PHYSICS FOR JEE MAIN & ADVANCED
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Introduction
A car rounds a curve. A satelite circles earth. Electrons revolve around the nucleus. Since they are not in straight
line, their velocites are changing either with direction or magnitude or with both i.e., they are accelerated. Newton's
law tell us that force acts on each. which is this force and how it does. So, will be discussed in this chapter.

Kinematics of Circular motion
Circular motion is that kind of motion in which a particle moves on the circumference of a circle. A particle moves on
the circumference of a circle. Direction of velocity of the particle is always along the tangent to the circle and hence
change continuously. But the speed (magnitude of the velocity) of the particle may or may not change during the
motion.
If speed of a particle describing a circle is a constant, then it is said to be in uniform circular motion (abbreviated as
UCM).
If speed of the particle change then it is said to be in non-uniform circular motion.
motion of a giant wheel. It takes few minutes to pick its maximum speed and retain that speed for few minutes and
then slow down to come to a halt in the last few minutes. the wheel is in UCM in middle few minutes during which
it retains the constant pace of rotation and in the rest of the time it is non-uniform circular motion.

Variables of motion

(a) Angular position :
To decide the angular position of a point in space we need to specify.
(i) Origin (ii) Reference line

The angle made by the position. Vector w.r.t. origin, with the reference line is called angular position.
Clearly angular position dependes on the choice of the origin as well as the reference line.

Circular motion is a two dimensional motion or motion in a plane. Suppose a particle P is moving in a circle of radius
r and curve O. The angular position of the particle P at a given instant may be described by the angle 0 is called the
angular position of the particle.

(b) Angular Displacement:
Angle through which the position vector of the moving particle
rotates in a given time interval is called it angular displacement. An-
gular displacement depends on origin, but it does not
depends on the reference line. As the particle moves on the above
circle its angualr position changes. Suppose the point rotates through
an angle AO in time At, then A0 is angular displacement.

Sign Convention:
Let us take anticlockwise direction positive and clockwise direction negative

Anticlockwise Clockwise direction
(Positive) (Negative)
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Axis of Circle:
A line passing through the centre of the circle and perpendicular to the plane of the circle is known as axis.

( ETOOS KEY POINTS ) N

r
(i) Angular displacement is a dimensionless quantity. Its SI unit is radian, some other unit are degree and revolution.
2nrad =360°=1rev

(ii) Infinitesimally small angular displacement is a vector quantity, but finite angular displacement is a scalar, because

while the displacement the addition of the infinitesimally.
Small angular displacements is commutaive, addition of finite angular displacement is not.
I I I I
do +d0,=d6,+do,
But 6, +0, #6, +6,

(iii) Direction of small angualr displacement is decided by right hand thumb rule. When the fingers are directed along

the motion of the point then thumb will represent the direction of angular displacement.

. J

(c) Angular Velocity (©)

@) Average Angular Velocity
_ Angular displacement o — 0,-6 _ AO
“ Total time taken = “oL,-t Mt

Where 0, and 0, are angular position of the particle at time t, and t,. Since angular displacement is a scalar, average
angular velocity is also a scalar.

(i) Instataneous Angular Velocity:
It is the limit of average velocity as At approaches zero i.e.,
I I

Since infinitesimally small angular displacement ;¢ is a vector quantity, instantaneous angualr velocity g isalso

a vector, whose direction is given by rigth hand thumb rule.

Right hand thumb rule :

() (b)
If you curl the & points in the @ points in the
fingers of your positive z-direction negative z-direction
right hand in the w,>0 w,<0
dlregtlon of , i 4
rotation

your right thumb o >
points in the - \; —
direction of @ Ta). / T
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- ( ETOOS KEY POINTS )

(i)  Angular velocity has dimension of [T~'] and ST unit rad/s.

(ii) For arigid body, as all points will rotate through same angle in same time, angular velocity is a characteristic of
the body as a whole, e.g. angular velocity of all points of earth about earth’s axis is (27/24) rad/hr.

(iii) If a body makes’n’ rotation in ‘t” second then average angular velocity in radian per second will be

2nw

a)av -
T
If T is the period and ‘f” the frequancy of uniform circular motion.

av

2z
=—=2n
E tf

Ex. If angular displacement of a particle is given by 6 = a —bt + ct?, then find its angular velocity.

do
o»=—=-b+2ct
Sol. ot

Ex. Is the angular velocity of rotation of hour hand of a watch greater or smaller than the angular velocity of Earth’s
rotation about its own axis ?

Sol. Hour hand completes one rotation in 12 hours while Earth completes one rotation in 24 hours. So, angular velocity
of hour hand is double the angular velocity of Earth. ((,) = 2T_TCJ .

(d) Angular Acceleration (o) :
@) Average Angular Acceleration:

Let w, and w, be the instantaneous angular speed at times t, and t, respectively, then average angular acceleration

o is defined as
ur um

r
r 0, -0, Ao
aav e
t,—t,  dt
(ii) Instantaneous Angular Acceleration:
It is the limit of average angular acceleration as At approaches zero i.e.,
r r
r. Ao do
olim —=—
At—0 dt dt
1 I I I
. r de r do d’e r  odo
Since ®=—, Lo =—0 =—— Also o=—
dt t dt? de

Note

* Both average and instantaneous angular acceleration are axial vector with dimension. [T?] and unit rad/s?.
* Ifa=0,circular motion is said to be uniform.

Motion with constant angular acceleration
Circular motion with constant angular acceleration is -
. . . . . fde,m or a
analogous to one dimensional translational motion with
constant acceleration. Hence even here equation of motion
have same form.
0=+ at

1 2
6=(00t+5 ot
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o’ =2 +200
o+ o
o-(252 ]

o
enm =0, + E (en — en-l)

o, = Initial angular velocity

® = Final angular velocity

o = Constant angular acceleration
0 = Angular displacement

Relation between Linear Velocity (v) and angular Velocity (®):

Sol.

For a particle undergoing circular motion

_ i As) i AD
VA ac) T Ao At = VT
Thus different points of second’s hand of a clock are rotating with same angular velocity but with different speed
and its tip has greatest speed.

For any curvilinear motion (like the motion of particle P as shown below)

ZvVCos

A%

~‘Vsin<|>
If the particle has only velocity component vcos ¢ (along 1 ) the observer O need not turn his head to always look
at the particle i.e., this component does not contribute in angular motion. Thus only the component vsin ¢ is
responsible for changing the angular displacement.

_vsing

r

velocity component perpendicular to the line joining the particle and the observer

In general, @ = - -
distance betwen the particle and observer

_ V.
o= —L
r

A fan is rotating with angular velocity 100 rev/sec. Then it is switched off. It takes 5 minutes to stop.
(a) Find the total number of revolution made before it stops. (Assume uniform angular retardation)
(b) Find the value of angular retardation

(c) Find the average angular velocity during this interval.

(@) 6’:[

0+ o,
2

]t - (10()2+Oj><5>< 60 =15000 revolution

(b) =0, +at = 0= 100—a(5><60):>a=% rev./sec?

(© _ Total Angle of Rotation _ 15000

= — 5() rev./sec.
g Total time taken 50x 60
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Ex.

Sol.

Ex.

Sol.

