Sequence and Series

] Sequence & Series |

"1729 is a very interesting number; it is the smallest number expressible as the sum of two cubes in two different ways." ...... S.Ramanujan

Sequence :
A sequence is a function whose domain is the set N of natural numbers. Since the domain for every
sequence is the set N of natural numbers, therefore a sequence is represented by its range. If
f:N—>R,thenf(n)=t,n e Nis called a sequence and is denoted by

{f(1), £2), f3), crrrrree. b=ttty e y={t}

Real sequence :

A sequence whose range is a subset of R is called a real sequence.
e.g. 0] 2,5/8,11, .

(i) 4,1, -2,=5, e
Types of sequence :

On the basis of the number of terms there are two types of sequence.

0] Finite sequences : A sequence is said to be finite if it has finite number of terms.
(i) Infinite sequences : A sequence is said to be infinite if it has infinitely many terms.
. (-2
Example #1: Write down the sequence whose nt" term is —
(1) +2
- (-2)
Solution : Lett = ———
(1) +2
putn=1,23,4, .cccccce..... we get
4 16
tl=—2, t2: E ,t3=—8, t4—?
so the sequence is -2, , -8, % ) e
Series :
By adding or subtracting the terms of a sequence, we get an expression which is called a series.
Ifa, a, a,.... a_is a sequence, then the expression a, + a, + a, + ...... +a_is a series.
e.g. 0] 1+2+3+4+ e, +n
(i) 2+4+8+16+ e
(iii) —1+3-9+4+27 — e

Progression :
The word progression refers to sequence or series — finite or infinite
Arithmetic progression (A.P.) :

A.P. is a sequence whose successive terms are obtained by adding a fixed number 'd' to the preceding
terms. This fixed number 'd" is called the common difference. If a is the first term & d the common

difference, then A.P. can be written as a, a+d, a+2d,....... ,a+((n-1)d,........
e.g. -4,-1,2,5...........

nt term of an A.P.:

Let 'a’ be the first term and 'd' be the common difference of an A.P., then
t =a+(n-1)d, where d=t -t
Example # 2 : Find the number of terms in the sequence 4, 7, 10, 13, ........ ,82.
Solution : Let a be the first term and d be the common difference
a=4,d=3 SO 82=4+(n-1)3
= n=27
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The sum of first n terms of an A.P.:
If ais first term and d is common difference, then sum of the first n terms of AP is

Sn=g[2a+(n—1)d]

n+l

=D [a+¢]=nt
2 2

] , fornis odd. (Where 7 is the last term and t( ] is the middle term.)

[n;l
2
Note : For any sequence {t }, whose sum of firstrtermsis S, r"term,t =S - S __,.

Example #3: Ifinan A.P., 3rd term is 18 and 7 term is 30, then find sum of its first 17 terms
Solution : Let a be the first term and d be the common difference

a+2d=18

a+6d=30

d=3,a=12
s :% [2x 12+ 16 x 3] =612

17

Example # 4 : Find the sum of all odd numbers between 1 and 1000 which are divisible by 3
Solution : Odd numbers between 1 and 1000 are

3,5,7,9,11, 13, ------ 993, 995, 997, 999.

Those numbers which are divisible by 3 are

3,9, 15, 21, ------- 993, 999

They form an A.P. of whicha=3,d=6,/=999 .. n=167

S= g [a+ /] = 83667

Example # 5 : The ratio between the sum of n term of two A.P.’s is 3n + 8 : 7n + 15. Then find the ratio
between their 12 th term
S, (n/2)[2a+(n-1)d] 3n+8 a+{(n-1)/2}d 3n+8

Solution : = = or = - 0]
S, (n/2)[2a'+(n—1d'] n+15 a+(n-1/2d" 7n+15
we have to find T, a+id
T, a+1ud’
choosing (n —1)/2 =11 or n =23 in (1),
T, a+1lid _ 3(23)+8 77 7

we get 12 = L
T, a+lid'  (23)x7+15 176 16

Example # 6 : If sum of n terms of a sequence is given by S_ = 3n? — 4n, find its 50" term.

Solution : Lett is n" term of the sequencesot =S —-S, ..
=3n?—-4n-3(n—-1)2 +4(n—-1)=6n-7
so t,=293.

