Point

RECTANGULAR CARTESIAN 4
CO-ORDINATE SYSTEMS ‘

We shall right now focus on two-dimensional
co-ordinate geometry in which two perpendicular
lines called co-ordinate axes (x-axis and y-axis) are
used to locate a point in the plane.
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O is called origin. Any point P in this plane can be
represented by a unique ordered pair (X, y), which
are called co-ordinates of that point. x is called x
co-ordinate or abscissa and y is called y co-ordinate
or ordinate. The two perpendicular lines xox’ and
yoy' divide the plane in four regions which are called
quadrants, numbered as shown in the figure.

Let us look at some of the formulae linked with points
NOW.

DISTANCE FORMULA g
The distance between two points P(x,,y,) and
Q(x,,Y,) 1s given by PQ = \/(x1 %, )+ (Y=Y, )

Note :

(1) Inparticular the Distance of a point P(x,y) from the
OI’lgll’l = X% +y?

(i) Distance between two polar co-ordinates
A(r, , 6, ) and B(r, , 6, ) is given by
AB = \/rf +17-2rr,c08(0, - 6,)

Solved Examples

Ex.1 The distance between P(3,-2) and Q(-7,-5) is

[11 V115 [21 Vo9 [314o1  [4]11

Sol. PQ =(3+7) +(-2+5) =+100+9 =109
Ans. [2]

Ex.2 The distance between P(Z—gj and Q(S,gj is
[1]3 [2]1/2 [3] V7 [4] J5
Sol. PQ = \/22 +3? —2.2.3003[—2 _gj

1
:\/13—12xcos[—gj :\/13—12x2 =7 Ans. [3]




Ex.3 Find the value of x, if the distance between the points
(x,—1)and (3,2)is 5

Sol. Let P(x ,—1) and Q(3, 2) be the given points. Then
PQ =5 (given)

J(x=3)2+(-1-22 =5
— (x—372+9=25

=x=70orx=-1

APPLICATION OF DISTANCE d

FORMULAE ‘

(1) For given three points A, B, C to decide whether
they are collinear or vertices of a particular triangle.
After finding AB, BC and CA we shall find that the
point are:

*  Collinear: If the sum of any two distances is equal to
the third.

*  Vertices of an equilateral triangle if AB=BC=CA

*+  Vertices of an isosceles triangle if AB =BC or BC
=CAorCA=AB

+  Vertices of a right angled triangle AB? + BC? = CA?2
etc.,

Solved Examples

Ex.4 If A(2-2);B(-21) and C(5,2) are three points
then A, B, C are
[1] collinear
[2] vertices of an equilateral triangle
[3] vertices of right angled triangle

[4] none of these

AB = J(-2-2Y+(1+2)} = 5
Sol. BC = \/(5+2)2+(2—1)2 - 52
CA = \J(2-5Y +(-2-2f = 5

Since the sum of any two distances is not equal to
the third so A, B, C are not collinear. They are vertices

of atriangle. Also AB? + CA? = BC?

= A,B,C are vertices of aright angled triangle.
Ans. [3]

(i) For given four points:

* AB =BC =CD =DA; AC =BD = ABCD square

¢ AB =BC =CD =DA; AC = BD = ABCD rhombus

*  AB=CD,BC =DA, AC =BD = ABCD isarectangle
* AB =CD, BC =DA, AC #BD

= ABCD is a parallelogram

QUADRILATERAL DIAGONALSANGLE 4
BETWEEN DIAGONALS ‘
(1) |Parallelogram Not equal 0 # g

(i1) | Rectangle Equal 0 = g

(ii1)[ Rhombus Not equal 0= g

(iv)| Square Equal 0= g

Note :

(i) Diagonal of square, rhombus, rectangle and
parallelogram always bisect each other.

(i) Diagonal ofthombus and square bisect each other
atright angle.

(i) Four given points are collinear, if area of quadrilateral
is zero.

