Trigonometric Functions

Trigonometric
Ratios

TRIGONOMETRY

The word 'trigonometry' is derived from the Greek  Quadrant : "

words 'trigon' and ' metron' and it means 'measuring Let XOX' and YOY' be two lines at right angles
the sides and angles of a triangle’. in the plane of the paper. These lines divide the
y plane of the paper into four equal parts which are
ANGLE: 4 known as quadrants.

Angle is ameasure of rotation of a given ray about
its initial point. The original ray is called the initial
side and the final position of the ray after rotation is
called the terminal side of the angle. The point of
rotation is called the vertex. If the direction of rotation
is anticlockwise, the angle is said to be positive and

ifthe direction of rotation is clockwise, then the angle
is negative. The lines XOX' and YOY" are known as x-axis

B : . :
and y-axis respectively. These two lines taken

1T - quadrant |I - quadrant

X'« o) > X

111 - quadrant |IV - quadrant

vyY

32 .
ey together are known as the coordinate axes. The
S g
) regions XOY, YOX', X'OY' and Y'OX are
Vertex O A ede A known as the first, the second, the third and the
(i) Positive angle fourth quadrant respectively.
(anticlockwise measurement) >
SYSTEMS FOR MEASUREMENT
Vertex O Initial Side SA OFANGLES : ‘

An angle can be measured in the following systems.

079/& 1. Sexagesimal System (British System) :
O 5 The principal unit in this system is degree (°). One
(i) Negative angle right angle is divided into 90 equal parts and each

(clockwise measurement) part is called one degree (10 )
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One degree is divided into 60 equal parts and
each part is called one minute. Minute is denoted
by (1'). One minute is equally divided into 60
equal parts and each part is called one second

(1")'

1. C.W

ofacomplete circular turn is called a degree
o , 1
®), == 5 0 of adegree is called a minute (' ) and 50 of

aminute is called a second ("').
One right angle =90°, 1°=60’, 1'=60"

Solved Examples
Ex.130°30'"is equal to -
41\
@ (%) ®)61°
©) (%j (D) None of these

o

1
Sol. We know that, 30'= (Ej

o (3]

Ans. [C]

Centesimal System (French System) :

The principal unit in system is grade and is denoted
by (8). One right angle is divided into 100 equal
parts, called grades, and each grade is subdivided
into 100 minutes, and each minutes into 100 seconds.

2 0 5 of acomplete circular turn is called a grade

of a grade is called a minute () and T of

®): 700 ‘IOO 100

aminute is called a second (™).
". Onerightangle=100% 1¢=100"; 1" = 100"

Note :

The minutes and seconds in the Sexagesimal system
are different with the minutes and seconds
respectively in the Centesimal System. Symbols in
both systems are also different.

Solved Examples

Ex.2 50'is equal to -

Sol.

(B) [%]

(D) None of these

(A) 18

© 4]

100'is equal to 18

1 (1)
50'is equal to (100 50) = (Ej Ans.[B]

Circular System (Radian Measurement)

The angle subtended by an arc of a circle whose
length is equal to the radius of the circle at the centre
of the circle is called a radian. In this system the unit
of measurement is radian (%)

As the circumference of a circle of radius 1 unit is
27, therefore one complete revolution of the initial
side subtends an angle of 2r radian.

More generally, in a circle of radius r, an arc of length
r will subtend an angle of 1 radian. It is well-known
that equal arcs of a circle subtend equal angle at the
centre. Since in a circle of radius r, an arc of length r
subtends an angle whose measure is 1 radian, an
arc of length / will subtend an angle whose measure

is — radian. Thus, if in a circle of radius r, arc of

length ¢ subtends an angle 0 radian at the centre, we

havee=§or€=r6.

AN
L\ (.
1

6 = 1 radian 6 = —1 radian
(i) (i)
BK_\ )

A
A

B 2

—
0 = 2 radian 0 = -2 radian

(iii) (iv)
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Some Important Conversion :

n Radian = 180° One radian = (?)

g Radian = 30° % Radian = 45°

g Radian = 60° g Radian = 90°

Z?n Radian = 120° % Radian = 135°

5—; Radian = 150° %C Radian = 210°

% Radian =225° = Radian = 300°
Note :

If no symbol is mentioned while showing
measurement of angle, then it is considered to be

measured in radians. B
e.g. 0 = 15implies 15 radian r
# Area of circular sector : 0
Area= 1 0 sq. units '
2 A

RELATION BETWEEN RADIAN, |'

DEGREE AND GRADE :
D G 2R
90 100 m
Where,

D =angle in degree
G=angle in grade

R =angle in radian

Solved Examples

Ex.3 340°is equal to -
A) (5] ®) (%)
o ol

Sol. We know , 180° = =€

340° = (i><340)C = (W—n)c Ans.|B
~ 180 “ o ns.[B]

Ex.4 Find the length of an arc of a circle of radius
5 cm subtending a central angle measuring 15°.