Self practice problems :

(1) Which term of the sequence 2005, 2000, 1995, 1990, 1985, ............. is the first negative term
(2) Foran A.P.showthat t +t, =2t

€)) Find the maximum sum of the A.P. 40 + 38 +36 + 34 + 32 + ..............
4) Find the sum of first 16 terms of an A.P. a,, a,, a,..........

Ifitis known thata, +a, +a, +a,, +a,+a, = 147

Ans. (1) 403 (3) 420  (4)392
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Remarks :

0] The first term and common difference can be zero, positive or negative (or any complex
number.)

(ii) Ifa,b,careinAP. =>2b=a+c&ifa,b,c,dareinAP. = a+d=b+c.

(iii) Three numbers in A.P. can be taken as a—d, a, a+d ; four numbers in A.P. can be taken as a
—-3d,a-d,a+d, a+3d; five numbersin A.P.area-2d,a-d, a,a+d,a+2d;
six terms in A.P. area-5d, a-3d,a-d,a+d, a+3d, a+5d etc.

(iv) The sum of the terms of an A.P. equidistant from the beginning & end is constant and equal to
the sum of first & last terms.

(v) Any term of an A.P. (except the first) is equal to half the sum of terms which are equidistant
fromit. a,=1/2(a,_ +a,,), k<n. Fork=1,a,=(1/2) (a, ;+ a,,,);
Fork =2, a, = (1/2) (a, ,*+ a,,,) and so on.

(vi) If each term of an A.P. is increased, decreased, multiplied or divided by the same non-zero

number, then the resulting sequence is also an AP.

(vii) The sum and difference of two AP's is an AP.

2
Example #7: The numbers t (> + 1), —% and 6 are three consecutive terms of an A.P. If t be real, then find

the the next two term of A.P.

Solution : 2b=a+c = —#2=t3+t+6
or t+t2+t+6=0
or (t+2) (t2-t+3)=0 t2—t+3=%0 = t=-2

the given numbers are — 10, -2, 6
which are in an A.P. with d = 8. The next two numbers are 14, 22

5
Example #8: Ifa, a, a, a,, a, are in A.P. with common difference = 0, then find the value of > a, , when
i=1

a,=2.
Solution : Asa,a, a, a,a;arein AP.,,wehave a +a,=a,+a,=2a,.
5
Hence > a =10.

i=1

Example #9: If a(b + c), b(c + a), c(a + b) are in A.P., prove that 1 , 1 1 are also in A.P.
a c
Solution : ~alb+c),b(c+a),cla+b)arein AP. = subtract ab + bc + ca from each
—bc,—ca,—abarein A.P.
divide by —abc
1 , l L are in A.P.
a b c
Example # 10 : If a+b , b, b+c are in A.P. then prove that 1 b 1 are in A.P.
1-ab 1-bc a c
Solution : a+b b b+c are in A.P.

l1-ab ' 1-bc
_ atb _b+c

1-ab 1-bc
—a(b2+1) ~ c(1+b2)
1-ab " 1-bc
= —a+abc=c-abc
a+c =2abc
divide by ac
1 1 1

Z4+= =2 = = b, 1 are in A.P.
c a a c
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Arithmetic mean (mean or average) (A.M.) :

If three terms are in A.P. then the middle term is called the A.M. between the other two, so if a, b, c are
in A.P.,bisAM.ofaé&c.

A.M. for any n numbers a,, a,,..., a, is; A=

a,+a,+a; +.....+4,
n

n-Arithmetic means between two numbers :

If a, b are any two given numbers & a, A}, A,,...., A, barein A.P., then A, A,,... A, are the
n A.M.’s between a & b.

b —

A1=a+

Note : Sum of n A.M.’s inserted between a & b is equal to n times the single A.M. between a &b

ie. > A =nA where Ais the single A.M. between a & b ie. A= >
r=1

a+b

Example #11: If a, b, c,d,e, f are A. M’'s between 2 and 12, thenfinda+b+c+d+e +f.

Solution : Sum of A.M.s = 6 single A.M. = @ =42
Example # 12 : Insert 10 A.M. between 3 and 80.
Solution : Here 3 is the first term and 80 is the 12* term of A.P. s0 80 =3 + (11)d
= d=7
so the series is 3, 10, 17, 24, ........ , 73, 80
required means are 10, 17, 24, ........ , 73.