Solved Examples

Ex.5 Points A(1,1),B(-2,7) and C(3,-3) are
[1] collinear
[2] vertices of equilateral triangle
[3] vertices of isoscele triangle

[4] none of these

Sol. AB = \[(1+2) +(1-7) = /8+36 = 35
BC =(-2-3)’ +(7+3) =+/25+100 =5/5
CA=J(3-1Y +(-3-1) =4+16 =25

Clearly BC = AB + AC . Hence A,B,C are collinear.
Ans. [1]




SECTION FORMULA "

(1

2

3)

“4)

Co-ordinates of a point which divides the line
segment joining two points P(x,,y,) and Q(x,,y,)
inthe ratiom, : m, are

For internal division

_ [ MX, +MX, My, +M,Y,
m, +m, m, +m,

m,X, —MyX, my, —m,y,
m, —m, m, —m,

For external division = (

X, +X, Y+,
2 ' 2

Co-ordinates of mid point of PQ (
Put m, =m,

Co-ordinates of any point on the line segment joining
two points P(x,,y,) and Q(x,,y,) are

(x1+7»x2 y1+xy2] 32y

A+1 T 1+A

1. DIVISION BY AXES: PQ is divided by
(1) x-axisintheratio = —y_y1
2
(i) y-axisintheratio ==~
2
2. DIVISION BY A LINE: A line ax+by+c=0
.. : . _ax+by,+c
divides PQ in the ratio ~ ax, +by, +¢
2 2
Solved Examples

Ex.6 Find the co-ordinates of the point which divides

the line segment joining the points (6, 3) and (— 4, 5)
inthe ratio 3 : 2 (i) internally and (ii) externally.

Sol. Let P (x, y) be the required point.

(1) Forinternal division :

3 2
A P B
(6, 3) xy) (49
3x—4+2x6 3x5+2x3
YT ey mdym o
x=0 and y=%

) 21
So the co-ordinates of P are [0, ?j

(i) For external division

>3<
[, P —
A B P
(6,3) (-4,5) (x,y)
3x-4-2x6 3x5-2x3
x=T3p andy= 55—

or x=-24andy=9
So the co-ordinates of P are (—24, 9)

Ex.7 Find the co-ordinates of points which trisect the

line segment joining (1,—2) and (— 3, 4).

.Let A (1, -2) and B(-3, 4) be the given points.

Let the points of trisection be P and Q.
Then AP=PQ=QB =4 (say)

| | |
A P Q B
(1.-2) (=34)

~ PB=PQ+QB=2rand AQ=AP+PQ=22
= AP:PB=31:20=1:2and AQ:QB=2xr:1%
=2:1

So Pdivides AB internally in the ratio 1 : 2 while Q

divides internally in the ratio 2 : 1

.. the co-ordinates of P are

1x-3+2x1 1x4+2x-2 1
, or |—5:0
1+2 1+2 3

and the co-ordinates of Q are

2x-3+1x1 2x4+1x(-2) 5
; or [—%2
2+1 2+1 3

Hence, the points of trisection are [—% Oj and

49

Ex.8 The co-ordinates of point of internal and external

division of the line segment joining two points (3,-1)
and (3,4) in theratio 2 : 3 are respectively

[1](2,3)(11,3) [2]1(3,1)(3,-11)
[31(1,3) (=11,3) [4](1,-3) (11, -3)




Sol. Internal division

o 2(3)+3(3)
2+3

Hence point (3,1)

_2(4)+3()
243

External division

L20730)__2(4)-3()
2-3 2-3

Hence point (3,-11) Ans.[2]

Ex.9 The ratio in which the line 3x + 4y = 7 divides the

line segment joining the points (1,2) and (-2,1) is

4 9 1 3
[ 215 [31 3 (41
) ) axq+by,+c
Sol. Required ratio= ~ ax, +by, + ¢
3(1)+4(2)-7 4 4
=_M=__—9=§ Ans‘[ll

3(-2)+4(1)-7

Ex.10 The points of trisection of line joining the points
A(21) and B(5,3) are

m(ash+3) w2347
ofa5fed) wpded

«—1 2
2,1) % : : X (5,3
Sol. ( )A 3 3 (53)
2 11—
1Ix5+2x2 1x3+2x1 5
P (xy)= =|3=
1+2 1+2 3
2x5+1x2 2x3+1x1 7
P,(xy)= =|4,—
2+1 2+1 3
Ans.[1]

Ex.11 The ratio in which the lines joining the (3,-4) and

(-5.6) divided by x-axis is

[1]3:2 [2]2:3 [3]14:3 [3]3:4
-4
Sol. Required ratio = —;/—; = —(?} 2:3  Ans.|2]

Centroid, Incentre & Excentre :
IfA(x,,y,), B(x,,y,), C(x,,y,) are the vertices of
triangle ABC, whose sides BC, CA, AB are of lengths
a, b, ¢ respectively, then the co-ordinates of the
special points of triangle ABC are as follows :

X1+Xp+ X3 Y1+Yo+Yys3
3 ’ 3

Centroid G = [

ax,+bx,+cx; ay,+by,+cy,
Incentre I= a+b+c a+b+c -an
Excentre (to A) I,

—ax,+bx,+cx3 —ay,+by,+cy,
= —a+b+c —a+b+c

J and so on.

