INTEGRALS Page # 92

INTEGRALS

5.2

BASIC CONCEPTS
If f(x) is derivative of function g(x), then g(x) is known as antiderivative or integral of f(x).

) d
e, o {90} =f(x) & I f(x)dx = g(x).
(a) Derivative of a function is unique but a function can have infinite antiderivatives or integrals.

(b) jf(X)dX =g(x)+c¢, where c is constant of integration, is knwon as indefinite integral.
b
(c) J.f(x)dx = {g(x) + c}2 = g(b) - g(a). (d) J-dx:x+c. (e) jc.f(x)dx:c.jf(x)dx.

() [£00+9003dx = [f(x)dx+ [ g(xdx.

(9) _[f(x)dx = J.f{g(t)}. g’(t)dt, if we substitute x = g(t) such that dx = g’(t)dt.

STANDARD RESULT
Xn+1 . . 1
1. jx” dx = + ¢, n= -1, nis arational number. If n = =1, then I—dx = log|x| + c.
n+1 X
(ax +b)"’ _ :
2. I(ax +b)"dx=-~——~5 + ¢, n= -4, nis arational number.
a(n+1)

1 1
If n=-1. Then jmdx = glog|ax + b|+c

3. In case of rational function, if degree of numerator is'.equal or greater than degree of denominator,
then we first divide numerator by denominator and‘write it as

Numerator Remainder

Denominator = Quotient + De D and then integrate.
4. jsin ax dx = & Ifa=1, Jsinx dx = - cosx + C.
5. jcos ax dx = sinaax Ifa=1, Icos x dx = sin x + c.
6. Itanaxdx=—%log|cosas|+c.or%Iog|secax|+c.
If a = 1,.then jtanxdx=—|og | cosx | +corlog|secx| +c.

1
7. Icotax dx ;Iog | sinax | + c. Ifa=1, then Icotxdx = log|sinx| +c.
1
8. Isecaxdx= g|og | secax + tanax | + c. Ifa=1, then jsecxdx = log | secx +tanx | + c.
1
9. jcosec ax dx =glog | cosecax —cotax | +c. Ifa=1, thenjcosec x dx = log | cosec x - cot x |+c.

1
10. jsec ax tan ax dx = gsec ax +c. Ifa=1,then Isec X tan x dx = secx + c.

1
11. Icosec ax cot ax dx = - gcosec ax + c. Ifa=1, then Icosec x cot x dx = -cosec x + c.

1
12, jsecz ax dx = gtan ax +c. Ifa=1,then J.sec2 xdx = tanx + c.
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5.3
()

(i)

1
13. J.cosecz ax dx = - ;cot ax + c. Ifa =1, then Jcosecz x dx = -cotx + c.

ax

14. J.eaxdx == + c. Ifa=1, then _[exdx = eX + C.

a
mx aX
15. _[amxdx= mlog atC If m =1, then J.axdx:log a TC
1 X _1 -
16. deX—sm g+c.1fa—1,thenjde—sm X + C.
1 1 X 1
17. j 7z dx = —tan! — + c. Ifa =1, then j—zdx = tan"ix + c.
a’+x a a 1+ X

1 1 X 1
- = —_— _1 —_— — - Y — _1
18. _[ dx? —a? dx a sec a +c. Ifa=1, then I dx? 1 dx = sec'x + c.

1 1
19. jimdx=log|xwaz+x2| +c 20. Iﬁdx= log [x + Vx? ~a?
+cC

1 Llo x-—a 1 Llo a+x
21, sz—az dx = 2a 9X+a + c. 22, Jaz—xz dx = 2a ga—x +c.

2

2 2 2N
JaZ —x +?Sln E+C.
2
a 2 2
/a2+x2 + ?|og‘x+\/a + X

N | X

23.  [J77_x dx

24. I 2?2+ x2 dx = % )
2
25. J.sz—az dx = ngz—az 3 a?Iog x+\x2—a?| 4 c.

METHODS OF INTEGRATION
Integration by Substitution (or change of independent variable) :

If the.independent variable x in _[f(x) dx be changed to t, then we substitute x = ¢ (t)

.., dx = ¢'(t) dt [f000dx = [ fane) dt
which is either a standard form or is easier to integrate.
Integration by parts:

d
If u and v are the differentiable functions of x then _[u. v dx = uj vdx - J‘K&uj(jvdx)} dx.

How to choose Ist and IInd functions:

(a) If the two functions are of different types take that function as Ist which comes first in the word
ILATE where I stands for inverse circular function, L stands for logarithrmic function A stands for
Algebratic function, T stands for trigonometric function and E stands for exponential function.

(b) If both functions are algebratic take that function as Ist whose differential coefficient is simple.

(c) It both functions are trigonometrical take that function as IInd whose integral is simpler.

