TRIGONOMETRIC EQUATIONS
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An equation involving one or more trigonometric

TRIGONOMETRIC EQUATION :

ratios of an unknown angle is called a trigonometric

equation.

>

A

A solution of trigonometric equation is the value of

SOLUTION OF TRIGONOMETRIC
EQUATION:

the unknown angle that satisfies the equation.

e.g.ifsin6=% = 6=%,

Thus, the trigonometric equation may have infinite
number of solutions (because of their periodic nature)
and can be classified as :
(1) Principal solution (i1) General solution.
Principal solutions :

The solutions of a trigonometric equation which lie

in the interval [0, 2m) are called Principal solutions.

. . . . 1
e.g. Find the Principal solutions ofthe equation sinx= 2

. 1
SN = — 5n k3
0‘

Solution :

*.» there exists two values

T

1.C. 6

and 5—6” which liein [0, 27t) and whose sincis %

. . . . 1
.. Principal solutions of the equation sinx = 2

T 5n

are &, &

General Solution :

The expression involving an integer 'n' which gives
all solutions of a trigonometric equation is called
General solution.

General solution of some standard trigonometric

equations are given below.

GENERAL SOLUTION OF SOME 4
STANDARD TRIGONOMETRIC
EQUATIONS :
(i) IfsinB=sina = O=nn+(-1)a
where o € {—E,E},n el
2 2
(i) Ifcosb=cosa = 0=2nmta
where o € [0, ], n € .
(iii) Iftan® =tana = 0O=nm+a
where o e[—ﬁ,ﬁj,ne L.
2 2
@iv) If sin0=sin0c. = 0=nm+a,nel
(v) Ifcos’0=cos’aa = 0=nnm+a,nel
(vi) Iftan’0=tan’ac = O6=nn+a,nel
[Note: o is called the principal angle]
|
SOME IMPORTANT DEDUCTIONS ‘
@i sinb=0 = O=nm,nel
(i) sinf=1 = e=(4n+1)g,nel
(iii) sin0=—1 =N e=(4n—1)g,nel
(iv) cos6=0 = 6=(2n+1)g,nel
(V) cosO=1 = 0=2nm,nel
(vi) cosO=—1 = 0=2n+1)n, nel
(vii) tan6=0 = O=nm, nel
Solved Examples
Ex.31 Solve sin 0= g .
Sol. - sin = @ = sin@=siny

6=nn+(—1)“§,nel

1.

Ex.32 The general solution of cos = 5

(A)Znni%;nel (B)nni%;nel

(C)Znni%;nel (D)nn:tg;nel




1 T Sol. If (sin 56 + sin 0) + sin36 = 0
Sol. ifcos 6 ==, or OO = COs| 3 ) i
2 or,2 sin 36 cos 26 + sin 36 = 0
0=2nr + g; nel  Ans.[C] or, sin 30 (2 c0s20 + 1) =0
5 Case 1
EX.SSSolve:sec29=—ﬁ sin30=0=230=nr ;:nel
2 _ hm |
Sol. - sec29=—ﬁ 29—? ;nel
5 ase 11
= c0s20 =— ﬁ = cos20 = cos%E 1
2 2c0s20+ 1 = 0= c0s260 = -5
=20= 2nni5— nel =0= nnis—,nel o
6" 12 = €0S20 = cos— = e—mni—,mel
Ex.34 Solve tanf=2 3 3
Sol. -+ tan0="2 Q) So the general solution of the given equation is 0
............ o -
Let 2 = tana = tan0 = tana, -3 and 6 = mn + 3
= 0=nn+a,wherea=tan'(2),n e | where m, n e 1 Ans.[B]
Ex.35 Solve cos’ = 1 Ex.38 If 2cos? 6 + 3sin6 = 0, then general value of
0 is —
1 1Y) n
.o 20 — — 20 — | —— —_1\yn» == .
Sol. - cos®0 5 = cos’0 (\/EJ (A) nn + (1) g el
Y
:>cosze=coszgz> 0=nn+ Z’HEI (B) 2nr + g;nel
Ex.36 Solve 4 tan’0 = 3sec’0 (C) nr + (=11 E ;nel
Sol. " 4tan’0=3sec’0 ... (1) (D) None of these

2 o
For equation (i) to be defined 0= (2n + 1) g,n e1 Sol.If 2cos” 6+ 3sind =0
= 2(1 — sin%0) + 3sin6 = 0

= 2sin%0 — 3sin6 — 2 = 0
9¢(2n+1)— nel = 2sin’0 — 4sin6 + sino — 2 = 0
= 2sin6(sin® — 2) + (sin6 — 2) = 0

" equation (i) can be written as:

4sin’0 3
24 2
cos“ 0 cos“ 0

-' 2 ¢
cos*6 =0 i — (sin6 — 2) (2sin6 + 1) = 0
3
= 4sin’0=3 = sin’0 = (é} Case 1
If sino—2=0 sin 6 = 2
=> sin’0 =sin? g = O=nm+ 5’ nel Which is not possible because —1 <sin 6 < 1
Case 11

Ex.37 Ifsin 6 + sin 36 + sin 56 = 0, then the general

value of 0 is — If 2sin6+1=0

nm I = sin 6 = — 1 or, sind = sin(_—nj
( ) 6 b 12 7 m n e 2 ’ 6
nm -n
(B)?, mn + 3,mneI :>9=nn+(—l)n(?) ;nel
C nm LT T
( ) 3 s mn 6 7 m nel = e = nm + (_1)n+1(€) ; nel AIIS.[C]

(D) None of these




Ex.39 1f cos 3x =
then x =
(A) 60° 180° 300°
(C) 60°, 180°

—1, where 0° < x < 360°,

(B) 180°
(D) 180°, 300°

Sol. If cos 3x =—1=cos (2n + 1)=n
or, 3x = (2n + 1)n x=(2n+ 1)%
e, X = — 28 Ans.[A]
.c., 37 T, 3 .

Ex.40 1f sin 30 = sin@, then the general value of 6
is -
(A) 2nm, (2n + 1)%
(C) nr, (2n + 1)%

Sol. sin 36 = sin® or,

(B) nn, (2n + 1)%
(D) None of these
30 = mn + (-1)™0
For (m) even i.e. m = 2n,

then 6 = ZnTn = nr and for (m) odd

ie. m=2n+1)or6=2n +1)§ Ans.[B]

| 4
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Trigonometric equations which can be solved by use
of factorization.

TYPES OF TRIGONOMETRIC
EQUATIONS :
Type-1

Solved Examples

Ex.41 Solve (2sinx —cosx) (1 + cosx) = sin’x.

