Indefinite Integration /

I Indefinite Integration I

But just as much as it is easy to find the differential of a given quantity, so it is difficult to find the integral of a given differential. Moreover,
sometimes we cannot say with certainty whether the integral of a given quantity can be found or not. Bernoulli, Johann

If f & g are functions of x such that g'(x) = f(x), then indefinite integration of f(x) with respect to x is
defined and denoted as J' f(x) dx = g(x) + C, where C is called the constant of integration.

Standard Formula:
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(i) j (ax + by dx = +C,n#-1

dx 1
-[ ax+b a

(i)
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(iv) _[ aradx = = +C;a>0
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() [ sin(ax+b)dx=— = cos(ax+b)+C
a
cos (ax + b) dx -1 sin (ax+b) + C
a
tan(ax+ b) dx = <+ /n |sec (ax+ b)| + C
a
cot(ax+b)dx = = /n [sin(ax +b)[ + C
a
sec? (ax + b) dx _ tan(ax + b) + C
a
cosec?(ax + b) dx = — 1 cot(ax + b)+ C
a
sec (ax + b). tan (ax + b) dx = 1 sec (ax +b) +C
a
cosec (ax + b). cot (ax + b) dx =— L cosec (ax +b) + C
a

secx dx = /n |secx + tanx| + C OR /n |tan (%+§j +C

cosec x dx = /n |cosecx — cotx| + C OR /n | tan + C OR — /n |cosecx + cotx| + C
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‘x+ x> +a%| +C
x> —a?| +C

n|—|+C

I dx _ 1 a+Xx
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dx 1 X—a
j 5 2:—In +C
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a
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(xxiii) .[ x* +a’ dx:% Jx2+a? + a? | XENXta

(xxi)

(xxiv) j

(xxv) J. e, sin bx dx = 2e—b2 (asinbx —bcos bx) +C
a +

(xxvi) .[ e cos bx dx =% (acos bx+bsinbx)+C
a“+b

Theorems on integration
0} j C f(x)dx =C j f(x).dx

(ii) j(f(x)ig(x)) dx = jf(x)dxijg(x) dx

(i) [fdx=gx) +C, = [fax+byx = T2 4 ¢

(ax +b)
a 2

Example#1 Evaluate : J3x6dx
. 6 3
Solution : j3x dx = 7 X'+ C
7 2
Example # 2 Evaluate:_[ X} +5x* —4+—+——=
X X

Solution : _[ (x3+5x2—4+£+%j dx
jx3 dx + '[5x2 dx — '[4dx + I ;dx + J.%dx

jx" dx +5jx2 dx. —4. _[1. dx + 7.I$dx + 2. j xY2dx

4 3 12 4
X5 X _ax+7mx)+2[ X2 +c=2X 435 —ax+7m|x|+4Vx +C
4 3 1/2 4 3

Example #3 Evaluate : IZX'OQZS dx

X

Solution : We have, jzx'°923 dx = J‘3de = [33 +C
n
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X X
Example #4 Evaluate : I4 ;(5 dx

X X X X X X
Solution : I4 5 x= I (:_XJFS_J dx = + EJ ] ax = A7)

X X +
7 7 " (4j
7

1 Zsingcos7x—25in5—xcossx
dx = > .[ 2 Ex 25x dx
sin—+2c055xsin7

(.19x .9xj (.21x .11xj
sm——-—-—SsiINn— |—| SIN———SIN——
I 2 2 2 2 q

. Bx . 15x . Bx
sin— +sin—— —sin—
2 2

[.19x .11xj [.le .9x)
sinNn——+SIN—— |[—| SINn——+ SIN—
f 2 2 2 2 q

sin—/~

COS7X — COS8X
- " dx

Example #5 Evaluate:f Lt 2005
+2cos5x

COS7X —C0S8X
1+ 2cos5x

Solution : We have, I

X

X

23in157Xc052x—23in15TX0053x

>
2 sin15—x
2

dx = Icost—cos?,x)dx = % sin2x — % sin3x + C

X3

X +1)°
x° X3 +1-1, X+ 1
I(x+1)2 - I(x+1)2 X= -[(x+1)2d _I(x+1)2dx
B j(x+1)(x2—x+1)dX_J- 1 X:J-xz—x+1) X__[ 1
(x+1)? (X + 1) (x+1) (x+1)?°

