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Sine Rule:

In any triangle ABC, the sines of the angles are proportional to the opposite sides
a b c

e. = = .
sin A sin B sin C
A

B a C

Example #1: How many triangles can be constructed with the data: a=5,b =7, sin A= 3/4
Solution : Since .a = _b = 5 . .7
sinA  sinB 3/4  sinB

= sinB = 5—; > 1 not possible

.. no triangle can be constructed.

sinA _ sin(A-B)
sinC sin(B-C)
Solution : We have S'_nA = s!n(A—B)
sinC  sin(B-C)
= sin (B + C) sin (B-C) =sin (A + B) sin (A-B) = sin?B - sin? C = sin?A — sin’B
=>b?-c2=a?-Db? = a2, b? c?arein A.P.

Self Practice Problems :

Example #2: Ifiin a triangle ABC, , then show that a2, b?, c? are in A.P.

(1) In a AABC, the sides a, b and c are in A.P. , then prove that (tan%ﬂan%} : cot% =2:3

(2) If the angles of AABC are in the ratio 1: 2 : 3, then find the ratio of their corresponding sides
A B

tan— +tan—
2 2

a-b A

3) In a AABC prove that 5
tan— —tan—
2 2

Ans. (2)1:\/5:2

Cosine Formula :

In any AABC

. b* + ¢ - a?

Q) COSA= ————— or a2=h2+c2-2bc cosA=b?+c2+ 2bc cos (B + C)
2bc

2 2 2 2 2 2
(ii) cosg= S ta —b° (i)  cosC= a+b —c”
2ca 2ab
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a+cC

> .

Example # 3: In atriangle ABC, A, B, C are in A.P. Show that Zcos(A;CJ = J

a’—ac+c
Solution : A+C=2B=A+B+C=3B=B=60°
2 2 2
. cos60° = a+c b = a?—ac+c2=bh?
2ac

. (A+C A-C
. . 2sin cos
N a+c _a+c _|sinA+sinC| _ 2 2

\/az_ac+cz b sinB sinB
=2005A;C (- A+C=2B)

Example #4: Ina AABC , prove that a (bcos C — ¢ cosB) = b? — ¢?
2 2 _ 2 2 2 |12
Solution : Since cosC= At -C & cosp= & tC b
2ab 2ac

2 2 2 2 2 2
LHS. zalp/ &P -c | [a+c-b
2ab 2ac

_a‘+b’-c*  (a®+c’-b?)
2 2
Hence L.H.S. = R.H.S. Proved

= (b?— c?) =R.H.S.

Example #5: The sides of AABC are AB = V13 cm, BC = 443 cm and CA = 7 cm. Then find the value of

sin® where 0 is the smallest angle of the triangle.
Solution : Angle opposite to AB is smallest . Therefore,

49+48-13 3

cosf=—————=—
2.7.443 2

= sind = 1
2

Self Practice Problems :
4 If in a triangle ABC, 3 sinA =6 sinB = 2./3 sinC, Then find the angle A.

(5) If two sides a, b and angle A be such that two triangles are formed, then find the sum of two
values of the third side.
Ans. (4) 90° (5) 2b cosA

Projection Formula :

In any AABC
Q) a=bcosC + c cosB (i) b =ccosA +acosC (i) c =acosB + b cosA

Example #6: IfinaAABC, c 0052% +a 0052%= 3—2b then show that a, b, c are in A.P.
Solution : c(1+cosA)+a(l+cosC)=3b

= a+c+(ccosA +acosC)=3b

—a+c+b=3b

—a+c=2b

Example #7: InaAABC, prove that(b+c)cosA+(c+a)cosB+(a+b)cosC=a+b+c.
Solution : LHS. =(b+c)cosA+(c+a)cosB+(a+hb)cosC
=bcosA+ccosA+ccosB+acosB+acosC+bcosC
=(bcosA+acosB)+(ccosA+acosC)+(ccosB+hbcosC)
—a+b+c
=R.H.S.
Hence L.H.S. =R.H.S. Proved
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Self Practice Problems :

(6) The roots of x2 — 24/3x +2 =0 represent two sides of a triangle. If the angle between them is

g, then find the perimeter of triangle.