Sol. Let s be the length of the arc subtending an angle
0 at the centre of a circle of radius r.

then, 0 = ;
i C
= — o — 1 R
Here, r =5 cm, and 6 = 15 ( S X 180)
C
12 r 12 5
5n
S 7o om Ans. [C]
TRIGONOMETRICAL RATIOS OR d
FUNCTIONS ‘

In the right angled triangle OMP , we have base
(OM) = x, perpendicular (PM) = y and
hypotenuse (OP) =r, then we define the following
trigonometric ratios which are known as
trigonometric function.

sine—E—l coso _B_x

H r H r

P y B_X

tano = E—; coto = p y

e_H r e_ﬂ_L

sec B =X cosec Py
Note :

(1) It should be noted that siné does not mean the
product of sin and 6. The sin6 is correctly read
sin of angle 0.

These functions depend only on the value of the
angle 6 and not on the position of the point P
chosen on the terminal side of the angle 6.

@)

Fundamental Trigonometrical Identities :

) 1
(a) sino = oS (b) coso = ocE
1 cos6
(€) €0t = 1an6 " sine

(d) 1 + tan%6 = sec0 or, sec20 — tan%0 = 1
1
(sect — tan6) = (sec O+ tan®)
(e) sin%0 + cos20 = 1
(f) 1 + cote = cosec20
1

J— t = e —
(cosece co 6) cosecO +coto
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Solved Examples
tano +secH -1
Ex.5 tand —secO+1
1-sin0 1-cos0
(A) cos 0 (B) sin®
1+sin0 1+cos0
© cos 0 (D) sin®

tanf+sec8-1 _ (tan® +secH)—(sec? 6 —tan?0)
 tanf-secO+1 tan® —secH + 1
[--sec?0 —tan?0=1]

_ (sec6+tan6){1—(secH —tano)}

B tan6 —seco +1

__ (sec6+tan0)(tanb —secO +1)

B tan® — secH + 1
1 n sin@ _ 1+sin®

Sol

= +t — — A )
seco + tano 056 cose 050 ns.[C]
Ex.6 The value of the expression -
siny  1+cosy siny
" 1+cosy siny ~ 1-cosy S equal to-
(A) 0 (B) 1
(C)siny (D) cos y
. 2 .
sin 1+ cos sin
Sol. 1 — Y cosy  _siny
1+cosy siny 1—cosy
_ 1+cosy-sin’y  1-cos’y-sin’y
- l+cosy siny (1-cosy)
cosy +cos’y
= T iioaey T 0=cosy Ans.[D]

1+cosy

Ex.7 If cosec 6 —sin 6 = m and sec 6 — cos 6 = n then (iv)

(m2n)?3 + (n2m)?3 equals to -

(A)0 (B) 1
©) -1 (D) 2
Sol. cosec 6 —sin 6 = m
2
m=——sine—co_se (1)
i sin®
B _ sin?@ .
= cosp 08 0= 050 ..(11)
_cos?0  sin?9 .
mxn= — . = sin 6 cos 0
sin® cos0
from (i) and (ii)

from (i) cos? 6 = m . sin 6

2n

or cos> 6 =m sin 6 cos 6 =m . (mn) = m
Similarly sin® 6 = n’m
since sin? 0 + cos? 0 = 1

(n’m)?3 + (m?n)?3 =1 Ans.[B]

SIGN OF THE TRIGONOMETRIC v
FUNCTIONS : ‘

Y/\
0,
G.r)|B p(x,y)
r
(-10)C T\
= o Xm Jamor X
D(0, -I)
N
Y/

(1) IfOisinthe first quadrant then P(x, y) lies in the first
quadrant. Therefore x >0, y> 0 and hence the values
of all the trigonometric functions are positive.

(i) If0 isin the Il quadrant then P(x, y) lies in the II
quadrant. Therefore x <0, y> 0 and hence the
values sin, cosec are positive and the remaining are

negative.

(i) If6 isin the Il quadrant then P(x, y) lies in the IIT

quadrant. Therefore x <0, y <0 and hence the values
of tan, cot are positive and the remaining are

negative.

I 0 is in the IV quadrant then P(x, y) lies in the [V
quadrant. Therefore x >0, y <0 and hence the values
of cos, sec are positive and the remaining are

negative.

To be Remember :
Y

A

II - quadrant I - quadrant

@ all positive
sin and cosec
are positive

»

IV - quadrant X

©

cos and sec
are positive

&
<

X" 111 - quadrant

@

tan and cot
are positive

v

YI
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Values of trigonometric functions of certain popular
angles are shown in the following table :

0 n n n n

6 4 3 2

in gzoJizi 2_1|[3_V3][a_

4 4 2 4 J2|\4 2 4

cos 1 ﬁ i 1 0
2 \/E 2
1

tan 0 — 1 \/5 N.D.

