 Vo raxa s dan (X2

1 1 1

| 1. =T i
] -1

Miscellaneous examples
Find the area contained between the two arms of curves (y — x)? = x® between x = 0 and x = 1.

(Y=X)P?=X"=y=X£x5
For arm

YyEX+XR2= —

y is increasing function.

For arm
y:x_x5/2:>d_y =1- —
dx
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U3 1 13
E=O = X= 4 ,d—y:—E X2 <0atx= 4
2 25 dx? 4 25

1/3
atx = [_SJ , ¥ = X —x%2 has maxima.

h h > X2 a4
Required area = J‘(x+x5/2 —x+x°/2) dx =2 J‘x5/2dx=7 =2
0 0

Example#43: Let A (m) be area bounded by parabola y = x? + 2x — 3 and the line y = mx + 1. Find the least
area A(m).
Solution : Solving we obtain
X*+(2-m)x—-4=0
Leto,p beroots = a+pf=m-2, 0 =-4
B B
A(m) = J'(mx+1— x? —2x+3)dx| = J'(—xz +(m—2)x + 4)dx

[ [

3 2 B 3 3
‘(—%-i—(m—Z) X?+4xl =|¢ ;B +mT_2(I32—0t2)+4([3—0l)

(m-2)
2

= J(m-2)+16 ‘—%((m—2)2+4) + (m—2)(m_2) + 4= Jm-2)y+16 ‘%(m—2)2+§

2

1B —al. —%(B2+Boc+oc2)+ B+a)+4

1 1 32
AM) ((M-2)?+16)"" = = = Least A(m) = = (16)%2 = > .
(m) ((m-2)"+16)"" = < (m) = < (16) = =
Example#44 : A curve y = f(x) passes through the origin and lies entirely in the first quadrant. Through any
point P(x, y) on the curve, lines are drawn parallel to the coordinate axes. If the curve divides
the area formed by these lines and coordinate axes in m : n, then show that f(x) = cx™ or f(x) =
cx"m (c-being arbitrary).

Solution : Area (OAPB) = xy = Area (OAPO) = j f(t) dt
0

Figure

Area (OPBO) = xy— [f(t) dt = Area_ (OAPO) _m
o Area (OPBO) n

njx‘f(t) dt:m(xy—jf(t) dt) :»njf(t) dt=mx f(x)—m If(t) dt

Differentiating w.r.t. x
f(x)_n1

nf(x) = m f(x) + mx f¢(x) —m f(x) =
f(x) mx

f(x) = cxvm
similarly f(x) = cxmn
Self practice problems :

(44) Find the area bounded by the curvesy =e*, y = [x — 1| and x = 2.
(45) Compute the area of the region bounded by the parabolas y? + 8x = 16 and y? — 24x = 48.
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(46)

(47)

Find the area between the x-axis and the curve y = v1+cos4x ,0<x< m.

What is geometrical significance of
3n

0] T|cosx| dx , (ii) Tcosx dx

Find the area of the region bounded by the x-axis and the curves defined by y = tan x,

where % <x<® andy =cot x . | where E<x<ﬁ
3 3 6 3

Find the area bounded by the curves x = y? and x = 3 — 2y2.

Find the area bounded by the curve y = x2 — 2x + 5, the tangent to it at the point (2, 5) and the
axes of coordinates.

Find the area of the region bounded byy =x -1 and (y—1)2=4(x + 1)

Find the area of the region lying in the first quadrant and included between the curves
X2+y?=3a% x? =2ayandy*=2ax.a>0

Find the area enclosed by the curves y = —x? + 6x — 5, y = —x2 + 4x — 3 and the straight line
y = 3x —15.

Find the area bounded by the curves 4y = |4 — x?|, y = 7 — |X|
Find the area bounded by the curves x = |[y?— 1| and y = x — 5.

Find the area of the region formed by x> + y? —6x — 4y + 12 <0, y<x and 2x < 5.

44, (e? - 2) sq. units 45, 32 \/; sg. units 46. 22 sg. units
47. 0] Area bounded by y = cos x, x-axis between x =0, X = 7.
(ii) Difference of area bounded by y = cos x, x-axis between x =0, x = g and area

3n

bounded by y = cos x, x-axis between x = —, x = >

/éng 49. 4 sq. units
8/3 sq. units

64/3 sq. units

{fs

— +—=sin” ﬂ sg. units 53. % sg. units

3 2

32 sg. units . % sg. units  56. (g+%—£jsq units