2
I(x—2+ijdx—j 12dx X——2x+3ﬁ,n(x+1)+ 1 +C
(x+12) 2 x+1

Example #6 Evaluate : I

Solution :

Example # 7 : Evaluate : I4—192 dx
+9x

Solution : We have

1
g i1,
4 +9x 9 X 9 7 (2/3)" +x

+C:itan*l 3x +C
6 2

Example # 8 : Evaluate : Icosxcost dx

sin3x

Solution : Icosxcost dx = % '[Zcosx COS 2X dx:% I(cosSx +cosx) dx = %( +sinxj +C

Self Practice Problems :

(1) Evaluate : _[tanzx dx (2) Evaluate : .[ 1, dx
1+sinx

Ans. (1) tanx —x + C(2) tanx—secx +C
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Integration by Substitution

If we substitute ¢(x) =t in an integral then
@ everywhere x will be replaced in terms of new variable t.
(i) dx also gets converted in terms of dt.

COS X + XSinX

Example # 9 : Evaluate:.[ ( )
X(X + cOs X

Solution : We have,
jcosx +Xxsinx
X(X + cosx)

:J~(x+cosx)—x+xsmx dx = J‘[l_ 1—smxj dx = J-l dX_J-l—smx dx
X(X + cosXx) X X+CO0SX X X +COS X

= J.1 dx—J.;d(x+cosx) = /n|x| — ¢n |x + cosx| + C.
X X + COS X

n
Example # 10 : Evaluate : Imdx
X

(/nx)nﬂ
n+1

+C

Solution:  We have j@dx = j(enx) Zdx = j(fnx) d(fnx) =

s -1 ,\3
(sin™x) dx
V1-x?

sin™ x)*

N (
Solution : We have , _[
V1-x?

Example # 11 : Evaluate : I

(sin™tx)*

dx = I(sm‘1 x)’d(sin™x) = 2

+C

Example # 12 : Evaluate : J‘% dx
X

+2x%2 +2
Solution : We have,

X X dt
I:j—dx: — = dx {Put x> =t x.dx =— }
x* +2x% +2 J‘(x2)2+2x2+2 2

N I= lj%dtZEJ‘;z dt :ltanfl(t+1)+C
29 t°4+2t42 29 (t+1)°+1 2

:% tant (x2+ 1)+ C

| tioorfieax = 0
G 0
[f(x)]” 1-n

J. d—x; neN Take x> common & put 1 + x ™" =1t.
x(x" +1)

+C,n=1

X
.[ d— ; n €N, take xcommon & put1 +x" =1t
(n_j%

xz(x” +1)

j j 1/n ; take x" common as xand put 1 + x ™" =
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Self Practice Problems :
3) Evaluate : I sec’ dx 4) Evaluate : '[
tanx

Ans. (3) /n[l+tanx|+C 4) —Ccos (/nx) + C

sm(/nx) dx

Integration by Parts : Product of two functions f(x) and g(x) can be integrated using formula :
[(160 g0x)) dx =10 [(g09)) dx — | [%(f(x)) | (g(x))dxjdx

0] when you find integral jg(x) dx then it will not contain arbitarary constant.

(i) jg(x) dx should be taken as same at both places.

(iii) The choice of f(x) and g(x) can be decided by ILATE guideline.
the function will come later is taken an integral function (g(x)).
Inverse function
Logarithmic function
Algebraic function
Trigonometric function
Exponential function

Example # 13 : Evaluate : Isec‘lx dx

Solution : Put sec!x =tsothatx =sectand dx = secttantdt
B Isec‘lx dx = ﬁ(scﬁct tan t)dt =t (sect) — Il.sec t dt
=tsect—/n|sect+tant)|+C
=tsect—/n|sect+ ysec’t—1 |+ C =x(sec’x)—/n |x + \/xzi—l |+C