Self practice problems :

(5) There are n A.M.’s between 3 and 29 such that 6th mean : (n — 1)th mean : : 3 : 5 then find the

value of n.
n+3 +bn+3
(6) For what value of n, —————— , a = b is the A.M. of a and b.
an+2 +bn+2
Ans. (5) n=12 (6) n=-2

Geometric progression (G.P.) :

G.P. is a sequence of numbers whose first term is non zero & each of the succeeding terms is equal to
the preceeding terms multiplied by a constant. Thus in a G.P. the ratio of successive terms is constant.
This constant factor is called the common ratio of the series & is obtained by dividing any term by that

which immediately preceeds it. Therefore a, ar, ar?, ar3, ar4,...... is a G.P. with 'a' as the first term & 'r' as
common ratio.
. . 1 1 1 1
e.g. i 2,4,8,16, ... il — = == = e
g 0 @ 3 9 27 81
Results : 0] nth term of GP = ar"?
(i) Sum of the first nterms of GP
a(r"-1)
_]—= , r#1
Sy = r-1
na , r=1
(iii) Sum of an infinite terms of GP when |r| < 1. When n— oo, I — 0 if Ir| <1 therefore,

a
S. 1 (rl<1)
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Example # 13 :

Solution :

Example # 14 :

Solution :

Example # 15 :

Solution :

The nt term of the series 3, \/§ N is % , then find n
n-1
3/ L] - Y h-13
J3 243

The first term of an infinite G.P. is 1 and any term is equal to the sum of all the succeeding
terms. Find the series.
Letthe G.P.be 1,1, 12,13 .........

U

-~

I
N

given condition

Hence seriesis 1, % ,

InaG.P.,T,+T,=216and T, :T,=1:4 and all terms are integers, then find its first term :

3
ar (1 +r3 =216 and a_rszl
ar 4

= Pr=4=r=%2

when r=2then2a(9) =216 =>a=12
when r=-2, then —2a (1-8) =216

a= E= 108 , which is not an integer.
14 7

Self practice problems :

(7)
(8)

(9)

(10)

Ans.

Remarks :

(i)

(ii)

(iii)

(iv)

(v)

(Vi)

Find the G.P. if the common ratio of G.P. is 3, nt"term is 486 and sum of first n terms is 728.

If X, 2y, 3z are in A.P. where the distinct numbers x, y, z are in G.P. Then find the common ratio
of G.P.

A G.P. consist of 2n terms. If the sum of the terms occupying the odd places is S, and that of
the terms occupying the even places is S, , then find the common ratio of the progression.

If continued prodcut of three number in G.P. is 216 and sum of there product in pairs is 156.
Find the numbers.

(7) 2, 6,18, 54, 162, 486 (8) 1 9) Se
3 S,

(10) 2,6,18
Ifa, b, carein G.P. = b2 =ac, in general if a,, a,, &, &,,......... a,_,,a arein G.P.,
thenaa =aa, _,=a,a, ,= ...
Any three consecutive terms of a G.P. can be taken as E, a,ar.

r
Any four consecutive terms of a G.P. can be taken as, %, a ar, ars.

r°or

If each term of a G.P. be multiplied or divided or raised to power by the same non-zero
guantity, the resulting sequence is also a G.P..

Ifa,a, a,.... and b, b,, b,,......... are two G.P’s with common ratio r, and r, respectively, then
the sequence a,b,, a,b,, ab,, ..... is also a G.P. with common ratio r, ..
Ifa, a, a,..... are in G.P. where each a > 0, then log a,, loga,, loga,,.......... are in A.P. and its

converse is also true.
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Example # 16 : Three numbers form an increasing G.P. If the middle number is doubled, then the new
numbers are in A.P. The common ratio of G.P. is :

. . a
Solution : Three number in G.P. are —, a, ar
r

a : .
then —, 2a ar are in A.P. as given.
r

2(2a)=a (r +%j

or rr—4r+1=0
or r=2+ .3
or r=2+ /3 asr>1foran increasing G.P.

