CONTINUITY AND DIFFERENTIABILITY | Page # 65

CONTINUITY AND DIFFERENTIABILITY

(b)

3.2

BASIC CONCEPTS AND IMPORTANT RESULTS
Continuity of a real function at a point
A function f is said to be left continuous or continuous from the left at x = c iff

(i) f(c) exists (i) M f(x) exists and Giy  Hf(x) = f(c).
A function f is said to be right continuous or continuous from the right at x = c iff

(i) f(c) exists @i . f(x) exists and Giy . fx) = (o).
A function f is said to be continuous at x = c iff

(i) f(c) exists (i) M f(x) exists and Giy M fx) = fe).

Hence, a function is continuous at x = c iff it is both left as well as right continuous at x = c.
When X':EC f(x) exists but either f(c) does not exist or X';EC f(x) = f(c), we say that f has a
removable discontinuity; otherwise, we say that f has non-removable discontinuity.

Continuity of a function in an interval

A function f is said to be continuous in an open interval (a, b) iff f is continuous at every point of the
interval (a, b) ; and fis said to be continuous in the closed interval [a, b] iff f is continuous in the open
interval (a, b) and it is continuous at a from the.right and at b. from the left.

Continuous function. A function is said to be a continuous function iff it is continuous at every point of
its domain. In particular, if the domain is a closed interval, say [a, b], then f must be continuous in
(a, b) and right continuous at a and left'continuous at b.

The set of all point where the function'is continuous is called its domain of continuity. The domain of
continuity of a function may be a proper subset of the domain of the function.

PROPERTIES OF CONTINUOUS FUNCTIONS
Property 1. Let f, g be two functions continuous at x<= ¢, then

(i) afis continuous at x = ¢, V ae R (ii) © f 4 gis continuous at x = ¢
(iii) f - g is continuous at x = ¢ (iv) | fg is continuous at x = ¢

f
(v) 5 is continuous at x =<, provided g(c) = 0.

Property 2. Let D, and D, be the domains of continuity of the functions f and g respectively then
(i) of is continuous on D, for all @ € R (i) f+ gis continuouson D, N D,
(iii) f - g is continuous'on D, n D, (iv) fgis continuous on D, N D,

f
(v) a is continuous on D, N D, except those points where g(x) = 0.

Property 3. A polynomial-function is continuous everywhere.

In particular, every constant function and every identity function is continuous.

Property 4. A rational function is continuous at every point of its domain.

Property 5. If f is.continuous at c, then | f | is also continuous at x = c.

In particular, thefunction | x | is continuous for every x € R.

Property 6. Let f be a continuous one-one function defined on [a, b] with range [c, d], then the
inverse function f! : [c, d] — [a, b] is continuous on [c, d]

Property 7. If f is continuous at ¢ and g is continuous at f(c), then gof is continuous at c.
Property 8. All the basic trigonometric functions i.e. sin x, cos X, tan x, cot x, sec x and cosec x are
continuous.

Property 9. All basic inverse trigonometric functions i.e. sin! x, cos™? x, tan™! x, cot? x, sec™ x,
cosec™! x are continuous (in their respective domains).

Property 10. Theorem. If a function is differentiable at any point, it is necessarily continuous at that
point.

The converse of the above theorem may not be true i.e. a function may be continuous at a point but
may not be derivable at that point.
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3.3
()

(b)

(c)

DERIVATIVE OF VARIOUS FUNCTIONS
Derivative of composite functions
Theorem. If u = g(x) is differentiable at x and y = f(u) is differentiable at u, then y is
differentiable at x and dy = L . d_u

dx du  dx
If g is differentiable at x and f is differentiable at g(x), then the composite function h(x) = f(g(x)) is
differentiable at x and h'(x) = f'(g(x))- g’(x).
Chain Rule. The above rule is called the chain rule of differentiation, since determining the derivative
of y = f(g(x)) at x involves the following chain of steps :
(i) First, find the derivative of the outer function f at g(x).
(ii) Second, find the derivative of the inner function g at x.
(iii) The product of these two derivatives gives the required derivative.of the composite function fog
at x .