Example # 14 : Evaluate : jx /n(1+x) dx

o _ X 1 X
Solution : LetI—jx MA+x) dx = —4n(x+1) — [—.— dx
2 x+1 2

2 2
d :X_ ﬁn(x+1)_ljx—m'
2 x+1

dx
1
X+1

]dx_7zn (x+1)— j[(x—1)+xi+lj dx

2
— /n(x+1)- 1 X——x+€n|x+l|
2 2|2

Example # 15 : Evaluate : J'e2X sin3x dx

Solution : LetI:Ie2x sin3x dx

= e (—m] - _[Zezx (—— X =— 1e2x cos 3x +g jezx cos 3x dx
3 3 3 3
1 2 [
=——e* cos3x+—|e
3 3

:—E e cos 3x + E e sin 3x — i '[ezx sin3x dx
3 9 9

2x
:>I:—E e cos 3x + ge2x sin3x—i I = I+i I= © (2 sin 3x — 3 cos 3x)
3 9 9 9 9

13 e : e .
:? I= 9 (2sin3x—3cos3x) = 1= 3 (2sin3x—-3cos 3x) +C
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Note :
0] J' e<[f(x) +f'(x)] dx = ex f(x) + C (ii) j [f(x) + xf"(x)] dx = x f(x) + C

(x2 —2x+2)

2x+2)
(x +2)

Example # 17 : Evaluate : Iex (ﬂj dx
1-cosx

X

Example # 16 : Evaluate : Ie dx

Solution : Given integral = Ie ( dx = J'eX

X X
1-2sin — cos —
Solution : Given integral = Iex 2 ” 2 | dx
25in2E

= Iex 1coseczi—cot Xl dx =—ecotX +C
2 2 2 2

Example # 18 : Evaluate : J'{fn (fnx)+ﬁ} dx
nx

Solution : Letl =I[€n (fnx)+ﬁ} dx {put x =e' = dx = et dt}
nX

I= jet [fnt + —1) dt Ie‘ (fnt - }+1+ 1) dt
t t ot t?

= et (fnt - }j +C =x {fn (¢nx) - i} +C
t /nx

Self Practice Problems :
(5) Evaluate : _[xsinx dx (6) Evaluate : _[XZeX dx

Ans. (5) —xcosx+sinx+C (6) x2ex—2xex+2ex+C

j '[\/ax2+bx+c dx
ax? +bX+C Jax? + bx + ¢

Express ax? + bx + ¢ in the form of perfect square & then apply the standard results.

Example # 19 : Evaluate : I\/xz +2x+5 dx

Solution : We have,

_[\/x2+2x+5 = I\/x2+2x+1+4 dx = J'q/(x+1)2+22
:— (x+1) J(x+1)7+2° (22 |(x+1) +{(x+1)*+2% |+C
%(x+1) VX2 +2x+5 +2/n|(x+1) +Jx*+2x+5 |+C

Integration of type j
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Example # 20 : Evaluate :

J.L dx
V2 - 6x —9x>
J‘\/Z 6X — 9X> e ‘[,/ 3x+1

Self Practice Problems :

Solution : dx == sin? [3)(—”] +C

V3

(7 Evaluate : J.;l dx (8) Evaluate : J
2X° + X

8x-11

V5 + 2% — x2

Ans.  (7) m | Z1c (8 8 5+2x—x —3sint X e
2X +2 J6

Integration of type

szX—J’q J‘ px+q dx, _[(px+q)\/ax2+bx+c dx
ax“ +bx + ¢ lax? + bx + ¢

Express px + g = A (differential co—efficient of denominator) + B.

2x—-3

Example # 21 : Evaluate : Iﬂ X
X2 + 3X

Solution : Let2x—3:xd— (x*+3x—-18) +
X

Then2x-3=A(2x+3)+p
Comparing the coefficients of like power of x, we get.
2 =2,and 3L +pu=-3 =>A=landpu=-6
2x—3 2Xx+3-6 2X+3 1
so, [ dx = |2 e S VO R ",
x® +3x—18 X +3x—18 X% +3x — 18 X~ +3x-18
1