Sol. “. (2sinx—cosx) (1 +cosx) = sin’x
= (2sinx —cosx) (1 + cosx) —sin’x =0
= (2sinx—cosx) (1 +cosx)—(1 —cosx) (1 +cosx)=0
= (1 +cosx) (2sinx—1)=0

=1+cosx=0 or 2sinx—1=0

. 1
=cosx=-1 or SInx = 3

. . T
Or S1n X = Sin g

=>x=2n+t1)a,nel
=>x=nn+(— 1)“— nel
. Solution of given equation is

Cn+1l)m,nel or nm+ (— 1)“— nel

Type -2
Trigonometric equations which can be solved by
reducing them in quadratic equations.

Solved Examples

Ex.42 Solve 2 cos?x + 4cosx = 3sin?x
Sol. ‘. 2cos*x +4cosx — 3sin’x = ()

= 2c08’x +4cosx — 3(1-cos’x) =0

2—@]} .
5 =0...(11)

= 5co08’x +4cosx—3=0

o5

rcosxe[-1,1]VxeR
-2-J19
5

. COSX #

C , —2+419
. equation (ii) will be true if cosx = +T\/_

—2+\/E
5

—2+\/E
— ,n

— COSX = CcOoSsaQ., where coso =

= x=2nn+ o where o= cos™ el

Type-3

Trigonometric equations which can be solved by
transforming a sum or difference of trigonometric
ratios into their product.

Solved Examples

Ex43. Solve cos3x +sin2x —sindx =0
Sol. cos3x + sin2x —sindx =0
= cos3x + 2cos3x.sin(—x) =0
= cos3x—2cos3x.sinx =0
= cos3x (1 —2sinx) =0

= c0s3x=0 or1—-2sinx=0

=3x=2n+1) g,nelorsinx=%

:>x=(2n+1) ,nel or x=nn+(— 1)“— nel
. solution of given equation is

(2n+1)—nel or nm+ (— 1)“—neI




Type-4

Trigonometric equations which can be solved by
transforming a product of trigonometric ratios into
their sum or difference.

Solved Examples

Ex.44 Solve sin5x.cos3x = sin6Xx.cos2x

Sol.

*. sin5x.cos3x = sin6x.cos2x
= 2sin5X.cos3x=2s1n6x.cos2x
= sin8x + sin2x = sin8x + sindx
= sindx —sin2x=0

= 2sin2x.cos2x —sin2x =0

= sin2x (2cos2x —1)=0

= sin2x=0

or 2cos2x—1=0

1
COS2Xx = —

=2x=nn,nel or >

:>x=n7n,nel or 2x=2nni§,nel

Y
=>X=nn+ g,nel

.. Solution of given equation is

nn
—.nelor

Y
5 nt+ -,nel

6 b

Type S.

GENERAL SOLUTION OF TRIGONOME-
TRICAL EQUATION :

acos 0 + bsin 6 = ¢

Consider a trigonometrical equation acos6 +
bsing = c,

where a, b, ¢ € R and | ¢ | <,/32 1 p2

To solve this type of equation, first we reduce
them in the form cos® = cosa or sind = sina.

Algorithm to solve equation of the form

acoso + bsind = ¢

Step I  Obtain the equation acosd + bsind = ¢
Step11  Put a =r cosa and b = rsina,
b.
= Ja2+p2 and tana = —i.e.
where r a2 +p2 and tana S 1€

b
= _1 -
o = tan (a)

Step 111 Using the substitution in step -1I,
the equation reduces r cos(6 — o) = ¢

= cos(0—a) = % = c0s(0 — o) = cosP (say)
Step IV  Solve the equation obtained in step 111

by using the formula.

General solution of Trigonometrical equation acos0
+ bsin® = ¢

Solved Examples

Ex.45 General solution of equation

Sol.

J3cos0 +sin0 =42 1S —

A Ich:bE-i-E ,nel
4 6
(B)znni§+g;n61
(C)Znni% %;nel

(D) None of these
J3cos0 +sin0 =42 (1)

this is the form of a cos6 + bsing = ¢
where a= /3,b=1and c = /2
Let a = r cosa, and b = rsina

i.e., J3=rcosa and 1 = rsina

1
thenr = 2 andtana=ﬁ,s0a=g

Substituting a = /3 = rcosa
and b =1 =rsin a in the equation (1)
so,r [coso cosb + sind sina] = /2

or,T cos(0 — a) = /2

or, 2cos(9—g) = /2

(e E) 1
or, cos 6) = 2

o F\_ [m
Or,CoS 6 = COS 4

s T
Ol‘,e—g=2nniz;nel

T
0=2nmg+ —+

T
275 she I Ans.[B]




Ex.46 The number of solutions of the equation
Sseco—13=12tan6 in [ 0, 2= ] is

Sol.

(A) 2 B) 1
©) 4 (D)o
5 seco — 13 = 12 tano

or,13 cos9+12sin6=>5

13 12 i
o, ———C0S 0+ ——=s1n 0
V132 +122 V132 +122

5

5
= or, cos(0 —a) = 313

132 +12°
13

where cosa = 313
= 2nn £ cos”! >,
0 = 2nw £ cos \/m a

5 13

J313 TS 313

1

= 2nn + cos”

As cos™!

5 13
—— > cos | —,
V313 313

then 0 < [ 0, 2x], when n =0 (One value, taking
positive sign) and when n =1 (One value, taking

negative sign.) Ans.[A]

Ex.47 The general solution of

Sol.

T . T
tan (Esmej = cot(;cosej is -

(A)9=2rn+g,reZ

B)o=2rr,1reZ

(C) 0 = 2rn + g and 0= 2rn, r e Z
(D) None of these

T . T
We have, tan (53'”‘9] = cot (Ecosej

(Esinej = (E—Ecosej
= tan 2 = tan 5 o

T . Y Y
:>Es1ne=rn+5——cose,rez

2
=>sin®+cos0=Q2r+1),reZ
2r +1

1 1
:>\/§s1ne+\/§cose— ﬁ,reZ

(e-ﬁj 2r +1 .
= coSs )= f , T e

= 0 —
= 0=2rn +
:>9=21’n,2rn+g,rez

But 6 = 2rr + %, r e Z gives extraneous roots

as it does not satisfy the given equation. Therefore

0=2rn,reZ Ans.[B]

Ex.48 Let n be positive integer such that
. T T \/ﬁ
s1n%+ CosS 5= —. Then -
(A)6<n<8 (B)4<n<8
(C)6<n<8 (D)4 <n<8

Sol. sin "+ cos - = .(1+£J
ol. sin—— COSzn—\/ESIH on 2

L n)zﬂ

N U
or,sm(2n 4) 20

. T T n _ 3rn
R N EAA >
since 2 on T 2 2 for n>1

1 A
or,ﬁ<m§l o, 2<.n <22

or,4 <n < 8.

