CLASS 12

INTEGRALS

INTEGRATION BY PARTIAL FRACTIONS

Integration of rational algebraic functions by using partial fractions:
(i) Partial Fractions:

f(x)

If f(x) and g(x) represent two polynomials, the expression —— defines a rational
8(x)
algebraic function of x. Assume the degree of f(x) is less than the degree of g(x); if not,

perform division of f(x) by g(x) until the degree of the numerator is lower than that

of the denominator. Then, apply the concept of partial fractions as outlined below:

CASEI:
When the denominator can be expressed as the product of non-repeating linear

factors.

Let's assume... g(x)=(X—a1)(x—a2)...(x—an).

Then, we assume that

Where Ai, Az, An are constants that can be determined by equating the numerator on
the right-hand side to the numerator on the left-hand side and subsequently
substituting them.
X =8;,8yp,eneneny @y
CASEII:
When the denominator g(x) can be represented as the product of linear factors, with

some of them being repeated.

Example:
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This can be expressed as
A A A A B B B
Ly—2 43 4 +—F 41 42 4 4T

X—a (x—a)2 (x—a)3 (x—a)k (x—al) (x—az) (X—ar)

To find the constants, we equate the numerators on both sides. Some of these

constants are determined through substitution, as in Case I, while the remaining
constants are obtained by equating the coefficients of the same power of x. The

procedure is illustrated in the following example.

CASE III:
When certain factors of the denominator g(x) are quadratic but non-repeating, for

Ax+B

ax® +bx +c

each quadratic factor ax® + bx + ¢, we posit a partial fraction of the form

Here, A and B are constants determined by comparing coefficients of corresponding

powers of x in the numerators on both sides. In practice, it is recommended to assume

A(Zax + b) B
+

2

partial fractions of this form -
ax“+bx+c ax“+bx+c

. The following example

illustrates the procedure.

CASEIV:
When certain factors of the denominator g(x) are quadratic and recurring, fractions

of the form

{A0(23X+b) . A }+{ A, (2ax+b) A, . AZkfl(ZaX+b) . A, }

J’_
ax’ +bx+c ax’+bx+c| |[(ax*+bx+c)* (ax’+bx+c)’ (ax’ +bx+c)* (ax’+bx+c)"

(2x-1)
x-D(+2)(x-3)

Ex.1 Evaluate

(2x-1) _ A N B N C
x-DE+2)(x-3) x—1 x+2 x-3

Sol. Let

2x—1 CAx+2)(x-3)+B(x-1)(x-3)+C(x-1)(x+2)
(x-1D(x+2)(x-3) (x-1)(x+2)(x-3)
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Putting
=
Putting
=
Putting

=

So —lj.idx—1 de+1 de
67 x-1 3'x+2 29x—

1 1
= e log |x - 1] 3 loge|x + 2| + % loge|x-3|+C

x’—6x"+10x-2 . , ,
Solve > into partial fractions.
X" —-5x+6

In this case, the provided function is an improper rational function, meaning that the
degree of the numerator is greater than the degree of the denominator.

On dividing,

X —6x"+10x -2 _ 14 (x+4)

We get,
s x* —5x+6 (x* —=5x+6)

-x+4 —X+4

We have, —
x*-5x+6 (x-2)(x-3)

—-Xx+4 A B

SO, let = +
(x-2)(x-3) x-2 x-3

Then -x+4=A(x-3)+B(x-2)
Putting x - 3 = 0 or x = 3 in (ii),

We get 1=B(1)

= B=1.

Putting x - 2 = 0 or x = 2 in (ii),

We get 2=A(2-3)

3




CLASS 12

A=-2

-x+4 =2 N 1
(x-2)(x-3) x—2 x-3

X —6x* +10x—2
=x-1-
x> —=5x+6 x—-2 x-3

3x-2 : . .
Resolve > into partial fractions, and evaluate
x-D"x+1D(x+2)

I (3x—2)dx
(x—1)P%(x+1)(x+2)

3x-2 A A A A

1 2 3 + 4

(X—l)Z(X+1)(X+2) :X—1+(X_1)2 x+1 x+2

Let

= 3x-2

A (x-1)(x+1)(x+2)+ A, (x+1)(x+2) +A, (x-1) (x +2) + A, (x~1) (x+1)
Puttingx-1=0o0r,x=1in (i)

we get 1=A2(1+1)(1+2)

= Az = —E
4

Puttingx + 1 =0or,x=-11n (i)
we get -5=A3(-2)2(-1+2)

= Az = 2
4

Puttingx + 2 =0 or,x =-2in (i)
we get -8=A4(-3)2(-1)

=

Now equating coefficient of x3 on both sides,
we get 0=A1+A3+ A4

= A1=-A3-m
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3x—-2 13 1 5 8
- +

(x-1) (x+1)(x+2) ~36(x1) ’ 6(x—1) x+1) 9(x+2)

J~ (3x—2)dx
(x-1)’(x+1)(x+2)

EIr1|x—1|— ! —Eln|x+1|+§ln|x+2|+C
36 6(x—1) 4 9

XZ

X
X +4)(x*+1)

Ex4 Evaluate I

2

_[ 2 - 2 dx
x"+4)(x"+1)

=1I ¢ 1 dx
37 x*+4 x*+1

= é><1 tan—1 X —ltan‘1x+ C
3 3

Sol.

2 2

2x—3
Ex.5 Resolve X > - into partial fractions.
x-D"+1)
2x-3 _ A Bx+C Dx+E
(x-1)(x2+1)2  x-1 x2+1  (x2+1)2°

2x—3=A*+ 1)+ Bx+OEE-DE*+ 1D+ Dx+E)x—1).......(0)

Sol. Let

Then,

1
Puttingx = lineq (i),weget —1=A(1+1)2 = A= ~7
Comparing coefficients of like powers of x on both side of (i), we have
A+B=0,C-B=02A+B—-C+D=0,C+E—-B—-D=2and
A—-C—-E=-3.

1
Putting A = — 1 and solving these equations, we get

B—l—CD—1 d
=2=C —4an




CLASS 12

E—S' 2x—3 -1 N x+1 N 9x + 5
2T X-DE2+1D?2 T 4(x—1) 4(x24+1) 2(x2+1)2

3

2x . .
Resolve 1 into partial fractions.
X —

2x 2X
-1 (x-DE*+x+1)

We have,

2X A Bx+C
+

So, let - = >
x-D"+x+1) x-1 x"+x+1

Then, 2X=A(x2+x+1)+(Bx+C)(x—1)
Puttingx-1=0o0r,x=11in (i),

we get 2=3A

. Al
3

Putting x = 0 in (i),

we get
=

Putting x = - 1 in (i),
we get -2=A+2B-2C.

= 2= 24082
3 3

B= 2
3

2). . 2
2x 2 1 3) 3

==, +
x*-1 3 x-1 x*+x+1

2x 21 2 1-x

= +=
-1 3x-1 3x*+x+1