dy
hody _odt ded & oody 1 dx
(i) ax dl,prowded at = 0. (i) ax dl,prowded dy # 0.
dt dy
Loody  dxo _ d X
(i) ax " dy =1 (iv) p, (|x|)—|X|,x¢0.
Derivatives of inverse trigonometric functions
(i) d (sin7t x) xe(-l;1)ie. | x] <1
—-— = , X e (-4 o
dx 1-x2
(i) d (cos™ x) xe(-1,1ie. | x| <4
- = - ’ e (—41, L.
dx 1_X2
(iii) d (tant x) = L forall x e R
dx R R
(iv) d4 (cott x) = —L forall x. e R
dx o <
(v) ;. (sectx) = R 1 x >.1
dx xx? 1
(vi) a (cosect x) = —; x>1
dx xx2 -1’
Derivatives of algebraic and trigonometric functions
(i) a (x") = nx"-! (i) a (x¥) = x* log ex
dx E dx B 9
. . d .
(iii) dx (sin x) = cos x (iv) x (cos x) = - sin X
(v) a (tan x) = sec? x (vi) a (cot x) = - cosec? x
dx B dx B
.y d
(vii) I (cosec x) = - cosec x cot x.
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(d)

(e)

(f)

(9)

3.4
Q)

(i)

Derivatives of exponential and logarithmic functions

L B N _
0 &(e)—e,foraIIXER (vi) ix (Ioga|x|)—Xloga,x¢0,a>0,a¢1.
i L (@) = a1 >0 1, xeR & L ogxD =, x%0
o (@) =aloga a ,azl,xe 5 (g = X
(i) - (logx) = +, x> 0 i) <L (log. x) = 1 >0,a>0a%1
dx V09X = S dx 199 X) = Kioga ! ' pa#

Logarithmic differentiation

dx (v log u).

d
If u, v are differentiable functions of x, then — (u¥) = uv r

dx

Derivatives of functions in parametric form
If x and y are two variables such that both are explicitly expressed in terms of a third variable, say t,
i.e. if x = f(t) and y = g(t), then such functions are called parametric functions and

dy

dy _ dt deg I

ax - d7)(,prowded at # 0.
dt

Derivative of second order

If a function f is differentiable at a point x, then its derivative f' is called the first derivative or
derivative of first order of the function f. If ' is further differentiable at the same point x, then its
derivative is called the second derivative or derivative of the second order of f at that point and is
denoted by f".

If the function f is defined by.y = f(x), then its first and second derivatives are denoted by f '(x) and

d d?
f""(x) or by % and dTZ or by y, and y, or by y"and y” respectively.

ROLLE’'S THEOREM AND LAGRANGE’'S MEAN VALUE THEOREM

Rolle’s theorem

If a function f.is

(i)* continuous in the closed interval [a, b]

(ii) derivable in the openinterval (a, b) and

(iii) f(a) = f(b),

then there exists‘atleast one real number c in (a, b) such that f'(c) = 0.
Thus converse of Rolle’s theorem may not be true.

Lagrange’s mean value theorem

If a function f is

(i) continuous in the closed interval [a, b] and

(ii) derivable in the open interval (a, b),

f(b)
b

f(a)
a

then there exists atleast one real number c in (a, b) such that f '(c) =

The converse of Lagrange’s mean value theorem may not be true.
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[

SOLVED PROBLEMS

]

Ex.1

Sol.

lim _
st [X)=h50

and

Ex.2

Sol.

Ex.3

Is the function defined by f(x) = x> -=sinx + 5
continuous atx = ?
Here, f(n) = ()2 -sinn-5=nr2-5

im f(n+h)= "M [(n+h)2 -sin(n+h)-5]

= M [(x+h)?+sinh-5]=m-5

()= T, f(n—h) = 1Ty [(n-h)?-sin (z-h)-5]

= M [(x-h)2?-sinh-5]=n-5

. i li
Since, X'LTE+ f(x) = "M f(x) = f(x),

the function f is continuous at x = =.

Discuss the continuity of the cosine,
cosecant, secant and cotangent functions.
Continuity of f(x) = cos x

Let a be an arbitrary point of the domain of
the function f(x) = cos x.