= nlx2 +3x - 18| -6 | 5 dx:zn|x2+3x—18|—6j

9
x> +3x+————18 i
272 X+

X+>-=
= /n|x? + 3x — 18| — 6. 1 o 2 2+C—£n|x2+3x—18|—§/,n x=3l,
X+

2(9 x39

2 2

Example # 22 : Evaluate : f 22)(—+3 dx
X +4x+1

J~ 2x+3 J- (2x+4)-1 _J- 2x+4 J-

\/x2+4x+1 x* +4x+1

= J' at _ ! dx, where t = (x2 + 4x + 1) for Istintegral

(x+2) - («/5)2

=2t = (x+2)+ VX2 +4x+1|+ C =252 +4x+1 —in | x + 2 +/x> +4x+1 |+ C

dx
x> +4x +1

Solution :
x> +4x +1

Example # 23 : Evaluate : fxv1+ X — x%dx

Solution : Letx=2. di(1+x—x2)+ T
X

= X=A(1-2X) + 4

Comparing the coefficients of like powers of x, we get

l1=-2 andA+u=0=>A=- L and u = 1 x=—1 (1-2x) + L
2 2 2 2
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S0, Ix\/1+x—x2dx
j{—%(l— 2x)+%}\/1+x—x2dx = —% J.(l— 2X)W1+x — x? dx +% I\/1+x—x2 dx

= —% I\/1+x—x2 d(1+x—x2)+% I\/{ﬁ lj dx,

2 2

2 > 2
L aexoepest l(x—lj 5 —[x——J REAECR R S A
3 220" 2\ 2 2) 2|2 /512

1 1 1 5 . 2x -1
—= (1+x—Xx)2+= || x== [V1+x=x* +=sin?| === || +C
3 ¢ "2 K 2] 8 ( V5 H

Self Practice Problems :
©) Evaluate : I# dx (10)  Evaluate : I—GX 5 4x
2x° —-3x+1 3%? By +1

(11)  Evaluate : _[(x —DVI+x+x* dx
Ans. (9) —n[2x2-3x + 1| +C (10) 2 3x*-5x+1+C
(11) % (X2 + X + 1)¥2— % (2x+ 1) Vi+x+x* — %Iog (2x +1 +2x* +x+1)+C

Integration of Rational Algebraic Functions by using Partial Fractions:

PARTIAL FRACTIONS :
f()

If f(x) and g(x) are two polynomials, then ﬂ defines a rational algebraic function of x.
o(x

If degree of f(x) < degree of g(x), then % is called a proper rational function.
o(x

If degree of f(x) > degree of g(x) then % is called an improper rational function.
o(x

If ) is an improper rational function, we divide f(x) by g(x) so that the rational function % is
o(x

a(x)
expressed in the form ¢(x) + ()
9(x)

f(x)

is less than that of g(x). Thus, ? is expressible as the sum of a polynomial and a proper rational
g(x

, Where ¢(x) and W(x) are polynomials such that the degree of ¥(x)

function.

ax’+bx+c A .. B C
(x—o)(x=P)(x-7) Xx—o x—-B x-y
ax® +bx+c A B C
2 = + + 2
(x-a)(x-Pp)" x-o x=B (x-P)
ax’+bx+c A Bx+C
(Xx=—a)(X* +p*) x-—a x*+p°
where A, B, C can be evaluated by subsitution or by comparing coefficients.

CASE-

CASE-I

CASE-II
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Example # 24 :

Solution :

Example # 25 :

Solution :

Example # 26 :

Solution :

1 . . :
Resolve into partial fractions.

2x3 +3x2 -3x-2
1 _ 1
23 +3x2-3x-2  (X—-D(x+2)(2x +1)
1 A B C
= + +

2x3 +3x2-3x-2 x-1 x+2 2x+1

= 1=Ax+2)(2x+1)+B(x—-1) (2x+1) +C (x = 1)(x + 2)
1

Putting x —1 =0 or x =1 in (i), we get = :5,

We have,

Let . Then,

Putting x = -2 in (i), we obtain

Putting x =— %in (i), we obtainC = —g

1 _ 1 1 1 4

13 _3x—2  (—Dx+)@x+])  9x-1) « 9x+2)  9@x+1)

3 2
Resolve > ?X +10x-2 into partial fractions.
X —5X+6

Here the given function is an improper rational function. On dividing we get
x® —6x% +10x -2 _ 1+ (-x+4)

x* -5x+6 (X* =5% + 6)

-X+4 _ -X+4
x> —5x+6 (Xx—2)(x—3)
-X+4 _ A
(x-2)(x-3) x-2
—-X+4=AKX-3)+B(x-2)
Putting x — 3 = 0 or x = 3 in (ii), we get

