Binomial Theorem /

IBinomiaI Theorem

“Obvious” is the most dangerous word in mathematics Bell, Eric Temple

Binomial expression :
Any algebraic expression which contains two dissimilar terms is called binomial expression.

For example : x +, x2y+i2 ,3—X, VX2 +1 + ﬁ
Xy (X" +1

Terminology used in binomial theorem :

Factorial notation : |[n or n! is pronounced as factorial n and is defined as
n':{n(n—l)(n—Z) . .1 ; if neN

; if n=0
nt=n.Mn-1)"; neN

Mathematical meaning of "C, : The term "C _denotes number of combinations of r things choosen from n

- . . n !
distinct things mathematically, ”CFﬁ, nrew,0<r<n
n-r) r!

Other symbols of of "C, are [nj and C(n, r).
r

Properties related to "C, :
(I) nCr = nCn—r
If "C =rC, = Eitherx=y or x+y=n
(i) "C,+"C _, =""1C
n —
(i) C, _Nn-r+ 1
"Coy r
n me = n(n-1) C = :n(n—l)(n—2) (n—(r-2)

(iv) "G = i
r rer-21 r (r-n(r-2) 2.1

(v) If nand r are relatively prime, then "C_is divisible by n. But converse is not necessarily true.

Statement of binomial theorem :
(a+b)yr=rC,ab®+"C, amtb*+C,a"2b?>+..+"C a~ b’ +....+"C_a’bn

wheren € N
n

or (a+b)= Z "C, a""b'
r=0
If we put a =1 and b = x in the above binomial expansion, then
or (1+x)=C,+"C, x +"C,x?+... +"C X +..+"C_X"
n
or L+x)= chf X'
r=0

Example #1: Expand the following binomials :

4
M (xeV2) 0 (b%}

Solution : [ (x++2)° = SC X5+ 5C x* (\/5) +°5Cx3 (\/5)2 +5C, xz(\/ﬁ)3 +5C,Xx (\/5)4 + 5C5(\/§)5

= X5+ 54/2 x4 + 20x3 + 202 X2 + 20X + 4/2
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) ax? )’ 3x? 32 |
(”) 1—'—25— ::4(:04'4(:1 —'—EE— +'4(:2 —'—EZ— '*4(:3

=1—6x2£+x4—£ x6+ﬂx8
2 2 16

10
Example # 2 : Expand the binomial (E+ xj up to four terms
X

10 10 9 8 7
Solution : (g+xj =10C, (Ej +20C, [Ej X + 1°C, (E] X2 +10C, (E] X3+
X X X X X

Self practice problems :

6
(1) Write the first three terms in the expansion of [2 —%} .

5
2
(2) Expand the binomial (%+§J .
X

Ans. (1) 64 — 64y +@ y2 2 + £x4+30x+ 135 +£ )
3 3 X2 X5

Observations :
0] The number of terms in the binomial expansion (a + b)"is n + 1.
(i) The sum of the indices of a and b in each term is n.
(iii) The binomial coefficients ("C,, "C, nC,) of the terms equidistant from the beginning and
the end are equal, i.e. "C,="C_,"C, ="C_, etc. {~-"C ="C__}
(iv) The binomial coefficient can be remembered with the help of the following pascal’'s Triangle
(also known as Meru Prastra provided by Pingla)

Index of the binomial The binomial coefficient

0

1

1
Regarding Pascal’s Triangle, we note the following :

(a) Each row of the triangle begins with 1 and ends with 1.
(b) Any entry in a row is the sum of two entries in the preceding row, one on the immediate left and
the other on the immediate right.

Example # 3 : The number of dissimilar terms in the expansion of (1 + x* — 2x? )% is

(A) 21 (B) 31 (C) 41 (D) 61
Solution : (1 —x3)

Therefore number of dissimilar terms = 31.
General term:

(X +y)= nCO XnyO + ncl X1yl + + nCr X0y + + nCn X0 yn

(r + 1)" term is called general term and denoted by T ...

T,="C xy

Note : The r" term from the end is equal to the (n —r + 2)* term from the begining, i.e. "C X -tyn-r+l

n-r+1
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7
Example#4: Find (i) 15" term of (2x — 3y)?° (i) 4t term of (35—)(— yj
Solution : 0] T,.., =2C, (2x)° (-3y)** = 2C,, 2631 x5.y*

0 e (2] e = (2

1 1 600
Example #5: Find the number of rational terms in the expansion of[z3 + 35]

600
1 1
Solution : The general term in the expansion of[23 +35J is

16001 /1 1\ 600-r r
T., = 600C [23} [35J:GOOC 2 3 35

The above term will be rational if exponent of 3 and 2 are integers
It means 602—r and é must be integers.

