CLASS 12

THREE DIMENSIONAL GEOMETRY

PLANE (FOR COMPETITIVE EXAM)

INTRODUCTION

A plane is a surface in which, if we select any two distinct points on it, the line joining these

points entirely lies within the plane.

We can define a specific plane in various ways, such as:

1.

A unique plane can be determined by drawing it through three non-collinear points.
Therefore, three given non-collinear points specify a particular plane.

A single plane can be drawn to contain two concurrent lines. Thus, two given
concurrent lines specify a particular plane.

Only one plane can be drawn perpendicular to a given direction at a specified distance
from the origin. Hence, the normal to the plane and the distance from the origin
specify a particular plane.

Only one plane can be drawn through a given point and perpendicular to a given
direction. Thus, a point on the plane and a normal to the plane specify a particular

plane. Of these, options 3 and 4 are the most useful.

EQUATION OF PLANE:

@

Standard Form (Normal Form)

To determine the equation of a plane at a distance 'p' from the origin and
perpendicular to the unit vector fi (directed away from 0O), consider O as the origin,
'p' as the length of the perpendicular CL from O to the given plane, and fi as the unit

vector normal to the plane in the direction away from O, i.e., from O to L.

Then OL =ph

Let p be any point on the plane whose position vector is T

Clearly LP is L OL
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P is a point on the plane

(oh-h=1)
... (B) (Standard form)
Cartesian Form:
Let rL.Ai=P . (D

Be the vector equation of the plane where fi is the unit vector normal to the plane as

shown in the figure.
L

Consider any point P(x, y, z) on the plane, then F = Xi + yj+ zK %

If <1, m, n> are direction - cosines of fi then fi = i+ m] +nk

~

n

Putting in (1), we get: (Xi + Yj+zK) - (Ii + mj+nk) =p

IX+my+nz=p.
Therefore, <1, m, n> represents the direction cosines of the normal to the plane, and

'p' is the length of the perpendicular from the origin to the plane.

GENERAL FORM
To demonstrate that the general equation of the first degree in X, y, z represents a
plane, consider the general equation as ax + by + cz+ d = 0.
Where a, b, ¢, are not all zero
a? +b? +c2#0.
ax +by+cz=-d
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If P is not in the plane LP is not perp. to OL.

(xi+y]+zl2)-(ai+b]+cl2):—d

- a 2 b A C A —d
r- I+ ]+ Kt=—F——=
{\/aerbZH:2 JaZ+b?+c? Na’+b’+c? } VaZ+b% +c?
2 A ~ —d
r-(li+mj+nk) =p, where ——==p
Va?+b? +c?
- =p, where A =i + mj+nk Which represent a plane.

Hence, ax + by + cz +d = 0 represent a plane the length of whose perpendicular form

the originis p = and the direction - ratios of the normal are <a, b, c>.

e
JaZ +b? +c?

Cor. Reduction to normal Form.
ax+by+cz+d=0
—ax—by—cz=d
—-a i -b v+ —C - d
Ja2+b?+c?  Jal+bi+c? T Jai+bi+c®  al+b’+c?

[ Dividing by,/(-a)? + (~b)? + (~c)? J

IX+my-+nz=p,

-a -b —C
|l=— —— | M =— —— || = ————
( \/a2+b2+c2j ( \/a2+b2+02] [ \/a2+b2+czj

d
Represent the direction cosines of the normal to the plane and p| = —————| is
P b p{ o\/a2+b2+02]

the length of the perpendicular form the origin to the plane.

In the normal form of the plane equation Ix + my + nz = P, the following characteristics
should be observed:
P is always positive

(coeff. of x) 2 + (coeff. of y) 2 + (coeff. of )2 = 1.
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Another Form: The equation of the plane in normal form can also be expressed as:
xcoso+ycosf+zcosy=p,

[ = cosa, m = cosB.n=cosy

ONE-POINT FORM

To demonstrate that the vector equation of a plane passing through a given point r;
and perpendicular to a given vector fi is

-1 =0
Let O be the origin let ¥, be the position vector of a point A. lying on the plane. Let P be
any point on the plane whose position vector is T.

AP=0P-0A=tf-1
As AP lies in the plane and fi is normal to the plane.

(F - Pl) - ﬁ == O,
Which is the reqd. equation.

/5
err

(Origin)

Cartesian Form: Equation of a plane passing through (x1, y1, z1) and normal to the

plane with direction ratios <a, b, c>.
Let. r=xi+yj+zk;r, =x,i+y, j+z Kk and n=ai+bj+ck

Then

Becomes,

[(x—x1)7+(y—y1)j+(z—z1)|2}x(af+bj+clz):O

a(x—x,)+b(y—y,)+c(z—z)=0
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(d) Equation of a plane through a point and parallel to two given lines.
To determine the equation of a plane passing through a point with position vector @

and parallel to the lines.

F=d+Aband F=a'+pb’
Consider the point A, represented by the position vector @
Consider P be any point in the phase whose position vector t

Now P lies in the plane iff AP.b And b are coplanar.

Iff ﬁx(ﬁ@):o

Iff (F—a)-(bxb’)=0 (D)

This is the required vector equation of the plane.