1=B(1) = B=1.
Putting x —2 = 0 or x = 2 in (ii), we get
2=A2-3)=>A=-2

) —X+4 2 L1
T (x-2)(x-3) x-2 x-3
x® —6x* +10x -2 _ 2 1

X—1- +
x> —=5x+6 X—2

we have,

+

So, let

Hence

3x+1
(x=1*(x+1)
3x+1 _ A B C D
= + + +
(x=-D*(x+1) x+1 (x=1) (x-127° (x-12°
Multiplying both sides by (x + 1) and then putting x = — 1, we get
=2 _1
4
Multiplying both sides by (x — 1)® and then putting x = 1, we get
4

Evaluate : _[

Let

From (i) , we get
X+1=AKX-1PF*+B(x-12(x+1)+C(x-1)(x+1)+D(x+1)
putting x = 0, we get

1=-A+B-C+D
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Example # 27 :

Solution :

Example # 28 :

Solution :

Example # 29 :

Solution :

= 1=—tig-c+2 o=B-c=2
4 4

Putting x = 2, we get
7=A+3B+3C+3D
1

= 7:Z+SB+3C+6 :>SB+3C=%:>B+C=
Solving B+ C = 1andB—C:_—?’, WegetB:—l,C 1
4 4 4 2

Substituting the values of A, B, C and D in (i), we get
3x+1 11 1 1 2
== - + +
(x=°(x+1) 4 x+1 4(x-=1) 2(x-17° (x-1°
_[ 3x+1 = 1,1 d 1.1 dx+1 I

x-D*(x+1)  49x+1 4 x-1

1
(x-1y*

11 .
2(x-1) (x—-17

:ién [x + 1|—1 nx—1] -
4 4

1
- 5 dx
sinx(2cos” x —1)
Putting cosx =t, we get

Evaluate : I

1 1 dt 1
| = dx = — =— dt
Isin x(2cos® x —1) Isin x(2t2 -1 T sinx -[(1— t?)(2t* - 1)

'=- -[(1 2 2t2—j

1 1+t f _ 1 m 1+cosx

+C

2 1=t ft+1 2 |1-cosx f fcosx+1

2x-3 . . .
Resolve —————— into partial fractions.

(Xx=2)(x* +1)

Let 2Xx-3 _ A + Bx+C+ Dx+E _Then,

(x=D(x* +1)* x-1 x*+1  (x*+1)7?
2X—3=AX*+1)?+Bx+C)(x—-1) (x*+ 1)+ (Dx+ E) (x—1)
Puttingx=1in(i), weget—1=A(1+1)2=>A=-

Comparing coefficients of like powers of x on both side of (i), we have

A+B=0,C-B=0,2A+B-C+D=0,C+E-B-D=2andA-C-E=-3.

Putting A = — % and solving these equations, we get

1 1 2X -3 -1 X+1
= +

B=

X+5

— :C,D:—andEzé
4 4 2

TS A1 A(x=1) | A +1)

2X . . :
Resolve — 1 into partial fractions.
X

2x 2Xx
X -1 (X—D(xX*+x+1)

2x _ A Bx+C
X-DX*+x+1) x—-1 x> +x+1
Then, 2x=A(x*+x+1)+ (Bx+C) (x—1) ...(i)

We have,

So, let

Puttingx—1=0or,x=1in (i), weget2=3A=A=

Puttingx=0in (i), we getA—-C=0=C=

2(x? +1)°
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Puttingx=—1in (i), weget-2=A+2B-2C. = -2= g +ZB—§:B=—§

1-x
X2 +x+1

2X 2 1 (- 2/3) x+2/3 2X
+ or

2
= + =
x*-1 3 x-1 X2 +x+1 x3 -1 3

Self Practice Problems :
dx

(X+D(x* +1)

1

mdx (ii) Evaluate : I

(12) 0] Evaluate : _[

Ans. (12) (i) ¢n X+2 +C (i) 1 Mmx+1 - /n(x2+1) + ltan*l x)+C
X+3 2 2
Integration of type
J- x2+ 1

——— 5 dx where K is any constant.
x" + Kx*+ 1

Divide Nr & Dr by x2 & put x ¥ =t.