If n = 1, LHS. =1, RHS. =12
. T

Similarly for n = 8, sin (E+Z) # 1

L 4<n<8 Ans.[D]

SOLUTIONS IN THE CASE OF TWO "

EQUATIONS ARE GIVEN

Two equations are given and we have to find the
values of variable 6 which may satisfy both the
given equations, like cosd = cosa and sin6 = sino
so the common solution is 6 = 2nn + o, n € I
Similarly, sin® = sina and tan6 = tana

so the common solution is, 6 = 2nn + a, n e 1
Rule : Find the common values of 6 between 0
and 2= and then add 2zn to this common value.

Solutions in the case of two equations are
given




Solved Examples

Ex.49 The most general value of 6 satisfying the
. 1 .
equations cosd = 2 and tano = —1 is —
n
A)nr+ —;nel
7n
(B) nn + (_l)nT mel

7n

4
(D) None of these

(C) 2nx +

,nel

T

1
Sol. coso = E = cos(z)

6=2nni% ;nel

9n 7=

Putn=1, 6= 2 a2
-
tano = -1 = tan(TJ
6=n _I nel
b 2 €
3n
putn =1, 6= 2
n
t =2 —_——
put n , © 2

The common value which satisfies both these
. . n
equation 1s | 7~

. 7
Hence the general value is 2nn + Tn

Ans.[C]




SOLUTION OF TRIANGLE

INTRODUCTION

In any triangle ABC, the side BC, opposite to the
angle A is denoted by a ; the side CA and AB,
opposite to the angles B and C respectively are
denoted by b and c respectively. Semiperimeter of
the triangle is denoted by s and its areaby A or S. In
this chapter, we shall discuss various relations
between the sides a, b, ¢ and the angles A,B,C of A
ABC.

SINERULE 4
The sides of a triangle ( any type of triangle) are
proportional to the sines of the angle opposite to

b ¢
> sinA sinB  sinC

them in triangle ABC

Note :-
(1) The above rule can also be written as
sinA sinB sinC
a b ¢
(2) Thesineruleis very useful tool to express sides of a
triangle in terms of sines of angle and vice-versa in
the following manner.

a b c
sinA sinB  sinC =k (Let)
=n=ksinA,b=ksinB, c=k sinC

sinA _sinB _sinC
b
= sinA =2a, sinB =\b, sinC =ic

similarly, =2 (Let)

Solved Examples
Ex.1 Inatriangle ABC,ifa=3,b=4andsinA= %,

then «B=

[1160°  [2]90° [3]45° [4] 30°
Sol. [2] We have,

sinA _sinB or sinB=EsinA

a b a
Since) a= 33 b =4, sinA= Z’
4
weget,sinB=§X%=‘| - 2B=90°

Ex.2 IfA=75°B=45°thenb+c 2 =

[1]a [2]la+b+c

[3] 2a [4] % (a+b+c)

Sol. [3] C=180°—120° = 60°

b c

a
: - - =k
Usesinerule ‘5205 = G450 = sin60°

= (b+cv2) =k(sin45°+ /2 sin 60°)

V3 +1 o :
2k 22 =2ksin 75° =2k sinA=2a

EREESIS
=k =

Ex.3 Anglesofatrianglearein4: 1 : 1 ratio. the ratio
between its greatest side and perimeter is

3 3

11555 25,7
1

[3]% [4] 2+\/§

Sol. [2] Angles areinratio4:1: 1.
= angles are 120°, 30°, 30°.

If asides opposite to these angles are a, b, ¢
respectively, then a will be the greatest side. Now

from sine formula
a __ b ¢
sin120° sin30° sin30°
a _b _ ¢ a_b C_x
= a2 12 12 = J3 1 1 - (ay)

thena= ,/3k, perimeter = (2 +/3 )k

J3k 3

. required ratio = 2+\3k 2443




( j
cos
2

. C
sin—
2
a b c
sinA  sinB  sinC =k (let)
= a=ksinA, b=k sinB and ¢ =k sinC

b
Ex.4 InanyAABC, prove that 2 Z =

Sol. Since

a+b  K(sinA +sinB)

- LH.S. = KsinC
sin (A+Bjcos (A_Bj
- 2 2
sin c cos c
2 2
cochos(A_Bj cos(A_Bj
2 2 2
- sin 9 cos 9 - sin c ~RAS.
2 2 2

Hence L.H.S.=R.H.S. Proved

Ex.5 InanyAABC, prove that
(b*>—c?) cot A+ (c?—a%)cot B+ (a>—b?) cotC=0
Sol. Since a=k sinA, b=k sinB and ¢ =k sinC
o (b?=c?) cot A=k? (sin’B —sin’C) cot A =k>
sin(B+ C) sin(B—C) cotA

L2 . _ cosA
o =k*sinAsin(B-C) SnA

=—k?sin(B—-C)cos (B+C)
(- cosA=—cos (B+QC))

2

. "7 [2sin (B - C) cos (B + C)]
k2
=_ > [sin2B—-sin2C] ... (1)
. k2
Similarly  (c¢*—a?) cot B=— >
[sin2C—sin2A] ... (i)

adding equations (i), (ii) and (ii1), we get
(b®>—c?) cotA+(c?—a?)cotB+(a’~b*) cotC=0
Hence Proved

COSINE FORMULAE "

b’ +c¢®-a’
InanyAABC, cosA= obe
2 2 12
cos B = c +a -b
2ac
a’+b’ —¢?
cos C= T re—
Note : In particular
~ A=60° = b>+c¢?—a’=Dbc
~ B=60° = c¢c+al-b?>=ca
~ C=60° = a2+b>—c>=ab
Solved Examples
Ex.6 InaAABC,a=2cm,b=3cm,c=4 cmthen
cosA equal to -
8 7 1 1
115 [ Blg 45
Sol. By the cosinerule,
_ b*+c?-a’
COSA = T obe
Ao B 4l 92
COSAT T 23)4)
21
cosA= 24
7
cosA= 3 Ans. [2]
Ex.7 Inatriangle ABC,ifB=30°andc= /3 b, then
A canbe equal to-
[1]45° [2]60° [3]90° [4] 120°
2, .2 2
Sol. [3] We have cos B = ¢ ra"-b” = ﬁ
2ca 2
 3p%+a®-b?
~ 2x43bxa

=a’-3ab+2b°=0 = (a-2b)(a—-b)=0
= Eithera=b = A=30°

=a=2b = a?=4b>=b*+c* = A=30°
ora=2b = a’?=4b>=0b>+c*> = A=90°.