A particle is moving with constant speed in a circular path. Find the ratio of average velocity to its instantaneous

I
velocity when the particle describes an angle 6 = —

2

. . 6 OR 1R
Time taken to describe angle 6,t= — = — = —
® % 2v

Total displacement 2R 2\/5

Total time a TR/ 2v 4

Average velocity = v

Instantaneous velocity = v

, o L2
The ratio of average velocity to its instantaneous velocity = —— Amns.
T

A fan is rotating with angular velocity 100 rev/sec. Then it is switched off. It takes 5 minutes to stop.
(a) Find the total number of revolution made before it stops. (Assume uniform angular retardation)
(b) Find the value of angular retardation

(¢) Find the average angular velocity during this interval.

0+ 0 100+0 .
(a)0= 5 t= 5 x 5% 60 =15000 revolution.

1
(b) ®=w,+at = 0=100-a(5%x60) =>a= grev./sec2

Total Angle of Rotation 15000
(c) Qay = = 50x60 =50rev./sec.

Total time taken

Relative Angular Velocity:

Just as velocities are always relative, similarly angular velocity is alsi always relative, there is no such thing as
absolute angular velocity.Angular velocity is defined with respect to origin, the point from which the position.
Vector of the moving particle is drawn.

Consider a particle P moving along a circular path shown in the figure given below . Here angular velocity of the
particle Pw.r.t. ‘O’ and ‘A’ will be different.

Angular velocity of a particle P w.r.t. O.

o, =3¢
O dt
Angular velocity of a particle P w.r.t. A, -
me
dp
Wpy = I

Definition:

Angular velocity of a particle ‘A’ with respect to the other moving particle ‘B’ is the rate at which position vector of
‘A’ with respect to ‘B’ rotates at that instant (or it is simply, angular velocity of A with origin fixed at B) Angular
velocity of Aw.r.t. B, W is mathematically defined as.

_ Component of relative velocity of A w.r.t.B,perpendicualr to line (Vas),
AB =

separation between A and B Ts
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- (ETOOS KEY POINTS )

(i) Iftwo particles are moving on two different concentric circles with different velocites. Then angular velocity of B

N\

as observed by A will depend on thier position and velocities. Consider the case when A and B are closest to each

other moving in same direction as shown in figure. In this situation Y B

(VAB)l =Vz-V,

Separation between A andB is 1, =T,

B L

A

(VAB )J_ _ VB _VA

rAB rAB

SO O, =

(ii) Iftwo particle are moving on the same circle or different coplanar
concentric circles in same direction with different

uniform angular speed W, and W, respectively, the rate of change

UL ww . dO
of angle between A and QB is T Wp — W,

So the time taken by one to complete one revolution around

point O w.r.t. the other.

_2n 2n TT,

T

Oy ®, — 0, Tl - Tz

(iii) o, — , is rate of change of angle between (LSUX and 8?13 this is not angular velocity of B w.r.t. A (which is rate at

which line AB rotates)
. J

Ex. Find the angular velocity of A with respect to B in the figure given below :

Sol.  Angular velocity of A with respect to B ;

O,5= (VAB )J_

rAB
=3 (Vig), =V,sinb, +V,sind,
= I =T

_V,sinb, +V,;sinb,
AB_%
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Ex.

Sol.

Sol.

Ex.

Sol.

Find the time period of meeting of minute hand and second hand of a clock.

Ref. line . 271' d/ . 27[ d/ .
A = . o =—
min "¢ ) raa/min. ; sec 1 rad/min.

0, -9, = 2r (for second and minute hand to meet again)

sec

(O“)sec _wmin)t = 27[
60 .
2n (1 -1/60)t=2n = f=§mln

Two particle Aand B move on a circle. Initially Particle A and B are diagonally opposite to each other. Particle Amove
with angular velocity 7 rad/sec. , angular acceleration 7/2 rad/sec’ and particle B moves with constant angular
velocity 27 rad/sec. Find the time after which both the particle A and B will collide.

Suppose angle between OA and OB = 6
then, rate of change of 6,

& @, —®, =27 -7 = rrad/sec w, = trad/s
. (@) o, = nrad/s’
T B ;
6&: ag—a, = 75 rad/sec? l\\g//A Ref. line

If angular displacement is AO,

g = 2nrad/s
AQ:&S‘-;—%@"; o, = mrad/s’
for A and B to colide angular displacement AO =t
(-7,
= 7z:7rt+5 > t =  £-4t+4=0 = t=2 sec.
A particle is moving with constant speed in a circle as shown, find the angular
velocity of the particle A with respect to fixedn point B and C if angular velocity
with respect to O is . +—
° A
. J . Vio )J_ v C B
Angular velocity of A with respect to O is; @Pao = . = - =w
AO
_(VAB)L_V_CO _(VAC)J__V_CO
L= == and LW ===
I 2r W) Ty 3r 3
Particles A and B move with constant and equal speeds in a v
circle as shown, find the angular velocity of the particle A with re-
spect to B, if angular velocity of particle Aw.r.t. O is . B A
: . . (Vio), _ v
Angular velocity of A with respect to O is ; @40 = = B =w v
AO
(VAB )J_
Now, Dy = = V,..=2V

AB

Since 'V, is perpendicular tor,

S (V) =Ve=2vir,, =2r = W, =
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Ex. Find angular velocity of A with respect to O at the instant shown 1n the figure.
..................... o SO
: A
d|:
+ O (fixed)
Sol.  Angular velocity of A with respect to O is ;
) _ (VAO)L M VAO_V
o =" e sl (O =
" ' t@/,s”A 45
v 2 2
Vo =V-Vio). =75 d|i & (Vo) VA2

_(VAO)L_V/\/Z v

T a2 24

T40

¥O (fixed)

Unit Vectors along Radical direction (;) and tangential direction ():

Suppose a particle moving in a circular path of radius r in Xy plane with origin as centre and makes angle 0 with x-axis
as shown, at any instant its position vector at this instant can be given by:

T o o
r =rcos0i+rsinbj
.
A~ T 2 o
= r=—=cos0i+sinbj
r

T . a ~
Also v =—vsin i+ vcos0j

N

NY
2

0i

Y

vV =—=—sin0i+cosj

< | <=

Uniform Circular motion:

When a particle is moving with constant speed in circular path, its motion is called uniform circular motion.
Although magnitude of velocity is constant but its direction, changes continuously. It means it is
continuously having some acceleration. This acceleration is always directing towards the centre. This is called

acceleration (a ) or centripetal acceleration (a ).
As we have discussed in previous topic

I= r(cos 01 +sin 93)

and V = —vsin6i + vcos 93 = V(—sin 0i +cos€)})

I
r _dv v(~cos6i—sin gj)(@jjuv(sineﬁcos Gj)(ﬂ)
dt d !

r
i d|v . dv
i L 1-0 je, —=
‘V‘ s constant = Jit‘ 0 ie @ 0
Also @203
dt

T 2 .
a= —V(D(COS 01+ sin 9_]) = 4= voi

Z
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Non-uniform Circular motion:

Here a=—(cos0i+sin0j)=f
Thus direction of this acceleration is opposite to ¢ i.e., radially inwards.

r v2 ya
Also |a| =V = a =V or — or @’y [ v=or] a,
r

magnitude of this acceleration is constant but direction changes a
continuously, always being normal to velocity as shown in the figure.

For a particle moving in non-uniform circular motion both direction as well as magnitude of velocity change.