The possible set of values of ris {0, 15, 30,45
Hence, number of rational terms is 41

Middle term(s) :

th
€)) If nis even, there is only one middle term, which is (anzj term.

th th
(b) If n is odd, there are two middle terms, which are (nTH'J and [n_;rl+1j terms.

Example # 6 : Find the middle term(s) in the expansion of

2 11
0 (1 + 2%)12 (ii) (Zy —y?]
Solution : [ (1 + 2x)*2
. . . (12+2
Here, n is even, therefore middle term is (Tjth term.

It means T, is middle term T, =2C_ (2x)°

y
oy_L_
o

Here, n is odd therefore, middle terms are (11; 1) th & (11;1+1j th,

It means T, & T, are middle terms

yz 5 y2 6 e
Ts = “C5 (2y)6 (_?j =_2 “C5 yio = '|'7 = 11(:6 (2y)5 (_?j :76 17

6

16
Example # 7 : Find term which is independent of x in (xz —ij
X

r
Solution : T,,, =C, (x?) (_iej
X

For term to be independent of x, exponent of x should be 0
32— 2r=6r = r=4 .. T,isindependent of x.
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Numerically greatest term in the expansion of (a+ b)", n € N
Binomial expansion of (a + b)" is as follows : —
(a+b)=1C,a"m®+"C, amtbt+C, a~2ph? +..+"C a"" b + +nC a’bn
If we put certain values of a and b in RHS, then each term of binomial expansion will have certain
value. The term having numerically greatest value is said to be numerically greatest term.
Let T, and T, be the r" and (r + 1)" terms respectively

T — nC an—(r—l) br—l
r -1
= nCr ar’ br
n n-r r
T | C, a~ b
n Cr—l an—r+lbr—1

Consider Tra >1

5=

r
blyy S0+l 4502
a r b

is an integer (say m), then

T,>T when r<m (r=1,2,3...,m-=1)
i.e. T,>T,T,>T, yTL.>T

T,=T when r=m

i.e.

T.<T, when r>m

i.e. T <Tos T

m+2 m+l ' " m+3

Conclusion :

n+1 . . . :
When hi is an integer, say m, then T_and T_,, will be numerically greatest terms (both terms are
a

1+ —
b

equal in magnitude)

Case-1I
When is not an integer (Let its integral part be m), then
(i) T,>T when r< (r=1,2,3,
ie. T,>T,,T,>T, T > T
(i) T,<T when r > (r=m+1,m+2,
ie. T <T T..<T

m+2 m+1 !

Conclusion :
When is not an integer and its integral partis m, then T__. will be the numerically greatest term.

Note : (i) In any binomial expansion, the middle term(s) has greatest binomial coefficient.
In the expansion of (a + b)"
If n No. of greatest binomial coefficient Greatest binomial coefficient
Even 1 "C..
Odd 2 n(:(n—l)/2 and r]C:(n+l)l2
(Values of both these coefficients are equal )
In order to obtain the term having numerically greatest coefficient, put a = b = 1, and proceed

as discussed above.
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Example # 8 : Find the numerically greatest term in the expansion of (7 — 3x)?» when x =

Solution : m = n+l _ 25+1 :%

1+|=

[m] = ([m] denotes GIF)
=T, is numerically greatest term

Self practice problems :

9
€)) Find the term independent of x in (xz —Ej
X

(4) The sum of all rational terms in the expansion of (3¥7 + 512)14 s
(A) 32 (B) 3 +57 (C)3+52

18
(5)  Find the coefficient of x2 in (1 + x2 + x9) (1— izj
X

(6) Find the middle term(s) in the expansion of (1 + 3x + 3x? + x3)%"
(7 Find the numerically greatest term in the expansion of (2 + 5x)? when x —% .

(3)  28.3 4 B (5)  -681
6)  oC, .x 7  T,=T,=2C, 2

Example # 9 : Show that 7" + 5 is divisible by 6, where n is a positive integer.
Solution : "+5 =(1+6)+5="C ;+"C,.6+"C,.6%+ +nC 6"+ 5.
=6.C, +62.C, + +C, .6"+6.
= 6), where A is a positive integer
Hence, 7" + 5 is divisible by 6.
Example # 10 : What is the remainder when 78t is divided by 5.
Solution : 781 =7.780 =7, (49)*° =7 (50 — 1)*°
=7 [40C0 (50)40 _ 40(‘:1 (50)39 + _ 40C39 (50)1 + 4oC40 (50)0]
=5(k) + 7(where k is a positive integer) =5 (k + 1) + 2
Hence, remainder is 2.