Example # 17 : The sum of an infinite geometric progression is 2 and the sum of the geometric progression
made from the cubes of this infinite series is 24. Then find its first term and common ratio :

Solution : Let a be the first term and r be the common ratio of G.P.
3
i:z, a 3 =24 ,_1<r<1
1-r 1-r
. 1
Solving we geta =3, r =—E

Example # 18 : Express 0.423 in the form of P , (Wherep,qel,q=0)
q
L _ 4 23 23 _ 4 a 4 23 _ 419
Solution : S= —H+—F+—+ ... = —t—— =t — = —
10 10° 10 10 1-r 10 990 990
Example # 19 : Evaluate 9 + 99 + 999 + ........... upto n terms.
Solution : Let S=9+99+999 +.......... upto n terms.
=[9+99+999 +...... ]
=[(10-1) + (102 -1) + (203 =1) + ........ + upto n terms]
=[10 + 102 + 10% + ........... +10"—n] =E%—nj

Geometric means (mean proportional) (G.M.):
If a, b, carein G.P., bis called as the G.M. of a &c.
If a and c are both positive, then b =Jac andif aand c are both negative, then b = —Jac .
b2 = ac, thereforeb= +ac ;a>0,c>0.

n-Geometric means between a, b :
If a, b are two given numbers & a, G,, G,,....., G, bare in G.P.. Then
G,, G,, G;,...., G, are nG.M.s between a & b.

G, = a(b/a)Vm1, G, = a(b/a)2n*i,......, G, = a(b/a)Vn+l
Note : The product of n G.M.s between a & b is equal to the nth power of the single G.M. between a & b

ie. [[ G = (\/ﬁ)n =G", where G is the single G.M. between a & b.
r=1

Example # 20 : Between 4 and 2916 are inserted odd number (2n + 1) G.M’s. Then the (n + 1)th G.M. is
Solution : 4,G,.G,, ....... G, -G, G, ,pr 2916
G,,, will be the middle mean of (2n +1) odd means and it will be equidistant from Ist and last
term
4,G,,, , 2916 will also be in G.P.
GZ,, =4x2916=4x9x324=4x9x4x81

G,,,=2x3x2x9=108.
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Self practice problems :

n+1 n+1
(112) Find the value of n so that % may be the G.M. between a and b.
(12) fa=111 ........ 1,b=1+10+10?+103+10*and c =1 + 10° + 10 + ..... + 10%, then prove
55
that
0] ‘a’ is a composite number (i) a = bc.
Ans. (11) n= —%

Harmonic progression (H.P.)

A sequence is said to be in H.P if the reciprocals of its terms are in A.P.. If the sequence a,, a,, as,....
a, isin H.P. then 1/a,, 1/a,,...., 1/a, is in A.P.

Note : (i) Here we do not have the formula for the sum of the n terms of an H.P.. For H.P. whose first
ab

term is a and second term is b, the n" term ist, = ——————.
b+ (n-1)(a-b)

(i) Ifa,b,careinH.P. > b= 2ac a_a-b
+C c b-c
i) IfabcaeinAp. = 270 -2
b-c a
(iv) If a, b, carein G.P. = a-b _a
b-c b

Harmonic mean (H.M.):

Ifa, b, c are in H.P., b is called as the H.M. between a & c, then b = 2ac
a+c
Ifa;, a,, ... a, are ‘'n’ non-zero numbers then H.M. 'H' of these numbers is given by
1_1/1 1 1
== ==+ —+... +—
H nla a, a,

Example # 21 : The 7th term of a H.P. is % and 12th term is % , find the 20th term of H.P.

Solution : Let a be the first term and d be the common difference of corresponding A.P.
a+6d=10
a+11d=25
5d =15
d=3,a=-8
T,,=a+19d
=-8+19x3 =49

20 term of H.P. = i
49

Example # 22 : Insert 4 H.M between% and %
Solution : Let 'd' be the common difference of corresponding A.P..
19_4
o] d= 3 3 =1
5

i = ﬂ +1 :Z or H1 = E

H 3 3 7

i = £+ 2= E or H2 = i

H, 3 3 10
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i = i +3 :E or H3 = i
H, 3 3 13
i = i +4 :E or H4 =
H, 3 3 16
Example # 23 : Find the largest positive term of the H.P., whose first two term are % and % .
Solution : The corresponding A.P. isE , 3. 30 , E 16 , S , i S .
2 12 12 12 12 12 12 12
TheH.P.isE,E,g,l—,E,—g, .......
30 23 16 9 2 5
. 12
Largest positive term = > =6

Self practice problems :

(13) If a, b, ¢, d, e are five numbers such that a, b, care in A.P., b, c,darein G.P.and ¢, d, e are in
H.P. prove that a, c, e are in G.P.
(14) If the ratio of H.M. between two positive numbers 'a' and 'b' (a > b) is to their G.M. as 12 to 13,
prove thata :bis 9: 4.
(15) a, b, c are in H.P. then prove that b+a + b+c =2
b-a b-c
(16) If a, b, c, d are in H.P., then show that ab + bc + cd = 3ad

Arithmetico-geometric series :

A series, each term of which is formed by multiplying the corresponding terms of an A.P. & G.P. is

called the Arithmetico-Geometric Series. e.g. 1 + 3x + 5x2 + 7x3 +
Here 1, 3,5,....are in AP. &1, x, X%, x3.... are in G.