Now, v = V(—sin 01 + cos 93)
T
a= dv = —V(sin 01+ cos@j)@+(—sin 0i + cos Gj)d—v
dt dt dt

. 1 1 1
we can write a =a, +a,

where ér =vVO (—f) i.e., radial acceleration and gt = [%)‘A’
having unit vector equal to ¢ it is also in tangential direction and is
called tangential acceleration.

Thus in this case acceleration has two components one along veloc-
ity i.e., tangential acceleration and another normal to
velocity i.e., radial acceleration as shown.

. r . . : 5 .
If net acceleration (a) makes angle ¢ with tangential direction, we may write

a

tan ¢ —

at

r
also |a|:dalr2 +a’
Some point to remember:

dv rdo r 2 2
a =—=——=T1T0 — 2 o
CTa T = Eses) ()
I T I
. dv d|V r . . . . dv 1
Student need not to confused with m and o Y contains both magnitude and direction. Thus §¢ means a,,
I
. dv T
e, 3= a
Le., dt net
r ) . . . .
Also |V| means magnitude of velocity only which change because of tangential acceleration.
T
dv
o

Radial and tangential acceleration

@

There are two types of acceleration in circular motion ; Tangential acceleration and centripetal acceleration.
Tangential acceleration :-

Component of acceleration directed along tangent of circle is called tangential acceleration. It is responsible for
changing the speed of the particle. It is defined as,

Y
oy Al e ofsoeed
L T ate of change of speed.

at:ocr

+91-9350679141
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(b) Centripetal acceleration :-
It is responsible for change in direction of velocity. In circular motion, there is always a centripetal acceleration.
Centripetal acceleration is always variable because it changes in direction.
Centripetal acceleration is also called radial acceleration or normal acceleration.
(©) Total acceleration :-
Total acceleration is vector sum of centripetal acceleration and tangential acceleration.
Y
ap = d_V = 5r + 5t —
dt
0 ay
a= wlatz + ar2 =
ar
ar
tan 6 = a,
- (ETOOS KEY POINTS ) N
(i) In vector form 51 =axr
(ii)  Iftangential acceleration is directed in direction of velocity then the speed of the particle increases.
(iii)  If tangential acceleration is directed opposite to velocity then the speed of the particle decreases
(iv)  Differentiation of speed gives tangential acceleration.
) Diffrentiation of velocity (v ) gives total acceleration.
r
v dy . v | - |
(vi) "t and a are not same physical quantity PRt the magnitude of rate of change of velocity i.e., magnitude
r
. dlv| . . .
of total acceleration and T is a rate of change of speed i.e., tangential acceleration.
. J
Ex. A particle is revoluting a circular of radius 0.2 m with angular velocity ® =20 t° rad/s, where t is in seconds. Find its
acceleration at t = 0.5 sec.
Sol.  a =wr=(20t%)*(0.2) =80 t* m/s’
wat  t=0.5sec; a,=80(0.5)*'=5m/s’
d
Also a@=22=40 1 rad/s’
dt
= a =ro,= 8t m/s’
at t =0.5 sec; a,=8(0.5)=4m/s’
& |=rJa’ +a = (4 +(5)° =41 m/s®
a=6.4m/s’
Ex. A particle is moving in circular path clockwise as shown with decreating speed.

When it is at point A, the direction its acceleration may be given as A -

o JMEEEN (B) ©) / ) \
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Sol. Since its speed is decreasing so its tangental acceleration is opposite to v. When it is at A

so (D) is correct a

Ex. A particle is moving in a circular path of radius R with speed u, when it begins to speed up at a constant rate. After
that when it completes and fourth revolution, change in its velocity vector has magnitude 2u. At that moment, find
(i) its radial acceleration
(ii) angle it makes with its velocity vector.

Sol. (i) Suppose initially it was at point A with speed u and now it is at point B as shown with speed v.

Now A\I/ = \I/ ;- ‘I’m
A‘ N A:?ﬂl J
= ()~ (u) < -

P e i
= NV +u? =2u v

2 2
v =3u

U

(ii) Also @’ =@ +2a(A0)

= (5 (5)

= > zR* 7R’ 3
2u®
a =Ra =
= ! 7R
(37
Now tan g = 98 = ¢ = tan ! (7}
a

t

Calculation of Centripetal acceleration:
Consider a particle which moves in a circle with constant speed V as shown in figure.

B

(¢}

‘. change in velocity between the point A and B is ;
AV=v, -V,

magnitude of change in velocity:

|A‘r’| i |‘r’B _{]A| = \/VZB +Vi +2v, vy cos(n—e)

(V, =V, =V ,since speed is same)

‘A\rf‘ E 2vsin9
2

Distance travelled by particle between A and B =16
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Note

Sol :

Sol. :

Sol. :

Hence time taken, At = ﬁ
v

. 0 . 0
r b
. r AV 2vsin— V2 2sin 5
Net acceleration, |anet =—]= = —
dt 9 r 0
v

if At > 0,then 0 is small, sin(6/2) =0/2

. . .V . . .
i.e., net acceleration is — but speed is constant so that tangential acceleration,
r

dv V2
a, =—= 0 . a =q =—
t dt .. net r r
Through we have derived the formula of centripetal acceleration under condition of constant speed, the same

formula is applicable ever when speed is variable.

1 1 1
: Invector form a, = wxv

The speed of a particle traveling in a circle of radius 20 cm increases uniformly from 6.0 m/s to 8.0 m/s in 4.0 s, find
theangular acceleration.
Since speed increases uniformly, average tangential acceleration is equal to instantaneous tangential acceleration
.. The instantaneous tangential acceleration is given by

dv Vo —Vqy 8.0-6.0

= — = = ) - 2
a at t,—t, 40 m/s? =0.5 m/s?.

0.5m/s*

- 2
20em 2.5 rad/s?.

The angular accelerationis a =a,

A particle is moving in a circle of radius 10 cm with uniform speed completing the circle in 4s, find the magnitude of
its acceleration.

The distance covered in completing the circle is2 tr=2m X 10 cm. The linear speed is

2nx10cm
v=2nr/t =——F—— =57 cm/s.
4s
v2  (5ncm/s)? )
The accelerationis a= — = — 4~ =2.51° cm/s%.
r 10cm

A particle moves in a circle of radius 2.0 cm at a speed given by v = 4t, where v is in cm/s and t is in seconds.
(a) Find the tangential acceleration att = 1s.

(b) Find total acceleration at t = 1s.

(a) Tangential acceleration

_d_v - _i 4 _4 m/2
4= g or a= dt(t)f cm/s
2 (4)2

aC:%: 5 =8cm/s? = a= af+aé:\/(4)2+(8)2 =45 cns?
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Ex. A particle begins to move with a tangential acceleration of constant magnitude 0.6 m/s* in a circular path. If it slips
when its total acceleration becomes 1 m/s?, Find the angle through which it would have turned before it starts to slip.

. — 2 2 2 _ N2
Sol. : a = ar +a; = o’ =+ 200

7 ®,=0 SO =200
o’R=2 (aR6)
aC:(ozR:Zaﬁ
1=,/0.36+(1.2x0)’ = 1-0.36=(1.20)
0.8 2 .
—=40 0 = — radian
= 12 = 3 Ans.

