CONIC SECTIONS

PARABOLA

The Parabola

A parabola is the set of points in a plane equidistant from a given line, called the
directrix, and a point not on the line, called the focus. In other words, if given a
line L the directrix, and a point F the focus, then (x, y) is a point on the parabola if the
shortest distance from it to the focus and from it to the line is equal as pictured below:
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The vertex of the parabola is the point where the shortest distance to the directrix is
at a minimum. In addition, a parabola is formed by the intersection of a cone with an
oblique plane that is parallel to the side of the cone:

Parabola

parallel

Recall that the graph of a quadratic function, a polynomial function of degree 2, is
parabolic. We can write the equation of a parabola in general form or we can write
the equation of a parabola in standard form:

General Form y=ax’ +bx+c

Standard Form y=a(x-h)*+k

Here a, b, and c are real numbers, a#0.. Both forms are useful in determining the
general shape of the graph. However, in this section we will focus on obtaining
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standard form, which is often called vertex form. Given a quadratic function in
standard form, the vertex is (h, k). To see that this is the case, consider
graphing y=(x+3)2+2using transformations.

y = X2 Basic squaring function.

y = (x+ 3)2 Horizontal shift left 3 units.

y=(x+3)2+2 Vertical shift up 2 units.

Use these translations to sketch the graph,

1 1 1 L i
=5 4 -3 -2 -1

Here we can see that the vertex is (—3, 2). This can be determined directly from the
equation in standard form,

y =a(x—h)*+k
y =[x—(-3)" +2

Written in this form we can see that the vertex is (—3, 2) the equation is typically
not given in standard form. Transforming general form to standard form, by
completing the square, is the main process by which we will sketch all of the conic
sections.

Rewrite the equation in standard form and determine the vertex of its
graph: y=x2—8x+15.

Begin by making room for the constant term that completes the square.

y=x"-8x+15
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2
The idea is to add and subtract the value that completes the square, (gj and then

2 2
factor. In this case, add and subtract (g} = (%Sj =(-4)*=16

y=x2—8x+15
Add and subtract 16.

y = (x2—8x+16) + 15—-16 (Factor)
y=GE-49)E-4-1
y= (x—4)*-1

Adding and subtracting the same value within an expression does not change it.
Doing so is equivalent to adding 0. Once the equation is in this form, we can easily
determine the vertex.

y =a(x—h)*+k
y=(x-4)"+(-1)
Here we have a translation to the right 4 units and down 1 unit.
Hence, h =4 and k = —1.
Answer: y=(x—4)2—1; vertex = (4,—1)

If there is a leading coefficient other than 1, then begin by factoring out that leading
coefficient from the first two terms of the trinomial.

Rewrite the equation in standard form and determine the vertex of the
graph: y=—2x2+12x—16.

Since a=—2, factor this out of the first two terms in order to complete the square.
Leave room inside the parentheses to add and subtract the value that completes the
square.

y =—2x2+12x—16
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Now use —6 to determine the value that completes the square. In this

2 2
case, (gj = _—6j =(-3)* =9. Add and subtract 9 and factor as follows:

2

y=-2x>+12x-16
=-2(x*- ) —16 (Add and subtract 9)
= -2(x*-6x+9-9)-16 (Factor)
=-2[(x-3)(x-3)-9]-16
=-2[(x-3)2-9]-16 (Distribute the -2)
=-2(x-3)2+18-16
=-2(x-3)%+2

In this form, we can easily determine the vertex.

y=a(x—h)*+k

y=-2(x—3)*+2

Hereh =3 and k = 2.
Answer: y=—2(x—3)%+2; vertex = (3,2)

Make use of both general form and standard form when sketching the graph of a
parabola.

Graph: y=—2x2+12x—16.
From the previous example we have two equivalent forms of this equation,

General Form y=—2x2+12x—16

Standard Form y y=—2(x—3)2%+2

Recall that if the leading coefficient a>0the parabola opens upward and if a<Othe
parabola opens downward. In this case, a=—2and we conclude the parabola opens
downward. Use general form to determine the y-intercept. When x = Owe can see
that the y-interceptis (0, —16). From the equation in standard form, we can see that
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the vertex is (3, 2). To find the x-intercept we could use either form. In this case, we
will use standard form to determine the x-values where y = 0,

y =-2(x-3)*+2 Sety = 0 and solve.