Then, f (@) = cos a

lim
h—0

lim

I|m+ f(x) = ho

X2 f(a+ h) = cos(a + h)

= Im" [cos a cos h < sin.a sin h]
=cosa x 1-.sinax 0 =cos a

lim
h—0

lim

and M f(x) = M fa=h) = M cos(a-h)

= /M [cos acosh + sinasin h]

=cosax1l+sinax0=cosa
: lim ~lim _ .

Since, | .« f(x) =, ;- f(x)=f(a), the function
is continuous at x =.a.
As a is an arbitrary point of the domain, the
function is continuous on the domain of the
functions,
Proceed as above and prove yourself the
continuity of other trigonometric

Find all points of discontinuity of f, where

sinx

f(x) = {x

x+1, if x>0

, if x<0

Sol.

Ex.4

Sol.

The point of discontinuity of f can at most be
x =0.
Let us examine the continuity of f at x = 0.

Here, "M f(x)= 1M f(0+h)= M [(0+h)+1]=1

li i i sin(0—h)
and , 5 f(x) = Ao (0= h) = )T 0_h
lim —sinh
= hinO —h =1
Also, f(0)=0+1=1
since, MM f(x) = M. f(x) = (0), fis con-

tinuous at x = 0.
Hence, there is'no point of discontinuity of f.

Determine if f defined by

f(x) = xzsini, ifx=0
0, ifx=0

is a continuous function.
It is sufficient to examine the continuity of the
function f at x = 0.

Heref (0) =0
Also, Xi”(} f(x) = M £(0 + h)
_ lim | ©+h2sin——| = lm |h2sin®| _
= h-0 0+h| ~ h-o0 h) =0
and JIm fix) = M 0 - h)

_ lim Chsin—1_| _ lim
~ h-0 [(0 h) Sm()_h:|_h»0

.

Hence,

o)

1§1
h

Jmf(x) = T f(x) = f(0)

So, fis continuous at x = 0
This implies that f is a continuous function at
all x e R.
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Ex.5 Examine the continuity of f, where fis de-
fined by
sinx—cosx, if x#0
f(x)=1-1, if x=0

Sol. Here, f(0) = -1

Also, "M (x)= M £(0-+h)= "M [sin(0-+h)-cos(0+h)]

= h”LnO [sinh -cosh] =-1

and "M f(x)= "M f(0-h)= M [sin(0-h)-cos(0-h)]

= hli_r)no [-sin h - cos h]
[+ sin (=h) = =sin h]
=-0-1=-1
and cos (-h) = cos h]
lim

Hence, , o f(x) = M §(x) = £(0)

x—0

So, f is continuous at x = 0; and hence
continuous at all x € R.

Ex.6 Find the value of k so that the following
function f is continuous at the indicated
point :

. kx+1, if x<5
(i) f(x) = {3x—5, if x>5 AtX = S
" _JKx?, ifx<2 _
(i) f(x) = {3’ if x> 2 atx=2
Sol. (i) Since fis given'to be continuous at x = 5,

we have
I I

R f(x) = | "TRef(X) = f(5)

lim

= M5+ h) = M f(5 - h) = (5)

=M [13(54h)=5]= M fik(5-h)+1] = 5k + 1
9

= 10=5k+1 = k= 5

(i) Sincef is given to be continuous at x = 2,

we have

00 = M f(x) = f(2)

= M2 +h) = T K2 - h) = f(2)

lim
h—0

lim

= h5003)= [k(2 - h)?] = 4k

Ex.7 Find the values of a and b such that the

function defined by

{5, ifx<2

f(x) = Jax+b, if2<x<10

21, if x>10

is a continuous function.

Since the function f is continuous, it is con-

tinuous at x = 2 as well as at x = 10.

Sol.

So, e fX) = (B FX) = (2)

ie., Am 2 + h) = Mf2 - h) = f(2)

i.e., 2a+ b =5 B ... 1)

lim lim

and wsqor f(X) =1 510 f(X) =1(10)

ie., Nim £10 +h) = M (10 - h) = f(10)

i.e., 21 =10a+ b (verne. 2)
From (1) and (2), we find that
a=2andb=1
Ex.8 Show that the function defined by
dg(x) = x - [x] is discontinuous at all
integral points. Here, [x] denotes the
greatest integer less than or equal to x.