(d) Successive integration by parts : Use the following formula

I uvdx = Uv, = UV, + UV5 = U7 Vg + s e + (0" Tu" Ty, + ()" Iu” v, dx.
where u" stands for nth differential coefficient of u w. r. t. x and v, stands for n th integral of v w. r. t. x.

cancellation of Integrals : i.e. jex{(f(x) + f(x)} dx = e*f(x) + c.
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(iii)

Evalution of Integrals of various Types:

dx A
Type I : Integrals of the form () jm (i) jﬂm (iii)j ax® +bx+c)dx

Rule : Express ax’ + bx + c in the form of perfect square and then apply the standard resuts.

| Type Il : Integrals of the form |

PX+4 [ PX*td (o X" +px" " +..... 4Py X +Py)
() .[ax +bx+c (in -[ vax® +bx+c (il ( +bx+c) dx
(px +q)dx (2ax +b)dx ( pb} dx
Rule for (I) : J.ax tbx+c Za J.iax +bx+ci J.ax +bx+c
_ P e _b_p) _ A
= 23 In|ax"+bx+c|+ (q 2a .[ax2+bx+c
The other integral of R. H. S. can be evaluated with the help of type I.
Rule for (II) : J- (px +q)dx J- (2ax+b)dx (q )J-
ule for = dx+|9-5- /—
\/ax +bx+c - 2a [ax +bx+c ax’ +bx+c
= Bwliax2+bx+ci+ (q——)f /—
a ax< +bx+c
The other integral of R. H. S. can be evaluated'with the help of type .
. 4 : (px + q)dx
Rule for (III) : In this case by actual division reduce the fraction to the form f(x) + ax® 1 bxsc
and then integrate.
) dx - dx dx
|Type lll : Integrals of the form | ) .[—a+bsin2x (i) I—a+bcoszx (iii) j—asin2x+bmszx

dx ) J- ¢(tan x)dx

(IV)I (@sinx +bcos x) asin x+bsmxcosx+ccos X+d

where ¢ (tan x) is a polynomial in.tan x.
Rule : We shall always in such cases divide above and below by cos x ; then put tan x =t

dt o(t)dt

. 7) c - -
i.e. sec” x dx = dt then the question shall reduce to the forms or .
q I(at2 +bt+c) j(at2 +bt+c)

Type IV : Integrals of the form Y| ———— iy [

b 4 (M I a+bsinx (")Ia+bcosx
dx pcosx+qsmx) pcosX+qQsinx+r
("').[asinx+bcosx+c (iv) acosx+b3|nx) X (v) acosx+bsinx+c
Rule for (i), (ii), and (iii):

_ 1-tan’x/2 2tanx/2 5
write COosS X = ——— =, Sihx = -———5 - The numberator shall become sec” x/2 and the

1+tan“x/2 1+tan“x/2
denominator will be a quadratic in tan x/2. Putting tan x/2 =t i.e. sec’ x/2 dx = 2dt the question shall
dt

reduce to the form I Rule for (iv) : express the numberator as

at’ +bt+c’
I(D") + m(d.c. of D")
find / and m by comparing the coefficients of sin x and cos x and split the integral into sum of two

J‘ d.c.of D

integralsas/fdx+m =/x+min|D|+c
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Rule for (v) : Express the numberator as
I(D") + m (d.c. of D") + n, find I, m, and n by comparing the coefficients of sin x, cos x and constant
term and split the integral into sum of three integrals as

d.c.of D" d d d
/I dx + mI Csr dx + njD—)f =Ix+m/mh|D | +n D_)’( and to evaluate ID—): proceed by the

method to evaluate rule (i), (ii) and (iii).

| Type V : Integrals of the form |

] I x? +a? ldx . J~ x? —a? Jdx
@ x* +kx? +a* (ii) x* +kx? +a*

where k is a constant, + ve, —-ve or zero.

2

Rule for (i) and (ii) : Divide above and below by x> then putting (i).t = x = 37

2 2
ie. dt = (”a_szx and dt = (1—3—2de
! X X

then the questions shall reduce to the form

J‘ dt J‘ dt
ez Tl ¢

Remember:
_ I x2dx B 1J‘ x? +a? dx 1J~ x? —a? jdx
(M aikcrar - 2 i axt) Tl ik 1 af

J‘ dx _LJ x*+a LJ- x2—a
(i) (x4+kx2+a4)_ 2a2 Jdx*+ kx? +x*) 2a% ) (x* +kx® +a*

dx X 2n-3 dx
(”i)j(szrkT = kn-2)x ekt WIW

| Type VI:Integrals of the form |

dx dx dx

0 ’[ (Ax+B)/(ax +b) (in (Ax2 +Bx+C)J(ax+b) (il I(AX+B)\/(ax2 +bx+c)

dx

(iv) I(sz +Bx+c)\/(ax2 +bx+c)

Rule for (i) and (ii) : Putax + b = t°
1
Rule for (iii) : PutAx + B = 1
2
. b
Rule for (iv) : Put w =t
Ax“ +Bx+C
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(iv) Integration by partial fraction:

Form of the Rational Function Form of the Partial Fraction
pX+4q A B

1. —(x—a)(x—b)’aib _x—a+_x—b
px+9 A B
(x—a) ’ x-a (x-af

3 px* +gx+r A,B C

" (x-a)x-b)x-c)’ x-a x-b x-c
PXZ +gxX +T A B C
(x—af(x~b) x-a (x-af

. px*+gx+r A _Bx+C

" (x-a)fx®+bx+c)’ x-a x’+bx+e

where x* + bx + ¢ cannot be factorised further.
In the above table, A, B and C are real numbers to be determined suitably.