0 = -2(x-3)2+2
-2 = -2(x-3)2

Apply the square root property

Here x=3—1=2 or x=3+4+1=4 and therefore the x-intercepts are (2,0) and (4,0). Use
this information to sketch the graph.

Answer:

So far we have been sketching parabolas that open upward or downward because
these graphs represent functions. At this point we extend our study to include
parabolas that open right or left. If we take the equation that defines the parabola in
the previous example,

y=—2(x—3)24+2
and switch the x and y values we obtain
x=—2(y—3)?%+2

This produces a new graph with symmetry about the line y=x.




y=—2(x-3)"+2

Note that the resulting graph is not a function. However, it does have the same
general parabolic shape that opens left. We can recognize equations of parabolas
that open left or right by noticing that they are quadratic in y instead of x. Graphing
parabolas that open left or right is similar to graphing parabolas that open upward
and downward. In general, we have

y=ax?+bx+c x=ay?+by+c
y=a(x-h)2+k x=a(y-k)*+h

N >

a<0

In all cases, the vertex is (h, k). Take care to note the placement of h and k in each
equation.

Graph: x=y?+10y+13.

Because the coefficient of y?is positive, a=1, we conclude that the graph is a
parabola that opens to the right. Furthermore, when y=0it is clear that x=13 and
therefore the x-interceptis (13, 0). Complete the square to obtain standard form.

2 2
Here we will add and subtract [gj = (12—0j =(5)* =25

x =y?+10y+13
= y*+10y+25-25+13
=(y+5) (y+5)- 12

6




=(y+5)?-12
Therefore, x=a(y-k)*+h
x=(y-(-5))* + (-12)

From this we can see that the vertex (h, k)=(—12,—5). Next use standard form to
find the y-intercepts by setting x =0.

x=(y+5)*- 12
0= (y+5)- 12
12 = (y+5)?
+Vi2=y+5
+2V/3=y+5

-5+2/3=y

The y-intercepts are (0,—5—2+/3) and (0,—5+2+/3).Use this information to sketch
the graph.

Answer:
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Graph: x= —2y2+4y—5.

Because the coefficient of y2is a=—2, we conclude that the graph is a parabola that
opens to the left. Furthermore, when y=0it is clear that x=—5 and therefore the x-
intercept is (—5,0). Begin by factoring out the leading coefficient as follows:




x=-2y’+4y -5

:—2(y2—2y+_—_)—5

bY (-2Y
Here we will add and subtract [E] = (?j =(-1)°=1

Xx=-2y’+4y-5
=-2(y?-2y +1-1)-5
=-2[(y-D*-1]—5
=2(y-1)*4+2 -5
=-2(y-1)2-3

Therefore, from vertex form, x= —2(y—1)2—3, we can see that the vertex is

(h, k)=(—3,1). Because the vertex is at (—3,1) and the parabola opens to the left, we
can conclude that there are no y-intercepts. Since we only have two points, choose
some y-values and find the corresponding x-values.

x=-2 (y-1)2-3
x=-2(-1-1)2-3=-11
x=-2(2-1)2-3=-5
x=-2(3-1)2-3=-11

Answer:

=13-12-11-10 -9 _Z =0 —5 -4 -3 -2 -1

hoof=lbocEoc o




Use the distance formula to determine the distance between any two given
points. Use the midpoint formula to determine the midpoint between any two
given points.

A parabola can open upward or downward, in which case, it is a function. In this
section, we extend our study of parabolas to include those that open left or right.
Such graphs do not represent functions.

The equation of a parabola that opens upward or downward is quadratic

in x, y=ax?+bx+c. then the parabola opens upward and if a<0, then the parabola
opens downward.

The equation of a parabola that opens left or right is quadratic

in y, x=ay?+by+c. Ifa > 0, then the parabola opens to the right and if a<0, then
the parabola opens to the left.

The equation of a parabola in general form y=ax2+bx+c or x=ay?+by+c can be

transformed to standard form y = a (x—h)? + k or x=a(y—k)2+h by completing
the square.

When completing the square, ensure that the leading coefficient of the variable
grouping is 1 before adding and subtracting the value that completes the square.
Both general and standard forms are useful when graphing parabolas. Given
standard form the vertex is apparent (h, k).To find the x-intercept set y=0 and
solve for x and to find the y-intercept set x=0 and solve fory.