Radius of Curvature:
If a body is moving in any curvilinear path, then at different locations, the curvature would be different, thus the
radius would be different.
For general curvilinear motion, when the particle crosses a point A, it is satisfying condition of moving on an
imaginary circle, At this instant if

2
v
a, = R (where R is radius of curvature at this instant)
v (speed)2
Rc = = Rc = o 3 1
a comp. of acceleration perpendicular to velocity

Ex. An object is projected with speed 50 m/s at an angle 53° with the horizontal from ground. Find radius of its trajectory
(i) at the instant it is at heighest point (ii) at t = 1 sec. after projection.

Sol. (i) At any instant acceleration of the projectile is ‘g’ downward. At the highest point velocity has
magnitude =50 cos 53° =30 m/s and is in horizontal direction. Thus acceleration perpendicular to velocity is ‘g’ itself.

= a,:ﬁ:g u=50 s v =50 cos 53°
. /nyﬂ\
\53"
2 2
3042
(i) att=1sec V _=50c0s53°=30m/s =
\ 9

and Vy: 50sin53°—g(1)=30m/s
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V=Vi+V:=30\2m/s

i.e. y isatangle45° with the horizontal

a, =componant of g perpendicular to velocity = NG

(30\/5)2 10
Tzﬁ

= R =180\2m

Note: Ifaparticle moves in a trajectory given by y = f(x) then radius of curvature at any point(x, y) of the trajectory is given by

Ex. A particle of mass m is projected with speed u at an angle 6 with the horizontal. Find the radius of curvature of the
path traced out by the particle at the point of projection and also at the highest point of trajectory.

Sol.  at point of projection

u
mv? mu’
R="F =
| mg cosf 1
'o
1
2 i J F =mgcosH
- =m
R gcoso Ans. g
at highest point
vZ  u®cos?6
a =g, v=ucosO : R=—= Ans
aJ_ g

Ex. A particle moves along the plane trajectory y(x) with constant speed v. Find the radius of curvature of the trajectory
at the point x = 0 if the trajectory has the form of a parabola y = ax? where ‘a’ is a positive constant.

Sol. If the equation of the trajectory of a particle is given we can find the radius of trajectory of the instantaneous circle
by using the formula

R=
d2y
dx?
As;y=ax? d—y*2 =0 =0) and ﬂ*2
S;y=ax = ax 2= (atx=0) an ax? a

Now radius of trajectory is given by

[1+0°°2 1
R: - —
2a 2a
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Aliter :

2

v
This problem can also be solved by using the formula : R = a y=ax?,
L
, - . y dx
differentiate with respect to time o 2ax Gt (1)

dy
atx:O,vy:—:Ohence V.=V

dt

since v_is constant, a =0

2
N . Codfy o dx o (dx

Now, differentiate (1) with respect to time —— =2ax—— + 28| —~

dt dt dt
atx=0, v =v
.. net acceleration, a = a = 2av* (since a_=0)
this acceleration is perpendicular to velocity (v )
Hence it is equal to centripetal acceleration

v \ 1
R=— =—— Ans.

Dynamics of Circular Motion:

Note :

If there is no force acting on a body it will move in a straight line (with constant speed). Hence if an object moving
in a circular path or any curved path, there must be some force acting on the body.
If speed of body is constant, the net force acting on the body is along the inside normal to the path of the body and
it is called centripetal force.

2

Centripetal Force =ma_= =mo’r
r
However if speed of the body varies then, in addition to above centripetal force which acts along inside normal,

there is also a force acting along the tangent of the path of the body which is called tangential force.

] Mdv
Tangential Force (F)=Ma,_ = L O Mar ;
(where o is the angular acceleration)

Remember is not a force itself. It is just the value of the net force acting along the inside normal which is

r
responsible for circular motion. This force may be friction, normal, tension, spring force, gravitation force or a
combination of them.

So to solve any problems in uniform circular motion we identify all the forces acting along the normal (towards
2

center), calculate their resultant and equate it to
If circular motion is non-uniform then in addition to above step we also identify all the circular path, caculate their
r
mdv md |V|

a ' dt

resultant and equate it to

Example of Centripetal Force:

@
(b)

©
@

Combination of forces which provide centrepetal acceleration necessary for the revolution of a particle is called
centripetal force or radial force for example

For object tied to a string and is revolving on a smooth horizontal surface, tension is centripetal force.

To revolve satelite around the earth, gravitational force provides centripetal. So gravitational force is centripetal
force on it.

For motion of electron around nucleus, the electrostatic force on electron is centripetal force on it.

For an object placed on a rough rotating table, friction on the object due to table is centripetal force.
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Problem Solving strategy:

(@
(i)
(iii)

(iv)

Identify the plane of circular motion
locate the centre of rotation and calculate the radius.
Make F.B.D.

2
The net force along radial direction is mass times the raidal acceleration i.e., m(Ej orm (&’R)

2
mv
Centripetal force ( R j is no seperate force like tension, weight, spring force, normal reaction, friction etc. In fact

anyone of these centripetal force.

CIRCULAR MOTION IN HORIZONTAL PLANE:

Ex.

Sol.

Ex.

Sol.

A block of mass 2kg is tied to a string of length 2m, the other end of which is fixed. The block is moved on a smooth
horizontal table with constant speed 5 m/s. Find the tension in the string.

v=5m/s

—(L$m:2kg

/=2m

here centripetal force is provided by tension.

T=——=——=25N
r 2

Two different masses are connected to two light and inextensible R, T, M,
strings as shown in the figure. Both masses revolve about a central ‘—O—O

; ; S T, M M.=0.25 kg
fixed point with constant angular speed of 10 rad s' on a smooth 1 M, = 1.0 kg

,=1.
T, R, =5cm
horizontal plane. Find the ratio of tensions T in the strings. R R, =10cm
2 2 .

Both the masses are moving in horizontal plane with same angular speed 10 rad/s. Here forces radial direction can
be tension only.

For M2
F . =T,=Mja, F.B.D.of M,
a,= R
i <
€)) T,=M,&*R, .. 1) T<_. M,
2
For M1
T,-T,=ma, F.B.D.of M,
a = ‘R,
<,__
Tl n Mlal - Tz 4——H
T, M, T,
T,=M o’'R +M, &R, ... (i)
Dividing equation (ii) from (i), we get
TR B M R
]-‘2 MZRZ M2 RZ
025 5 9

= —x—+1 — ==

1 10 T T, 8

Here centripetal force on M, is “T,” and on M, is “T - T,”.
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Ex. A rough horizontal table can rotate about its axes as shown. A Qm

small block is placed at r =20 cm from its axis. The coefficient of :
friction between them is 0.5. Find the maximum angular speed that by P
can be given to the block table system so that the block does not slip

on the table.

Sol.  The force acting on the block are as shown below. N and )
mg are in vertical direction, so the only force that can 40_”_
provide necessary centrepetal acceleration in horizontal plane is fric-
tion. It makes the block to revolve with the table without slipping.

—>Z

A

(Fnel)y =0=>N=mg ¢
_ mg
& (le)x =ma
= f=maw’r
but f<uN
= me’r <pmg = w< [HE
-
0. = ug _ 0.5x10
r 0.2

= o, =5 rad/s’

Ex. In a rotor, a hollow vertical cylindrical structure rotates about its

axis and a person rests against the inner wall. A particular speed of the rotor,
the floor below the person is removed and the person hangs resting against
the wall without any floor. If the radius of the rotor is 2m and the coefficient of
static friction between the wall and the person is 0.2 , find the minimum speed

at which the floor may be removed. Take g= 10 m/s%. ~—

Sol. Here friction (f) is upward and opposes tendency to move down. Also normal force is radically towards the centre
to provide centripetal acceleration.