5.4 PROPERTIES OF DEFINITE INTEGRALS

(i) [, 1(x)ox=0 (i JL A% = - [ ()0

(m)j xax = [ f( dX+I X)dx (d'< ¢ < b) (.v)j x)dx = j (a+b-x)dx

v) I:f(X)dX= f:f(a—X)dX (vi) j x)dx = j x)dx + j (2a- x)dx
(vii) jozaf(X)d = 2[ #(x)dx,if f(2a%) = f(x) and j = 0, if f(2a-x) = - f(x)

a
(viii) [ f(x)ax _2j x)dx , if f(x) is even function, i.e., f(~x) = ~f(x).
5.5 INTEGRATION AS A LIMIT OF SUMS.

I:f(X)dx = Lth[f(a) + f(a + h) + f@+2h) + ..o, +f(a + n-1h)]

of = (b-a)lt %[f(a) 4+ f(@a+h)+f(@a+2h) +.......... + f(a + n-1h)], where h = %
h—o

The following results are used for evalating questions based on limit of sums.

(N1 +2+3+ i, +(n—1)=2(n_1)=@
(12 +2°+ 3%+ e, +(n-1)> = (n-1)* = %
Gi) 1+ 22+ 32+ ... +(n-1°=(n-1)° = [(n —21)n}2
(iv)a+ar+ ... +ar"! = a:n__11 (r=1).
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[

SOLVED PROBLEMS

]

Ex.1 Findf(x), if
(i) f(x) = (x - 1)3andf(2) +f(-2)=0
(ii) f'(x) = a (cos x + sinx ), f(0) = 9 and

e

Sol. (i) Here, f'(x) = (x-1)°>

f(x) = [(x-1)dx =%(x -1 +cC

f(2) =%(2-1)4+c ==%+c Given

that f(2) + f(-2) = 0, we have

1 81 82
3Z+C+T+C_O :>T+2C—0

= 20.5+2C =0
Hence, from (1) we have

= C=-10.25

f(x) = %(x -1)*-10.25 = %[(X - 1)* -41]
(i) Here, f’(x) = a (cos x + sin x)

f(x) = j a (cos x + sin x)dx

=ajcosxdx +aIsinxdx

=asinx-acosx + C
- f(0)=9=ax0-ax1+C

(1)
4.(2) =C-a=9

Y
and f[gj=15=ax1—ax 0+C = a+C=15

From (2) and (3), we havea =3, C = 12
Hence; from (1), we have f(x)=3(sin x—cos x)+12

Ex.2 Integrate the following functions w.r.t. x :

(ii) (x+1)(x +Iog x)2

2
(i) (1+Iog x)
X
(iii) x[x+2
1
Sol. (i) Putl + log x =y. Then, ;dx = dy

(1+logx)’
x

So, 1= dx

(1+logx)’

+C
3

3
:>jy2dy=y?+c=

Ex.3

Sol.

1
(ii) Put x + log x = y. Then, [1+;j dx = dy

X+1
=" dx = dy

2
I = J.de

So,
X

{2y = e o xrlogxf
—Jydy—3+C— 3

(iii) Putx'+ 2 =vy. Then, dx = dy

1
So, 1= Ix./x+2 dy = J.(y_z)yidy

+C

3 1

3 1 3 1
= f (y2-2y2)dy = f (y2dy —2)yzdy

5 2
= §y5—2.§y§+c = %(x+2)%—%(x+2)%+c

Find: (i) [ cos’xdx (i) [ (i~ sinxadx
1
(i) We have cos’x = 1 (cos 3x + 3 cos x)

jcos3xdx = % Icos 3xdx + %Icosxdx

1 sin3x 3 | 1 . 3 .
=7 3 +Zsmx+C =1 sin3x +4S|nx+C
(ii) We have

J—sinx = \/[cosz g + sin? %) - 23ingcosg

2
X . X X . X
= ,/|cos =-sin =| = Z_sin =
\/( > 2] cos - —sin 2

J.de = jcos %dx—fsin
X i X X
de = 2 sin 5 +2cos2 +C
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X
Ex.4 Find: (i T dXx
()j Vx8 +a®
J- sec? x d IX_—’Id
i) | 77— dx Tii Ix
(i) Vtan2x+4 (iii) \/x2—1
Sol. (i) Put x> = t so that 3x° dx=dt or x* dx
1
—gdt
X’ 19ty
J. Vx® —a° dx = EI t2+(a3)2 =§Iog
|t+x/t2+a6 x*+4x% +a°