J3

N.D. implies not defined

The values of cosec x, sec x and cot x are the
reciprocal of the values of sin x, cosx and tan x,

But 6 lies in the fourth quadrant in which sin® is

negative.
1
sind = Tz cosec 0= -2
tano = Sing = tanb = —ixﬁ
cos0 J2 1
= tanp = -1 = coth = —

1+tan6 +cosech _ T=1—2 B
> 1+cot@—cosecO 1-1++/2 =

then

Ans. [A]

TRIGONOMETRIC RATIOS OF
ALLIED ANGLES :

respectively.
Solved Examples
Ex.8 The values of sin6 and tan6 if coso = —% and 0
lies in the third quadrant is-
(A) ~7% and % (B) % and -5
©) - % and - % (D) None of these

Sol.

We have cos260 + sinZ0= 1

= SIN0= +1-cos? 6

In the third quadrant sin® is negative, therefore

sinO= _+/1—cos?@

Y A A
= S1ne = 13 = 13

i 1
then, tano = :ILG = tanfd = —ix—S S

0s 0 13712 12
Ans.[A]

Ex.9 Ifseco= /2, and 3—2“ <0 <2n. Then the value of

Sol.

1+ tan0 + cosecH ;
1+ cot® — cosecH s

1
(A)-1 B+ 75
©- 2 (D)1
If seco = /2 of, Cos = iz,

; 1
Sing = si_cos?g = H[1-1 = £

-

If 6 is any angle, then — 6, g +0,T+0, 37“ +0,
27+ 0 etc. are called allied angles.
Trigonometric Ratios of (—0):

Let 0 be an angle in the standard position in the I
quadrant. Let its terminal side cuts the circle with
centre ‘O’ and radius rin P (x, y).

Let P’ (x', y') be the point of intersection of the
terminal side of the angle —0 in the standard position
with the circle.

Now ZMOP = ZMOP’ (numerically) and P & P’
have the same projection M in the x - axis

. AOMP=AOMP' = x=x"andy=-Yy'

N

(x,y)

N
X
\ 4
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tan(—9)=; == =—tan 0.

cot (— 6)=§=_Ly =—cot0
sec(—9)=%=— =sec O

cosec (—0) = yL = — =—cosec 0.

Similarly if © is in the other quadrants then the above
results can also be proved.

Trigonometric Ratios of T —0

Let 6 be an angle in the standard position in the
I quadrant. Let its terminal side cuts the circle with
centre ‘O’ and radiusrat P (x, y). Let P’ (x', y') be
the point of intersection of the terminal side of the
angle m — 0 with the circle. Let M and M’ be the

projections of P and P’ respectively in the x-axis.

Since AOM'P'=AOMP,x' =—Xx,y' =y

< sin(n-0)= ¥ = ¥ =sine.
cos(n—9)=XT'=—§=—cose.
y
X', y") P P(x, y)
~ M' O M 7
/MOP =6
ZMOP = -0
tan(n—9)=¥=_LX =—tan 0
cot ( —9)=£ =~ X =_cot®
T v "
r r
sec(n—9)=; == =—sec O
r r
cosec (m—0) = y ~y ~cosec 0.

Trigonometric Ratios of [g - 9) :

Similarly we can easily prove the following results.

. (m _
sm[E—ej—cose, 5

tan [E - 9) =cot 0,

cosec [E - 9) =secO, cos [E - 9) =sin 0,

2 2
cot[g - 9) =tan 0, sec [g - 9) =cosec 0

Trigonometric Ratios of [g + ej

Similarly we can easily prove the following results.

(T T
sin §+9 =cos 0, tan §+9 =— cot0,
T T .
cosec [E + 9) =sec 0, cos [E + 9) =_sin 0,
T T
cot[§+9j=—tan 0, sec [EJFGJ =—cosec 0

Trigonometric Ratios of (1 + 6)

Similarly we can easily prove the following results.
sin (r+0)=—sin 6, tan (t+0)=tan 0,
cosec (m+0)=—cosecO, cos (m+ 0)=—cos 0,
cot (m+ 0) =cot 0, sec(m+0)=—secH

. . 3
Trigonometric Ratios of [775 - 9)

Similarly we can easily prove the following results.

. (3 3
51n[7n—9j=—cos 0, tan[§—9j=cot 0,

3 .
cosec [775—9)=— sec O cos [37”—6)=—sm 0,

3 3
cot [775 - 9) =tan 0, sec [775 - 9) =—cosec 0,

3
Trigonometric Ratios of [775 + Gj
Similarly we can easily prove the following results.
sin [3—; + 9) =—cos 0, cos [37” + ej =sin 0,

3 3
tan [7n+9j=—cot 0, cot [7n+9j=—tan 0,

3 3
sec [775 + 9) =cosec O, cosec [—n + 9) =—secO

2
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Think, and fill up the blank blocks in following table.