2
(), ="
. R
2
N N:mV
R
Also as man doesnot fall down,
f=mg<uN
~ e mVy?
=T
gR
= =<V
u
R 10x2
N Vo= & X =10m/s
U 0
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Ex.

Sol.

Ex.

Sol.

Consider a conical pendulum having bob of mass m is suspended from a ceiling through a string oflength L. The
bob moves in a horizontal circle of radius r. Find

(a) the angular speed of the bob and
(b) the tension in the string.
The situation is shown in figure. The angle 6 made by

the string with the vertical is given by

12 _f2
sin@ =r/L,cos®=h/L= —Y (1)

The forces on the particle are

)] the tension T along the string and

) the weight mg vertically downward.

The particle is moving in a circle with a constant speed v. Thus, the radial acceleration towards the centre has
magnitude v? / . Resolving the forces along the radial direction and applying Newton’s second law,

Tsin® =m(v?/r) ..(11)

As there is no acceleration in vertical direction, we have from Newton’s law,
Tcos® =mg ...(1i1)

Dividing (i1) by (iii),

tanQ = E or, v = ,/rgtan0

v /M_P_/L_
= Ty r  \Yh VLcoso

mg mgL
And from (iii), T = = 1 Ans.
cos0 -

Ans.

A block of mass m is tied to a spring of spring constant k, natural length | , and the other
end of spring is fixed at O. If the block moves in a circular path on a smooth horizontal (’)5
O g\t g

surface with constant angular velocity @, find tension in the spring.
Assume extension in the spring is x

Here centripetal force is provided by spring force.

Centripetal force, kx = mw?*(®+x)

Mo
= X 51
k- mo?
therefore,
j kmo?)
Tension=kx = — 5 Ans.
kK-mo
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Ex. A boy whirls a stone in a horizontal circle of radius 2 m and at height 4.9 m above level ground. The string breaks,
and the stone files off horizontally and strikes the ground at a point which is 10 m away from the point on the ground
directly below the point where the string had broken. What is the magnitude of the centripetal acceleration of the
stone while in circular motion? (g =9.8 m/s?)

2h  [2x49 1s
Sol.: t= 9 ]f 98

10

V=TT 10 m/s S

h=49m \\

v 2 \\

a=—=50 m/52 TTTTTTTT7777777
R 10 m

Ex. A block of mass 25 kg rests on a horizontal floor (u = 0.2). It is attached by a Sm long horizontal rope to a peg fixed
on floor. The block is pushed along the ground with an initial velocity of 10 m/s so that it moves in a circle around
the peg. Find
(@) Tangential acceleration of the block.

b) Speed of the block at time t. .
(©) Time when tension in rope becomes zero.
Sol. The block is pushed on a horizontal stationary rough surface, the friction here is kinetic and is always opposite to

velocity i.e. it is tangential force and is in horizontal plane.

FB.D. of M,
Also normal force is in vertical direction to balance mg (Top view) v
i.e. N=mg=250N T

= f=puN=50N P

(@ f=m a T‘ ]

ro S l

a,==—=——=-2m/s

- w25 f

(Here —ve sign is taken to indicate that it is always opposite to velocity)

“’:%:_2 b f[)dV:—Z.(l).dt

(b)

= V-10=-2t
= V=10-2t

(c) Tension T = mV§
R
T=0whenV=0
ie. 10-2t=0
= t=3 sec.
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Ex.

Sol.

Sol.

Find tension in OA before and just after AB is cut. The mass of the particle is m.

Before AB is cut, the particle is in static equilibriumi.e. a=0 9
. g

Resolving in vertical and horizontal direction, ‘
T,, =cos0=mg l

mg
T =
= o cosO

After AB is cut, the particles moves in a circular path around O,
with radius equal to the length of the string OA.

Now the acceleration cannot be directly taken zero, rather we have to
consider acceleration in radial and tangential direction.

Resolving the force in radial and tangential direction
T-mgcosO=ma_
VZ
but just after the string AB is cut, speed of the particle is zero = a, = N =0

T-mgcos0=0
= T =mgcos 0 Uiy
A hallow hemispherical bowl having radius of inner smooth
surface R = 80 cm is rotated with angular velocity o= 5 rad/s. A small object is 0
placed at rest w.r.t. the bowl of position as shown. Find angle 6.

While the bowl is rotating, the plane of circular path of the particle is horizontal

and its radius is r as shown.
N cos 6 =mg

mg
cosd

Also  NsinO=ma’r

= N =

circular
path of
the object

= ( me Jsin6’=mw2(Rsin6’)
cos@

- 8 2 .
cosd i R
0
g 10 o A
cosf=—F—=——— <«
¥ @’R (5(0.8)
= R sin¢
= cosﬂzl mg r sino
2
= 6=060°
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Motion in a vertical circle :

Let us consider the motion of a point mass tied to a string of
length ® and whirled in a vertical circle. If at any time the
body is at angular position 0, as shown in the figure, the
forces acting on it are tension T in the string along the
radius towards the center and the weight of the body mg
acting vertically down wards.

Applying Newton’s law along radial direction

2
T-mgcosO=m.a = mv_
mv?
or T:T+mgc059 ..... (1)

The point mass will complete the circle only and only iftension is never zero (except momentarily, if at all) if tension
becomes zero at any point, string will go slack and subsequently, the only force acting on the body is gravity. Hence
its subsequent motion will be similar to that of a projectile.

From equation ...(1), it is evident that tension decreases with increase in 6 because cos 0 is a decreasing function
and v decreases with height. Hence tension is minimum at the top most point. i.e. T =T

T>0atall points. = T . >0.

topmost”

However if tension is momentarily zero at highest point the body v,
op

would still be able to complete the circle.

Hence condition for completing the circle (or looping the loop) is

> >
T . 20or Tmp >0. T, mg
2
MV
Tmp +tmg= T ..... ?2)

Equation...(2) could also be obtained by putting 6 = &t in equation ..(1).
For looping the loop, T g

2
thOp

= T >mg = VmpZ Jar o 3)

Condition for looping the loop is v, > JOA.

If speed at the lowest point is u, then from conservation of mechanical energy between lowest point and top most
point.

it 2
5= mvVi,, +mg.2®

using equation ..(3) for V,, WE get u2 NETepo

i.e., for looping the loop, velocity at lowest point must be > ,/5gA .

If velocity at lowest point is just enough for looping the loop, value of various quantities. (True for a point mass
attached to a string or a mass moving on a smooth vertical circular track.)
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PE.=0 P.E.=mg(
v =y5g¢ By energy conservation, v = ,/3g¢
T_mg :mTVZ T:mVZ//,"

could also be obtained by

could also be obtained by putting 6 =90° in equation ..(1)

e} putting 6=0 in equation ..(1)
T, a¢ ) T=6m T=3mg
= |= Lo
Ref.line ' o ogd a. = 3g
--------- AERREER . & Ref.line =9
t- 2 saesssssseleseeisccslsssscas;:
A 3.=59 . a,. = gV10
Fig. (1)
c P.E.=2mg/¢ P.E.=mg/
v by energy conservation by energy conservation
a.Y, v=/gl Vv =4/3 g/
cl|¢ =0 ( T=3mg
0] - a,=3g
aC g a=g
Ref I|ne ag = O = anet g ane\ = 10 g
Fig. (3)
P.E.=mg/(1—cos 0)
by energy conservation
vV =,/ 9((3 +2cos0)
T = 3mg (1+cosb)
a,=9(3+2 cos0)
a,=gsinod
Refline
A B,.D C | P(generalpoint)
1 Velocity JV5aA | 4/3gA @ \/97\(3 +2c0s0)
2 Tension 6mg | 3mg 0 3mg(1+cos6)
3 Potential Energy 0 mgA | 2mgi | mgA(1-cosB)
4 Radial acceleration 5g 39 g 9g(3+2cos0)
5 | Tangential acceleration | 0 g 0 gsin®
Note :- From above table we cansee, Ty i om— Ttop =Tc—T, =6 mg, this difference in tension remain same even if V >

J5gAr

Ex. Find minimum speed at A so that the ball can reach at point B as shown
in figure. Also discuss the motion of particle when T =0,
v = 0 simultaneously at 6 = 90°.