Sol. ' The function f(x) = x = [x] can be written as

x—(k=1), ifk—=1<x<k .
x -k, if k <x<k+1s Where k'is an

f(x) = {

arbitrary integer.

Now, ™. f(x)= M f(k + h)= 1M [(ik+h) ~k]=0

M )= MM f(k-h)= M [ (k-h)- (k-1)]=1

and x—k

Since, XI'_ET‘L f(x) = X“_ET}L f(x), the function f is
not continuous at x = k.

Since k is an arbitrary integer, we can easily
conclude that the function is discontinuous at
all integral points.

Ex.9 Verify LMV Theorem for the function

3
_ /x°+2, when x<1on[-1,2].
f(x) = { 3x , when x>1
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Sol.

Both x3 + 2 and 3x are polynomial functions.
So, f (x) is continuous and differentiable ev-
erywhere except at x = 1.

Here, lim f(x)=3.1=3
x—>1"
lim f(x)=1+2=3
x—1

As

lim f(x)= lim f(x)=f(1), f(x)is continuous at x =1.

x—>1* x—>1"

Obviously, then f(x) is continuous on [-1, 2].
Again to test the differentiability of f(x) atx =1,
we have

LFa) = Jim f0-f(1) _ tim (°+2)-(+2)
Xx—>1 X —1 Xx—>1 X —1
lim x3 -1 lim ,_,
= xof g T oxor (X Hx+1)=3
\ lim f(x)—f(1) lim 3x-3
REM =0r 5 Tt 2
i
= ' (3)=3

As L f (1) = R f (1), the function f (Xx) is
differentiable at x = 1. Hence, f is differen-
tiable in (-1, 2).

Thus, both the conditions required for the
applicability of the LMV Theorem are satisfied
and hence, there exists. at least one c € (-1, 2)
such that

f(2) - f(=1)

6-1
& O 45

w|o;m

fi(c) =

5
Now,in x > 1, f'(x) =-3. So, f*(c) cannot be —

3
in this interval.
Inx<1. fi(x) = 3x2
= f(c) = 3¢?
5 5
Obviously, 3c2=§ gives c? =95 or c= :tg

V5 V5

Both ?5 and —75 liein (-1, 2). Thus, LMV is

verified for f(x) and [-1, 2].

Ex.10 Verify Rolle’s theorem for the function

Sol.

Ex.11

Sol.

f(x) = x (x-3)?in the closed interval 0 <x <3.
(i) Here, f(x) = x (x - 3)?
X (x2-6x +9)
= x3 - 6x% + 9x
Since f(x) is a polynomial function of x, it
is continuous in [0, 3]
(i) f'(x) =3x2-12x+9
exists uniquely in_the open interval (0, 3)
f(0) = (0)* = 6(0)> + 9(0)
=0-0+0=0
f(3) = (3)2- 6(3)2 + 9(3)
=27-54+27=0
f(0) = f(3)
Thus, all the three conditions are satisfied,
Hence, Rolle’s Theorem'is applicable.
Let us now solve f'(c)=0

(i)

i.e. 3¢2-12c+9=0
3(c2-4c+3)=0
(c-3)(c-1)=0

c=3,1

Since, c = 1 € (0, 3), the Rolle’s Theorem is
verified for the function.
f(x) = x(x - 3)?in the closed interval [0, 3].

Verify Rolle’s Theorem for the function f(x)
= (x-a)m (x-b)"in [a, b] ; m, n being
positive integers.

Here, f(x) is a polynomial function of degree
(m + n). So, itis a continuous function in [a, b].
f'xX)=(x-a)"t(x-b)""t[m(x-b)+n(x-a)]
exists uniquely in (a, b). So, it is derivable
m (a, b).

Further, f(a) = 0 and f(b) = 0. So, f(a) = f(b)
Thus, all the three conditions of Rolle’s
Theorem are satisfied. Hence, Rolle’s Theorem
is applicable.