T V4 T T 2r | Sx T | 4 | 37 | 57 | 1lx
0o| — | — | — - ||| |—|—| = |—= | — | 2z
6 4 3 2 3 6 6 3 2 3 6
. 1|1 |3
sin | 0 — | = | — 1
2 |2 2
Gl
cos| 1 |—|—F=]| — 0
2 |2 2
1
tan| 0 |—= | 1 |~3 | ND.
B3
Solved Examples cos ec(2n + 0).cos(2r + 0)tan(r / 2 + 6)
Ex.10 sin 315° = oL sec(n /2 +0).cosO.cot(n +6)
1 1 _ cosech .cosb (—coth)
(A) J2 (B) J2 ~  (-cosecO).cosf.cot® 1 Ans.[D]
©) 1 (D) None of these
. ‘V
Sol. sin 315° = sin (270° + 45°) TRIGONOMETRIC FUNCTIONS:
= — cos 45° [ -+ sin (270° + 0) = — cosp] () y=sinx Domain:x € R
1 Ans.[B] yRange ye[-1,1]
\/E 1
Ex.11 cos 510° cos 330° + sin 390° cos 120° = - N N N )
(A) 2 (B) -1 T TN '21‘ ,,,,,,, TNz S N
1
©) 0 D) 5 (i) y=cosx Domain: x € R
Sol. cos 510° cos 330° + sin 390° cos 120° Range:ye[—1,1]

cos (360° + 150°) cos (360° — 30°)
+ sin(360° + 30°) cos(90° + 30°)
cos 150° cos 30° + sin 30°(—sin 30°)

cos (180° — 30°) [g] 1

4 (i) y=tanx Domai:xeR—{(ZnH)%},neI
V3] ¢
= —cos 30° | 5~ -7 Range:yeR
_ 3 1 A A
-2 2 --1  AnsB] i / V /
Ex.12 cosec(2n +0).cos(2r + 0)tan(r / 2 + 0) _ < _3_71 ﬂ _EE 9 5 “ 3_71 >x ()
: sec(n /2 +0).cos6.cot(r +0) 2 / /‘ / 2
(A) 2 (B) - 1 i | i | L
(C) 4 (D) 1
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(iv) y=cotx Domain:x € R— {nn}, nel

Range:yeR

MY
[N
N}

(v) y = cosec X Domain:x e R—{nn}, nel

Range :y € (—o0,— 1] U[1, )

A

—2ni —s8xi  —n 2n

N

Domain:xeR—{(Zn + ‘I)g} ,nel

3

Nl=
N

N\
_A

v

(vi) y=secx

Range:y e (—o,—1]U[1,x)
Va

A

TRIGONOMETRIC FUNCTIONS OF 4

SUM OR DIFFERENCE OF TWO

ANGLES :

(a) sin(A £B)=sinA cosB =+ cosA sinB

(b) cos (A =£B)=cosA cosBx sinA sinB

(c) sin*A — sin’B = cos?’B — cos?A = sin (A+B).
sin (A—B)

(d) cos’A — sin’B = cos?’B — sin?A = cos (A+B).
cos (A—B)
B tan A+tanB
(¢) tan(A+B)= 1FtanAtanB

cot AcotB F1

() cot(A+B)= cotB £ cot A

(2

sin(A+B+C)=sinAcosBcosC+sinBcosA
cos C+sin C cos Acos B—sinAsin BsinC

cos (A+B+C)=cosAcosBcosC—cosAsinB
sin C—sin A cos B sin C —sin Asin B cos C

@ tan(A+B+C)

tan A +tanB + tanC-tan AtanB tanC
“1-tanAtanB-tanBtanC—tanCtan A -

(h)

. S1 - S3 + 85 ......
+0, +0,.+..+0)=
() tan (0, +6,+6,+..4+0) =g s, ..
where S, denotes sum of product of tangent of angles
takeniatatime
Solved Examples
Ex.13 Prove that

(1) sin (45° + A) cos (45° — B) + cos (45° + A)
sin (45°—~B)=cos (A—B)

(i) tan [g + 9) tan [% + 9) =-1

(1) Clearly sin (45° + A) cos (45° — B) + cos
(45°+ A) sin (45° - B)

= sin (45° + A+ 45° — B) =sin (90° + A — B)
=cos(A—-B)

. T 3n
(i) tan [Z + 9) X tan [T + 9)
1+tan®
= X
1-tan®

Sol.