Sol. From energy conservation

2 mva +0=0+ mge® (for minimum speed vy =0)

Vimin — V29}” :

at the positionB,v=0and T=0  (putting vy =0o0r 0=90°,in equation .....(1)
ball will return back, motion is oscillatory
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Condition for Oscillation or Leaving the Circle :

In case of non uniform circular motion in a vertical plane if velocity of body at

lowest point is lesser than ,/5gA , the particle will not complete the circle in

vertical plane. In this case, the motion of the point mass which depend on
‘whether tension becomes zero before speed becomes zero or vice versa.

Case I (Speed becomes zero before tension)

In this case the ball never rises above the level of the center O i.e. the body is \\\

confined to move within C and B, (| 0 | < 90° ) for this the speed at A, T P:}

. N %\O/w
v < ,/2g) (as proved in above example) Sty AT T20
. . . . . A
In this case tension cannot be zero, since a component of gravity acts radially For O(sc)illation
outwards. 0<v < J2gr
0<6<90°

Hence the string will not go slack, and the ball will reverse back as soon as its
speed becomes zero.

Its motion will be oscillatory motion.

CaselIl (Tension becomes zero before speed)

In this case the ball rises above the level of center O i.e. it goes beyond point B (6 > 90°) for this v > @ (as
proved in above example) e T=0

- P()v 0
In this case a component of gravity will always act towards center, ! /Q N
1
. . . . O |
hence centripetal acceleration or speed will remain nonzero. Hence | / .J o
tension becomes zero first. N o
As soon as, Tension becomes zero at any point, string will go slack (B)

H 4 For Leaving the circular path
and . sub sequeptly, the only fqrce gctmg on the body is Ao o coveres Info
gravity. Hence its subsequent motion will be similar to that of a projectile motion.
projectile. In this case motion is a combination of circular and projec- 29y < vi <459/
tile motion. 90° <6< 180°

Condition for looping the loop in some other cases

B)
Case 1 : A mass moving on a smooth vertical circular track. Mass moving along a smooth vertical circular loop.
condition for just looping the loop, normal at highest point = 0

By calculation similar to article (motion in vertical circle)
Minimum horizontal velocity at lowest point = /597

Case 2 : Aparticle attached to a light rod rotated in vertical circle.

Condition for just looping the loop, velocity v = 0 at highest point (even if tension is zero, rod won’t slack, and a
compressive force can appear in the rod).

By energy conservation,

velocity at lowest point = ,/4g\

Vin = +/49A (for completing the circle)
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Case 3 : A bead attached to a ring and rotated.

Condition for just looping the loop, velocity v = 0 at highest point (even if normal is zero, the bead will not lose
contact with the track, normal can act radially outward).

By energy conservation,

velocity at lowest point = ,/4g\
Viin = V49A  (for completing the circle)

Case 4 : A block rotated between smooth surfaces of a pipe.

Condition for just looping the loop, velocity v = 0 at highest point (even if normal is zero, the bead will not lose
contact with the track, normal can act radially outward).

By energy conservation,

velocity at lowest point = ,/4g\ ’

Vimin = \49A  (for completing the circle)

Ex. If a particle of mass M is tied to a light inextensible string fixed at point P

and particle is projected at A with velocity V,=,/4gL as shown. Find : Vi

(1) velocity at points B and C
(i1) tension in the string at B and C

Assume particle is projected in the vertical plane.

Sol.: VvV, =,2gL (from energy conservation)
V.= 46gL

2
Mvg

T,+Mg= 3

T, =Mg

B

_Mve
T.—Mg= L

T, =7Mg (where M = Mass of the particle)

Ex. Two point mass m are connected the light rod of length ® and it is free to rotate in vertical plane as

shown. Calculate the minimum horizontal velocity is given to mass so that it completes the
circular motion in vertical lane.

Sol. Here tension in the rod at the top most point of circle can be zero or negative for completing the

loop. So velocity at the top most point is zero.
From energy conservation
2 48gh

1
Emvz—k%m% =mg(2®)+mg(4@)+0 = v=4"%F  Ans.
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Ex.

Sol. :

Sol.

Ex.
Sol.

Sol.

You may have seen in a circus a motorcyclist driving in vertical loops inside a ‘death well’ (a hollow spherical
chamber with holes, so that the cyclist does not drop down when he is at the uppermost point, with no support from
below. What is the minimum speed required at the uppermost position to perform a vertical loop if the radius of the
chamber is 25 m?

When the motorcyclist is at the highest point of the death-well, the normal reaction R on the motorcyclist by the
ceiling of the chamber acts downwards. His weight mg also act downwards.

2
F  =ma = R+mg:T

net

Here v is the speed of the motorcyclist and m is the mass of the motorcyclist (including the mass of the motor cycle).
Because of the balancing of the forces, the motorcyclist does not fall down.
The minimum speed required to perform a vertical loop is given by equation (1) when R = 0.
2
MV min 2

: orv’ =gr or Vo= @ = ./9.8x25 ms'=15.65ms".

So, the minimum speed, at the top, required to perform a vertical loop is 15.65 ms™.

mg=

Prove that a motor car moving over a convex bridge is lighter than the same car resting on the same bridge.
R

The motion of the motor car over a convex bridge AB is the motion along the
segment of a circle AB (Figure) ;

The centripetal force is provided by the difference of weight mg of the car and A / mo ! B
the normal reaction R of the bridge. - —
1 . 1 1 - 1
mv? ik - 3=
mg—R:T or R:mg—T

Clearly R <mg, i.e., the weight of the moving car is less
than the weight of the stationary car.

Prove that a motor car moving over a concave bridge is heavier than the same car resting on the same bridge.

The motion of the motor car over a concave bridge AB is the motion along the

segment of a circle AB (Figure) ; AI | 5 | |B
The centripetal force is provided by the difference of normal reaction R of I I’ I I I’ I
the bridge and weight mg of the car. S e r
2 2
mv mv
R-mg=——— or R=mg+ ——
r r

Clearly R > mg, i.e., the weight of the moving car is greater than the weight of the stationary car.

A car is moving with uniform speed over a circular bridge of radius R which subtends an angle. of 90° at its centre.
Find the minimum possible speed so that the car can cross the bridge without losing the contact any where.

Let the car losses the contact at angle 0 with the vertical

mv?
mgcosf —N = ——
R
2
m
N=mgcos6 — — ... 1
g R (D

for losing the contact N =0,

= v=,/Rgcos6 from (1)

for minimum speed, cos should be minimum so that 6 should be maximum.
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m;

[ Rg ]1/2 .
= T = ns.
me \/E

So that if car cannot lose the contact at initial or final point, car cannot be lose the contact anywhere.