C
(i)

+C +

R

Put tan x = t so that sec’x dx = dt

J- sec? x

dt
Vtan® x + 4 dx - J.«/tz L4
= log |t+\/t2 +4|+c = log |tanx+\/tan2x+4‘+c

x-1 1 2x dx
(|||)I —/—x2—1 dx= EIJX2—1 dx—jJX2_1 dx
= \/x2—1—log‘x+\/x2+1‘ +C

xX+2 5x+3
Ex.5 Flnd:(I)I mdx (ll)jmdx
. d >
Sol. (i) ket x+2=A. d—X(x +2x+3)+ B

= X+ 2=A.(2x+2)+ B
On comparing coefficients of like powers of X,
we have

1=2Aand2=2A+B = A=%andB=1

1(2x+2)+1

X+2
X+ (2
SO'IVX2+2X+3 o _'[Vx2+2x+3 >

2x+2 I dx

1p_  X+e _ ox
- EI\/x2+2x+3 dx + VX2 +2x+3

dx
1 2 —
2><2,/x +2x+3+C, +j ,(x+1)2+(\/§)2
[x% +ox+3 + C,+log |x+1+\/x2+2x+3|+c2

= Jx2+2x+3 + log |x+1+\/x2+2x+3| +C

d
(i) Let 5x + 3 = A. d—x(x2+4x+ 10) + B

= 5+ 3=A(2x+4)+B
On comparing coefficients of x, we have 5 = 2A

and3=4A+B = A=§andB=—7

2
J’ 5x+ 3 g(2x+4)—7
P iaxs 10 X = fmdx
JIde_yId—x
2 Vx? +4x+10 VX2 +4x+10

=gx2 x2+4x+10+C1—7I dx
\/(x+2)2+(\/5)2
=5y%% +4x +10 +C4—T7log (x+2)+\/x2+4x+10 +C,
:5\/x2+4x+’|0—7log X+2+Vx? +4x+10 |+C

i J' dx
Ex.6 Find: —(x+1)(x+2)
Sol. Wewrite ————= - A _ B
o WeWIM® ‘xif(x+2) = x+1 7~ x+2

where real numbers A and B are to be determined
suitabley. This gives
1=A(x+2)+B(x+1)
Equation the coefficient of x and the constant
terms, we get
A+B=0and2A+B=1 =A=1andB=-1
1 1 -1

Thus, i x+2) = X+ 2

X+1

d
= I(x+1)(xx+2) =Iﬁdx‘jxlzdx

=log|x+1]|-log|x+2 |+ C =log

x—1
x+2‘+C
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Ex.7

Sol.

Ex.8
Sol.

_ 1{ cos 2t
=—|t +
2

x
Find : (')I(x+2) o (")‘[mdx

3x-1 A B
(i) Let (X+2) T x+2 + (X+2)2
Then, 3x-1=A(x+2)+B

Comparing coefficients of x and the constant
terms on both sides, we get
3=Aand-1=2A+B => A=3andB=-7

3x -1 3 7
dx = dax — dx
X +2)? -[X+2 '[(x+2)2

=3log |x+2|-7

Thus, j(

' (x+2) +C

(i) Let —>—— = % * i)z +
(x=1°(x+2)
Thenx=A(x-1)(x+2)+B(x+2)+C(x+ 1)
X=AMX+x-2)+B(x+2)+C(x*-2x+1)
Comparing coefficients of x?, x and the constant
terms on both sides, we get
0=A+C;1=A+B-2C;0=-2A42B+C

X+2

j9 dx+J.

log |x - 1| -

dx j 9 dx
X+2
'
3(x—1)
x—1‘ 1
X+2 | 3(x=1)

2
—§Iog|x+2|+C

© [N

|
O N

log +C

Find : (i) j x sin™"x dx (i) j x cos™"x dx
(i) Putx =sintsothatdx =cost.dt

So, jx sin""x dx = jsin t.t.costdt

=%It.sin 2tdt = %[t.jsinzt dt—I[’I.IsinZt dt]dt]

—-—t.cos 2t + 1 Sln2t+C

4

. cos 2t at 1
-2 2

Ex.9

Sol.

lt(1 2sin t)+lsmt\/1 sint +C

4
= %(2x2—1)sin_1x+%xxl’l—x2 +C
(ii) Put x = cos t so that dx = - sin t dt

So, jx cos 'xdx = —jcos t.t.sintdt

1

= —1Itsin2tdt = —t. cosZt—1 sm£+C
2 4 4 2

(Using (1) give.below)