2
Example # 30 : Evaluate j)i—Jrlzdx
+

4
2 1+ —
Solution : IXA—+4dx =I X gx = [— 1 glx-2] = IL
X" +16 X2+16 X t2+(2\/§)2
X2

4 1 t 1 X2 —4
wheret=x—— =—— tan!|——| +C =—— tan +C

X 22 [2&) 2.2 [2ﬁx]
Xx-1

dx
(X +DVx® +x* +x

Example # 31 : Evaluate : f

x* -1 { Multiplying the }
NI’

and D" by (x+1)

Solution : =1 = dx
'[(x+1)2\/x3 +x%+x
(x* =1
(% +2x + DVX® + X% + X
-
j X dx [Dividing N* and D by x2)

[x+1+2j,/x+1+1
X X

2t dt where,x+1+1=t2:I=2 1 dt > I=2tan*(t) +C

(€ +t2 X t+1

=I=2tan? ,/x+1+1+C
X

Self Practice Problems :

dx

:>II

:>I=J.

2 —
(13) Evaluate : J' % dx Evaluate : J' Jtanx dx
X" =7x"+1

Ans. (13)

where y = J/tanx — !
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Integration of type

j dx ORJ‘ dx
( ax +b) Jpx +q (ax® + bx +c) Jox+q
Put px + q =t2.

dx

(x—4)\/m

Solution : Letl= j( dx

X—4)y/x+5
- J- 2dt =g m t-3 +C=1 In vX+5-3
(t2—9) 6 [t+3 3 [Wx+5+3
dx
(x2+3x+2)\/x+4
dx

+3x+2)\/x+4

Putting x + 4 =2, and dx = 2t dt, we get 1 = I

Example # 32 : Evaluate : J-
{Put x+5=1# = dx=2tdt}

+C

Example # 33 : Evaluate : J

Solution : Letl = _[
5

2t dt
(2 -4 +3(t2 - 4)+ 202

dt _ dt _ 1 1
? [agrre 42 I(tz_z)(tz_s) a=2f gyt

1 t-J3| 1 , t—2

ﬁﬁn t+\/§ E’nH\/E

+ Cwheret= +x+4
Integration of type

I dx , putax +b = —; I dx

( ax +b) Jpx2 +qx +r ( ax® +b) Jpx2+q

1
, putx =-
P t

dx

( x-1Wx%-x-1

dx
( x-1 )\/x2 -x-1

Lt

e
FRRCO R

Example # 34 : Evaluate j

Solution :  Let1=] {put x—1=% = dx=— t% dt}

t

t

t—
=-sin™ +C=-sin? [—Zt 1] +C,wheret= L 1
X —

% 5

2
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Example # 35 : Evaluate .[

dx
1+ x*)V1-x?

Solution : Put x = %: dx=—ti2dt ———————  {put 2-1=y>=tdt=ydy}

Self Practice Problems :
dx

(X® +5x+6)/x +1
dx

(2x% +DV1- X2

(15) Evaluate : _— (16) Evaluate : I

(X+2)Vx+1

a7) Evaluate : dx (18) Evaluate : _[

'[ (X +DV1+x — X3

(19) Evaluate : _[ dx

(X2 +2X+ 2WX2 +2x - 4

Ans. (15) 2tant (Vx+1) +C  (16) 2tan (Vx+1)-2 tan* [“fél}c

3 1

A7) sin*t % +C (18) — —

2

1 VX2 +2x-4 -6 (x+12)
(29) ——é
\/x +2X — 4+\/_ (x+1)

Integration of type

I /X_ deor.[wl(x— 9 (e ) dx; putx=acos?0+psin’0
_[/ dxorj'ﬂlx— ) dx; putx=asec?0—f tanz0

a=t2orx—P =t

Self Practice Problems

(20)  Evaluate: | / (21)  Evaluate: [ [(x_l)(d%)]w2

(22) Evaluate : _[

[(x+2)° (X -D°1"

Ans.  (20) J(x=3)(x-4) +m (Vx-3+x-4) +C (21) 2[/;:i‘ /ijj e

1/7
22) Z(X‘lj +C
3{x+2
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Integration of trigonometric functions

() dx

a sin®x + b sinx cosx + ¢ cos?x

J. a+bsmx R-[ a+bcosx ORJ.

Multiply Nr & Dr by sec2x & put tan x =t.

dx
a + b cosx

dx
a+ b sinx + ¢ cosx

(ii) [ dx

L ORI
a + b sinx

OR |
: . . . . X
Convert sines & cosines into their respective tangents of half the angles and then, put tan E=t

(iii) dx.