Let us now solve f*'(c) =0

= (c-a)" ' (c-b)""'[m(c-b)+n(c-a)]=0

mb +na
= Cc=aorc=borc=
m+n
. mb +na ,
Sincec = € (a, b), the Rolle’s Theorem
is verified.
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1+x, if x<2

Ex.12 Show that the function f(x) = {5_,(, ifx>2

is continuous at x = 2, but not differentiable
atx =2,

Sol. Atx =2,

T30 = JMUf2 4+ h) = M [5-(2+ )] =3
oy F0) = T f(2 - h) = )T,

f2)=1+2=3

[1+(2-h)] = 3
Also,
l l .
A ) = D f(x) = f(2), f(x) is

continuous at x = 2.

lim f(2-h)-f(2)
h—>0 —h

Since,

Next, Lf'(2)

lim (1+2-h)-(1+2)
h—>0 = —h

=1

RF(2)= im f+N)-f2) _ lim _5-@2+h)-(1+2) _ _

h—0 h “h->0" h 1

Since, Lf '(2) = Rf '(2), the function f is not
differentiable at x = 2.

1-x, ifx<1

Ex.13 Show that the function f(x) = {xz —1 ifx>1

is continuous at x = 1, but not differentiable
thereat.

Sol. The function is continuous at x = 1; because
M t(x) = M f(x) = £(1) as shown below :
l i i
o f) = i F(L + h)= M1+ h)2=1]
= M (hz+2h) =0;
i . .
S fx) = MF = h) = MMp1 - (1 - h)]
= np(h) =0
and f(1)=(1)?=-1=1-1=0
Further, " Rf(1) = M, w
_ lim [(1+h)? —11-0] _,
~ h-o0 h -
. im f(1—h)—f(1 im [(1-h)2-11-[0

_ lim (Lj _ lim

“ h>0{_h) = h->0
Since, Rf ‘(1) = Lf (1), the function is not
differentiable at x = 1.

(-1) = -1

Ex.14 Show that the function f defined as

3x-2, if0<x<1
f(x) = {2x?-x, if1<x<1
5x-4, ifx>2

is continuous at x = 2, but not differentiable
thereat.

Sol.  Atx=2, "M, fx)= M f2+h)= "M [5(2-+h)-4]=6

0500 = Thf2=h)= 11T, [2(2-h)? ~(2-h)]

X—2

MM 124 - ah + h2) - (2 - h)]

M [6=7h+2h?] = 6

and f(2)=2(2)2-2=8-2=6

Since Xi"; f(x).= Xi”;, f(x)=f(2), the function
fiis.continuous at x = 2.

lim f(2-h)-1(2)

Next, hs0 n

LF\(2) =

lim 2(2-h)®>—(2-h)-[5(2)- 4]

haO _h
_ 6-7h+2h% -6 _5
—h
. i f(2+h)—f(2)
RFY(2) = gy ==

lim [5(2+h)-4]-[5(2) - 4]
h—0 h

lim [5(2+h)-4]-[5(2)-4]
h—0 h

_ lim {M}
~ h->0 h

Since, Lf '(2) = Rf'(2), the function f is
not differentiable at x = 2.
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Exercise -1 | UNSOLVED PROBLEMS ]
1
eX —1
Q.1  Show that the function f(x) = {1 when x#0 is discontinuous at x = 0.
eX +1
0 , when x=0

.1
xsin—, when x =0 . .
% is continuous at x =0

0 , when x=0
Q.3 Is the following function continuous at the origin ?

Q.2 Show that the function f(x) = {

cosax — cosbx

f(x) = X—z,whenx;to
2 .2
f(0) = b” —a ,Wwhenx =0
_e"-1 when x =0
Q.4  If the function defined by f(x) = | log(1+2x)’ is continuous at x = 0, find the value of k.
k, when x =0
cos? x —sin® x —1 when x =0
Q.5 iff(x) = \/x2 +1-1 ’ is continuous at x = 0, find k.
k , whenx=0
L ,  whenx<0
X2
Q.6 Determine the value of k so that the function f(x) = k when x =0 js continuous at x = 0.
AL , when x>0
\/16+\/; -4
x-1x] when x =0
Q.7 Discuss the continuity of the function f(x) at.x = 0 if f(x) = 2
2 , whenx=0
2, if x<3
Q.8 Lletf(x) = qax+b,if3<x<5 find the value of a and b, so that f(x) is continuous.
a, ifx=>5
X—_1 , X # 1
, A 2x2-7x+5
Q.9 Find the derivative of f(x) = Y atx =1
— , Xx=1
3
2 .
Q.10 Find the value of ‘a’ and 'b’, so that the function f(x) = {bxx ++23X e I]icf);i11 is differentiable at each x € R.