Ex.8 Inatriangle ABCifa=13,b=8andc=7,
then find sin A.

b2 +c?-a? _ 64+49-169

Sol. - cosA = She 587
1 2n
= COSA=— 2 =>A= 3
. .2
. sinA=sin 2 = ﬁ Ans.
3 2
Ex.9 Ina AABC, prove that a (b cos C — ¢ cos B)
b2 _ 2
2 12 A2 2.2 .2
Sol. Since cosC= 22 ¢ g cosB= 2 ¢ P
2ab 2ac

o a’+b%-c? e a?+c?-p?
LHS =a 2ab 2ac

2 w2 2 2,2 2
3 ”’2 c_@ < b)) — (>~ =RHS.

Hence L.H.S.=R.H.S.

Proved

Ex.10 IfinaAABC, ZA =60°, then find the value of

[‘I+3+Ej [‘I+£—ij
c ¢ b b))’

[1+3+9j [,Hg_ij _[c+a+bj [b+c—aj
Sol. c c b b)) c b

_ (b+cy-a* _ (b®+c®-a®)+2bc
bc bc
b? +c2-a? b? +¢? -a?

=2cosA+2=3 {- ZA=60°}
[1+3+9j[1+3—ij =3
c c b b

PROJECTION FORMULA _gf
Inany AABC

(i) a=bcosC+ccosB

(i) b=ccosA+acosC

(ili) c=acosB +b cosA

Solved Examples

Ex.11 Inatriangle ABC,
prove that a(b cosC — ¢ cosB) =b? —¢?
Sol. -~ L.H.S. =a (b cosC — ¢ cosB)
=b (acosC) —c (a cosB)
-+ From projection rule, we know that
b=acosC + c cosA =acosC=b-ccosA
& c=acosB+bcosA =acosB=c—bcosA

Put values of acosC and a cosB in equation (i),

we get

LHS. =b(b—ccosA)—c(c—bcosA)
=b>—bccosA—c?+bccosA
=b’-¢? =R.H.S.

Hence L.H.S. =R.H.S. Proved

Note: We have also proved a (b cosC — ¢ cosB)
=b?—c? by using cosine—rule in solved *Example.

Solved Examples
Ex.12 In a AABC, prove that (b +c)cos A+ (c +a)
cosB+(a+b)cosC=a+b+c.

Sol. .- L.H.S. =(b+c)cosA+(c+a)cosB+(a+Db)
cos C

=bcosA+ccosA+ccosB+acosB+acosC
+bcosC

=(bcosA+acosB)+(ccosA+acosC)+(ccosB

+ b cos C)
=a+tb+tc =R.H.S.

Hence LH.S. =R.H.S. Proved

. ,(C . of A
Ex.13 InanyAABC2 [asmz (5j+ csin’ (5 ﬂ equals

[l]a+c—b [2]a—c+Db
[3]a+c+b [4] none of these

o€ (A
Sol. 2{asm (2J+csm (ZH
=[a(l —=cosC)+c (1-cosA)]
=atc—(acosC+ccosA)

= a+c—Db[Byprojection formulac] Ans. [1]




Ex.14 Solve: A-B
= tan[ 5 j =1

C B . . .
b cos? S +e cos® > interm ofk where k is perimeter

_ T _ 4zo
ofthe AABC. LTS TG 45
[1] % 2] % = A-B=90° ... (ii)
From equation (i) and (i), we get
31k [4] none of these A=105° and B=15°
Sol. [1] Here, Now,
2 E 2 E b
b cos 2 T ccos 2 -+ From sine-rule, we know that .i = ——
sinA sinB
= E(1+cosC)+£(1+cosB) __¢C
2 2 sinC
b+c 1
= T+E(bcosC+ccosB) | (\/§+1)ﬁ
[using projection formula] . o= 2sinC _ (3+1sin6o> _ 7775
a sinA sin105° V3 +1
:>b+c+1a:> a+b+c 22
° : nt0se= 332
o sin =
bcoszg +ccoszg =% 22
=>c=.6

[wherek=a+Db +c, given]

~ ¢c=46,A=105°,B=15° Ans.

NAPIER’SANALOGY -TANGENT RUL“'
Ex.16 InaaABC,b= .3 +1,c=.3-1,£2A=60°

Inany AABC
B-C
. B-C_b-c A then the value of tan( ) is
(i) tan > b7 o cot > 2
. C.A c-a B [1]2 [2]1/2 [3]1 [4]3
(ii) tan > “cia o5 o b_c &
Sol. tan( j=(—jcot(—j
A-B a—-b C 2 b+c 2
(iii) tan 7 - s+b cot;
: putting the value of b, c and ZA

Solved Examples tan(B;C]= Eﬁ :B:ﬁ :Kcot (30°)
Ex.15 Findthe unknown elements of the AABC in which

a=43 +1,b=y3 —1,C=60" :,tan(%)ﬂ Ans. [3]
Sol. - a=3+1,b=,3 —1,C=60° B A

- A+B+C=180° Ex.17 Iftan ( j= XCOt(Ej, find the value of x.

~ A+B=120° ... (1) c-a a-b b-c

A_B [1] c+a [2] a+b [3] b+c [4] None

- From law of tangent, we know that tan[ ; j Sol. By the formulae

_a-b C B-C) b-c A

=27p Ot 5 tan( 2 j_—b+c00t(2j Ans. [3]

(3 +N)-(3-1) 2
— t o _ — t (o]
W3 (a1 O30T 55 cot0




TRIGONOMETRIC FUNCTIONS OF y
HALFANGLES : ‘

oo A 62069 B
(i) sin 7 be , SIn—
. C _ [-a)(s—b)
sin b

A _ s(s—a) B _ s(s—b) C
cos be 0S5 ca  ° ©0S5

s(s—¢)
ab

A [=b)(s—¢) A  (s-b)s-c)
(iii) tan—- = | sGs—a)  sGs-a) A ’
C

is semi perimeter and A is the

(s—¢)(s—a)

ca >

(ii)

a+b+
where s =

area of triangle.

iy 2 e ey _ 2A
(iv) smA—bC Js(s—a)s-b)s—c) bo

Solved Examples
. .. S—a_s-b s-c
Ex.18 In a triangle ABC if 1 12 13
then tan® (A/2) =
143 13 11 12
(1155 [lg3 [31 39 [4] 37

s—-a s-b s-c 3s-(a+b+c) s
Sol. [21 =4~ =~ =743 = B

11+12+13 36

A
Now tan’ [Ej

_ (s-b)(s-c) 12x13 _ 13

s(s—a) T 36x11 33

Ex.19 InaAABC,ifa=13,b= 14 and ¢ =15, then

A
the value of sin (Ej 1s

3 1 7
My Rl Bl 5 416

Sol. We know that,2s=a+b+c¢c
2s =42
s=21
s—a=8,s—b=7,ands—c=6

Sm(g): (s-b)(s~c)
2 bc

_ /7><6 -1
“\14x15 5

Ex.20 Inatriangle ABC, ifcos % = ,{% , then

Ans. [2]

[1]a®+b>=¢?
[3]c*+a’=b?