Example # 11 : Find the last digit of the number (13)*2.

Solution : (13)*? =(169)® = (170 — 1)°
=6C, (170)° —°C, (170)° + —°C, (170)* + ¢C, (170)°
Hence, last digit is 1

Note : We can also conclude that last three digits are 481.

Example-12 :  Which number is larger (1.1)%% or 10,000 ?
Solution : By Binomial Theorem
(1.12)200000 = (1 + 0.1)w00000 = 7 + 100000C ((.1) + other positive terms

=1 + 100000 x 0.1 + other positive terms
=1 + 10000 + other positive terms
Hence (1.1)%% > 10,000

Self practice problems :

(8) If n is a positive integer, then show that 6"— 5n — 1 is divisible by 25.
(9) What is the remainder when 325 is divided by 80 .

(20) Find the last digit, last two digits and last three digits of the number (81)?>
(11) Which number is larger (1.3)2°® or 600
9) 3 (10) 1, 01, 001 (11) (1.3)2000,
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Some standard expansions :

(i)

(iii)

(iv)

Consider the expansion
n

x+y)r= Z "C, x™y ="C x"y°+"C Xx"1y!+ +nC x0yn L..L(i)
=0
Now replarce y - —y we get
(x=y)r= Zn: "C, (1) xmTy =nCyx"y —"C, X"yt + .+ "C (1) Xy + . +"C (= 1) X0y ...(ii)
Adding (i)rj&o(ii), we get
(X +y)+ (x—y)r=2[Cox"yo+"C, x"~2 y2+

Subtracting (ii) from (i), we get
(X + y)n _ (X _ y)n = 2[nCan—l y1+ nC3 Xn—3 y3+

Properties of binomial coefficients :

(L+x)n=C,+Cx+Cx2+
where C, denotes "C,

(1) The sum of the binomial coefficients in the expansion of (1 + x)" is 2"
Putting x =1 in (1)
"C,+"C, +"C, +
n
or Z "C, =2"
r=0
Again putting x = -1 in (1), we get

nCo - nCl + nCz - ncs +

n
or Z:(—l)r "C,=0
r=0

The sum of the binomial coefficients at odd position is equal to the sum of the binomial
coefficients at even position and each is equal to 2.
from (2) and (3)

"C, +"C, +1C, +

Sum of two consecutive binomial coefficients
nCr + nCr—l = n+1Cr

LHS. =c+rc, =—" 4 n
' "1 (n=nlrl (n=r+! (r-1!

_ n! F+ 1 }
(n=r)! r=D'|r n-r+1
n! (n+1)
(n=0)! r-! rln-r+1)
S LT )
(n—r+1)! r! '
Ratio of two consecutive binomial coefficients
"C, _n-r+1
"C, Ot
C _n e = n(n—1)n7ZC _ _ n(n-1)(n-2) (n—(r-2)

S r(r-1) r (r-n(r-2) 2 .1
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Example # 13 : If (1 +x)"=C,+Cx+ Cx? + + ¢ X", then show that
() C,+4C +4C, + +4nC =5 (ii)3C,+5C +7.C,+ +(2n+3)C =2"(n+3).

(i) co+% L &2

3
Solution : 0] (1+x)=C,+C, x+Cx*+
putx =4
C,+4C +4C,+
LHS.=3C,+5C, +7.C, + +(2n+3)C,

=Z(2r+3) ."C, = ZZr. "C, o+ 32”0r
r=0 r=0 r=0
n n
=2n Z’”CP1 +3 Z”C, =2n.2"-1+3.2"=2"(n+ 3) RHS
r=1 r=0
I Method : By Summation

LH.S.=C, +%

+ = + —=
3
n n n n+1_
=> . G 1 > .nic,, n+l C, ="C.,= 2 lpms.
=0 r+1 n+1/= r+1 n+1

IT Method : By Integration

(L+x)n=C,+Cx+Cx2+ + C_x" Integrating both sides, within the limits O to 1.

