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2.2

Basic Concepts

The eliminant of the variables from the equations

(i ax+by=0,ax+by=0 (i) ax+by+cz=0,ax+by+cz=0is

_ a; by| ) A 81 Cr|

is a, by =ab,-ab, =A ax+by+cz=0,|a by Co| =A
az bz cj3

Expansion w.r.t. first row.

ax by
az bs

by co
bz c3

az €z
az C3

1

a, 1 =a, (b203 - b302) - b1(azcs T ascz) i C (azbs . asbz)

Expansion w.r.t. first column.

by ¢y
bz c3

b1 Cq
bz c3

b»] Cq

+
by co

3

1 2 Fa, (bzcs — bscz) —a, (b1C3 b b301) ta, (b102 - b201)

If you compare term by term you will observe that{the two expansions are same.

Properties Of Determinant

1.
2.

(a)

(b)

(c)

The value of determinant is not altered by changing rows into columns and columns into rows.

If any two adjacent rows or twoadjacent columns.of a determinate are interchanged, the determinant retains its

absolute value but.changes its sign.

If any line of a determinant A be passed over p parallel lines the resultant determinate is (—1)° A.

If any two rows or.two columns of.a determinant are identical, then the determinant vanishes.

If each constituent in any row orin any column be multiplied by the same factor then the determinant is
multiplied by that factor.

If each constituentin any row or column consists of r terms then the determinant can be expressed as the sum

of r determinants.

Ifto or.from each constituent of a row (or column) of a determinant are added or subtracted the equi-multiples

of the corresponding constituent of any other row (or column) the determinant remains unaltered.

The value of a determinant is obtained by multiplying the elements of any row (or column) with the correspond

ing cofactors and adding the resulting products.

If we multiply the elements of any row (or column) with the corresponding cofactors of any other row (or column)

and add them, then the result is zero.

If A’ is the determinant formed by replacing the elements of a determinant A by their corresponding cofactors,

then A’ = A2,
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Special Determinants :

1

)

©)

4)

Symmetric determinant.

-~ O T

g
f
c

Qoo

= abc + 2fgh — af? — bg? — ch?

In this the elements a;=aor the elements situated at equal distance from the diagonal are equal both in

magnitude and sign.

Skew symmetric determinant of odd order.

All the diagonal elements are zero and a,=—a;or the elements situated at equal distance from the diagonal

are equal in magnitude but opposite in sign. Its value is zero.

OTo

b c
Circulant g g =— (a®+ b3 + ¢ — 3abc)

The three rows or columns are the cyclic arrangement.of the letters a, b, c, i.e.a, b,c; b, c,aandc, a,

b respectively.

Factors of three important determinants :

11 1
(i|a b c|=(@-b)(b—-c)(c—a)
a2 b? c? A
1 g 1
i) | a c|=(@a-b)(b—c)(c—a)(a+b+c)
a® pd ¢?
1 1 1
(iii) |a®> b? ¢%|=(a—b)(b—c)(c—a)(ab+bc +ca)
a pd ¢®
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SOLVED PROBLEMS

Ex.1

Sol.

Ex.2

Sol.

X sin@ cos6
-sin@ -x 1
cosé 1 X

Prove that the determinant is independent of 6.

We shall expand this determinant, using Sarrus Method.

X sin 9><OS 0 X sin®
—sinE,—XX1 —sin 9/ —X
cos 0 1 X cos 0 1

Thus, A= (—x3 + sin 6 cos 6 — sin 6 cos 6) — (—x cos’ 0 + x — x sin’ 0) = x°

Hence, the determinant is independent of 6.

Evaluate :
1 x y x y x+y
(|1 x+y y (i) y< x+*y x
1 x x+y xty X y
1 x y
(i Let A=1|1 x+y vy
1 X X+y
Expanding it along the first column,; we have
L IX+y Y Xy X y
A=1 X X+V =1lx X+Yy +1 X+y y‘

=[x+ v’ =xyl— [x (x +y) — xy] + [xy — xy — ¥]

=l 4y Hxy =X =y = xy

X y  X+y
(ii) let A=| Y Xx+y X
X+y X y

X+y X y y X+y

=Xl x y| ~ x+yy+(X+y) X+y X

=x (xy +y = x) =y (y° =X = xy) + (x +y) (xy = x* = y* = 2xy)
:X2y+xy2_x3_y3+X2y+xy2+X2y_x3_xy2_2X2y+Xy2_x2y_y3_2Xy2

=—23 -2y =2 (3 +yd)
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x+a x X
Ex.3 Solve the equation| x x+a x |=0,(a=0).