-1+tan®
1+tan0

FORMULAE FOR PRODUCT INTO 4

SUM OR DIFFERENCE

CONVERSION
We know that,
sin A cos B+ cos A sin B =sin (A+ B) ...... (1)
sin A cos B — cos A sin B =sin (A—B) ...... (i1)

cos A cos B —sin A sin B =cos (A + B) .....(iii)
cos A cos B + sin A sin B =cos (A—B) ....(1v)
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Adding (i) and (i1),

2 sin A cos B = sin (A + B) + sin (A — B)
Subtracting (ii) from (i),

2 cos A sin B =sin (A + B) —sin (A — B)
Adding (ii1) and (iv),

2 cosA cos B =cos (A + B) + cos (A — B)
Subtraction (iii) from (iv).

2 sin Asin B =cos (A—-B) —cos (A + B)
Formulae :

(a)2 sin A cos B = sin (A + B) + sin (A — B)
(b)2 cos A sin B = sin (A + B) —sin (A — B)
(c)2 cos A cos B =cos (A+ B) + cos (A— B)
(d)2 sin A sin B = cos (A — B) — cos (A + B)

FORMULAE FOR SUM OR 4
DIFFE RENCE INTO PRODUCT
CONVERSION

We know that,

sin (A+B)+ sin(A—B)=2sinAcosB ...... (1)

LetA+B=CandA-B=D

then A = C_erD and B = %

Substituting in (i),

(@)sin C +sin D =2 sin(C;DJ .cos(C;DJ

similarly other formula are,

) ) c+D) . (C-D
(b)s1nC—s1nD=2cos( 5 ).sm( 5 )

C+D Cc-D
(¢c)cos C + cos D =2 COS(T).COS( 5 )

(d)cos C—cos D=2 sin(C;DJ .sin(D;CJ

Formulae for sum or difference into product

conversion

Solved Examples
Ex.14 Prove that sin SA+sin 3A=2sin4Acos A

Sol.

L.H.S.sin 5SA+sin3A=2sin4A cosA=R.H.S.

C+D C—D]
20052

[ sinC+sinD=2sin

Ex.15 Find the value of 2 sin 30 cos 0 —sin 40 —sin 20

Sol.

2 sin 30 cos O — sin 40 — sin 26 =2 sin 30 cos 0 —
[2sin30cosB]=0

Ex.16 Prove that

Sol. @

sin80cos0 —sin60cos30
c0s20cos 0 —sin30sin40
—::::gi::::g =4 cos 20 cos 40
2sin86cos6 —2sin66cos 30

@ 2c0s20cos 6 —2sin30sin40

sin 96 + sin 76 — sin 96 — sin 36

c0s 30+ cosO—cosO+cos76
2sin26cos 56

0] tan 20

(i)

- 2c0s50c0s20 =tan 20
.. tan50+tan30  sin50cos 30 +sin30cos 50
(i) tan50—tan30  sin50cos 30 — sin30cos 50
in80
= S!n =4 c0s20 cos 40
sin20
Ex.17 (cos a + cos p)? + (sin o + sin p)? =
o+ o+
(A) 4sin? (Tﬁj (B) 4cos? (Tﬁj
o - o—
(C) 4sin? (TB) (D) 4cos? (TB)

Sol.

(cos o + cos B)? + (sin o + sin p)?
2
= {ZCOS(QTWJ.COS(QT_BH +
2
{2 sin(a—mj .cos(a—_ﬁﬂ
2 2
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MULTIPLE AND SUB-MULTIPLE
ANGLES :

(1) sin sin 0 cos 1+ tan?6
(i) cos 20 = cos? 6 —sin2 0 =2 cos? 6 — 1
: 1-tan? 9
=1-2sin? 6= ——7%—
1+tan“0
2tan6
i) tan 20 = ———5
(i) 1-tan?0

(iv) sin 36 =3 sin 6 — 4 sin® o
(v) cos 30 =4 cos? 6 — 3 cos 0
3tan® —tan®0

vi) tan 30 =

() 1-3tan?0
e 1-—

(vii) sin 6/2 = c;ose

(viii)cos 0/2 = ‘/_1+czose

. /1—cose 1-cos0 sin®
t 2 = = =
(ix) tan o/ 1+ cos6 sin® 1+ cos®

Solved Examples

Ex.18 Prove that

. sin2A
@ 1+ cos2A

(i) tan A+ cot A=2cosec2 A

=tan A

... 1—cosA +cosB-cos(A +B) A

) 1+ cosA —cosB - cos(A +B) =tan - cot 5
. sin2A 2sinAcosA
Sol. (i) L.H.S. T2 0052A ~  2cos?A =tan A
1+tan? A _

. . _
@) LH.S. tan A+ cotA anA

1+tan? A 2

oanA | = Sn2A 2 cosec 2 A
1—-cosA + cosB —cos(A +B)
1+ cosA —cosB —cos(A +B)

(i) L.H.S.

2sin? % + 23in23in(2 + Bj

2cos? % - 20052005(2 + Bj

A (A
sin— +sinl —+B
A 2 2
=tan —
A A
cos——cos| — +B
2 2

2

Ex.