A  |b+c s(s—a) \/b+c
. Ccos— = =
Sol. cos> \/20 :\/ be 2¢

[2] B> +c?=a?
[4]b—c=c—a

=2s(s—a)=b*+bc
=(a+tb+c)(b+c—a)=2b’+2bc
=a’+b>=¢c? Ans. [1]

Ex.21 InaAABC, the sides a, b and ¢ are in A.P. Then
t A t €. tB i
A =hidliny [deals isequal to

[1]3:2
[3]3:4

[2]1:2
[4]2:3

tané+tan9 'cotE
Sol. 5 5 |-%%5

\/(s—b)(s—c)+ (s—a)(s—b) \/ s(s—b)
s(s—a) s(s-c) | \(s-c)s-a)

(s-c)+(s-c)

=%

=2s—(a+c):s

atb+c
b:
= 2

=2b:a+b+c=2b:3b
[-a,b,careinA.P. . 2b=a+c]
=2:3 Ans. [4]




Ex.22 Ina AABC ifa, b, c are in A.P., then find the

A
value of tan > tan ¢

2
. A C A
Sol. Since tan 2 = S(s-a) and tan 2 = s(s—oc)

n® o &
A A T 25 _a)s—c)
w A’=s(s—a)(s—b)(s—c)

A C _ s-b b .

.tanE.tanE——S _l_s ....... (1)

- itisgiventhata,b,careinA.P. = 2b=a+c
atb+c _ 3b

2 2

b 2 . . .
g~ 3 butinequation (1), we get

A C 2
) tanE.tanE—l—3

A C 1
=tan —.tan — = < Ans.

2 2 3
Ex.23 In any AABC, prove that (a + b + ¢)

A B C
tan — + tan— | = 2c cot—.
[ 2 2) 2

Sol. - LHS. =(a+b+c) [tan 2y tangj

A _ [(s-b)(s—c) B
tanE— ss-a) and tanE

_ |(s—a)(s—c)
s(s—b)

~ LHS. =(a+b+¢)

(s-b)(s—c) [(s- a)(S C)
s(s—a)
} / s-a
=2s s— a s—

s-b+s-a
=2 Js(s-c) {/—s a)s b)}

-+ 2s=a+b-+c

2s—-b—-a=c

e o) | ——| = _S(s=c)
=2 Js(s-¢) L/s a)(s- b)] =2c (s—a)(s—b)

C_ | _s(s-¢) C
s coto = (5—a)s-b) —2ccot2

Hence L.H.S. =R.H.S.

=R.H.S.

Proved

AREAOFATRIANGLE "
If Abethe area of a triangle ABC, then

@ A= %bc sinA=-ca sinB=%ab sinC

1 b’sinCsinA _ 1 ¢?sinA sinB

_ 1 @sinBsinC _ 1
2 sin(A+B)

"2 sin(B+C) 2 sin(C+A)

(i)

(iii) A=\/s(s —a)(s-b)(s-c) (Hero’s formula)

Form above results, we obtain following values of
sinA, sin B, sinC

bi\/s(s—a)(s—b)(s—c)

. 2A
I sinA=—=
(v) »

2A

v) smB_a —\/s(s a)(s-b)(s-c)
(vi) smC_i—é % s(s—a)(s-b)(s-c)

Further with the help of (iv), (v) (vi) we obtain

sinA_sinB_sinC_ 2A
a b c abc

Solved Examples

Ex.24 Find the area of a triangle ABC in which
2A=60°b=4cmandc= .3 cm

[2] 5sq.cm
[4]none

[1]3sq.cm
[3]8sq.cm
Sol. The area of triangle ABC is given by

1 . 1 .
=EbcsmA =3 X 4.3 *sin 60°

=243 x%
Ex.25 Inany triangle ABC,ifa= 2 cm,b= /3 cm

=3sq.cm Ans. [1]

. .1
and ¢ = ./5 cm, show that its area is 2 J6 sq. cm.

a?+b?-c¢?
Sol. We know that,cosC= ————=0
2ab
ki
2

so,A=l ab sin C [

then, ,C =

sinc=1]

*(v2) (¥3)()

M|§| M|—\

A= sq. cm




Ex.26 InaAABC,thesidesareintheratio4:5:6. The

ratio of the circumradius and the inradius is-

[118:7 [2]3:2 [3]17:3 [4]116:7
Sol. [4] Here a =4k, b =5k, ¢ = 6k

Lo 15k

8=

5kj[1—5k - GKJ = @ k?

2

N EEIN S
2\ 2 2

abc 4k.5k.6k 8

ButR=E_15ﬁkz_ﬁ and
r:é:ﬂk?i:ﬁk
S 4 15k 2
8K
_E:izﬁzmj
r J7k 7
2

Ex.27 InaAABC if bsinC(b cosC +c cosB)=42,
then find the area of the AABC.

Sol. -+ b sinC (b cosC +ccosB)=42 ....... (1) given
-+ From projection rule, we know that
a=DbcosC+ccosB putin (i), we get
ab sinC =42

1 .
F A= ab sinC
- from equation (ii), we get

~ A=21sq. unit

m-n Rule "

In any triangle ABC if D be any point on the base
BC, such that BD : DC :: m
/BAD=q, /DAC=8,2CDA =0, then

(m+n)cote = mcota —n cotf
= ncotB-mcotC
A
a \B
0
B m D n C

: n and if

Ex.28 If the median AD of a triangle ABC is
perpendicular to AB, prove that tan A + 2tan B=0.

Sol. From the figure, we see that 6 = 90° + B
(as 0 is external angle of AABD)

e
A4

Now if we apply m-n rule in AABC, we get
(1+1)cot(90°+B)=1.cot90°—1.cot(A—90°)
= —2tan B=cot (90°-A)

= —2tanB=tanA

= tanA+2tanB=0  Hence proved.

CIRCUMCIRCLE OFATRIANGLE ‘V

A circle passing through the vertices of a triangle is
called the circumcircle of the triangle.

The centre of the circumcircle is called the circum-
centre of the triangle and it is the point of intersection
of the perpendicular bisectors of the sides of the
triangle.