Q.11 Differentiate the following w.r.t x :
1-—
(i) log cosx (i)  log, (x+\/x2 +a2) (iii) log (sec x + tan x)

1+cosx
| 1+ xsinx N —\/)(2+a2+><
(v) log 1-xsinx (vi) log \/x2 +a% —x

(iv) log sin> +cos >
2 2
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Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23
Q.24

Q.25

Q.26

_ /1—x dy
- - x2) — =
(i) Ify Tox’ prove that (1 - x?) i +y=0

(il If VX+T+4x-1 that dy X +Vx2 -1

ii = |7 rov - =
Y=\ Uxr1—x—1 ) Prove that 4y x2 _1

_ cosx+sinx dy _ 5 T

(i) Ify = osx—sinx’ show that ax - sec (x+ 4}

. secx +tanx dy
(iv) Ify = "secx—tanx , show that ax - sec x (sec x + tan x)

1 d d
0} Ify= Jx + W’ShOWthatZXd_i +y=24x (i) Ify = xsin y,prove that x— Y

dx _ (1-xcosy)

d -1
(i) IfxTry +yJirx =0, prove that d—)y( = A X*Y

d 1
Ify = \/x+\/x+\/x+ ........ , prove that % = ———

(2y-1)
Given that cos x cosi cosi _ Sinx rove that isec2 i+i sec25+ = cosec?X — i
2 4 g "ttt = X ! p 22 2 24 g o = X2

If x = tan' —— and it —2—  showfthat S &

X = tan P and y = sin 1thz,sow adx— .
Differentiate : (i) sin‘l{x\M—x +\/;V1—x2} (i) tan-t (1 15 2]

+ X

i t _1 (4] t _1 (;J t _1 £;j t t

(iii) an 2 x 1 + tan 2 3%+3 + tan 2 5x.7 S o n terms.

X X 3cosx —4sinx
Differentiate : (i tan! + tan?t | — 77— ii cos™ (—J
® [V']—XZJ [1+\/1—X2J m S
1 14x2 “1
Differentiate : sin! { J +tant |—— .
V1+x2 &

V1+X +41-X x=x_
Differentiate : (i) sin~? (f (i) cos™ 3
X + X
. . ) 2x—1, if x<0
Discuss the continuity of the function f(x) = 12041 if x>0
M X#4
If a function f(x).is defined as f(x) = { x-4 ’ show that f is everywhere continuous except at x = 4.
0 , x=4
Discuss the continuity of the function f(x) = | x | + |x = 1| in the interval [-1, 2]

Show that f(x) = | x | is not differential at x = 1.

2+x, ifx=0 . .
Let f(x) = Y2 _x if x <0+ Show that f(x) is not derivable at x = 0.

. x? sin(—) ,ifx=0 .
Show that the function f(x) = X is differential at x = 0 and f'(0) = 0.
0 , if x=0
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EXERCISE - Il I BOARD PROBLEMS
dy logx
Y = @X-Y = O —_—
Q.1 If x¥ = ¥, prove that ax (1+Iogx)2'
d
Q.2 IfxPy%=(x+ y)P*9, prove that Y X.
dx X
3 Find ¥ wheny = log | %
Q. in dszeny—og ox |
Py dy
= 2x -X _— . = =
Q.4 Ify = ae*™ + be™, prove that a2 ix 2y = 0.
Q.5 Ify = Acos nx + B sin nx show that 2 + n?%y = 0.
; - . P . [2x-1,"x<0
Q.6 Discuss the continuity of the function f(x) at x = 0 if f(x) = 2x+1 . x>0
Q.7 Show that the function f(x) = 2x = | x | is continuous at x = 0.
3ax+b , x>1
Q.8 If the function f(x) =1 11 » X=1is continuous. at x.=.1, find the values of a and b.
bax-2b , x<1
o Ifyo [ISin2X - z(z_x]_o
Q. Y = {7 ainax + Prove that - +'sec? | 7 = 0.
Q.10 Ify = log|tan Ty X show that y -secx=0
- y - g 4 2 7 dX = o
Q.11 Verify Lagrange’s mean value theorem for the following functions in the given intervals.
Also find ‘c’ of this theorem : (i) f(x)=x2 +x=1in [0, 4] (i) f(x)=vx%? -4 on [2, 4]
\ dy  _dy
Q.12 Ify = eX¥(sin x + cos x), prove that —5 - 2—= + 2y = 0.
dx dx
Q.13 Differentiate the following w.r.t. x
1< cosx
; i [1 2
(i) ‘log ( 1+cosx] (i) log (x+ vV1+x°)
X . dy b
Q.14 Ifx = a(t+ sint), y = a(1 - cos t), find ax att = >
Q.15 Differentiate the following functions w.r.t x :