1
0 =45°= cos45°= E

Ex. Consider a simple pendulum having a bob of mass m suspended by string of length L fixed at its upper end. The bob
is oscillating in a vertical circle. It is found that the speed of the bob is v when the string makes an angle o with the
vertical. Find (i) tension in the string and (ii) magnitude of net force on the bob at the instant.

Sol. (@) The forces acting on the bob are :
(@ the tension T
(V)] the weight mg
As the bob moves in a circle of radius L with centre at O. A centripetal

2
force of magnitude is required towards O. This force will be provided by ‘e
mg sin o v 4 cos o
the resultant of T and mg cos a. Thus, mg
2 2
mv v
or Tfmgcosoc:T T—m[gcoso“ffj

2 2 4
.. ’ . v , . v
(") anet: atz +ar2 = \/(g81na)2 +(7j = | Enet | :manet =m g2 Sll’lz a+? Ans.

CIRCULAR TURNING ON ROADS:

When vehicles go through turnings, they travel along a nearly circular arc. There must be some force which will
produce the required centripetal acceleration. If the vehicles travel in a horizontal circular path, this resultant force
is also horizontal. The necessary centripetal force is being provided to the vehicles by following three ways.

1. By friction only

By banking of roads only.

By friction and banking of roads both.

In real life the necessary centripetal force is provided by friction and banking of roads both. Now let us
write equations of motion in each of the three cases separately and see what are the constant in each case.

el

By Friction Only

Suppose a car of mass m is moving at a speed v in a horizontal circular arc of radius r. In this case, the necessary
centripetal force to the car will be provided by force of friction f acting towards center

2
mv
Thus, f=
r
Further, limiting value of fis uN
or fL =uN=pmg (N=mg)
2
Therefore, for a safe turn without sliding <f
2 2
v v
or <umg  or [ E or V=< .,urg
r
Here, two situations may arise. If p and r are known to us, the speed of the vehicle should not exceed /urg and if
2
v

v and r are known to us, the coefficient of friction should be greater than E .
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Ex.

Sol.

A bend in a level road has a radius of 100 m. Calculate the maximum speed which a car turning this bend may have
without skidding. Given: p=0.8.

V... = Vrrg = J0.8x100x10 = /800 =28 m/s

By Banking of Roads Only

Sol.

Friction is not always reliable at circular turns if high speeds and sharp turns are involved to avoid dependence on
friction, the roads are banked at the turn so that the outer part of the road is some what lifted compared to the inner part.
Applying Newton’s second law along the radius and the first law in the vertical direction.

N
2
. my O
N sinf = QO
p X
or N cosO =mg
from these two equations, we get [N\
2
wW

v
tan6 :E or v = \/rgtan0

What should be the angle of banking of a circular track of radius 600 m which is designed for cars at an average
speed of 180 km/hr ?
Let the angle of banking be 6 . The forces on the car are (figure)
(@ weight of the car Mg downward and
) normal force N.
For proper banking , static frictiona forceis not needed.
For vertica directiontheaccd erationiszero. So,

Ncosp=Mg .. (1)
For horizontal direction , the acceleration is v / r towards the centre , so that
Nsin@=Mv?/r . (1i)
From(i)and (ii), tan@ =v?/rg
180 (km/h)?
Putting the values, tan@ = (6OOm)(1Om/32) =0.4167 = 0 =22.6°.

By Friction and Banking of Road Both

If a vehicle is moving on a circular road which is rough and banked also, then three forces may act on the vehicle,
of these the first force, i.e., weight (mg) is fixed both in magnitude and direction.

Figure (i) Figure (ii)

The direction of second force, i.e., normal reaction N is also fixed (perpendicular to road) while the direction of the
third force i.e., friction f can be either inwards or outwards while its magnitude can be varied upto a maximum limit

(f, = uN). So the magnitude of normal reaction N and directions plus magnitude of friction f are so adjusted that the
2
towards the center. Of these m and r are also constant.

resultant of the three forces mentioned above is
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Therefore, magnitude of N and directions plus magnitude of friction mainly depends on the speed of the vehicle v.

Thus, situation varies from problem to problem. Even though we can see that :

@) Friction f will be outwards if the vehicle is at rest v = 0. Because in that case the component of weight
mg sin0 is balanced by f.

(i) Friction f will be inwards if
v >./rgtan0
(iii) Friction f will be outwards if
v <4frgtan® and
(@iv) Friction fwill be zero if
v =.,/rgtano0
W) For maximum safe speed (figure (ii)
2
mv
N sinf + f cosb = - e (1)
Ncosf—fsinb=mg ... (i)
As maximum value of friction
f=uN
sin® + pcoso _ﬁ . _ [rgtan0+ )
cos®-pusin®  rg - Vs~ "(1- 1 tano)
y ( ETOOS KEY POINTS ) N
2
(i)  The expression tan 0 = E also gives the angle of banking for an aircraft, i.e., the angle through which it
should tilt while negotiating a curve, to avoid deviation from the circular path.
2
%
(ii) The expression tan 6 = E also gives the angle at which a cyclist should lean inward, when rounding a corner. In
L this case, 0 is the angle which the cyclist must make with the vertical which will be discussed in chapter rotation)

Centrifugal Force :
When a body is rotating in a circular path and the centripetal force vanishes, the body would leave the circular path.
To an observer A who is not sharing the motion along the circular path, the body appears to fly off tangentially at
the point of release. To another observer B, who is sharing the motion along the circular path (i.e., the observer B is
also rotating with the body which is released, it appears to B, as if it has been thrown off along the radius away from
the centre by some force. This inertial force is called centrifugal force.)

2
. . . mv

Its magnitude is equal to that of the centripetal force. = —— = ma’r
r

Direction of centrifugal force, it is always directed radially outward.

Centrifugal force is a fictitious force which has to be applied as a concept C
only in a rotating frame of reference to apply Newton’s law of motion in that

frame. FBD of ball w.r.t. non inertial frame rotating with the ball.

me’r
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Sol.

Sol.

)

Suppose we are working from a frame of reference that is rotating at a constant, angular velocity o with respect to
an inertial frame. If we analyses the dynamics of a particle of mass m kept at a distance r from the axis of rotation, we
have to assume that a force mr? react radially outward on the particle. Only then we can apply Newton’s laws of
motion in the rotating frame. This radially outward pseudo force is called the centrifugal force.

A ring which can slide along the rod are kept at mid point of a "o
smooth rod of length L. The rod is rotated with constant \—/\ - et
angular velocity m about vertical axis passing through its : - —
o o . I U |
one end. Ring is released from mid point. Find the velocity : o .
of the ring when it just leave the rod. " """"""""""""""""" "
Centrifugal force E
me’x =ma
_vdv oA
X= dx mo’x
L v
_[ @’x dx = IVdV (integrate both side.)
L/2 0
2\t 2\’
2 L/2 2 0
2 L_z _ L_2 _ V2
2 8) 2
\/5 L
v=— oL.
2
Velocity at time of leaving the rod
2
NG
v = \/(CUL)2 J{—WL = ﬁwL Ans.
2 2
\/ ()
A small block is placed on a rough triangular shaped wedge
which is revolving as shown such that the block undergoes m <_B_ """""""""""""

circular path of radius R. The coefficient of friction between the block

and the wedge is p. Find the range of angular speed w so that the
block does not slip with respect to the wedge.