The radius of the circumcircle is called the circum
radius of the triangle and is usually denoted by R
and is given by the following formulae

. a b ¢ _abc
" 2sinA 2sinB 2sinC 4A

atb+c
2

Where A is area of triangle and s =

Solved Examples

Ex.29 The diameter of the circumcircle ofa triangle with
sides 5cm, 6 cmand 7 cm is

[1] %om [2] 246 cm
35
[3] 28 CM [4] None of these




abc Ex.32 Ina AABC, prove that
Sol. Radius of circumcircle is given by R = —— and

44 s=4RcosA.cosE.cosE.
a+b+c 2 2 2
A= \[s(s—a)(s—b)(s—c) wheres= > Sol. In a AABC,
Herea=5cm,b=6cm,andc=7 cm A [s(s—a) B [s(s—b)
v COS— = , COS— = ,/— and
5+6+7 9 2 bc 2 ca
8= =
2
_ C _ [s(s-c) __abc
A= J9(9-5)9-6)(9-7) =216 =66 cos— =4~ _p andR= =
R = 56.7 _ 35
T 4646 46

-+ RH.S.=4R cosé. cosE . cosE .

35 2 2 2
Diameter=2R=—-7=  Ans. [4]
26 _ abc s(s—a)(s—-b)(s-c) _
s A S (abc)? S
Ex.30 InaAABC, prove that sinA + sinB +sinC = R
. A= ys(s-a)(s—b)(s-c) =L.H.S.
b
Sol. In a AABC, we know that —o— = —— = — Hence  R.H.S =L.H.S.proved.
sinA  sinB  sinC
=2R Ex.33 InaAABC, prove that
1 1 1 1 4R
. SInA= ;;R,sinB=%andsinC=%. s_a +s—b+s—c_§=T'
1 1 1 1 4R
) ) ) a+b+c  2s Sol. + + - = =—
. smA+smB+smC—T—ﬁ s-a s-b s-c s A
atb+c=2s B _ (] 1 j [ 1 _1J
s = (T + (e
= sinA+sinB+sinC=%. 2s_a-b (s—s+c)
= + w28s=a+tb+c

(s—a)(s—b) s(s—c)
Ex.31 In a AABC ifa= 13 cm, b = 14 cm and

c c
¢ =15 cm, then find its circumradius. =

~ (s-a)(s-b) * s(s—c)

abc .
Sol. - R==" .. i _ | s(s=c)+(s—a)(s-b)
4A ® -¢ { s(s—a)(s—b)(s —c) }

v A= Js(s—a)(s-b)s-c)

{232 —s(a+b+c)+ab}
c

b 2
s=a+2+C =21 cm A

LS. = 2s® —s(2s)+ab | _ abc _ 4RA

AT J21x8x T x6 = 72x42x32 =A=84cm’ o N A2 A?
_ R

o 13d4d5 85 A

4x84 8 abc
65 RZE = abc=4RA
g R=? cm. Ans. 4R

- LH.S.= T =R.H.S.




INCIRCLE OF A TRIANGLE "

The circle which can be inscribed within the triangle
so as to touch all the three sides is called the incircle
of the triangle.

The centre of the incircle is called the in centre of the
triangle and it is the point of intersection of the internal
bisectors of the angles of the triangle.
The radius of the incircle is called the inradius of the
triangle and is usually denoted by r and is given by
the following formula
In—Radius : The radius r of the inscribed circle of a
triangle ABC is given by

M r=7

S

.. A B
() r=(s—a)tan (EJ , T=(s—Db) tan (E] and

C
r=(s—c) tan (Ej

. (BY). (C . (AY. (C
asin| — [sin| — bsin| — [sin| —
Epe) el
() r= A , T= (B) and
cos| cos| —
2 2
. (BY. (A
csin| — |sin| —
2p2)
r= (C
cos|
2
) _4R i Ay . (B} . (C
(iv) r=4R sin 5 |-sin | 5 [.sin| 5
Solved Examples
Ex.34 Theratio of the circumradius and inradius of an
equilateral triangle is
[1]3:1 [2]1:2 [312: 3 [4]2:1
r acosA+bcosB+ccosC
Sol. = =
R a+b+c
In equilateral triangle A=B = C = 60°
_ (a+b+c)cos60 =l Ans. 2]

a+b+c 2

Ex.35 A AABCisrightangle at B. Then the diameter of
the inccircle of the triangle is

[1]2(c+a—b) [2]c+a-2b

[3]c+a—b [4] none of these
1 ac
r:é— 2 __ac :ac(c+a—b)
oL.r=" s (;j(a+b+c) (@+b+c) (c+a) -b?
_ ac(c+a-b) __ac(c+a-b)
c? +2ca+a?-b? ~ 2ca+b?-b?
- orazh (- a*+tct=b) Ans. [4]

2

Radius of The Ex- Circles "

Ifr,r,,r, are the radii of the ex-circles of AABC

opposite to the vertex A, B, C respectively, then

. A A A
s—a s—b s—c
o A B C
(ii) rl—stanz’ rz—stang’ r3—stan3
acos® cos$
@iii) r, =——— and soon
cos%

. _ A B C
(@iv) r1—4Rsm2 - €08 . COS—

Solved Examples
Ex.36 InaAABC, prove that
r +r1,+r,—1r=4R=2acosecA
Sol. - LHS =r +1r,+1r,—r

>
>
>
| >

I
>

c c }
+
s—a)(s—-b) s(s-c)

s(s—c)+(s—a)(s —b)}
s(s—a)(s—b)(s-c)

—~

A2

I
a
>

| — N ——

2s? —s(a+b+c)+ab}




- a+tb+c=2s

Ex.39 If the exradii of a triangle are in HP the

.+ R= G%C = 4R =2a cosec A corresponding sides are in
a [1]A.P. [2] GP.
sinA 2R =acosccA  =RHS. [3]H.P. [4] None of these
Hence L.H.S. =R.H.S. proved
111 ) s—-a s-b s-c )
) ) _ Sol. -~ areinA.P. - ——,——,—— areinA.P.
Ex.37 Ifthe areaofaAABC is 96 sq. unit and the radius 112 h A A A
of the escribed circles are respectively 8, 12 and —=s—a,s—b,s—carein A.P.
24. Find the perimeter of AABC. 4 —_b.—careinAP. Ans. [1]
Sol. - A=96sq. unit
r,=8r,=12andr, =24 b-c c-a a-b
A Ex.40 Value ofthe r + r2 + i equal to-
= = s—a=12 ... (1)
@ [1]1 [2]2 [3]3 [4]0
A B 3
L= = s—b=8 ... (i1) Sol. [4]
A b- - -b
= = s—c=4 ... (i11) ( c)+(c a)+(a )
s-c ry r ry