n+1t 2 3 net
{&} = {COX+C1X?+C2X? X }

n+l | "n+1

n+l
2 _i: C0+&+_
n+1 n+1 2

C0+&+&+_ —n
2 3 n+1

0

Example # 14 . If (1 +x)"=C,+ Cx+ Cx? + + C x", then prove that
() CC,+CC,+CLC,+ +C, ,C =C__,or*>C
(i) 12.C2+22.C2+32.C2+ +n2C2.=n2 -2C |
Solution : 0] (1+x)"=C,+Cx+Cx*+
X+ =Cx+Cx "+ Cx-2+
Multiplying (i) and (ii)
(C,+Cx+Cx2+ +Cx") (Cx"+Cxn-1+ +CX0) =1 +x)*>
Comparing coefficient of x™1,
CC,+CC,+CLC,+ +C, ,C =C__,or*>C
(L+x)=C,+Cx+Cx2+
differentiating w.r.t x
N1 +x)**=C, +2Cx+3Cx>+
multiplying by x
nX(1+x)t=Cx+2Cx2+3Cx3+
Now differentiate w.r.t. x
N1 +x)** + n (N=1)x.(1+x)"2 = 12C, + 22Cx + 32Cx? +
X+1)"=Cx"+Cx"-+Cx"-2+
multiplying (ii) & (iii) and comparing the cofficient of x"*
12.C2+22.C2+32.C2+
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Example # 15 :

Solution :

Example # 16 :

Solution :

Find the summation of the following series —

(i)mC, + m™1C, + ™2C, + (i) "C,+2.™C,+3.™C, +
(i) IMethod : Using property, "C_+'C_, = ™C,

mCo + m+lCl + m+2C2 +

mCm + m+1Cm + m+2Cm +

- m+1cm+1 +m+1 Cm . { mcm = m+1cm+1}

- m+2cm+1 +m+2 Cm +

IT Method

mCm + m+lcm + m+ZCrrl +

The above series can be obtained by writing the coefficient of x™ in
(L+X)m+ (1 +x)m™ +

LetS=(1Q+x)"+ (1L +x)™ +

@+ x)" [(1+ x)' T 1}

X

- el i —n+1 - 1
= coefficient of x™ in =n*1C ,,+0="*1C

"C,+2.™C,+ 3.m™C,+

The above series can be obatined by writing the coefficient of X2 in
A+x)+2.(L+x)"1+3.(L+x)™2+ +n.(1+x)>?

Let S=(1+x)"+2.(Q1+x)"+3.(L+x)"2+ +n (1 + x)>+t
A+x)S=(1+x)"+2 (1+x)™ + +(N—=1) (L + x>+ n(d+x)
Subtracting (ii) from (i)

—xS=1+x)"+ @A +x)m™+ (L+x)™2+ +(1+x)>1—n(1+x)=

) @+ x)" [(1+ x)" - 1}

—-n(1+x)™
X

@+ x)™ @+ x)" LN+ x)2"
x2 X
x®:S (coefficient of x3in S)
oo “@E)T @ x)" | n(+ x)2"
x? X
Hence, required summation of the series is —*C, +"C, +n . *C

Prove thatC,-C, +C, - =2"2sin nT

S

Consider the expansion (1+x)"=C,+C, x+C, x2+
putting x = —1i in (i) we get
(1-i)r=C,-Cji—-C,+C,i+C, +

22| cos| -MT 14 sin [-DE
4 4

Equating the imaginary part in (i) we getC, - C, + C, —

Self practice problems :

(12)

Prove the following
() 5C,+7C, +9C, + +(2n+5)C =2"(n+5)

2 3 n+1 n+1
iy 4c,+ X c o+t 4=t
2 3 n+1

(i) LiC, =2v1 (n+2)
(iv)

n
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Binomial theorem for negative and fractional indices :

IfneR, then (L+x)=1+nx+ n(g_ll) wey MN-H0-2)

nin-1)(n-2)
r!

The above expansion is valid for any rational number other than a whole number if | x | < 1.
When the index is a negative integer or a fraction then number of terms in the expansion of
(1 + x) is infinite, and the symbol "C_cannot be used to denote the coefficient of the general
term.