Cartesian Form.
Let F:xf+y]+zlA<,
a= x1i+y1]+21R
b=h,i+b,j+b,k b’ =b,i+b,j+bk

Putting in (1), we get:

This is the required Cartesian equation of the plane.
Determine the vector and Cartesian equations of the plane passing through the

point (1, 2, -4) and parallel to the given line.
F=1+2j—4k+1(21+3]+6Kk)
r=1-3j+5k+p(i+j-k).
We have, a=1+2j—4k,b=2i+3j+6k andb =1+j—k
The equation representing the plane in vector form is:
(f—a).(BxE') =0

[F—(+2j-4k)]-[(21+3]+6k) x (I+]-Kk)]=0
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(ii)  The equation representing the plane in Cartesian form is:
x-1 y-2 z+4
2 3 6 (=0
1 1 -1
x—1)(-3-6)—-(y—-2)(-2-6)+(z+4)(2-3)=0
-9%+9+8y—-16-z2—-4=0

9x—-8y+z+11=0

Equation of a plane containing two lines.

To find the equation of a plane through two lines:

;=5+X5andF=§+pF

The given lines are T =4+ Ab

And

(1)is a line through A(d) and parallel to vector b.

(2)is a line trough A’ (&) and parallel to vector b
Let P (1) be any point in the plane.

Now P lies in the plane iff AP,bandb are coplanar.

iff (f—a)-(Bxl?)=o

Which is the reqd. vector equation of the plane.

Cartesian Form.
Let F:Xi+yj+zf<,é:x1f+yj+zlf<
And B:a1i+bj+c1f(,l? :a2i+b2i+czf<

X=X Y=¥
Putting in (3), we get:

Determine the vector and Cartesian forms of the equation of the plane that contains

two lines:
F=i+2j—4k+1(2i +3]j+6K)

3 +3j— 5k + p(=2i +3j+8Kk)
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Sol. Wehave:  a=i+2j—4k,b=2i+3]+6k andb’ = —2i +3j+8k
(1)  The equation representing the plane in vector form is:
[F — (i +2] - 4K)]-[(21 +3]+6K) x (~2i + 3] +8k)] = 0
(2)  The Cartesian equation of the plane is.
x-1 y-2 z+4
2 3 6 =0
-2 3 8
(x=1(24-18)—-(y—-2)(16+12) +(z+4)(6+6) =0
6X—-6—-28y+56+122+48=0
6X —28y+122+98=0
3x—-14y+6z+49=0.

THREE - POINT FORM

Equation of a plane passing through three points.

To find the equation of a plane through three points having position

Vector, 1y, 1; and 13

Consider three given points A, B, C with position vectors r;, r,and r; and 3

respectively. Let I be the position vector of any point P on the plane.

Then AP, BP and CP are coplanar vector

AP - (BP xCP) =0

D))o

Cartesian Form: Equation of the plane passing through three points (x1, y1, z1), (x2,
y2, Z2) and (X3, y3, Z3).

A —

Let T=xi+yj+zk, 1, =x,i+y,j+zK 1, =Xi+y,j+2K 1, =x,i+y,j+zk
(F=8) =(x=x)i+(y=¥2) J+(z-2)k,(T 1) = ( X )i+(y=y,)j+ (22, )k

(F=5)=(x=x3)i+(y-
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Note. In a numerical example, to determine the equation of a plane passing through three

®

given points, it is more concise to proceed.

Equation of a plane through two given point and parallel to a given vector.

To demonstrate that the equation of the plane through two points A and B with

position vectors r; and 1, respectively, and parallel to a given vector m is
(F—r).[(7 —T) xm] =0

Since the point A and B lie in the plane.

ABis parallel to the plane

I, — T,is parallel to the plane.

But m is parallel to the plane.

(r, — r;) X m Is normal to the plane.

The equation of the plane through r; with (r; — r7) X m as the normal is (¥ — 17).

[z —T) xm] =0
Which is the reqd. equation of the plane.
Cartesian Form: Equation of a plane passing through the points x1, y1, z1 and x2, y2, y1

and parallel to the line with direction ratios <a, b, c>.
Let. F=Xi+yi+zf<,a=X1i+yj+zlf(,g=x2f+y2§+zzf< and rﬁ=ai+b}+cf<
Then =% =(x—x)i+(y-v,)i+(z-z)k

~

And 6= =X, =X, )i+(Y, = V1) i+(z,~2, )] and m =ai +bj+ck.

Then the equation of the plane is (F—T)- [(E — Fl)x rﬁ} =0

[F—nlrz—ﬁlmJ:O

X=X Y-y, -1,
X=X Yo=Y ZZ_leo
a b c

INTERCEPT FORM

To determine the equation of the plane that intersects the coordinate axes at points a,

b, c.
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Consider the desired plane (not passing through the origin O) intersecting the
coordinate axes at points A, B, C.
Then OA=3,0B=b,and OC =c.
The co-ordinate of A, Band C are (a, 0, 0), (0, b, 0) and (0, 0, ¢) respectively.
Let the equation of the required plane be A’x +B’y +C'z-D' =0 - (1)
Since (1) passes through the point A (a, 0, 0), B (0, b, 0) and C (0, 0, ¢)

D’

A'(@Q)+D'=0 = A=-—— Az
a

C

B'(b)+D'=0 = B’:—%

C'(c)+D'=0 = C'=—-——.

Putting these value in (1) we get

Which is the required equation.