Notes :

(1) Incentre divides the angle bisectors in the ratio,
(b+c):a;(cta):b&(atb):c.

(i) Incentre and excentre are harmonic conjugate of

each other w.r.t. the angle bisector on which they

lie.

Orthocentre, Centroid & Circumcentre are always

collinear & centroid divides the line joining

orthocentre & circumcentre in theratio 2 : 1.

In an isosceles triangle G, O, 1& C lie on the same

line and in an equilateral triangle, all these four points

coincide.

(v) Inarightangled triangle orthocentre is at right angled
vertex and circumcentre is mid point of hypotenuse

(vi) Incase of an obtuse angled triangle circumcentre

and orthocentre both are out side the triangle.

Solved Examples

Ex.12 Find the co-ordinates of (i) centroid (ii) in-centre
of the triangle whose vertices are (0, 6), (8, 12) and
(8, 0).

Sol. (i) We know that the co-ordinates of the centroid
of a triangle whose angular points are

X1+Xo+X3 Yi+Yot+Y;
(Xla yl)a (Xza YQ) (X3’ y3) are[ 3 , 3 j

So the co-ordinates of the centroid of a triangle
whose vertices are (0, 6), (8, 12) and (8, 0) are

0+8+8 6+12+0 16
; or |5 6].
3 3 3




(ii) Let A (0, 6), B (8,12) and C(8, 0) be the vertices  Ex.15 If (1,4) is the centroid of a triangle and its two

of triangle ABC.

Thenc=AB=/(0-8)2+(6-12)2 = 10,

b=CA= (0-8?2+(®6-07 =10 and

a=BC=,/(8-8)2+(12-0)2 = 12.

The co-ordinates of the in-centre are

[ax1 +bx, +Cx5 ay,+by, +cy3j
b Or

at+b+c at+b+c

12x0+10x8+10x8 12x6+10x12+10x0
12+10+10 12+10+10 or

160 192
3232 ) TG0

Ex.13 Centroid of the triangle whose vertices are

(0,0),(25)and (7,4) is

[11(4,3) [213.49 [313,3) [4]1(3,5)
Sol. (0+§+7,0+2+4J=(3,3) Ans.[3]

Ex.14 Incentre of triangle whose vertices are

A(-36,7),B(20,7), C(0,-8) is

[11(L, D [21(0,-1)  [3](-1,0) [4](1,0)

Sol. Using distance formula

a=BC=,/20% +(7+8) =25,
b=CA=,/36% +(7+8) =39

c=AB=,/(36+20) +(7-7) =56,

i 25(-36)+39(20)+56(0) 25(7)+39(7)+56(-8)
_[ 25+39+56 25+39+56 ]

1= (~10) Ans.[3]

vertices are (4,-3) and (-9,7) then third vertices is

[11(7,8) [2](8,8)  [31(8,7) [4](6,8)
Sol. Let the third vertices of triangle be (x,y) then
1= X+ 4-9 o x=8
4=Y73*T v g Sothird vertexis (8, 8).
Ans.[2]

Ex.16 If (0,1),(11) and (1,0) are middle points of the

sides of a triangle, then find its incentre is
[11f-V2, 2-v2)  [21(2-V2, -2++2)
3] 2++2, 2++2) [4] [2++2, ~2-42)

Sol. Let A(x,,y,),B(x,,y,) and C(x,,y;) are vertices

of atriangle, then

X;+X, =0, X, + X3 =2, X5+ X, =2

YitY, =2, Y.+ Y; =2, Yst+Y, =0

Solving these equations, we get A(0,0), B(0,2) and

C(2,0) Now a=BC=2v/2,b=CA=2c=AB=2

Thus incentre of AABC 1S (2 2, 2~ \/5) Ans.[1]