1 1
= Zt(z cos?t-1) - vy 1-cos’t .cost+ C
1
= 7 (2 - 1) cos* x - %W—xz +C

1
Find : (i) Il:IogX (Iogx)2:|

1-cosdx

(ii) J'ex(sin4x-4]dx

(i) Let log x = t. Then x = et and d7x = dt

}dx = jG—tinet dx

= f e' [f(t)+ F'(t)dt, where f(t) =%

IL_ 1
logx  (logx)?
= et. f(t)+C

1
et.Y+C=

+C

log x
sindx -4
- eX
(i) I (1—cos4deX
—J.ex sindx 4 dx
1-cos4x 1-cos4x

_J' x{Zsiancost 4 }
= |e -— dx
2sin“ 2x

= | e*|cot 2x — 2cosec?2x|dx
el ]

25sin? 2x

Iex [f(x)+'(x) dx , where f(x) = cot 2x

e.f(x)+C=ex.cot2x + C
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Ex.10 Find: (i) [\x° -8+7 ax (i) [V1-4x-x* dx
1=j x2-8x+7 dx = I\/(x—4)2—9 dx

sol. (i)

= Vo432 ax = X2 e g7 - 2
log (x—4)+\/x -8x+7| +C

(i) I= IV1—4X—X2 dx:J.\I—(x2+4x—1) dx
- j /—[(x+2)2—5} dx = I,/5—(x+2)2 dx

) X+2
sm _JE +C

Ex.11 Evaluate te following definite integrals as

= _(X"' 2) J1-4x-x?

2
limit of sums : .[o x dx

b .
Sol. We have If(x) = lim
a

= oo h{f(a) +.f(a +h) +

f(a + 2h) +ureen... +fla + (n=1)h]}

where h

2
g on dx = JM h{f(0) + f(0 + h) + f(0 + 2h) +

....... + f[0 + (n - 1)h]}

_ lim

= M '1h{0 + (0+h) + (0+2h) +....+ [0+ (n-1)h]}

lim
h—0

h[h + 2h +......+ (n - 1)h]

Page # 100
2
. . 2 (n—=1)n
= h2[142+4..+ (n= 1] =T, (‘] { 2 }
2
(- h= n andas h - 0, n > )
_ lim 1
= e {2{1—;)}:2
m/2
Ex.12 Show that _[0 f(sin2x) sin x dx
m/4
=2 _[0 f(cos2x)cosx dx.
T T
Sol. Let x= 2 —-t. Thent = 7 - X = dt=-dx
T T e
When x=0, t = Z_O_ 2 and when x = o
A n n2 .
- O f(sin2x)sinx dx
t 4 2 4 Io ( )
—n/4 . T
= I f{sin 2(——tj sin (——tj (—dt)
n/4 4 4

/4 T T
=I f(cos2t)| sin—cost—cos—sint | dt
—nl4 4 4

n/4 1 1
I f(cos2t)| —=cost——=sint | dt
—n/4

2 V2

T (™ f(cos 2t)cost dt
COS CcOos e
\/5 j—n/4 ( )

-n/4

2[“/41‘( 2t)cos t.dt—— . 0
=—. COS Cos 1. =
2 o

2

[+ f (cos 2t) cos tis an even function
(cos 2t) sin t is an odd function]

[

f(cos 2t)cost dt

Power by: VISIONet Info Solution Pvt. Ltd Website : www.edubull.com Mob no. : +91-9350679141

f(cos 2t)sint dt

;and f



INTEGRALS

EXERCISE - | I

UNSOLVED PROBLEMS ]

Q.1.

Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

_[ cosecx
Evalute : () ) cosecx —cotx

_ sin2x
Evalute : () jtan 1[1+0052X)dx

(i) If f(x) = sin2x + cos3x + 5, f(0) =

(ii) Ism SN X 008X g (iii) [V1+cos3xax

sin? x.cos? x

(ii) Itan’1(secx+tanx)dx , —g <X <g

3 .
2 find (x)

(ii) If f(x) = a sinx + b cos x and f'(0) = 4, f(0) = 3, f(gj =5, find f(x)

(iii) The gradient of a curve is given by :2X—%. The curve passes through (1,1). Find.its equation.
X

(iv) The gradient of a curve is 6x?> — 2ax + a2. The curve passes through the point (0, 0) and (1, 8). Find a.

Evaluate :
Evaluate : ()J‘Sln x-a)
sinx
Evalute : (1) J.e P
] J‘ sin2x
Evaluate : ) (a+bcosx)?
Evalute : (i) _[Iog(1+x)“*x)dx
Evaluate : (i) Isecsxdx
Evaluate : (i) J.sin(logx)dx
1-x
Evaluate : dx
valuate _[ W,
sin(x —a)

: i /—dx
Evaluate : (i) I Sin(x + o)
Evaluate : (i) I(BX—Z)\/x2+x+1dx

. N | ————d
Evaluate : (1) -[3+4cosx X

1

. i dx

Evaluate : (i) -[1+cotx
1

: iy |-—————=dx

Evaluate . (|) J.(X2+1)(X2+4)

0) jsinxsiansin3xdx (i) jtanxtaantanSx dx

1
(i) Isin(x —a)sin(x — b)dx

smx

(if) Ism(x a)

(i) _[ TP

p J' !
(i) \/sin3 xsin(x+a)