1+si 1—si
(i) tan U:g:i] (ii) cot-l( 1+Z::zj (i) tan- [1*+2_1J

L Dx+12 1-x2 . V1+x2 —y1-x2 _ . V+x-1-x
(V) sin?| =3 | (V) tan i 12 V) tan| AT ek
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2
d [X /2 2 a&a . 141X
Q.16 Prove that (E a —xo 4 -sin EJ = Va?-x?.

Q.17 Ify = (sin x)* + (cos x)#"*, find g—i

e N
1412 Y= 1+ 12

. dy _
Q.18 Find ax when x = a

15 oerentte tan (25w, s 25
Q. ifferentiate tan! | T 7 | w.rt. sin”t [ 775 ).

34 x 2+3x
Q.20 Iff(x)=[1+xj , find f (0).

91 Find W o xoa ] L2
Q. in dx|.x—a 1—t2’y_1—t2

X d2y 1 a YV
Q.22 Ify = xlog (aerXJ,provethat? = ;( ] :

a +bX
1—-cos4x Ty
2
Q.23 If the function f defined by f(x) = a . X=0 is continuous at x = 0, find the value of a.
L , X > 0

16 +/x —4

Q.24 Ify= Jx o+ ~ then show that 2xd—y +y=24x
. y & i dX y .

J1+sinx +«/1—sinx]

.25 Differentiate w.r.t..x : tan!
Q [J’I+sinx—J1—sinx

d
Q.26 Ifyx?+1 = log (Vx?+1 - x), prove that (x2 + 1) & +xy+1=0.

Q.27 Ifx

d b
a sin 2t (1 + cos 2t) and y = b cos 2t (1 - cos 2t), show that (d—ij =3
t

[
Nla

2
Q.28 Ify = cosecx + cot x, show that sin x . dTZ =y

Q.29 \Verify LMV ; find ‘¢’ f(x) = x> + 2x + 3in [4, 6]

2
X< -25
Q.30 Iff(x) = x—5 ' X#5 js continuous at x = 5, find the value of k.
k , x=5
¢y  _dy
Q.31 Ify = 3e* + 2e¥, prove that d7 - 5& + 6y = 0.
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d?y dy
Q.32 Ify=Ae™+ Be™ prove that — - (m +n) —= + mny = 0.
dx dx

_ LYy
Q.33 Ify = sin (log x), prove that x d_2 + x& +y=0.
X
Q.34 For what value of k is the following function continuous at x = 2 ?
2x+1, x<2
f(x) = k , x=2
3x-1, x>2

Q.35 Discuss the continuity of the following function at x = 0 :

x* +2x3 + x2

, Xx=0
f(x) = tan~"x .
0 , x=0
1-sin® x . T
— if x<—=
3cos® x 2
. T
Q.36 Letf(x) = a , ifx= o If f(x) be a.continuous function at x =%, find a and b.
b<1__sm;° , if x> E
(m—2x) 2
Q.37 If f(x), defined by the following, is continuous at x'= 0, find the values of a, b and c.
sin(a +1)x + sinx i x <0
X
f(x) = c wif x=0
2 _
Vxabx®oalx s
bx3/2
Q.38 Ify=(x+ ,x2,32) rovethatd—y - =
ey 49 T

d
Q.39 If xy1+y +yv1+x =0, find &

1 1 d

Q.40 Ify = Vx%+1 - |og[;+,/1+—2J,ﬁnd 2.
X dx

0 . ) dy I

Q.41 Ifx = a|cosb+log tanE and y = a sin 0, find the value of ax ato = 1
7 dy dy
Q.42 Ify = (log (x + Vx© +1))? show that (1 + x?) pe] + X 2=0.
X