If we select the frame of reference as the point at which the small block is placed. We take centrifugal force mwr
outward.

Maximum angular speed (®__ )

More is ®, more is centrifugal force to balance which more horizontal force is required radially inwards. The friction
force acts down the incline as shown so that its horizontal componant helps horizontal componant of Normal force

to balance centrifugal force.

F. = mo’r
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(Fnet)y =0= Ncosb—fsinO-—mg=0
Under limiing condition i.e. when the block is about to slip, f=uN

N(cos0 — p sinf) = mg

mg N
— = A
cos @ — usin@
AN cos 0
(F,), =0 = Nsin@+(uN)cos —ma. R =0
= N(sin @+ pcos ) = maw?, R .
MR fcos0 N s=in 0 .
in6+ o
cos@ — usin @
yfsin 6
o - |8 sin @+ ucosé
" AR\ cos@—pusin@ mg
(i) For minimum angular speed (o_; )

Lesser is w, lesser is centrifugal force thus friction now acts up the incline so as to provide horizontal componant
along centrifugal force to balance horizontal componant of Normal force.

(Fnct)y:O:>N COS e+fsine_mg:0

= N (cos 6 + p sinf) =mg
- mg
cos @+ usiné
(Fnet) = 0 = Nsin@—fcos6 -mae’ R=0

= N (sinq — p cosq) =mw’ . R

sin@ — ucos@
cos @+ usin @

g(sin@— pcos )
@ . =
= "™\ R(cos@+ pusin6)

g(sin@—pcos0) o g(sin@+ ucosb)
<w<
R(cos @+ usin6) R(cos@— pusin6)

Tension in rotating ring:

Diagram shown top view of a uniforming of mass m rotating in horizontal plane.
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Here tension inside the ring is an internal force for the ring so to find it, we take a very small part of the ring which

subtends angle do as shown.

<

We take y-axis towards the centre and x-axis in tangential direction and origin as the mid-point of the element
(F)=(dm)o’R

net

. (d6 2
2Tsm[7j =(dm)o’R (i)

. (de) do
but sin o > o (.. do isvery small)

Also dm = (mass per unit length of ring ) x length of element
dm=[ 2 \(rao)=[ X |ao
2R 27

Putting these values in equation (i), we get

2T = (@) = (Mj dOx 'R
2 27
_ M®’R

27

Effect of earths rotation on apparent weight:

T

The earth rotates about its axis at an angular speed of one revolution per 24 hours. The line
joining the north and the south poles is the axis of rotation. Every point on the moves in a
circle. A point at equator moves in a circle of radius equal to the radius of the earth and the
centre of the circle of the circle is same as the centre of the earth. For any other point on the

earth, the circle of rotation is smaller than this. Consider a place P on the earth.

Draw a perpendicular PC from P to the axis SN. The places P rotates in a circle with the centre at C. The radius of this
circle is CP. The angle between the line OM and the radius OP through P is called the latitude of the place P. We have

CP=0P cos6 or, r=RcosO North

-
where R is the radius of the earth and ¢ is colatitude angle. If we work from the

frame of reference of the earth, we shall have to assume the existence of pseudo ¢
force. In particular, a centrifugal force mw?r has to be assumed on any particle of o

mass m placed at P.

South

If we consider a block of mass m at point P then this block is atrest with respect to earth. If resolve the forces along
and perpendicular the centre of earth then
N +mre? cosd =mg
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= N =mg— mro’ cos6 = N=mg — mRw?’ cos?0

N N

| S ﬂ}nochosZG | S R R(reaction of earth

is at some angle to

(- .- -
- . 6 Reosd X ) ' the vertical)
. .~ (centrifugal force) % /] Amo'ReosOsind
\ 9 A7 o ReosOsind emgff eot

» %

0 = is latitude of the position
Note: Atequator (0=0) Wapp. is minimum and at pole (6 =7/2) Wapp.. is maximum .

where object is placed.

This apparent weight is not along normal but at some angle a w.r.t. it. At all point except poles and equator

(o= 0 at poles and equator)

Ex. A body weighs 98N on a spring balance at the north pole. What will be the reading on the same scale if it is shifted
to the equator? Use g= GM/R*=9.8 m/s’and R, = 6400 km.

Sol. At poles, the apparent weight is same as the true weight.
Thus, 98N =mg=m(9.8 m/s?)
At the equator , the apparent weight is
mg’ =mg—me’R
The radius of the earth is 6400 km and the angular speed is

2nrad o 10 rad/
= — == X =
©® 7 24x60x60s R
mg’ =98N — (10 kg) (7.27 x 10552 (6400 km)
=97.66N Ans.

Ex. A fan rotating with @ = 100 rad/s, is switched off. After 2n rotation its angular velocity becomes
50 rad/s. Find the angular velocity of the fan after n rotations.

Sol. =0, +200
50%=(100)*+ 20 (27 2n) (1)
If angular velocity after n rotation is o
o’ =(100)*+2a (27.n) ..2)
from equation (1) and (2)

50*-100°  2a(2z.2nm)
@} -100° ~ 2a027n

2 2
= R ey -+ 1007 = o= 2510 rad/s Ans.
2
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Ex.

Sol.

Ex.

Sol.

Sol. :

Find angular velocity of A with respect to B at the instant shown in the figure.

<4 5

Angular velocity of A with respect to B is ;

~ (Vas) —p VE

) Wy
= VAB - \/E V= (VAB)J_

=> rAB:\/Ed :

(DAB

_(VAB)Liﬂi
= 0, = _d\/i_

\
AB AR d

A particle is moving with a constant angular acceleration of 4 rad./sec? in a circular path. At time
t= 0 particle was at rest. Find the time at which the magnitudes of centripetal acceleration and tangential acceleration
are equal.

at:ocR = v=0+aRt

v? a’R* 1
a‘ = — =
¢ R R
a’R*#* 1 1 1
7 fa|=la] = oR= =3 t?=—=— = t= —sec. Ans.
t © R a 4 2

The coefficient of friction between block and table is p. Find the tension in the string if the block
moves on the horizontal table with speed v in circle of radius R.

2

The magnitude of centripetal force is

2

(i) Iflimiting friction is greater than or equal to , then static friction alone provides centripetal force, so
tension is equal to zero.
T=0 Ans.

2
(ii) If limiting friction is less than _R , then friction as well as tension both combine to provide the necessary

centripetal force.

P
my

T+f,=

In this case friction is equal to limiting friction, f, = pmg

2

.. Tension=T = — umg Ans.
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Ex. A block of mass m is kept on rough horizontal turn table at a distance r from centre of table. Coefficient of friction
between turn table and block is 1 . Now turn table starts rotating with uniform angular acceleration a.

(i) Find the time after which slipping occurs between block and turn table.
(ii) Find angle made by friction force with velocity at the point of slipping.
Sol.: (i) a=ar
speed after t time

dv

—= =0+
at or = v=0+art

Centripetal acceleration

a = = o’rt?

C

V2
r

Net accelerationa_ = \/atz +aZ = \/azrz +atr?t?

block just start slipping

pmg=ma  =m /o % 4 o *r2t*

3 0L2I’t2
(i) tanf= _ = tanO=
ay or
= 0=tan" (at?) Ans.
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