Sum of n terms of an arithmetico-geometric series:
LetS,=a+(a+d)r+(a+2d)r2+

dr(l—r”’l) [a+(n-1)d]r"

in+1
4n-3

P..

+[a+ (n—21)d] r-1, then

n— o

ol

4n+1
4n-3

4n+1
4n-3

j2+13( j3+ .......

- 3)xn.

[1-(4n+1)+(4n—-3)x" —(4n-=3)x"] = n (4n - 3).

S, = 2 > = =L
1-r (1—r) 1-r
Sum to infinity: If lrl <1&n—>w,then Limit M=0 and Limit n.m=0
s, =, dr
1-r (1-r)
Example # 24 : The sum to n terms of the series 1+ 5(
Solution : Let = 4n+l , then
4n -3
1_x= -4 , 1 _ (4n-3)
4n-3 1-X 4
X __ (4n+])
1-x 4
S=1+5x+9x*+ ... + (4n - 3)x*
SX=X+5x2+ ... (4n = 3)xn
S—Sx=1+4x+4x2+ ......... + 4xt — (4n
SA-x =1+ -2 [1—x1]—(@n-3)x
1-x
S = 1 1+ 4x  4X _(4n—3)x" =_(4n—3)
1-x 1-x 1-x 4
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Example # 25 :
Solution :

Example # 26 :
Solution :

Self practice problems :

(17)

(18)

(19)

Ans.

Find sum to infinite terms of the series 1 + 2x + 3x2 +4x® + ..., -1 <x <1
let S=1+2x+3+4¢+..... ... 0]
XS= X+2+3¢C+ ... (ii)
(@) - (i) = (1-XS=1+x+x2+x+ ..........
1
or =
1-x)*
Evaluate : 12 + 22x + 32x2+ 42 ....... upto infinite terms for | x | < 1.
Let S= 12+ 22x + 32+ 423 ............ © (i)
XS = 12X + 22 + 3G, BN (1))
(i) — (i)
(1-X)s=1+3x+5x2+7x®+ ........
1-xs= = + 2%
1-x (1-x)
1 2X
s= 2 + 3
(1-x) (1-x)
1-x+2x
s = 5
(1-x)
1+x
s= 3
(1-x)
g+ 214 Av2d = 1, then find d.
5 5
Evaluate : 1+ 3x + 6x2+ 10x® + ...... upto infinite term, where | x | < 1.

2
Sum to n terms of the series : 1+ 2 (1+ E) +3 (1+ Ej + ...

n n
64
an  -%
1
U=
(29) n?

Relation between means :

0] If A, G, H are respectively A.M., G.M., H.M. between a & b both being positive, then G2 = AH
(i.,e.A,G,HareinG.P)and A>G > H.

Example # 27 :

Solution :

The A.M. of two numbers exceeds the G.M. by 2 and the G.M. exceeds the H.M. by%; find the

numbers.
Let the numbers be a and b, now using the relation

G2 =AH = (G +2) (G—gj:>6=8 'A=10

i.e. ab =64
also a+b=20
Hence the two numbers are 4 and 16.
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AM.>G.M. = H.M.