Ex. 17 Two vertices of a triagle are ( 5, —1) and
(-2, 3). If origin is the orthocentre, then the third

vertex of'the triangle is

(D (4,-7) (2)(4,7)

(3)(4,-7) 4)(4.,7)
Sol. Let C (o, B) be the third vertex

(3]
oa+2 | 5

= Sa—p=-13 . (1)
B0 1 AC :(Mj(ij=_1

o-5 ) -2
= 20-3p=13 .. 2)

Solving (1) and (2), (a0, B) =(—4,-7) Ans.[3]




Ex.18 If O(0,0); A(3,0) and B(0,4) are vertices of a (iii)When two vertices be on x-axis say (a,0), (b,0) and

triangle, then its circumcentre is

man @32 w5 w3

Sol. Letitbe P(x,y). Then po? = PA? = PB?

S x4y =(x=3) +y2 =x?+(y-4Y)

3
=0=-6x+9=-8y+16 :x=§ y=2
. 3
-, circumcentre = (5, 2} Ans.[2]
AREA OF TRIANGLE AND y
QUADRILATERAL ‘

1. AREA OF TRIANGLE (Cartesian Coordinates)
Let A(x,,y;),B(X,,y,) and C(x,,y;) are vertices

of atriangle, then
1 X; Y 1
Area of triangle ABC = S Y 1
X3 y3 1

=%[X1 (Y2 = Ys )+ %o (Vs = Y1)+ % (V- ¥2)]

Condition of collinearity:

Three points A(x,y;), B(x,Y,), C(x;,y;) are
collinear ifthe area of AABC =0 i.€.,
X,y 1
if|X Yo 1=0
X3 y3 1
Particular cases:
(1) When one vertex is origin i.e., if the vertices are
(0,0); (x4,y,) (x,y,) then its

and area

1
A= §|X1y2 - XzY1|

(1) When abscissae or ordinates of all vertices are equal
then its area is zero.

. . 1
third vertex be (hk), then its area = §|a -blk
(iv) When two vertices be on y-axis say (0,¢),(0,d) and

. . 1
third vertex be (hk), thenits area = §|C -dh

(v) Area ofthe triangle formed by coordinate axes and
2

2ab
(vi) When ABC is right angled triangle and /B = 90°,

theline ax+by+c=01is

then A = %(ABX BC)

(vii) When ABC is equilateral triangle, then
\/5 C N2 1
A=Y (side) = ——
i (side) A
(vii) When D, E, F are the mid points of the sides AB,
BC, CA of the triangle ABC, then its area
A = 4(ADEF)

(height)®

Note:

Area of atriangle is always taken to be non-negative.
So always use mod sign while using area formula.

Ex.19 Ifthe vertices of a triangle are (1,2)(4,-6) and

(3,5) theniits area is

[1] 2—25 sq. unit [2] 12 sq. unit

[3]5sq.unit [4] 25 sq. unit

Sol. & =2[1(-6-5)+4(5-2)+3(2+6)]

_ %[_1 1+12+24] = 22_53quare unit Ans.[1]

2. AREAOFQUADRILATERAL

If (X, ¥,).(X2,Y2 ). (Xs,ys) and (x,.,y,) are vertices

of a quadrilateral then its area
1
= E[(X1Y2 — XY ) + (X2Y3 —X3Y> ) +

(X3¥a = X4¥3)+ (XY = XY,y )]




Note:

(1) Ifthe areaof quadrilateral joining four points is zero
then those four points are collinear.

(i) Iftwo opposite vertex of rectangle are (x,,y,) and
(x,,y,) thenits area may be =|(y, - y,)(x, —x,)|

(i) Iftwo opposite vertex of a square are A(x,,y,) and
C(x,.Y,) thenits area s

1 1
ZEACZ =§|:(X2 —X )2 +(Y2 — V4 )2:|

Solved Examples

Ex.20 If (11)(3,4)(5-2) and (4,-7) are vertices of a

quadrilateral then its area is

[1] % sq. units [2]41 sq. units

[3]20 sq. units [4] 22 sq. units

Sol. = [1(4)-3()+3(-2)-5(4) +5(-7)-4(-2)+

4(1)-1(-7)]

=%[4—3—6—20—35+8+4+7] =gsq- units

Ans.[1]

Ex.21 If the coordinates of two opposite vertex of
asquare are (a,b) and (b,a) then area of square is
[1] (a + b)? [2] 2(a + b)?
[3] (a—b)’ [4] 2(a—b)?