2
Q.43 Ifsiny = x sin (a + y), prove that dy _ sin“(a+y)

dx sina
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Q.44 If (cos x)¥ = (sin y)x, find j—i

a5 1y = 3% owthat(1-x) SL —3 &y g
Q. y—m,sow at ( x)dx2 de y =

Q.46 Differentiate the following function w.r.t. x : xs"* + (sin x)csx

sinx [ SINX +cosxlogx in x)cos X i -
Q.47 x " 9X| + (sin x) (cos x cot x - sin x logsin x)

d
Q.48 Find d_i if (x2+ y?)? = xy.

d? d
Q.49 Ify = 3 cos (log x) + 4 sin (log x), then show that x2 . d_g + xd—i +y=0
X

3x + 41— x?
Q.50 If y = cos™ {MJ find :—i

5
d?y dy
Q.51 Ify = cosec x, x > 1, then show that x (x> - 1) ﬁ + (2x2 - 1)5 =0
dy log x
Q.52 If x¥ = e, show that ax = —{Iog (xe)}z é
Q.53 Ifx = tan [1 log y], show that (14 x2) dz‘z' Ax—a) W
a dx dx

- =y dy __y
Q.54 Ifx = asn 1t ;Y = 4/ges Tt , show that &: —; .
_ _ Vi X2 A1y
Q.55 Differentiate tan |75 [ with respect to x.
n d’x d’y
Q56 Ifx=a(cost+ tsint)yandy =a(sint-tcost),0<t< i,find PrERme
/ ¥ dy (1 +log)?
Q.57 Ifyx= e’ prove that dx ——logy

Q.58 Differentiate the following with respect to x :
2X+1.3X
ey 3
SN 1154 (36)"
Q.59 Find the value of k, for which
V1 +kx —+/1-kx i

X
f(x) = 2x +1
x-1"'

is continuous at x = 0.

f-1<x<0

if 0<x<1

OR
2

d
If x = acos®0 and y = a sin® 9, then find the value of cy ate =

T
dx? 6"

and

d’y
dx? -’
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Answers
EXERCISE - 1 (UNSOLVED PROBLEMS)

3. yes 4, 1/2 5. -4 6. 8 7. discontinuous 8. 7/5and -17/2
- . ; . . 1 [E—lj
9. -2/9 10. 3and5 11. (i) cosecx (ii) loga /x2+a2 (iii) sec x (iv) 2 tan 2 2
2(xcosx+smx 1 5 3 1 1

v) 1-x2sin?x Vi) [z 2 VX2 17. (M \/1 2\/x—x2 (ii)1+25x2 T 149x2 (iii) T+ (x+x)? " 14 x2

3 -1 -1
18. (i) 7 —5 (i1 19. 3053 20-() 72

EXERCISE - 2 (BOARD. PROBLEMS)

1

3. 5 6. Di ti 8.3,2 11. (i) 2. (ii 13. (i i
2 iscontinuous (i) 2. (i) J6 (i) cosec x (ii) m
14.1 15. () &+ iy L i) == (iv) .y v) —— (vi) 1 g, b0t
' " 2 2(1+x2) 1.x2 1-x* 21-x2 " 2at
2
19.1 21. 1;att 23. 8 25.-1/2 29.5 30. 10 32.5/2 34.5
1 3 1 -1 Jx2
35. continuous 36. -, 4 37. -, any real number, - 39. 2 40. ¥ +1 41.1
2 2 2 (1+x) %
log siny + ytanx y—4x3 — 4xy? -1 1 _ sec3t
—Iog cosx = coty 48. —4x2y+4y3 50. \/1_)(2 55. 21+ x2) 56. at cos t, at sin t and 3t
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