The first term must be unity in the expansion, when index ‘n’ is a negative integer or fraction

n
x“(1+lj :x”{l+n . l+m(l it | Y]<1
X X 2! X X

2! y y

nn-1)(n-2) (n-r+1 «
r!
When ‘n’ is any rational number other than whole number then approximate value of (1 + x)" is
1 + nx (x? and higher powers of x can be neglected)
Expansions to be remembered (|x| < 1)
€) QA+x)t=1-x+xX2=-x+
(b) (I-x)'=1+x+x2+x3+
(c) (L+x)2=1-2x+3x*—4x*+ (=) (r+ ) x+
(d) (1-x)2=1+2x+3x2+4x3 + +(r+1x+
Example # 17 : Prove that the coefficient of x"in (1 — x)™ is ™*C,
Solution: (r + 1) term in the expansion of (1 — x) can be written as
T = -n(-n—-1(-n-2) (-n-r+1 (x)

r+1 r '

nn+)(n+2)....n+r-1

n
y“[1+1j :y”{l+n . §+ME§ Xl
y y

The general term in the expansion of (L +x)"is T ,, =

nin+1)(n+2) (n+r-1 “
r!

= (-1y

— 1)1 —1)I
= (n-D! n(n+1) Hence, coefficient of X" is M
(n-p !'r! (n=1! r!

Example-18 : If x is so small such that its square and higher powers may be neglected, then find the value of
(1-2x)"® +(1+5x)>"?
(9+x)"?

(=

=m-1C_ Proved

2 15x
. (1-2x)"% + (1+5x)*"? 1_§X+1_7 4 x\ 2
Solution : (9+x)”2 = NN j [1+§)
3(1+9j

:l 2—£X 1_1 :E 2—§—£X =1- L_ﬂle_ﬁx
3 6 18 2 9 6 18 12 36
Self practice problems :

(13) Find the possible set of values of x for which expansion of (3 — 2x)'? is valid in ascending
powers of Xx.

2 3
(14) Ify= 2 +£ 2 +£ 2 + , then find the value of y? + 2y
5 2115 31 1\5
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2-3X .
is
1-x)*
(A) 500 (B) 1000 (C)-1173 (D) 1173

Ans. (13) XE(—%, gj (14) 4 (15) C

(15) The coefficient of x*° in

n n

Multinomial theorem : As we know the Binomial Theorem (x + y)" = Z "C, xmy = Z
r=0 r=0

n!
(n=r)! r!

putingn—r=r ,r=r, therefore, (X +y)= Z n X1 .yt
n+H=n n!n!

Total number of terms in the expansion of (x + y)" is equal to humber of non-negative integral solution

ofr,+r,=n ie. m1C, =m™C =n+1

In the same fashion we can write the multinomial theorem

|
L Xr1 . sz...er
2. AR AR R
M+l +. 4= 1° '2° k*

Here total number of terms in the expansion of (x, + x, + + x)" is equal to number of non-
negative integral solution of r, +r, + ie. ™iC
Example # 19 : Find the coefficient of a2b®c*d in the expansion of (a — b — ¢ + d)*°
Solution : (@-b-c+dpe = > __aor @" (-b)2 (—c)* (d)*
f 41,413+, =10 n! il
we want to get a2 b® ¢* d this implies that r,=2,r,=3,r,=4,r,=1
(1o)!

coeff. of a2b3®c*dis —————
21 31 41 1

(=1) (-1)* =— 12600

11
Example # 20 : In the expansion of (1+ X +Zj , find the term independent of x.

X

o 7V 11)! oo [TV
Solution : [1+x+—j = Z ?(1) (x) (_j

| |
X n+n+p=11"1" '2° f3: X

The exponent 11 is to be divided among the base variables 1, x and ! in such a way so that we
X

get x°. Therefore, possible set of values of (r,, r,, r,) are (11, 0, 0), (9, 1, 1), (7, 2, 2), (5, 3, 3), (3, 4, 4),
(1,5,5)

Hence the required term is

1! (7% + ! 714 @y 72 4 @y 7 4 1! 74 4 !
1! ol 111! 7M21 21 50313 3141 41 115151
@y 2! 714 1y 4 72 4 1y ! 6 !

75

1

9121 111! 714172121 516! 3131

| | | |
L,Lant 8t Ay o) ! .
3181 414! 110! 515!
5
=141C, . 2C,. 71+ 1C, . “C, . 72+ C, . °C, . 7+ IC, . °C, . 7* +1C,,.¥C,. 79=1+ » "C, .7C . 7'
r=1

3

=1+

Self practice problems :

(16) The number of terms in the expansion of (a+b+c+d +e)"is

(A) n+4C4 (B) n+3cn (C) n+5Cn (D) n+1
a7 Find the coefficient of x2 y z* in the expansion of (x — 2y — 32)’
(18) Find the coefficient of x*7 in (2x?2— x — 3)°

(16) A a7 —"

TR (18) 2304