Leta, a, a,, ....... a, be n positive real numbers, then we define their
a +a, +a; +... +a ,
AM. = =—2 2 ™, their
n
GM.=(a,a,a,......... a )" and their
n
HM. =
1 1 1
. +—
al a2 an

It can be shown that A.M. > G.M. > H.M. and equality holds at either placesiff a, =a,=a, = ........

ab bc ca

Example # 28 : If a, b, ¢ > 0, prove that — t—= +t =23
c? a b2
Solution : Using the relation A.M. > G.M. we have
ab_ bc ca )
2" 22 3
¢’ o b Z[a_b_b_C_EJS ab , be,ca g4
3 c? a® b? c2 a’? b?
i . 1 1 1 1
Example #29: Ifa>0Vvi=1,2,3, ... prove that (a, +a,+a,...+a) | —+—+—...+— | 2n?
a1 a2 a3 an
Solution : Using the relation A.M. > H.M.
a, +a,+a..... +a, n
n 1 1 1 1
S
al a‘2 a3 a'n
1 1 1 1
= (a,+a,+a,..+a) | —+—+—...+—|=n?
al a'2 a‘3 a'n

Example # 30 : If x, y, z are positive then prove that (X + y)(y + z)(z + X) (1+1j[i+ij(l+i) > 64
X

yl\ly z\z x
Solution : Using the relation A.M. > H.M.
XY 5 _2 o ey | Eet]sa 0
2 11 Xy
7+7
Xy
similarly (y + 2) (LEJ >4 (i)
y z
(z+x) >4 [1+1] ..... (iii)
z X
by (i), (i) & (iii) (x + y)(y + 2)(z + x) (1+1][£+Ej(1+£j > 64
x yNy z)\z x
Example # 31 : 1f n >0, prove that 2" > 1 + n/2"*
Solution : Using the relation A.M. > G.M. on the numbers 1, 2, 22, 25,........... , 2"t we have
2 n-1
242 442 g5 02 0 L 2n-tytn
n

Equality does not hold as all the numbers are not equal.

1

n_ (n-)n \ (n-1)

= 2 1>n 22 = 2"—1>n 2?2
2-1

(n-1)
= 2">1+n2 ?
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Example # 32 : If x, y, z are positive and x +y + z = 7 then find greatest value of x? y? z2.

Solution : Using the relation A.M. > G.M.
XXy, y,y,z,z 2 3 2V
2 2 3 3 32 2, |\ XYy Z
7 - 427 4
1
2 3 52\7
= 1|2 Xz = 4Rxxy 7
4 27 4

Self practice problems :
(20) If a, b, c are real and distinct, then show that a2 (1 + b?) + b2 (1 + ¢?) + c? (1 + a?) > 6abc

(22) Prove that 2.4.6.8......2n < (n + 1)". (n € N)

bed  cda  dab  abe

(22) If a, b, c, d are positive real numbers prove that a—2+ ™~ + x + e >a+b+c+d

(23) If x6 — 12x°% + ax* + bx® + cx? + dx + 64 = 0 has positive roots then find a, b, c, d,
(24) Ifa, b >0, prove that [(1 + a) (1 + b)]* > 3% a2 b?

Ans. (23) a=60,b=-160,c=240,d =-192
Results :

0 Z (ari-br)=zn: arii b,. (ii) Z ka;i ka,

r=1

(iii) z K=k+Kk+K+.reee.. n times = nk; where k is a constant.
r=1

: . n(n+1)

v r=1+2+3+.......... +n= ——=

(iv) Zl >

(v) Zn: rP=12+224+32+.... +n2= n(n+1) 2n+1
r=1 6

. n n® (n+1)°

vi P=13+23+33+...... +nd= —— 2

(vi) Zl 4

Example # 33 : Find the sum of the series to n terms whose nt"term is 3n + 2.

Solution : S,=XT, =2(@3n+2)=3En+Xx2 = W+ 2n = g (Bn+7)
Example # 34 : T, =k?®+ 3, thenfind »'T, .
k=1
n n n 2 n_ 2
Solution - T = st . 231( _ {n(n+1) j , 36D _ (n(n+1) j .3 (3 1)
= ! 2 3-1 2 2




Sequence and Series

Method of difference for finding n* term :

Let u, U, Ug .ocuees be a sequence, such that u, —u,, u; — U, ........ is either an A.P. or a G.P. then nth

term u_ of this sequence is obtained as follows

S=u +tu,+u+.. U (i)

= u, +U,+ ... U, F U (i)
H—=(@) = u=u+U,—-u)+U,—u)+..... +(u,—u_,)
Where the series (u, —u,) + (U, —u,) + ......... +(u,—u_)is

either in A.P. or in G.P. then we can find u,. So sum of series S= > u,
r=1

Note : The above method can be generalised as follows :

Letu, U, Uy, ... be a given sequence.
The first differences are A u,, A\u,, AU, ........ where Aju, = u,—u, Au, =u,—u, etc.
The second differences are Au,, Au,, Au,, ....... , Where Au, =Au,—Au,Au,=Au—Au, etc.