Sol

. A+B B
2sin cos| —
2 2 A
=tan — =tan — cot
sin( j

2| . A+B_. (B 2 2
2sin -

2

1+sin®—-cos O

19 ——— =

1+sin6 + cos O
(A) cot (g)
(C) cos (g)

1+sin®—-cos 0
1+sin0+cos o6

_ (1-cosB)+sinb
"~ (1+cosB)+sin6

23in2(e)+28in(e)cos(e)
2 2 2
2cos (2)+23|n(2)cos(2)
23in(e)[23ine+0039}
2 2 2 .
ZCOS(Q)I:2SinQ+COSe:I - tan (2) Ans.[D]
2 2 2

T

(B) sin (g)
(D) tan (%)

3n
Ex.20 The value of (1 +C0s 8) (1 + cos?j

Sol.

5 ) .
(‘I+cos—j (‘I+cos—j is -
8 8

(*) 5 (B) cos
1442
© 5 D) 75

(1 + COS ﬂ) (1 + CoSs (n - ED (1 +Cos (n - E))
8 8 8

= (‘I + cos Ej (‘I + cosﬁj (‘I - Ccos ﬁj (‘I - Ccos Ej

8 8 8 8
— (‘I —cos? Ej (‘I —cos? ﬁj

8 8

l (2—1—cos£j (2—1—0033—nj
4 4 4
l (‘I - cosij (‘I - cosﬁj
4 4 4

(g - 3025
Ans.[C]
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Ex.21 The value of sin 20° sin 40° sin 60° sin 80° is-

Ex.22 cos?

Sol.

) 5

©) =

1
(B) 3
(D) None of these
Sol. sin 20° sin 40° sin 60° sin 80°

= Y2 §in 20° sin (60° — 20°) sin (60° + 20°)

1[5 [ 519 59 9]

8 2

sin 60°
V3 _

3

16

sin 20° (sin? 60° — sin% 20°)
. o 3 . 9 Ano
sin 20 (Z — sin- 20°)

(3 sin 20° — 4 sin3 20°)

Ans.[C]

Alternate : By direct formula

sin 0.sin(60° — ¢ ).sin (60°+ 9) =%sin 30

= sin 60° [sin 20° sin (60° — 20°)
sin (60° + 20°)]

= sin 60° {%sin(ﬁoﬂz

equals t
(A) 1/2

= cos?

4

Ccos

|3 om|a

-9 (cos,4 % +cos* 3—”)

N[ —

—_

T
8
O_

4

3rn
+ cos” —

8

(B) 1/4

3rn 5n
+cos? == + cos? =— + co

+ cos

8

s 31

8

8

B 2
= — [ZCoszgj +[2003zﬁ

|

+ co

(C) 3/2

+ cos

8

I

ﬁ}:i

2

8

8

4 37

— + cos
8

J

2 2
T 3n
= —||1+cos—| +|1+cos—
2 4 4

5n
s* == + cos

4

el
8

(D) 3/4
@ 7n

8

T
8

CONDITIONAL TRIGONOMETRICAL
IDENTITIES ‘

D

(In)

| 4

We have certain trigonometric identities like,
sin% + cos26 = land 1 + tan%0 = sec26 etc.

Such identities are identities in the sense that they
hold for all value of the angles which satisfy the
given condition among them and they are called

conditional identities.

If A, B, C denote the angle of a triangle ABC,
then the relation A + B + C = = enables us to
establish many important identities involving
trigonometric ratios of these angles.
fA+B+C=nthenA+B=2-C,B+C
=r—AandC+A=r-B

If A+ B + C = x, then sin(A + B) = sin(z — C)
= sinC

similarly, sin (B + C) = sin(zr — A) = sin A and
sin (C +A)=sin(r—B)=sin B

(I If A+ B + C =, then cos(A + B)

= cos(n — C) = —cos C
similarly, cos (B + C) = cos(r — A) =— cosA and
cos (C+A)=cos (n—B)=-cos B

(IV)If A+ B + C = r, then tan(A + B) = tan(x — C)

= —tan C
similarly, tan (B + C) = tan(n — A) = — tanA
and, tan (C + A)=tan (n — B)=—tan B

A+B _x C .
2 g o an

If A+ B + C = rn, then
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All problems on conditional identities are
broadly divided into the following four types:

(I) Identities involving sines and cosines of the multiple
or sub-multiples of the angles involved.

(II) Identities involving squares of sines and cosines
of the multiple or sub-multiples of the angles
involved.

(I1T) Identities involving tangents and cotangents of the
multiples or sub-multiples of the angles involved.

(IV) Identities involving cubes and higher powers of
sines and cosines and some mixed identities.

1. TYPE I : Identities involving sines and
cosines of the multiple or sub-multiple of the
angles involved.

Working Method :

Step — 1 Use C & D formulae.

Step —2 Use the givenrelation (A+B +C=n) in
the expression obtained in step -1 such thata
factor can be taken common after using multiple
angles formulae in the remaining term.