X X x+a
X+o X X
Sol. Let A=| X X+o X
X X  X+a

- (x +a) x+a x| X X X X+a

- X X+a X X+ X X

:(x+a)[(x+a)z—xz]—x[x(x+a)—x2]+x[x2—x(x+a)]

= (x+a)3—x2 (x+a)—ax2—ax2
=(x+ a)3 -x>-3ax’
= x>+ 3ax’ + 3a’x +a° — x° — 3ax’
=3a’x+a’

Equating it to zero, we have

2 3
3ax+ta =0 = X=—

w|o

Ex.4 Ifa, b and c are real numbers, and

b+c c+a a+b
c+a a+b b+c
a+b b+c c+a

A= =0

Show that eithera+b+c=0ora=b=c

2(@a+b+c).c+a a+b

2(a+b+c) a+b b+c (C,»C,+C,+Cy)
2(@+b+c) b+c c+a

Sol. Here, A=

c+a a+b
a+b b+c
b+c c+a

=2(@+b +c)

_

=2(a+b+c)|0 b-c c-a R,»R,-R;;R; > R;—R))

=2(@@+b+c)x1 \E:g g:?,\

=2(@+b+c)[(b-c)(c—-b)—(b—a)(c—a)]
=2(@+b+c)[bc—c’—b’+bc—bc+ac+ab-a’
=2(a+b+c)(ab+bc+ca—a’-b’>—c?
Equating A to zero, we have
2

2@+b+c)(@a+bc+ca—a’—b’-c)=0
= Eithera+b+c=0 or ab+bc + ca = a’ + b> + ¢
= Eithera+b+c¢c=0 or a=b=c
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a a° Bty
Ex.5 Showthat|B B> y+a|=(8-7) (y-a)(a—p) (a+pf+7)
y v° a+g
o o B+y a-f OCZ—BZ B-a
Sol. Let A=|B Bz v+a|=|B-v 52;Y2 =Bl (R, >R;-R; R, >R, -R;)
Y Y a+p Y Y a+f
1T a+p -1 0 a+p . -1
=(@=-B)B-v)[1 B+y -1 [=(a=PB)(B-7) 0 Bry =1 (C;>C +Cy)
v 7% a+B adBin v2abp
=P -0 rpn |50

=(@=B)B-1)(a+P+y)(-a-PLpty)=(a=P)B-7)(r-a)(a+p+y)

3a -a+b -a+c
-b+a 3b -b+c
-c+a -c+b 3c

Ex.6  Show that =3(a¥b+c)(ab+ bc + ca)

Sol. Using C1 — C1 + 02 + C3, we have

a+b+c —-a+b -—-a+c
a+b+c 3b -b+c
a+b+c -c+b 3c

1 —a+b -—-a+c
1 3b -b+c
1 —c+b 3c

A= =(a+b+C)

1 —a+b -a+c
0 a+2b a-b
0 a-¢c a+2c

=(@+b+oc) (R, >R, —R;R;—> R, —R,)

a+2b a-b

s(@tb+c)x1. | 3¢ g42c| =(@tb+tc)[(a+2b)(a+2c)-(a-b)(a-c)

=(a+b+c)(3ab+3bc+3ca)=3(a+b+c)(ab+ bc +ca)

1 1+p 1+p+q
2 3+2p 4+3p+2q
3 6+3p 10+6p+3qg

Ex.7 Prove that =1

1 1+p  1+p+q 1 1+p 1+p+q
Sol. Let A=12 3+2p 4+3p+2q|=|0 1 2+p (R,»R,-R;;R; >R, —R,)
3 6+3p 10+6p+3q 0 3 7+3p

1 2+
=‘37+£‘=0+3m-a2+m=1
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X+2 x+3 x+2a
x+3 x+4 x+2b
x+4 x+5 x+2c

Ex.8 Ifa, b, c are in AP, prove that : =0

X+2 X+3 x+2a
Sol. Let A= |Xx+3 x+4 x+2b
X+4 Xx+5 x+2¢c

X+2 X+3 x+2a

= 1 1 2(b-a) (R,»R,-R;R,—»>R,-R))
2 2 2(c—a) 2 2 1 3 3 1
X+2 x+3 X+ 2a

=| 1 1 2(b-a) (R;— R, —2ry)
0 0 2(c-a)-4(b-a)

X+2 X+3
1 1

=[2c—2a-4b+4a] (x+2-x-23)
=[2c + 2a — 4b] (-1) = (4b — 2a — 2¢) (....1)
Since, a, b, c are in AP,
2b=a+c
4b =2a + 2c
Hence by (1), A=0

=[2(c-a)-4(b-2a)]