(7 In a triangle ABC, if cos A + cosB + cos C = 3/2, then show that the triangle is an equilateral
triangle.

COSA . cosB . cosC _a’+b®+c?
ccosB+bcosC acosC+ccosA acosB+bcosA 2abc '

(8) In a AABC, prove that
Ans. (6) 2J3 + 6
Napier’s Analogy - tangent rule :

In any AABC
B-C b -c A
= cot—
2 b+ c 2
iy tanA-B-3-Pb.,C
2 a+b 2

Q) tan

Example # 8 : Find the unknown elements of the AABC in which a = J3 +1,b=+3 -1,C=90°.

Solution : a= \/5 +1,b= \/5 -1,C=90°
A+B+C=180°
A+ B =90°

cot—
a+b 2

_ (3+1)-(3-1) o 2 o (A_B] _ 1
(\/§+1)+(\/§_1) cot 45 2\/§c0t45 = tan 3
A-B _ &
—

From law of tangent, we know that tan (A _ Bj =a- b C

6
A-B=

K2
3
. . . 5n
From equation (i) and (ii), we get A = I

Now, c=+a’+b? =22

5n T
c=2J2,A=—,B=— Ans.
f 12 12

Self Practice Problems :

(9) InaAABCifb=3,c=5andcos (B-C) = 2l5 then find the value of sin % .

(10)  Ifin a AABC, we define x = tan(B;Cj tan%, y= tan(c_

Aj tanE and
2
z=tan(A;Bj tan%,thenshowthat X+y+2Z=—Xyz.

(9)
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Trigonometric Functions of Half Angles :

i  sinA = [B=PE=0) G B [5=0)(s=a) G, € _ [(5=a)(s=h)
2 bc T2 ca ’ ab

(II) COSA = S (S_a) COSE = S (S_b) COSE = S (S_C)
2 bc 2 ca 2 ab

(iii) tan% = ’(S;?ifsa;C) -4 . (s—bl(s—c) ,wheres= 272+C t2) *C is semi perimeter and

A is the area of triangle.

. 2 — — — =2_A
(iv) smA—R\/s(s a)(s—b)(s—-c) "

Area of Triangle (A)

A= %ab sinC = %bc sinA = %ca sinB = \/s(s-a) (s-b) (s-c)

Example #9: If p,, p,, p, are the altitudes of a triangle ABC from the vertices A, B, C and A is the area of the
s—c

triangle, then show that p,* +p,*—p,* = A

Solution : We have

1

P:
_a+b-c 2(s-c)
24 2A

Example#10: Ina AABC if b sinC(b cosC + c cosB) = 64, then find the area of the AABC.

Solution : b sinC (b cosC + c cosB) = 64 (i) given
. From projection rule, we know that
a=Db cosC + ¢ cosB put in (i), we get
ab sinC = 64

A= %ab sinC from equation (ii), we get

A = 32 sqg. unit

Example#11: If A,B,C are the angle of a triangle, then prove that cot%+cot%+cot

<
2

Solution : coté+cotE+cotE
2 2 2

_ s(s—a) . s(s—b) N s(s—c)
“\(s-b)s—c) \(s—c)s—a) \(s—a)(s-b)

_ \/g(s—a+s—b+s—c) _'s

"~ Js-a(s-b)s-c) A

m -n Rule : In any triangle ABC if D be any point on the base BC, such that BD
/BAD= o, /DAC =, Z CDA =0, then
(m+n) cotd = m cota — n cotP

n cotB —m cotC
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Example#12:

Solution :

Example#13:

Solution :

0

B - D o Cc

In a AABC . AD divides BC in the ratio 2 : 1 such that at /BAD = 90° then prove that
tanA + 3tanB =0
From the figure , we see that 6 = 90° + B (as 0 is external angle of AABD)

Now if we apply m-n rule in AABC, we get

(2 +1) cot (90° + B) = 2. cot 90° — 1.cot (A —90°)
= — 3 tan B = cot (90° — A)

= —3tanB=tan A

= tanA+3tanB=0 Hence proved.