Step — 3 Take the common factor outside.

Step —4 Again use the given relation (A+ B+ C =n)
within the bracket in such a manner so that we can
apply C & D formulae.

Step — S Find the result according to the given
options.

2. TYPEII: Identities involving squares of sines
and cosines of multiple or sub-multiples of the
angles involved.

Working Method :

Step—1 Arrange the terms of the identity such that
either sin? A —sin’B =sin(A +B).sin(A — B)

or cos?A —sin?B = cos(A + B).cos(A — B) can be
used.

Step — 2 Take the common factor outside.

Step — 3 Use the given relation (A+ B + C =n)
within the bracket in such a manner so that we can
apply C & D formulae.

Step — 4 Find the result according to the given
options.

Type I1I : Identities for tan and cot of the angles
Working Method :

Step — 1 Express the sum of the two angles in terms
of third angle by using the given relation
(A+B+C=n).

Step —2 Taking tangent or cotangent of the angles
of both the sides.

Step—3 Use sum and difference formulae in the left
hand side.

Step —4 Use cross multiplication in the expression
obtained in the step 3

Step — 5 Arrange the terms as per the result
required.

Conditional trigonometrical identities

Solved Examples

Ex.23 If A+ B + C = n, then

Sol.

sin 2A + sin 2B+ sin 2C =

(A) 4sin A sin B cos C.
(B) 4sin A sin B sin C.

(C) 4cos A sin B sin C.
(D) None of these

sin 2A + sin 2B + sin 2C
- 23in(2A;ZB).COS(ZA;28)+sinZC

= 2sin(A + B).cos(A — B) + sin2C

= 2 sin (r — C).cos(A — B) + sin 2C
[-A+B+C=gA+B=n-C
- sin(A + B) = sin (z — C) = sinC]
= 2sinC cos (A — B) + 2 sinC cosC
= 2 sinC [cos(A — B) + cosC]

= 2 sinC [cos(A — B) — cos(A + B)]
[--cos(A —B) —cos (A + B)=2 sinA.sinB,
By C & D formula]

= 2 sinC [2sinA sinB]

=4 sinA sinB sinC

Ans.|B]
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Ex.24 If A+ B+ C =nr, then tanA + tanB + tanC =

(A) cotA. tanB.tanC (B) tanA.cotB.tanC
(C) tanA.tanB.tanC (D) None of these
So.,A+B+C=n A+B=n-C

= tan(A + B) = tan (n — C)
tanA +tanB
= 1-tanAtanB
= tanA + tanB = — tanC + tanA.tanB.tanC
tanA + tanB + tanC = tanA.tanB.tanC
Ans.[C]

=-tanC

Ex25IfA+B+C= 3—27[,then

cos 2A + cos 2B + cos 2C =

(A)1 —4 cos A cos B cos C
(B) 4 sin A sin B sin C
(C) 1+ 2cos A cos Bcos C
(D)1 —4 sin A sin B sin C
Sol. cos 2A + cos 2B + cos 2C
= 2cos (A + B) cos (A — B) + cos 2C

3n
=2 cos (7—(3] cos (A — B) + cos 2C

s A+B+C= T

= 2sinCcos(A-B)+1-2sin2 C
=1 —2sin C [cos (A — B) + sin C)

=1 = 2sin C{cos (A—B)+sin(%—(A+B)H
=1 -2 sin C [cos (A — B) — cos (A + B)]
=1 —4sin A sin Bsin C  Ans.[D]
Ex.26 In any triangle ABC, sin A — cos B =cos C,
then angle B is -
T T n
B3 ©7 Oy
Sol. We have, sin A — cos B = cos C

sin A = cos B + cos C

T
) 2

, A B+C B—C]
2 sin > coS 5 = 2cos 5 |cos 5
2 sin A cosé =2 cos(n_AJcos 8~
2 2 2 2
~A+B+C=nx

. A A )
2 sin — coS — = 2 sin — COS
2 2 2

cos - = Cos —

orA=B-C
ButA+B+C=n
Therefore 2B = n = B = /2
Ans.[A]

%2°)

THE GREATEST AND LEAST VALUE OF d

THE EXPRESSION |[a sin6 + b coso]
..(1)
..(2)

Let a = r cosa
and b =r sin o
Squaring and adding (1) and (2)
then a% + b2 = r2 or, r=va?+b?
a sin® + b coso
= r (sin® cosa + cosO sina) = r Sin(O + o)
But -1 <sino<1
so—1 <sin(®@ +a)<1
then —r <rsin(6 + o) <t
hence,

—va? +b? <asind + b cosd < /32 +p? then the

greatest and least values of a sin6 + b cos0 are

respectively /g2 +p2 and —+/a2 +b2

The greatest and least value of the
expression [a sin® + b cos0]