(b+ c)2 a? a?
Ex.9 Provethat| b? (c+a)® b2 |=2abc(a+b+c)
c? c? (a+ b)2

Sol.  Replacing C, by C,-C, and C, by C,~C,, we have

(b+20)2 32*(b2+0)§ a’ - (b+c)? b%>+c?+2bc a-b-c a-b-c
A= b (c+a) -b 0 :(a+b+c)2 b2 c+a-b 0
c? 0 (a+b)2—c2 c? 0 a+b-c

ReplacingR; by R, + R, —R;, we have

2bc. -2c -2b
A:(a+b+c)2 b> c+a-b 0
c? 0 a+b-c

1 1
Replacing C, by C, + b C,and C,by C, + < C,, we have

A:(a+b+c)2 b> c+a

c c a+b
b

=2bc(a+b+c)
=2bc(a+b+c)
=2abc(a+b+c)

(a+c)(a+b)-Dbc]

2
2[2
§a + ab + bc - bc)
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Ex.10 Find the values of h if area of a triangle is 4 sq. units and vertices are (i) (k, 0) (4, 0) (0, 2)

Sol.

Ex.11

Sol.

k 01
4 0 1

1
(i) The area of the triangle = —
210 2 1

= % [k (0 —2) - 0(4 — 0) + 1(8 — 0)]

1
=5 (=2k + 8) = (4 — k) sq units
According to the question,
4-k=4 or 4-k=-4
= k=0 k=8
Hence, the possible values of k are 0 and 8.
11-2 0 1
(i) Area of the triangle= - | 0 4 1
210 k 1

- % [2 (4-K)—=0(0=0) + 1 (0= 0)]

= (k — 4) sq units
According to the question,
k—-4=4 or k—4=-4
= k=8 k=0
Hence, the possible values of k are 8 and.0.

Using determinants, find the equation of the line AB, joining

(i) A (1,2)and B (3, 6) (i) A (3,17 andB (9, 3)
Let P (x, y) be any point:on AB. Then, area of the triangle ABP is zero, since the points A, B and P are collinear. So,
111 21
(i) —13 6 1 =0
21x y 1
1
= 5[1 6-y)—2(3—x%x)+1(3y=6x)1=0

= 6-y—-6+2x+3y—6x=0
= y = 2Xx
Hence, the equation of the line AB is y = 2x.

113 11
ii —19 3 14 =0
(ii) D ¥
1
= E[3(3—y)—1(9—x)+1(9y—3x)]=0
= 9-3y—-9+x+9y-3x=0
= 2x = 6y
= X = 3y

Hence, the equation of the line AB is x = 3y.
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[ Exercise -1 ] UNSOLVED PROBLEMS ]

Q1

Q.2

Q.3

Q4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

Q.11

Q.12

Q.13
Q.14
Q.15

IfA = |:g ?:| and B = |:g _53:|, Verlfy that |AB| = |A| |B|

b%c? bc b+c
Without expanding evaluate the determinant c?a® ca c+a
a%b? ab a+b

1 a a®-bc

Without expanding evaluate the determinant |1 b b2 -ac
1 ¢ c?-ab

(aX _a—X )2 (aX _a—X )2
@@’ +a¥)? (a¥-aV)?
(a2 + a—Z )2 (aZ _ a—Z )2

[ U

Without expanding evaluate the determinant

sina cosa sin(a+9d)
Without expanding evaluate the determinant | sinB cosp sin(p +8)
siny cosy sin(y+29)

1+a 1 1 1 1 1
Provethat | 1 1+b 1 :abc1[1+—+—+—]=abc+ab+bc+ca
1 1 1+c a b c
a+b+2c a b
Prove that c b+c+2a b =2(a+b+c)
c a c+a+2b

(b +c)2 a’ bc
Prove that (c+a)2 b%" ca =(@2+b’+c?)(a+b+c)(b-c)(c—a)(a-Db)
(a+ b)2 c? ab

1+a2-b%  2ab —2ab
Show that 2ab 1-a° +b? 2a =(1+a%+b?)?
2b —2a  1-a%-b?
3x-8 3 3
Solve : 3 3x-8 3 =0
3 3 3x-8

xx2 1+x3

Ifxz=y=zand |y y2 1+y3 =0, then prove that 1 +xyz=0

z 22 1+2°
loga p 1
logb q 1
logc r 1

If a, b, c are all positive and are pth, gth and rth terms respectively of a G.P. then prove that =0

Find the area of a triangle with vertices : (-3, 5), (3, —6), (7, 2)
Find the value of A so that the points given below are collinear (A, 2 —2), (-A + 1, 2A) and (-4, -\, 6 — 21)

Using determinants, find the area of the triangle, whose vertices are (-2, 4), (2, —6) and (5, 4). Are the given points
collinear ?
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[ Exercise -1 |