. adding equations (i), (i1) & (iii), we get
3s—(a+tb+c)=24
s=24

- perimeter of AABC =2s=48 unit. Ans. =

= (b-c) [S;a]ﬂc—a) (%jﬂa—b). [%j

(s—a)(b—c)+(s—b)c—-a)+(s—c)a-b)
A

Ex.38 InaAABC,ifa=18 cmand b =24 cm and _s(b—c-+c-a+a—b)—[ab—ac+bc—ba-+ac—bc]

¢ =30 cm then the value of r,r, and r, are A

[1]12cm, 18cm 36cm  [2] 12 cm, 8 cm, 30 cm _0_ 0=RHS.
[3]12cm, 10 cm, 30 cm [4]12cm, 18 cm,36cm A
Sol.a=18 cm, b=24 cm, c=30 cm Thus, br—10+cr;a+ar;b:0
n2s=a+b+c=72cm
s=36 cm Ex.41 Value of ther cot % cot % is equal to-
But, A =/s(s—a)(s—b)(s-c) [1]r, [2]r,
A=216sq. units [3]2r, [4] none of these
A 216 Sol. [1]r cot B/2. cot C/2
then,r1=;=ﬁ=120m cosB/2 cosC/2

= 4R sin A/2.sin B/2.sin C/2. SnB/2 sinC/2

or. I = A _216 _ e [asr=4R sin A/2 sin B/2 sin C/2]

?ostb 12 = 4R.sinA/2. cos B/2. cos C/2
_ A 216 e =1, = RH.S. {as, r, = 4R sin A/2. cos B/2.
or, 1,=_—-=¢

cos C/2}

80,1, I, 1, are 12 cm, 18 cm, and 36 cm . rcot B/2. cotC/2=r1

b 1’ 2’

Ans. [4]




ORTHOCENTRE OFATRIANGLE"

()

(1)

The point of intersection of perpendiculars drawn
from the vertices on the opposite sides of a triangle
is called its orthocentre.

Let the perpendicular AD, BE and CF from the
vertices A, B and C on the opposite sides BC, CA
and AB of ABC, respectively, meet at O. Then O is
the orthocentre of the AABC.

The triangle DEF is called the pedal triangle of the
AABC.

The distances of the orthocentre from the
vertices and the sides - If O is the orthocentre
and DEF the pedal triangle of the AABC, where
AD, BE, CF are the perpendiculars drawn from A,
B,C on the opposite sides BC, CA, AB respectively,
then

OA=2R cosA,OB=2R cos Band OC =2R cos
C

OD =2R cos B cos C, OE =2R cos C cos A and
OF=2R cosAcosB

(i) The circumradius of the pedal triangle = %

(iv) The area of pedal triangle =2A cosA cos B cos C.

LENGTH OFANGLE BISECTORS,

A

MEDIANS & ALTITUDES
(i) Length of anangle bisector from theangleA =
A
A
_ 2bc Cos
b+c ’

(1)

DE F _©C
Length of median from the angle A = m,

1
=§ 2b2 +2c¢2-ar &

2A
(i) Length ofaltitude from the angle A =A = e

3
NOTE : m: + m; + m’ =3 (@ +b*+¢?)

Solved Examples
Ex.42 ADisamedian of the AABC. IfAE and AF are

medians of the triangles ABD and ADC respectively,
and AD=m ,AE=m_, AF =m_, then prove that
2

a
mz2 + m32 — 2m12 =5
Sol. - InAABC
AD? = % @b +2—a)=m? ... @)

2

- InaABD, AE =m,’ = 4 (2 + 24D~ 2

......... (i)
Similarly in AADC, AF? = m? = %
2 2 a’
2AD"+20%——-1 (i)

by adding equations (ii) and (iii), we get

1 2 2 2 82
. 2 2= _ | 4AD -
. IIl2 +III3 = 2 ( +2b“ + 2c ZJ

a

1
AD*+ - (2b* +2¢* —af) + 5

2
= AD2+AD2+%

2 2
a a

= 2 4+ — = 2 + —
2AD 3 2m1 3

. AD2 = m12

a2
Lm2+m?-2m2= -~

3 Hence Proved




THE DISTANCES OF THE SPECIAL 4

POINTS FROM VERTICES AND ‘

SIDES OF TRIANGLE
(i) Circumcentre(O) : OA=Rand O,=R cos A

A
(ii) Incentre (1) ;1A =rcosec B andI =r

:1, A=t cosec % and I =1,
:HA=2R cos A and
H =2R cosBcosC

1
:GA= 3 J2b% +2c? —a? and
A

G=_

a a

(iii) Excentre (1))

(iv) Orthocentre (H)

(v) Centroid (G)

N

Solved Examples

Ex.43 Ifx,yand zare respectively the distances of the
vertices of the AABC from its orthocentre, then prove

. be ..
that (i) < + % + <= i—y;’ (i) x+y+z=2(R+71)

Sol. .- x=2R cosA,y=2R cosB, z=2R cosC and
and a=2R sinA, b=2R sinB, ¢ =2R sinC
- 3JrRJrE=tanA+tanB+tanC ........ (1)
X y z
abc _ )
& xyz = tanA.tanB. tanC ... (1)
-+ We know thatina AABC YtanA =TI tanA
. . .. a b c
. From equations (i) and (ii), we get ” + " + 2
_ abo
xyz

- Xx+y+z=2R (cosA+ cosB + cosC)
-+ inaAABC cosA + cosB + cosC

=1+4si Agin2 inE
sin— sin~ sin

~ x+ty+tz=2R ‘I+4siné.sinE.sing
2 2 2

=2 | R+4Rsin A ) s,inE ) sing
2 2 2

o . A _.B_.C
. r—4RsmE s1n251n2

L X+y+z =2(R+71)

SOME IMPORTANT RESULTS "

A B s-c A B S
tan—tan—=—— cot—cot—=—-—
2 2 S s—cC

()

2) tan%+tan%=§cot%=%(s—c)

A B a-b
tan——tan—=—— (s-c¢
(3) tanZ-tan_=222 (s—c)
t A +1 B
A an 2 anE " c
(4) cot—+cot—= A B = cot—
2 tan—tan— 5=
2 2
(5) Alsonotethe following identities

@® z(p-q)=(p-q@+(q-1r)+(x-p)=0
@ zp(q-r)=p(q-n+q(r—-p)+r(p-q=0
(@) z(pt+ta) (q-1) p(gq-r)+az(q-r=0

Solved Examples
. . A B
Ex.44 In a triangle ABC if cot ECO’IE=C,

B C C A
—cot—=a cot—cot—=>Db
cot 5 2ol and A ,

1 1

1
then + + =
s-a s-b s-c

[11-1 [2]0

[3]1 [4] 2

A B | s(s-a) s(s-b)
[4] COtECOtE_ \/(s—b)(s—c)x(s—c)(s—a) ~¢

Sol.

s 1 c . .
=——=— similarly
s-c s-Cc s

L= E and

b
s-a s s

1 e
s-b
_a+b+c _2s _
s-c s s

2

1 1 1
so that +
s—-a s-b




EXCENTRAL TRIANGLE "

The triangle formed by joining the three excentres1 ,
1,and I, of AABCis called the excentral or excentric
triangle.