The base of a A is divided into three equal parts . If o, B, y be the angles subtended by these
parts at the vertex, prove that :

(cota + cotp) (cotp+ coty) = 4cosec?p

Let point D and E divides the base BC into three equal parts i.e. BD = DE = EC = d (Let) and
let o, B and y be the angles subtended by BD, DE and EC respectively at their opposite vertex.
Now in AABC

BE:EC=2d:d=2:1
from m-n rule, we get
(2 + 1) cotd = 2 cot (o + B) — coty
3cotd = 2 cot (o + B) — coty
A

in AADC

DE:EC=d:d=1:1

if we apply m-n rule in AADC, we get

(1 + 1) cotd = 1. cotp — 1 coty

2cotb = cotp — coty

3cot6 _ 2cot(a+)—coty
2coth cotp —coty
= 3cotp — 3coty = 4cot (a0 + ) — 2 coty

= 3cotp — coty = 4 cot (o + B)

from (i) and (ii), we get
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3cotp — coty = 4{

coto.cotf -1
cotp +cota

3cot?p + 3cota cot — cotP coty — cota coty = 4 cota cotpf — 4

4 + 3cot?p = cota cotP + cotf coty + cota coty

4 + 4cot?p = cotoa cotP + coto coty + cotf coty + cot?3

4(1 + cot?B) = (cota + cotf) (cotP + coty)

(cota + cotp) (cotB+ coty) = 4cosec?

Self Practice Problems :

(11) In a AABC, the median to the side BC is of length unit and it divides angle A into

1
J11-64/3

the angles of 30° and 45°. Prove that the side BC is of length 2 unit.

Radius of Circumcirice :
a _ b _ ¢ abc

If R be the circumradius of AABC, then R = - = . = » =
2sinA 2sinB 2sinC 4A

Example#14 : In a AABC , prove that sin2A + sin2B + sin2C = 2A/R?

Solution : In a AABC, we know that a - b =_C

SinA sinB sinC
and sin2A + sin2B + sin2C = 4sinAsinBsinC

Example#15:

Solution :

A= /s(s—a)(s—b)(s—c)

s:#:43cm

A= 43x21x15x7 = 214215

_ 22x28x36 _ 264

= = cm
4x 21215 V215

Example#16: Ina AABC, if 8R? = a2 + b? + c2, show that the triangle is right angled.
Solution : We have : 8R? = a? + b? + ¢?

= 8R? = [4R? sin?A + 4R? sin?B + 4R?sinC] [+~ a=2R sin A etc.]

= 2 = sin?A + sin?B + sin?C = (1 — sin?A) —sin? B + (1 —sin?C) =0

= (cos? A—sin?B) + cos?C =0 = cos (A +B) cos (A—-B) +cos?C=0

= —-cosCcos(A-B)+cos?C=0=-cosC{cos(A-B)—cosC}=0

= —cos C[cos (A—B) +cos(A+B)]=0= —2cos AcosBcos C=0

= CcosA=0orcosB=0orcosC=0

3A=£orB=EorC=E
2 2 2

= AABC is a right angled triangle.

b* —c?
Example#17 : =Rsin (B-C)
2a
b*>—-c® _ 4R?*(sin’B-sin°C) _ Rsin(B +C)sin(B-C)
2a 4RsinA sinA

Solution : =Rsin(B-C)
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Self Practice Problems :

(12) In a AABC, prove that (a + b) = 4R cos(A ; Bjcosz

(13) Ina AABC ,ifb=15cm and cos B = % find R.

(14) In a triangle ABC if a, B, vy are the distances of the vertices of triangle from the corresponding
apy  _ o,
— =7

points of contact with the incircle, then prove that
oa+B+y

Ans. (13) 125

Radius of The Incircle :
If r' be the inradius of AABC, then

() p= A
s

i = _ A = — E = — E
(i) r=(s a)tan2 (s b)tan2 (s c)tan2

asinEsinE
(i) r=— 2 2 andsoon (iv) r=4R sinA sinE sinE
COoS— 2

Radius of The Ex-Circles :

Ifr,, r,, r, are the radii of the ex-circles of AABC opposite to the vertex A, B, C respectively, then

172
. A A
(|) r,= = .=

s-a s-c’
. A B C
(ii) rlzstanE; rZ:stanE; r3:stan5

acos® cos$ . :
(iii) r,= ——=—=2 and soon (iv) I’1=4RSII’1A.COSE.COSE
cos% 2 2 2

Example#18: cos A+ cosB +cos C = (1+%)