BOARD PROBLEMS

1 x x5
Q.1 Prove |1 vy y3 =X-y)(y-2)(z—-x)(x+y+2).
12z 2°
b%c? bc b+c
Q.2 Prove using properties of determinants c?a® ca c+a|=0.
a%b? ab a+b
Q.3 Prove using properties of determinants
1 xX+y x2+y2 X+Yy X 4X
@ |1y+z Y+ =(x-y)(y-2)@z-%.  (b) Sx+4y  4x 2x
Q4 Using the properties of determinants, show that
43 3 6 9.9 12
(a) 35 21 4| =0. (b) 13 -4
17 9 2 19 12
Q.5 Using the properties of determinants, show that
a+x y z 0. ab? ac?
(@) X a+y z |=aa+xX+y+2). (b) a’b 0 bc?|.
X y a+z a’c cb® 0
y+z. z y
Q.6  Using the properties of determinants, provethat | ¢ #TX 1" X | =4xy7
y X X+y
X+a a-x a—-x
Q.7 Using the properties of determinants, solveforx (a—x a+x a-x| =0.
a-Xx a-x a+x
x+1 x+2 x+a
Q.8 Showthat [X+2 x+3 X+b|=0wherea,bandcareinA.P.
X+3 x+4 Xx+cC
Q.9 Using the properties of determinants, prove that
1 1
(a) a c
a® b® c°
X y z
2 2 2| _
(b) X yT 7 ==y (y-2)(z-%x) (x+y+2)

Yy+zZ Z+X X+Yy
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Xx+1 X+2 x+a
X+2 x+3 x+b
Xx+3 x+4 x+c

Q.10 Ifa, bandcareinA.P., show that =0

Q.11 Using the properties of determinants, prove that

3a -a+b -a+c

b+c c+a a+b aboc

() q+r r+p p+ql=2|p g r () [@-b 3b  Cc-bl-335+p+c)(ab+bc+ca)
Yy+Z Z+X X+Yy Xy z a-c b-c  3c

Q.12  Using the properties of determinants, prove that
2

1 bc be(b+c) yz

(a) 1 ca ca(c+a)| =0. (b) Y2 zx| = (K=y) (y—2) 2=X) (xy +yZ +2x)
1 ab ab(a+b) 7z 72 Xy

x x2 1+x°

Q13 Ifx,y, z are differentand |y y2 1+y3 =0, show that xyz.= —1.
z 22 1+2°

ab c
Q.14 If a, band c are all positive and distinct, show that A= |b" ¢ a| has ainegative value.
cahb
3x-8 3 3
Q15 Solveforx:| 3 3x-8 3 |=0.
3 3 3x -8
Q.16  Using the properties of determinants.
X x2 1+ax3
(@ |y v* 1+ay®| = (1 +axyz) (x-y) (y-2) (z-X)
z 722 1+az®
14a>-b>  2ab ~2b
(b) 2ab  1-@®+b? 2a = (1 +a2 + b?)?
2b —2a 1-a%-b?
1 x x2 1 a2+bc a®
©) x2 1 x|=(1-x% (d) |1 b®+ca b3| =_(a—b)(b—c)(c—a)(a+b?+c?).
x x2 1 1 c2+ab cB
Q.17  Using properties of determinants, prove the following :
1+a’ -b? 2ab -2b a’+1 ab ac
(a) 2ab  1-a+b? 2a =(1+a2+b?? (b) ba b?+1 bc |=1+a?+Db2+c?
2b —-2a 1-a® -b? ca cb  c?+1
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a b c
a-b b-c c-a
b+c c+a a+b

1 1+p 1+p+q
(c) 2 3+2p 1+3p+2q
3 6+3p 1+6p+3q

= 1 (d)

Q.18  Using properties of determinants, prove the following :

(b+c)> ab ca
(@) ab (a+c)®  bc |=2abc(a+b+c)
ac bc (a+b)2
a+b+2c a b
(b) c b+c+2a b =2(@a+b+c)
c a c+a+2b

Q.19  Using properties of determinants, solve the following for x :
x—-2 2x-3 3x-4
x—-4 2x-9 3x-16
x—-8 2x-27 3x-64

=0

b+c "a a
Q.20 Using properties of determinants, show that b c Z Z a E b

Q.21  Using properties of determinants prove the following :

=ad+b®+c®-3abc

X X+Yy X+2y

X + 2y X X+Yy = y2(x + Y)

X+Yy X+2y X
[ Answers

EXERCISE - 1 (UNSOLVED PROBLEMS)
2.0 3.0 4.0 5.0
to.x- A1 2
T

1
;=1 15. 35 sq. units, No

13.46 sq. unit 14, A = >

EXERCISE — 2 (BOARD PROBLEMS)

2 11
4.(b)576 5. (b) 2a°b°c° 7.00r 3a 15. 5 or o
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