.[ a.cosx + b.sinx + ¢
f.cosX + m.sinX +n
Express Nr = A(Dr) + B (Dr) + C & proceed.
1+sinx
sinx(1+ cosx)
Solution : Letl = I— L+ sinx dx
sinx(1+ cosx)
2tanx/2 1-tan?x/2

Putting sinx = ————— and ,cos X = ————,
1+tan“x/2 1+tan®x/2

Example # 36 : Evaluate: J'

we get
14 2tanx/2
| = _[ 1+tan®x/2 1+tan®x/2+2tanx/2)(1+tan’ x/2)

_
[ 2tanx/?2 j{l 1_tan2x/2j J‘2tanx/2(1+tan2x/2+1—tan2x/2)

1+tan®x/2 1+tan®x/2

_ j(1+tan x/2)? sec? x/2

2
dx :J.lth—Jrzt)dt, where t = tan X
4tanx/2 2t 2

2 2
-1 I }+t+2 dt -1 En|t|+t—+2t +C=1 En|tanx/2|+M+2tanx/2
2 t 2 2 2 2

dx
sinX ++/3 cosx

Solution : Let1=rcosd and ~/3 =rsind=r= /(1% +(3) =2

tane:\/§ =0=n/3

Example # 37 : Evaluate : _[

sinxcos0 +cosxsind r

.[ dx :1..[ dx .[ dx
" Jsinx++3cosx T sin(x + 0)

= }J.cosec(x+9)dx =} /njtan i+9 +C =1 /njtan 5+E +C
r r 2 2 2 2 6

Example # 38 : Evaluate : J. 3cosx+2 dx

sinx +2cosx+3

Solution : We have,

dx

= J- 3cosx+2
sinXx+2cosx+3

Let3cosx+2=A(sinx+2cosx+3)+pn(cosx—2sinx)+v

Comparing the coefficients of sin x, cos x and constant term on both sides, we get
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A—2u=0,22+u=3,3x+v=2 = k=g,p=% and V=—g

IX(sinx+Zcosx+3)+p(cosx—25inx)+v
sinXx+2cosx+3

1= dx

dx

=% IdX+p. .[ 'cosx—25|nx dX+vI ' 1
sinXx+2cosx+3 sinXx+2cosx+3
I=Ax+plog|sinx+2cosx+3|+vI
1
sinXx +2cosx+3
2tanx/2 le—tanlez
1+tan®x/2’ 1+tan®x/2

where 1, = j

Putting, sin x = we get

1 =

1

_[ 1 dx :J' 1+tan®x/2

2tanx/2 +2(1—tan2x/2)+ 2tanx/2+ 2 -2tan® x/2 + 3(1+tan® x/ 2)
1+tan’x/2  1+tan®x/2
=I sec®x/2

tan’x/2 +2tanx/2+5

Putting tang = tand % sec? g =dt or sec? g dx = 2 dt, we get

X

tan—+1

I, = j 2 e =2 j dzt 7 " 2 tan- (—H_lj =tant | —2
t°+2t+5 t+D)°+2 2 2 2

tan>+1
Hence, I =Ax + plog|sinx +2cos x + 3|+ vtan?t — +C

Wherek:E,p:E and v =-—
5 5

dx

1+3cos® x
Solution : Multiply Nr. & Dr. of given integral by sec?x, we get

2
= J- seczx dx _ 1 tan-t tanx i C
tan“ x + 4 2 2

Example # 39 : Evaluate : I

Self Practice Problems :

(23) Evaluate : jw dx
sinX + 4cos X

Ans. (23) j—(l) X +421 log |5sinx + 4cosx| + C

Integration of type jsin”’x. cos"x dx

Case -1

If m and n are even natural number then converts higher power into higher angles.
Case-1I

If at least one of m or n is odd natural number then if m is odd put cosx =t and vice-versa.
Case -IIT

