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Mathematical Reasoning

Statements |

In reasoning we communicate our ideas or
thoughts with the help of sentences in a particular
language.

"A sentence is called a mathematically acceptable
statement if it is either true or false but not both".

A statement is assumed to be either true or false.
A true statement is known as a valid statement
and a false statement is known as an invalid
statement.

Note :

A statement can not be both true and false at the
same time.

Note :

(i) Imperative sentences (expresses a request or
command), exclamatory sentences (expresses
some strong feeling), Interrogative sentences
(asks some questions) do not considered as a
statement in mathematical language.

(if) Sentences involving variable time such as

"today", "tomorrow" or "yesterday" are not
statements.

Truth Table |

Truth table is that which gives truth values of
compound statements.

It has a number of rows and columns. The number
of rows depend upon the number of simple
statements.

Note that for n statements, there are 2" rows.
(i) Truth table for single statement p :

Number of rows =21 =2
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F

(if) Truth table for two statements p and g :

Number of rows =22 =4
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(iii) Truth table for three statements p, g and r.

Number of rows =23 =8
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Negation of a Statement

The denial of a statement p is called its negation
and is written as ~ p, and read as 'not p'.

Negation of any statement p is formed by writing
"It is not the case that ....... "

"It is false that........ "
or

inserting the word "not™ in p.

Compound Statements

If a statement is combination of two or more
statements, then it is said to be a compound
statement.

And each statement which form a compound
statement are known as its sub-statements or
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Basic connectives : 4.3 Negation of compound statements

In the compound statement, we have learnt that
the words 'or' & 'and' connect two or more
statements. These are called connectives. When
we use these compound statements, it is necessary
to understand the role of these words.

If p and g are two component statements then the
negation of the compound statement

(i) ~(porg)is~pand~q[~(pva)=~pr~q|

(i) ~(pandq)is~por~q|~(pArg)=~pv~q|

4.1 The word ""AND™ : Any two statements can be
connected by the word "and" to form a compound
statement.

Some Properties |

Rule - (1) The compound statement with word "and"

is true if all its component statements are (1) Prove that : ~ (~ p) = p.

Proof : Truth table
Rule - (2) The compound statement with word "and"
is false if any or all of its component p ~p ~(~p)
statements are false. T T
Truth table for compound statement with word
"And" 9 F

true.

The compound statement "p and g" is denoted by

PO identical. Hence ~ (~ p) = p.
P 1A |pPrq (2) Provethat: ~ (pAQ)=~pv~(q
T|T| T
Proof : Truth table
T|IF| F
FIT] F Pld|~-p|~alpra|~(Pra)|~pPVv~q
FIF]F T T|F|F| T F F
4.2 The word "OR" T| F F| T F T T
Any two statements can be connected by the word Fl T TIE F T T
"OR" to form a compound statement.
F F T T F T T
Rule (1) : The compound statement with word "or"
is true if any or all of its component We observe that last two columns are identical.
statements are true.
Hence~(pv Q) =~pv~q
Rule (2) : The compound statement with word "or"

is false if all its component statement are
false.

We observe that first and third column are

(3) Provethat:~(pvg)=~pA~q

Proof : Truth table
Truth table for compound statement with word
"OR™: Pl a|~p[~a|lpvag|~(Pvag|[~pr~q
The compound statement "p or g" is denoted by TIT|FL|F T F F
PVl T|F|F|T| T F F
plqglpvq F T T F T F F
T|T| T F F T T F T T
TIF| T ) )
FlTl T We observe that last two columns are identical
FIF| F Hence~(pvg)=~pAa~Qq
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H Conditional Statements or Implications

If p and q are any two statement then the
compound statement in the form "If p then q" is
called a conditional statement or an implication.

The statement "If p then " is denoted by
p—q or p=q (tobe readasp impliesq)

In the implication "p — q", p is called the
antecedent (or the hypothesis) and q the
consequent (or the conclusion)

Remark :

In the first two statements given above we
observe that the hypothesis and conclusion have
related subject matters where as in the last two
statements do not have related subject matters. In
mathematical logic such type of statements are
also accepted as a conditional statements.

Truth table for a conditional statement :

pla|p—>a|g—p
T(T] T T
T|F| F T
FIT| T F
FIF| T T

Note :

p — q is false only when p is true and q is false.

Il Negation and Contrapositive of a
Conditional Statement

(1) Negation : If p and g are two statements then

|~(p—>aq)=pr~q|

(2) Contrapositive : If p and q are two statements,
then the contrapositive of the implication

lp>a=(a) > (p]|

E Biconditional Statements

If p and q are any two statements then the
compound statement in the form of "p if and only
if g" is called a biconditional statements and is
written in symbolic formp <> qorp < q

Rule :- p «> q is true only when both p and g have the
same value.

pP—>9q|q

m T+ 4o
m 4 7T e

=4 7 m Al
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Negation of biconditional statement :

~(Peag=PAr~gv(=pnaa)

n Tautology and Fallacy (Contradictions) |

(a) Tautology : This is a statement which always true
for all truth values of its components.

Ex. Considerpv ~p

Truth table
p ~p pv-~p
T F

T

we observe that last columns is always true.
Hence p v ~ p is a tautology.

(b) Fallacy (contradiction) : This is statement which
is always false for all truth values of its
components.

Duality

The compound statements s; and s, are said to be
duals of each other if one can be obtained from
the other by replacing A by v and v by A. The
connectives A and v are also called duals of each
other.

Duality symbol :
Let s(p, 9) = p A q be a compound statement

Then s = (p, q) = p v q where s = (p, q) is the dual
statement of s(p,q).
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Algebra of Statements

Statements satisfy many laws some of which are
given below -

(1) Idempotent Laws : If p is any statement then
Hpvp=p
(i)prp=p

(2) Associative Laws : If p, g, r are any three
statements, then

Hpv@vn=@vavr
(ipr@an=(@EAg)ar

(3) Commutative Laws : If p, g are any two
statements, then

MHpva=qvp(i)prg=qap

(4) Distributive Laws : If p, g, r are any three
statements, then

Dpr@vn=@Earqv(par)
(i)pv@an=@Evaavr)

(5) Identity Laws : If p is any statement, t is
tautology and c is a contradiction, then

MHpvt=t (ipat=p
(iilpve=p (ivipac=c

(6) Complement Laws : If t is a tautology, ¢ is a
contradiction and p is any statement, then

Hpv(=p=t (i)pr(=p)=c
(iii)~t=c (iv)~c=t

(7) Involution law : If p is any statement, then
~(~p)=p

(8) De morgan's law : If p and g are two
statements, then

) ~pPva)=(p)A(-a)
(i) ~(p A Q)= (~p) v (~0)
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