Solved Examples

Ex.27 The maximum value of 3 sin6 + 4 cos6 is-
(A) 2 (B) 3
(C) 4 (D) 5

Sol. — /25 <3 sin® + 4 cosb < /25
[By the standard results]

or, —5<3sin0 +4 cose <5
so the maximum value is 5.
Ans.[D]
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MISCELLANEOUS POINTS "
(A) Some useful Identities :

tanA -tanAtanBtanC
1—ZtanA.tanB

(a)tan (A+B+C)=

(b) tane = cot 6 — 2 cot 20
(c) tan 36 = tan0.tan(60° — 6).tan (60° + 0)
(d) tan(A + B) — tanA — tanB

= tanA.tanB.tan(A + B)

(e) sin 0 sin (60° — 0) sin (60° + 0) = % sin 30

(f) cos 6 cos (60° —0) cos (60° + 0) =% cos 36
(B) Some useful series :
(a) sin o+ sin (o + B) + sin(a + 2B) + .......... +
to n terms

w2y

= ;B = 2nm
in[ B
sm(z)

(b) cos a + cos (a0 + B) + cos (o + 2B)

+..... + to n terms

o5 o o(2]

= ;B 7 2nn
sin (Bj
2

Series

Solved Examples

L3 3n 5n) _
Ex.28 cos 14 + cos 12 + cos 14 =

eosl )
(B) 5 C08{ 74
(D) None of these

T 21

Sol. Here o= 14

. [ 6m
2cos 3 sin 3n S'n(m)
14)7 (14 LY
&
4

N |
Y
>

/N

N
|

—

D
N——
|
| =

o

o

=

A
Sln14

(C) Sine, cosine and tangent of some angle less
than 90°.

15° 18° 22'5° 36°
V3 -1 - J10-
“n V5 -1 1/2_Jz N10-2/5
242 4 2 2
\/§+1 / =
CcoS M l 2+ \/E \/E 1
242 4 2 4
25-10+/5
anp g VBN s 5 of
(D) Domain and Range of Trigonometrical
Function
Trig. Function Domain Range
sin 0 R [-1, 1]
cos 0 R [-1, 1]
tan 6 R-{2n+1)n/2,n e Z} (00, ) or R
cosec 0 R-{nmt,nez (=00, =1] U 1, )
sec 0 R-({@2n+1)n/2,ne z}| (—oo, -1] U [1, )
cot 0 R—-{nm,nez} (=, ©) =R
(E) An Increasing Product series :
p = cosa. cos 2a . cos 2%a ..... cos (221 o)=
sin2" o .
Jfaznm
2"sina
1, ifa=2kn

—1ifa=2k+1)=n

(F) Continued sum of sine & cosine series :

@ sin(a)+sin(a+p)+sin(a+2p)+.....
sin[a+(n—1)ﬁ]
sin (g X differencej sin

) (difference)
sin —

( £+ laSZAJ
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(ii) cosa+cos(a+,8)+cos(a+2ﬂ)+ .....

+cos[a +(n—1),8]

) sin (g X differencej 1"/ 4 last/
. ( differencej 2
sin| =

(F) Conversion 1 radian = 180°/= = 57° 17" 45"

and 1°= % = 0.01475 radians (approximately)

(G) Basic right angled triangle are (pythogerian
Triplets)

3,4,5; 5,12, 13; 7, 24, 25; 8, 15, 17;9,40,
41;11, 60, 61; 12, 35, 37; 20, 21, 29 etc.
(H) Each interior angle of a regular polygon of n

sides

n-2
= X 180 degrees

Solved Examples
Ex.29 tan 9° —tan27° —tan 63° + tan 81° is equals
to -
(A)0 (B) 1
©) -1 (D) 4

Sol. tan 9° + tan 81° — (tan 27° + tan 63°)
(tan 9° + cot 9°) — (tan 27° + cot 27°)

B sin 9° +cos 9o sin 27° +cos 27°
“lcos9° sin9° ) " |cos27° sin 27°
1 1
T 8in9° cos9°  cos27° sin27°
2 2 2 2
~ sin18 ~ sin54°  sin18° ~ sin 36°
2x4 2x4 ) V5 +1-45 +1
T V517 V541 | (WE-NW5 +1)
16
=2 " 4 Ans.|[D]

n
Ex.30 cos?x. sin2x = zam sin mx is an identity in X.

m=1
Then -
3 1
(A)a3=g,a2=0 (B)n=5,a1=z
3
©) Za, = 1 (D) All the above
Sol. cos3x. sin 2x = COS3X+3C0SX iy oy
1 ) ) 3 . .
iy (sin 5x — sin x) + g(sm 3x + sin x)
1 . 3 . 1 .
=2 sin X + 8 sin 3x + 8 sin 5X.
1 3
.-.n=5,a1=z,a2=0,a3= 8>
1
a, =0 ,a,= 8 Ans.[D]