This process is continued untill the k™ differences Au, , Au, , .......

differences are all equal or they form a GP with common ratio different from 1.
Case - 1: The k" differences are all equal.
In this case the n' term, u_ is given by

are obtained, where the kt

u, = an* + an<t + ...+ a, , where a, a, ..., a_are calculated by using first 'k + 1' terms of the

sequence.

Case - 2: The k" differences are in GP with common ratio r (r = 1)
The n"term is givenbyu =Arm-t+a n<*+a n2+ ... +a_

Example # 35 : Find the n* term of the series 1, 3, 8, 16, 27, 41, ..........

Solution : s=1+3+8+16+27+41+...... T, . 0]
s = 1+3+8+16+27 ....... T, +T. .. (ii)
(i) — (i)

T =1+2+5+8+11+ ... (T -T

Tn:1+(”7_1j [2%2+(n-2)3] :% [3n2 — 5n + 4]

Example # 36 : Find the sum to nterms of the series 5, 7, 13, 31, 85 + ......

Solution : Successive difference of terms are in G.P. with common ratio 3.
T =a@B)*+b
atb=5
3a+b=7 = a=1l,b=4
T,=3"1+4

S, =3T,=3(31+4) =(1+3+ 3+ ... +3-) +4n

1
—[3"+8n-1
2[ ]




Sequence and Series

Method of difference for finding s, :

If possible express r" term as difference of two terms as t =+ (f(r) — f(r + 1)). This can be explained with

the help of examples given below.
t, =1(1) —(0),
t, =1(2) - (1),

t =1f(n)—f(n-1)
= S, = f(n) — f(0)

Example # 37 : Find the sum of n-terms of the series 2.5 +5.8 +8.11 + ...........

Solution : T=0@r-1)@r+2) =9r2+3r-2
n n n n

S,= DT =9 ) T +3>)r->2
r=1 r=1 r=1 r=1

s (n(n+1)6(2n+1)J+ 3(@]_2n

=3n(n +1)>-2n

Example # 38 : Sum to n terms of the series 1 + 1 + 1 o
(1+x)(1+3x) (1+3x)(1+5x%) (1+5x)(1+7x)
Solution : Let T, be the general term of the series
_ 1
[1+(2r =1)x [1+(2r + Dx]
S 1| (1+@r+Dx)—(1+(2r -1)x) 1 1
(0] = — = —
To2x | (14 2r-Dx)(@+(2r +1)x) (1+(2r-Dx) (1+(2r+1x)
S,=XT =T, +T,+T, +......... +T,

101 1 _ n
2x | 1+x  (L+@n+Dx)|  @+x)[L+(2n+1)x]

1 1

Example # 39 : Sum to n terms of the series + + +
147 4.7.10 7.10.13

ion : _ 1 -1 LI !
solution = 1= G )@ (an+4) 6{(3n—2)(3n+1) (3n+1)(3n+4)}

Il
o
1
VR
N
Nis
I
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Sequence and Series

Example # 40 : Find the general term and sum of n terms of the series
1+5+19+49+101+181+295+ .........

Solution : The sequence of difference between successive term 4, 14, 30, 52,

The sequence of the second order difference is 10, 16, 22, 28, ......
so let nth term
T,=an®*+bn?+cn+d

atb+c+d =1 ()]
8a+4b+2c+d=5 ..(i)

27a+9b +3c+d=19 ...(iii)

64a + 16b + 4c +d = 49 (i)

from (i), (ii), (iii) & (iv)

a=1,b=-1,¢c=0,d=1 = T=n-n2+1

80 .....
clearly it is an A.P>

+n

s, =2("P-n*+1) =
ey = (20

Self practice problems :

(25) Sum to n terms the following series
. 3 5 7

U 12,22 " 2%.3? " 3%2.4?

(ii) 1+(1+2)+(1+2+3)+(1+2+3+4)........

(i) A+14+30+52+82+114+.........

(26) If iTr =(n+ 1)(n + 2)(n + 3) then find ii

r=1 Ty

ans. (@5 ()2 B

i)y n(n+ 1y
(n+1) 6

n(n+1)j2_ n(n+1)(2n+1)+ ~ n(nz—l)(3n+2)
12

n

6(n+2)

(26)