(1) AABCisthepedal triangle of the AT L 1.

(i) Its angles are ;‘ > g_%
(i)

(v)
)

n C
and E—E

Its sides are 4R cos% , 4R cos% and 4R cos% .

. A . B . C
I, =4Rsin - ; 1L, =4Rsin7 ; II3=4RsmE.

Incentre 1 of A ABC is the orthocentre of the
excentral AL LL.

DISTANCE BETWEEN SPECIAL POINTMV

(1) Distance between circumcentre and orthocentre
OH2=R2(1 -8 cosA cos B cos C)

(i) Distance between circumcentre and incentre

012=R2(1—8sin% sin% sin%)=R2—2Rr

(i) Distance between circumcentre and centroid

OG2=R?*— %(a2+b2+cz)

Solved Examples

Ex.45 If1is theincentreand 1, L, I, are the centres of

escribed circles of the AABC, prove that
1 = 2
(1) 1.1, . 11, = 16Rr
1 2 2—q1 2 2—qr12 2
@I+ L=+ LI =12+
Sol. (i)
- We know that

_ A ~b B dIL = C
Hl—asecE, I, = sec an Ig—csecE

— C
11, =c. cosec 5>

B A B B
LI, =a cosec— and LI, =b cosec

A B C .
© 11, . 1L, . 11, = abe SCT, . SeC . SeC v, (1)
- a=2RsinA,b=2R sinB and ¢=2R sinC

. equation (i) becomes
© 1. 1L, . I, = (2R sin A) (2R sin B) (2R sinC)

A cecB el
SCC2 SCC2 S€C2

25iné cosé 25in§ cos§ 25in9 cosg
; 2 2 2 2 2 2

COS— .COS—.COS—

2 2 2
.A . B.C
= 3 R— JR— JR—
64R? sin > sin > sin 2

.A.B.C
. r—4RsmEsm2sm2

LI L= 16R*r Hence Proved

1 2 2 — 2 2 — 2 2
(@ NP+LIP=TFLI2=102+1 1

A A
S 17+ LI = a’ sec? > + a? cosec? >
. a
sinzgcoszg
. . A A
- a=2RsinA=4Rsin = cos =
2 2
16 stinzé.coszg
. 2 2 — — 2
BRIRE S RIS A LA =—I16R
sin‘“ —.cos* —
2 2
Similarly we can prove

2 2 — 2 2 — 2
IL°+ LI =T+ 1L =16R
2 2 — 2 2 — 2 2
Hence M-+ LI =1L LI =1L+ 1

SOLUTION OF TRIANGLES _gff

Introduction — In a triangle, there are six elements
viz. three sides and three angles. In plane geometry
we have done that if three of the elements are given,
at least one of which must be a side, then the other
three elements can be uniquely determined. The
procedure of determining unknown elements from
the known elements is called solving a triangle.




SOLUTION OF A RIGHT ANGLED I'

TRIANGLE
Let triangle ABC is right angled and ~ C=90°. Then in different cases its solution is determined as shown in
the following table.
Given To find Formulae Figure
tanA=a/b, A
B=90°-A, A X
@) (Twosides) | A,B,C C=a/sinA
a,b or B - c
tanB =b/a
A=90°-B
C=b/sinB
sinA=a/c
(i) (hypotenuse [ A,B,b B=90°-A A
and one b=ccosA A
side)c, a or
b=acotA B 5 c
B=90°-A
(iit) (one side B.,b,c b=acotA A
a
and one C= GnA /j
angle) a,A B - c
B=90°-A
(v) (hypotenuse | B, a,b a=csinA A
and one b=ccosA
-
c,A B c
—
SOLUTIONOFAGENERALTRLANGLE‘ an %: S(%a) , tan%=s(sA—b) _ tan% _ S(SA_C)

In different cases, solution of a general triangle is

determined as follows : anA_ (s-b)(s-¢) .
Casel. 2 \ s(s-a) ° similar results for tan

When three sides a ,b ,c are given : B_ tan C
In this case remaining elements i.e., angles A,B,C 2 2
are determine by using following formulae P42 . .
cosA= ————, similar results for cos B, cos C

) ) 2A .
SiInA=— s1nB=a .sinC=—

bc’

2A
ab

2bc
(use cosine formula when a, b, ¢ are small numbers)




Case I1.

When two sides say a, b and angle C between
them are given :

In this case remaining elements A,B,c are
determined by suing following formulae :

A-B a-b C A+B C
=——cot— =90°-=
an = "% 2 0 2
asinC
c=— or ¢?=a’+b*-2abcosC
sinA
Case 111

When two angles A,B, and one side a are given:

In this case remaining elements C, b, ¢ are
determined by using following formulae :

asinC
sinA

o _asinB o
C=180°~(A+B) b="_—= ;c=

Note : - Ifangles A, B and side ¢ be given, then we use
following results

c sinA
sinC

c sinB
sinC °

C=180°— (A+B) b= a=

CaselIV.
When two sides a , b and angle opposite to one
side, say A, are given
In this case remaining elements B, C, ¢ are
determined by using following formulae :

bsinA

sinsB=——— .. (1)
C=180°—(A+B) .. @)
c= 2B 3)

while using above formulae, (1) may given following
possibilities :
(i) WhenA<90°anda<bsinA:

. . bsinA ) C
Inthis case sin B= T=> sin B > 1 which is not

possible. hence no triangle will be possible

(i) WhenA<90°and a=bsinA:
In this case sin B=1 = B =90° = only one
triangle is possible which is right angled at B.

(i) WhenA<90°anda>bsinA:

. . bsinA .
In this case sin B= gives two such angles

say B, , B, that B, +B, = 180°

when A>90°

Ifa < b, then B is also obtuse angle which is not
possible.

Ifa>b,then A>B and C will be an acute angle. So
solution will exist.

(v)

Note : Above case (iv) is called ambiguous case.