(i) JSir:;de

sin ' v/x —cos " V/x
(i = X
sin'/x + cos " V/x

(i) Ieax cosbx dx

dx
;a#NN, nez

Ol FFrets

(ii) [(2x-5)Vx* ~4x+3dx

1

CoSs X (i) j—dx
3 +2sinx +cosx

(i) -[1+cosx+sinx
3sinx+2cos x

iy | ——————dx
(if) 3cosx +2sinx

x2+2

2x
QN et N (08 Froreyrarri
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Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Evaluate : (i) J.#dx (i) _[ SR dx (iii) J.(\/tanx +4J/cotx)dx

x* +x% +1

1
Evaluate : (|)_[ {@—W}dx (“)I / dx (m)_[ X2 +2%)(x° +b) (|v)j 2cosx+4smxdx

b 4 3 3
Evaluate as limit of sums : (i) |, sinxdx (i) [ (x+e™)dx i) [ 2x+3)dx (iv) [ (3x* +2x+Nax

/2 /2

Prove that IO log(sinx)dx = JO log(cos x)dx = (IogZ)

nl4 nl2 2—sinx
Evaluate : (i) |Sin’xdx (iiy | logfs— lax

-n/4 -n/2

/3 1

Evaluate : /61+tanx

n/2 1 2

: | (sin| x| +cos | x])dx iy [edx sy X% + 2x — 3 |dx

Evaluate : (i) (i) (iii)

—n/2 -1 0

4
(iv) jf(x)dx, where f(x) = [x= 1| + |[x - 2| + [x - 3]
1

Evaluate - _ }f(x)dx bere T 3x*>+4, when 0<x<2
valuate : (i) 1 , wigere (g 9x—2, when 2<x<4

1 b 27
(iiy [15%—31dx (i) [Ileos x lex (iv) JIsinxidx

0 0 0

sin?x X xtanx
, iy [——>——ax
Evaluate : (i) I B B (i) isinxﬂ;osx (iif) jsecx+tanx
/2

_ j j xsinx
(iv) S|nx+cosx X (V) 1+cosx

o Jsinx met
. —dx dx log(1+tanx)dx
Evaluate : (i) jsm o oos? x X (i) j\/ﬁ+ — (iii) j 9( )dx
sinX —Ccos X i 2
(iv) -[1+S|nxcosx X (v) _([X(1—X)n dx (vi) _([S|n2x log(tan x)dx
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Exercise - 11| BOARD PROBLEMS ]
n/2 i 7 3
Q.1 (i) Evaluate I _7”1—X7dx. (i) I(x2+2x)dx as limit of a sum.
o Sin’x+cos’ x 0
. 2x +1 . .4 1+sm2x . . 1
Q.2 (i) I—dx (i) Ism xdx. (i) I dx (iv) Ixsm xdx .
Vx2 +4x+3 X +00s? x
: , , . 4x+3 X —1
. 7 . log (1 )d ———dx,
Q.3 (i) Ism xsinxdx. (ii) Imdx (iii) Iog( +x%)dx (iv) -[(x+ Y —2) X
Q.4 (i) Evaluate as the limit of a sum I X< +3)dx. (ii) EvaIuateJ‘ (m)j XSirg
5 1+ 14 cos® x
dx dx
5 (i e™ cosbxdx. (i) [——X— <dx (iil) |- ——— (i .
° 0 j " '|.(X2+1)(X+1) " IVX+1+VX+2 (V) J'x2—4x+8
n/2 /2
Q.6 ()  Evaluate j cos? x dx . (i) Prové that j (Wtanx +/cotx ) dx =27 .
0 0
nl4 2 1 1
(iii) Prove I log (1+tan9)d6=£log 2. (iv) Evaluate Iex {———2} dx.
0 8 y X X
-1 -
. 3 b tan " x _1 [1-sinx
. . t
Q7 O J.sec X 2 J.(1+X)2 & (i) -[ an 1+ sinx dx
J‘ x'dx
(M) x22)3-2x)
nl2 a p—
Q.8 (i) Ism2x.log(tanx)dx=0. (i) Prove that I o dx = an.
0 -a
/2 T2 sin? x
(iii) Evaluate _/[::ost.logsinxdx. (iv) !mdx
T
X
Q9 (i) j(sin—1x)2dx. (if) Isin42xdx. (iif) jd—x (iv) je—dx.[c.B.s.E. 2004]
3+2sinx +cosx 5_4e* _g2X
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Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

0
(i) Evaluate If(x)dx, where f(x) = |x| + |x + 3] + |[x + 6].