Sol. We know that area of square = %dz
1 2 2 2
=o[(@=b) +(b-a)'|=(a-b)" Ans.3]

Ex.22 If the co-ordinates of two points A and B are
(3,4) and (5,-2) respectively. Find the co-ordinates
of any point P if PA=PB and Area of APAB = 10.
Sol. Let the co-ordinates of P be (x, y). Then
PA=PB = PA? =PB?
= X=3)P+(y-4P=x-57+(y+2y
=x-3y—-1=0

Now, Area of APAB=10

x y 1
:% 2 _42 1 =410
=6x+2y—26==%20
= 6x+2y—46=0 or 6x+2y—6=0
= 3x+y-23=0 or 3x+y-3=0

Solvingx —3y—-1=0and3x +y—-23=0
we get x =7,y =2. Solving x — 3y — 1 =0 and
3x +y—-3=0, we get x =1, y=0. Thus, the
co-ordinates of P are (7, 2) or (1, 0)

3. AREA OFATRIANGLE (Polar Coordinates)

If (r,,6,), (r,,6,) and (r,,8,) are vertices of a triangle

then itsarea A.

A= %[qrz sin(6, - 6,)+1,7, sin(68, —6,) +r,r, (6, - 6,) |

Solved Examples

Ex.23 The area of a triangle with vertices

(a,8); (Za, e+§]; (3a,9+23_nJ

[1] ﬂaﬁ [2] &aﬁ
4 4
5V3 23 ,
(3] 2> 41 224
Sol. = 1[Za2 sin’ +6a’sin_ + 3a? sin(ﬂﬂ = 5V3 .
2 3 3 3 4
Ans.[3]
4. AREAOFATRIANGLE WHEN EQUATIONS
OFITS SIDES ARE GIVEN:
If a,x+b,y+c, =0(r =12,3) are sides of a triangle
then its area is given by
1 a1 b1 C1 ?
“2cc.c.| P

3 3 C3
when C,, C,, C, are cofactors of c,,c,,c, in the

determinant.




Ex.24 Ifx—y=1,x+2y=0and 2x +y=3are sides

of atriangle, then its area is

2 3 1
(13 [213 [3]2 [4] 5
oo 2 1 ,
_—1 2 = ==
Sol. Area = 73y 3)3 ) _03 54 36 3

Ans.[1]

>
LOCUS OFAPOINT ‘

The locus of amoving point is the path traced out by
that point under one or more given conditions.

How to find the locus of a point : Let (x,y,) be
the co-ordinate of the moving points say P. Now
apply the geometrical conditions on x ,y . This gives
arelation between x , and y . Now replace x, by x
and y, by yin the eleminant and resulting equation
would be the equation of the locus.

Note :

(1)

(1)

(1)

Locus of of a point P which is equidistant from the
two point A and B is straight line and is a
perpendicular bisector of line AB.

In above case if

PA = KPB Where K =1 then the locus of Pisa circle.
Locus of Pif A and B are fixed.

(a) Circleif ~APB = constant

(b) Circle with diameter AB if ZAPB = g

(c) Ellipseif PA + PB = constant
(d) Hyperbolaif PA —PB = constant

Solved Examples

Ex.25 The locus of a point such that the sum of its

Sol.

distances from the points (0,2) and (0,-2) is61is

[1]9x> + 5y*=45
[2] 5x%+9y*=45
[3] 4x> + Ty*=35
[4] 9x2 + 5y* =50

Let P(h,k) be any point on the locus and let A(0,2)
and B(0,-2) be the given points.

By the given condition PA + PB = 6

= J(h=0) +(k—=2) +[(h—0) +(k+2)" =6

= h?+ (k=2 =36 -12\/n% + (k+2)° +h?+ (k+2)
= —8k—36 = 12" + (k+2)°

= (2k+9)" =9(n" + (k+2)’)

= 4k* + 36k +81=9n* + 9k” + 36k + 36
= 9h? +5k* =45

Hence, locus of (h,k) is 9x* + 5y* = 45
Ans.[1]