Solution : LHS = cosA + cosB + cosC
=2 cos A+B cos A-B +1—23inZE
2 2 2

. C A-B . C . C A-B A+B
=2sin— <cos —sin—;+1 = 2sin— Jcos —CoS +1
2 2 2 2 2 2

= 25inE Zs,inésinE +1 =1+4 siné sinE sinE
2 2 2 2 2

= RHS

=1+l 4RsinésinEsinE =1+
R 2 2 2

r
R

c c—a a-b
+ + .
r, r;

Example#19 : In a triangle ABC, find the value of b—

b-c c—a a-b

+ +
A A A
) (%) (%)
= % [(b—c)(s-a)+(c-a)(s—-b)+(a—h)(s-c)

Solution :

%[s(b—c+c—a+a—b)—a(b—c)—b(c—a)—c(a—b)]:0
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Self Practice Problems :

(15) In a triangle ABC, r, , 1,, r, are in HP. If its area is 24 cm? and its perimeter is 24 cm. then find

lengths of its sides.

(16) In a triangle ABC,a:b:c=4:5:6.Find the ratio of the radius of the circumcircle to that of
the incircle.

r,—r

(17)  InaAABC, prove that 2—" + -
a

(18) If A, A, A, and A, are the areas of the inscribed and escribed circles respectively of a AABC,

1 1 1
= + + )

Ans. (15) 6,8,10 (16) 16:7

then prove that

Length of Angle Bisectors, Medians & Altitudes :

A
2bc cos 5

0] Length of an angle bisector from the angle A =, = b
+cC

(ii) Length of median from the angle A=m_ \J2b% +2¢? - a®

& (iii)  Length of altitude from the angle A = A,

NOTE : m§+m§+m§:%(a2+b2+c2)

Example#20: In AABC, AD & BE are its two median . If AD =4, Z/DAB = g and ZABE = g then find the

length of BE and area of AABC.

Solution : AP:E;AD=§;PD=i;LetPB=x
3 3 3

tan 60° = % or X

8
X 3.3
Area of AABP = X 8 = i

33 93
32 _ 32
9V3 33

.. Area of AABC = 3 x

Also, BE= —x = i
3

Self Practice Problem :

(19) Ina AABC if ZA=90° b=5cm, c=12cm. If ‘G’ is the centroid of triangle, then find
circumradius of AGAB.

13601

Ans. (19) 20 cm




Solution of Triangle
The Distances of The Special Points from Vertices and Sides of Triangle :

Q) Circumcentre (O) : OA=RandO,=Rcos A
A
Incentre (I) : IA =r cosec > andI =r
: - A _
Excentre (1) : LA=r, cosecE and 1,=r,

Orthocentre (H) : HA=2Rcos A and H,=2R cos B cos C
. 1 2 7 2 2A
(v) Centroid (G) : GA= 3 \J2b*+2c?-a® and G, = 3a
a

Example#21: If p,,p,, p, are respectively the lengths of perpendiculars from the vertices of a triangle ABC to
the opposite sides, prove that :
. cosA cosB cosC 1
() + + ==
Py P, p; R
a l b 1 c

Solution : (i) use i:—,—__,_:_
p, 2Ap, 2A p, 2A

cp, . aps _ a’ +b? +c?

a b 2R

(i) 2P+
C

.. LHS = i (a cosA + b cosB + c cosC)

4RsinA sinB sinC
2A

(4RA) =

- R (sin 2A + sin 2B + sin 2C) =
2A

c 1 1

abc = —— = RHS
AAR

1
R

2 2 2 2 2 2
(ii)LHS:%+%+%:a+b +cC :2bA+2cA+2aA:2A(a +b® +c9)
c

a b 2R ac ab bc abc
_ 2A(@%* +b*+c®) _ a®+b®+c?

4AR 2R

Self Practice Problems :

(20) If T be the incentre of AABC, then prove that IA . IB . IC = abc tan% tan% tan% .

(22) If X, y, z are respectively be the perpendiculars from the circumcentre to the sides of AABC,

then prove that a, b + &=
X z

y

abc
4xyz