-5

(ii) (x? +x)dx as a limit of sums

O N

1
. 1-x b .
i Prove that ,[—d =—-—1.(li

M ! 1+ X X 2 (i

T
dx
(il E‘;5+4cosx

nl4

J‘\/1—sin2x dx =42 1.
0

nid i cos x dx
(iii) Evaluate _([2tan3xdx. (iv) j(1+sinx)(2+sinx)'
sin 2x .« 16+ (logx)? 2x—1

ORI e pvm SurcovenL OB e oo I st eyt
: x2 sin 2x . 1 1

- —d - dx .
() -[x2+6x+12 & ) -[(a+bcosx)2 -~ J.LOQX ('09X)2} ’
i f—<x2+1)ex d i) © foc+8) V842 dx. (il 21
(i) (x1 12 X. (i) . (i) Im X

2

. 4 . X+ x+1 d
(iv) I,/tanede (v) Icos X dx (vi) -[—(x+2)(x+1)2 X .

nl3
1

I 1+ tanx
n/6

(i) Evaluate

a
dx. = (ii) Prove that jf(x) dx:jf(a—x) dx. Hence evaluate I
0

/2
b dx

1+tanx’
0

a

() [sin4xsingxdx (ii) I(

3 Y
0 j(zx2 +3x+5)dx as limit of sums (ii)j
0 0

0 _[ X2 + 4x

x3 +6x%+5

1-cos2x)(2 — cos 2x)

SecC X cosecC X

sin2x 1-x
dx iii dx
(if) j1+x4

2
XX gy (i) [ x 2~ x dx as limit of sums
0

4x 3X2

dx (ii) If J(eax +bx)dx = &£ 4 S find the value of aand b

4
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X

T
S—dx (i) I_—dx (iv) jcot—1(1—x+x2)dx
1+ cos” x 0 sinX + cos X

0

anx B i
Q18 (i) J~secx+tanxdX ( ),[ >

SeC2 X

3+tanx

dx (i) J‘L dx (i) I% (iv) Ix sin”" x dx

5—4eX —e?X X

Q.19 (i)

n/2
PRECER x dx

. —_— d
Q.20 (|)I cosx , g o05X dx (ii) IZIogsmx log sin2x) dx  (iii) '[a c0s? x 1 b2sinZx X

. . 2
21 (i sec?(7 — 4x) dx ii S 5 e B
Q21 () [sec®(7-4x) O e
n/2 2 5x2
22 (i sin® x dx i —————dx
Q @ —T‘E[/Z (i '!x2+4x+3
Q23 [ 7
(x=-5)(x-4)
2 n/3
: dx
) . X +sinx # A
Q.24 Evaluate : (i) 0 mdx (i) Jﬁ 19 Jtanx
2 1Y
~ [ = x| dx - SXSINXG, (x
Q.25 Evaluate (i) 1[1| | () -[1+cos X
xsin ' x . X2 +1

Q.26 Evaluate (i) J.ﬁ ax i) - 1(x+3) ax

Q.27 Evaluate :
I COS 2X — COS 20
COS X — COS a.

Evaluate :
J' X+ 2
VX% + 2% + 3 dx

Q.28 Evaluate:

dx
J. x(x5 +3)

Q.29 Evaluate :
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[ Answers ]

EXERCISE - 1 (UNSOLVED PROBLEMS)

2 2
1. (i) —cot x — cosec x + ¢ (ii) tan x - cot x = 3x+c (iii) % sin 37)( +c  2.(i) X?+c (i) %X + XT +cC
2 2 3
3. ()—Cos X Slr; X+5x+2 (ii)2cosx +4sinx+ 1 (ii)y = x* + < 3 (iv) 3, -2
) cos4x Cos 2X cos 6x . 1 1 1
4. (i) - % s + 24 (||)—3Iogcos3x+2Iogc052x+2Iogcosx+c
: . . L . sin(x —a)
5. (i) x cos a - sin a log sin x+c (ii) sin a log sin (x — a)+(x — a) cos a‘(iii) cosec (a — b) log m +cC
- y L 2
6. (i) tan " x e + ¢ (i) 2/x - 3x"> + 6x° - 6log (x/® + 1)+ ¢ 7. (i) o2 [Iog(a+bcosx)m} +c
) (x 1>2 2 sin~'x 11 |
(ii) -2 cosec a \/cosa+cotx+sina 8. (i) log (x+ 1) - T 3 E +c(ii) » pa log "
.. secxxtanx 1 T X p. 2 .- 2
9. (i) B S— + Elog tan[§+§) +cC (i) ;(Zx— 1) sin ! Jx t - Jx—x2 - Xx+c
X eax
10. (i) E[sin(log x) — cos (log x)] + ¢ (n) b2 [a cos bx + b sin bx] + ¢

11, () -2/1-x + Jx J1ox =SinJx +c¢

COsS X

: o , : - .1 X
12. (i) - cos'asin’ (cosaj -'sin a log [sin X + /sin2x—sin2q 1 + € (ii) a sin ! 3 + Ja2-x2 +¢

13. (i) 6C + x* 172 - 7(2”1)4 xl- |09K ;j+\/x2+x+1}+c

(i) 5 O 4% 43 - ~(x-2) k2 axs3 - 5 109 [(x~2) + i _axs3]