When m + n is a negative even integer then put tan x = t.
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Example # 40 : Evaluate : J-cos5 x sin® xdx

Solution : Let]= Icosf’ xsin xdx put sinx=t = cosxdx = dt
= [= [(@-2) .t dt = [(t* 20 +1) tdt = [(° -2t° +1*) o

9 7 5
:t__ZL +t—+C,wheret:sinx
9 7 5

Example # 41 : Evaluate : J'sec‘”3 xcosec®’?

xdx

Solution : We have ,

8/3 J‘ 1 -4/3 -8/3
cos*® xsin®’® x

I= jsec“”xcosec xdx = dx = Icos X sin™® xdx

divide N" and Dr by cos*x
4 2
_ jsec X dx = .[(1+tan X)
tal

1+ tan® x 1+t
2

sec xdx = | ———— dt wheret=tanx
tan®® x n®’® x jt j

an8/3X d(tanx) = t8/3

= j (2 +*%)dt = _?3#5’3 +3t2+C = _ggtanffﬂ3 x+3tan®? x + C

Example # 42 : Evaluate : Isin“ xcos? x dx
Solution : Isin“ xcos? x dx =é I4sin2 xcos? x.2sin® xdx = é Isinz 2x (1 — cos2x)dx

= jsinz 2xdx — 1J'sin2 2x cos2x dx = i'|.(1—cos4x) dx — = (sin2x)?
8 16 48

SInax _ 1 (sin2xy +C
48

Reduction formula of _[tan”x dx ,_[cot”x dx _[sec”x dx , _[cosec”x dx

I = jtan”x dx = jtanzx tan"?*x dx = J'(seczx—l) tan"-2x dx

n-1
Zxdx -1, = j =@n X

-1 ,n>2
-2 n n—l n-2

—_ 2 —
= I = '[sec xtan"
In=J'cot”x dx =jcot2x . cot"?x dx = j(coseczx—l)cot”’zx dx

cot" ' x

=1 = Icoseczxcot"’zx dx =1, = I,=- 1
n_

I = jsec” x dx = J‘sec2 x sec"?x dx
= I =tanx sec"~2x — I(tan X)(n—2) sec"—3x. secx tanx dx.
= I, =tanx sec"-2x — (n—2) (sec? x — 1) sec"~2x dx

tanxsec"? x
n-2 = In:
n-1

(n—1)I =tanxsec"-2x+(n—-2) I
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I, = '[cosec”x dx = Icoseczx cosec™-?x dx

I, = - cotx cosec"~2x + _[(cotx)(n —2) (— cosecn-3x cosec x cot x) dx
— cotx cosec"2x — (n — 2) jcotz xcosec"?x dx

I, = —cotx cosec"~x — (n — 2) I(cos ec’x —1) cosec"-2 x dx
(n—1)I =—cotxcosec"-2x+(Nn-2)1 _,

_ cotxcosec"?x Ln-2
" -(n-1) n-1 "?

I
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Example # 43 : Obtain the reduction formula for Jcos“ xdx
Solution : Let I = jcos” xdx

L= J. cosXx (cosx)™* dx

II I

I, = (sinx)(cosx)™* — j(n —1)(cos x)"2(~sinx)sin xdx

I =(sinx)(cosx)™* + (n — 1) I(cos x)"?(1- cos? x)dx

I = (sinx)(cosx)™ + (n — 1) I (cosx)"2dx — (n—1) f (cos x)"dx
I = (sinx)(cosx)**+(n-1)1 ,—(n—-1)1,
I+ (n—1)I =(sinx)(cosx)**+ (n—-1)I ,

[ = (sin x)((;os x)"t LD,

noo N2

Self Practice Problems :

dx
@+x*"

dx

(24) Deduce the reduction formula for I = j —_—
(1+x%)

and Hence evaluate I, = .[

(25) I = I (sin X)m (cos x)" dx then prove that

m,n
_ (sinx)™*(cosx)"* , h-1

m,n tTmn-2

m+n m+n

I

24) 1= X + 4n-5 7
" 4n-DA+xH)"T 4n-1

1
X S~ 1

o
L= + tan - /n
© 4 (1+xY) 22 V2 | a2