3tan§+4—\/7

1 -2 1 1+ COS X + SinX 1 X
. i | X
14 (1) 7 log stanX s 4447 | TC (||) > 15100 —1 |*¢ (iii) tan [tan2+1J+ c
2 +tanE
1
15. (i)%—EIog(sinx+cosx)+c (|)———Iog(3cosx+25|nx)+c
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a1 (XY x2 +1 () [ 2 X
16. () gtan x—gtan 2 (||)Elog 2.3] ¢ 17. (i) 22 2 x —4\/_ og < +\/§+1 +c

P x% -1 tanx -1
(i) \/_tan l:\/_ }Lc (i) \/_tan [m}+c

2 ) 1 V5 +1
18. (|)7—e (||) =1 (iii) Zab(a+b (iv) 22 log 2005 -2)

8
19. (i) cos acos b ()12 (iii) 14 (iv) 36 21. (i) %—% (i) 0 22 %

23. (i) 4 (i) 2e-2 (iii) 4 (iv)g 24. (i) 66 (n)% (i) 2" (iv) 4 25. (i)-%log(ﬁq) (ii) n

. (m T V2 +1 2 « TR~ U . 1 .
(|||)n[5—1J(|v) 42 log N (v) x 26. (i) 2 (")Z (iif) §|092(|v)0(v) na(n+2) (vi) 0

EXERCISE — 2 (BOARD PROBLEMS)
1. (i) % (i) 18 2. (i) 2Vx2+4x+3 —3Iog[(x+2)+\/x2 +4x+3}+c (i) é [12x - 8 sin 2x+sin 4x]+c
2
(iii) log (x + cos x)+c (iv) —sm b - 1/1 %2 sm x+c 13. (i) n/2  (ii) w/12

16. (i) n(%—ﬂ (||) (|||) \/— log (/2 +1) (|v) — -log2 17. (|) — (||) (|||)— J2 18. (|)— (||)—

e 3 20 sm6x sin8x N 1 LN 3
(iii) —5\/5 (V) — 3 . (1) —— 16 +c (i) 2v2x +2x—3+ﬁlog x+E+ X +x—§

(iii) x log (1 + x ) = 2(x - tan” x) + ¢ (iv) Iog(x + 1)+ —Iog x=-2)+c 4.() ? (i) = (iii) é

3
eax 1 2 1 -1 1
5. (|) 5 [a cos bx + b sin bx] + ¢ (i) 7 log (x" +1) + Etan X - Elog (x+1)
L2 32 2 3/2 N (X_ ] oo e?
(iii) 3 log (x + 2) 3 log(x + 1)"" + c (iv) 5 tan 2 6. (i) 2 (iv) 7—e
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2

1 - 1
tan X E [log (1 + x) + tan 1X—Elog(l +x2)] +cC (iii)%X—XT+ C

. (i) sec x tan x + log (secx + tan x) (ii)
. 2 3 o1 B . i
(iv) —7Iog (x + 2) - 1 (3-2x)+c 8. (|||)ZE1—E+|092J (iv) 72 log (42 +1)
9. (i) x(sin* x)2 +21-x2 sin"'x - 2x + ¢ (i) % [3x — sin 4x + 1 sin 8x] + ¢ (iii) tan* (1+tan%) +cC

8

e*+2

) 1 L 73 14 oo ) 4
(iv) sin [ ] +c10. (i) > (i) 3 (iii) 3 11. (iii) 1-log 2 (iv) Iogg

1 [ 2
12. (i) m log [a2 sin’x + b? cos® x] +c (i) logx 162+(Iogx) + log[log x .+ 1/16+(|ogx)2 ]

o1 1 1 ) 5 6 1 [x+3
(|||)—€Iog(x—1)— glog(x+2)+ 5 log (x-3) (iv)X—-38log (x* + 6x + 12) + ﬁ + tan f +C

X 1
+cC (vi)@+c 13. (|)e(x+1j+c

2
- log(a+bcos —_—
V) { 9(a+ X)+ a+bcosx}

1 22372 (X+2) 7 [ x+2
(||)—§[3—4x—x] +T,/3_4x_x2 +2 sin («/7 +c

o , V2 V2(x +1)=+/5 - - tan? 0 —1 1 |tan?0—-+2tan6+1
(iii) 7 log [2x" + 4x - 3] - 4J5 log 2(x+1)+46 (V)" tan " Hiano V2 [tan?0+y2tane+1|t €

3x 1 1 i 1
(v)—+§ sm4x+zsm2x+c (vi) -2 log (x + 1) - ] +3log(x+2)+c

2
15. (|) (3 sin x=sin 12x) + ¢ (ii) = Iog[—; 22222):() +c (i) 7= 2\/— |og|:x +£ﬁiﬂ

17. (i)%log 4+ 1)+c (iJa=4,b=3 23.6.Vx>—9x+20 +34.log

(2X2_9J+ x2 _9x+20|+c

25. (i) % ORENS
26. (i) —sin’lx(\/l—x2)+x+c (ii) 3|°9|X 1|+ log[x+3]- 2 (xll) +C
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