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THREE DIMENSIONAL COORDINATE GEOMETRY

Coordinates of a point in space |

Let O be a fixed point known as origin and let
OX, OY and OZ be three mutually perpendicular
lines, taken as x-axis, y-axis and z-axis
respectively in such a way that they form a right -
handed system.
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The planes XOY, YOZ and ZOX are known as
xy-plane, yz-plane and zx-plane respectively.

Let P be a point in space and distances of P from
yz, zx and xy-planes be X,y,z respectively (with
proper signs), then we say that coordinates of P
are (x,¥,2). Also OA=x,0B=y,OC =z

Distance between two points |

If P(Xy, ¥4, Z;) and Q(X,, Y,, Z,) are two points,
then distance between them

PQ = 4 —x)? +(yy—¥2) +(2-2,)° In
particular distance of a point (x, y, z) from origin

= X2 +y?+2%.
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Coordinates of division point

Coordinates of the point dividing the line joining
two points P(Xy, Yy, Z;) and Q(X,, Y,, Z,) in the
ratiom, : m, are

Zn
Ps— M R(xy,2)
fIE ,/lrj -7 Q
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(i) In case of internal division

(leZ +MyXy My, +Myy, Mz, + mzzlj
m1+m2 m1+m2 m1+m2

(i) In case of external division

My X3 — MyXy MyY, — Moy, MiZ; —MyZy
m-m, = m-m, = m-m,
Note :
(a) Coordinates of the Mid point :

When division point is the midpoint of PQ, then
ratio will be 1 : 1; hence coordinates of the

midpoint of PQ are (Xl ;XZ ,yl“;yz 4 ;Zz]

(b) Centroid of a Triangle :

If (X1, Y1, Z1), (X5, Yau Z5) and (X3, Y3, Z3) be the
vertices of a triangle, then the centroid of the
triangle is

X1 +Xo+Xg YVi+Yo+Yy Z3+2Z,+24
3 3 3

(c) Division by Coordinate Planes :

The ratios in which the line segment PQ joining
P(X, ¥y z7) and Q(X,, Y, Z,) is divided by
coordinate planes are as follows.

(i) byyz - plane: — X ratio
X3

(i) by zx - plane: — Y1 ratio

2
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(iii) by xy - plane : — 2L ratio
2

(d) Centroid of a Tetrahedron :
If X, ¥, z), r=1,2, 3, 4 are vertices of a
tetrahedron, then coordinates of its centroid are

(x1+x2+x3+x4 Vi +Y, +Ys+Y, zl+22+z3+z4j

4 4 4

Direction cosines & direction ratio's of
a line

4.1 Direction cosines of a line [Dc's] :

The cosines of the angles made by a line with
coordinate axes are called the direction
cosines of that line.

Let a, B, y be the angles made by a line AB
with coordinate axes then cos o, cos 3, cos y
are the direction cosines of AB which are
generally denoted by N\, m, n. Hence \ = cos a,
m = cos 3, n = cos y

Note :

-1 <cosx <1V xeR, hence values of \,
m,n are such real numbers which are not less
than — 1 and not greater than 1. Hence DC's
e [-1,1]

Direction cosines of coordinate axes :

x-axis makes 0°, 90° and 90° angles with
three coordinate axes, so its direction cosines
are

cos 0°, cos 90°, cos 90°, i.e. 1, 0, O.

Similarly direction cosines of y-axis and z-
axisare 0, 1,0and 0, 0, 1 respectively. Hence

dc'sof x -axis=1,0,0

dcsofy-axis=0,1,0

dc'sofz-axis=0,0, 1

Note : (i) The direction cosines of a line parallel

4.2

to any coordinates axis are equal to the
direction cosines of the corresponding axis.

(ii) Relation between dc's : A2+ m2+n2=1
Direction ratios of a line [DR's]

Three numbers which are proportional to the
direction cosines of a line are called the
direction ratios of that line. If a, b, c are such
numbers which are proportional to the
direction cosines A, m, n of a line then a, b, ¢
are direction ratios of the line. Hence

a, b cdr'se E:B:E
A om

Further we may observe that in above case

~m _n +\/73+m2+n2
b ¢ a?+h?+c?
1

va?+b?+c?

a
= A= t— m =

vaZ+b? +c?
i b 1
vaZ+b?+c?

c

va?+b? +c?

| >

|+

n=+

Note :

(i)

(i)

Numbers of dr's are not unique whereas
numbers of dc's are unique.

aZ+b2+c2#1.

4.3 Direction cosines of a line joining two

(i)

points:

Let P = (X, Yy, Zy) and Q = (X,, ¥, Z,); then

dr's of PQ 1 (X, — %), (Y2~ Y1), (22— 2)
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i.e.

(i) desof pQ: X2 X1 Yo~ Y1 Za—Z
PQ PQ PQ

X, =X Yo —VY1 Z, -7

\/Z(Xz _X1)2 , \/Z(Xz _X1)2 ' \/Z(Xz _X1)2

Angle between to lines |

Case-1 : When dc's of the lines are given
If Ay, my, n; and N,, m,, n, are dc's of given

two lines, then the angle 6 between them is
given by

*€0S 0 =N A\, + mm, +nyn,

*sin 0= J(2um, —2,m,)? + (myn, —m,n,)2 +(nh, —ny0y)>2

The value of sin 6 can easily be obtained by the
following form :

sinez\/

Case-11 : When dr's of the lines are given

2 2
mg N

oomy

, m,

m, n,

If a;, by, c; and a,, b,, ¢, are dr's of given two
lines, then the angle 6 between them is given

by
* oS0 = a,a, +b,b, +c,c,
x/alz +b?2 +c12\/a§ +b3+c5
2
* sing= v2(a;b, —a,b;)

\/af+bf+cf\/a§+b§+c§

Conditions of Parallelism and Perpendicularity of
Two Lines :

If two lines are parallel then angle between them
is 0° and if they are perpendicular then angle
between them is 90°. In these cases using above
formulae for sin 6 and cos 0 respectively, we shall
get the following conditions.

Case-1 : When dc's of two lines AB and CD, say \,,
m,, n; and A,, m,, n, are known

AB|[CD < N =N, my=m,n;=n,
AB LCD < AN, +mm, +nyn, =0

Case-I1 : When dr's of two lines AB and CD, say a;,
by, ¢, and a,, b,, ¢, are known

b
AB|[CDo -0
a, b, ¢

AB L CD < aja, + bjb, + ¢, =0

Projection of a point on a line |

Let P be a point and AB be a given line. Draw
perpendicular PQ from P on

AB which meets it at Q. This point Q is called
projection of P on the line AB.

P

|
A Q B

b Projection of a line segment joining
two points on a line

Let PQ be a line segment where P = (X, y;, Z;)
and Q = (X,, ¥,, Z,); and AB be a given line with

dc's as A, m, n. If the line segment PQ makes 6
angle with the line AB, then projection of PQ is
P'Q' = PQ cos 0. On replacing the value of cos 0
in this, we shall get the following value of P' Q'

P'Q'= Mxp —Xy) + M (¥~ Y1) + 1 (22— )

W
__I_______

Note :
(i) For x-axis, A=\, m=0,n=0 hence

Projection of PQ on x-axis = 1.(X,—X;)+ 0+0
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= (X —Xq) direction ~ cosines N\, m, n s
- . X=X _¥Y-Y_2-74
Projection of PQ on y-axis =y, — L= =
] Qony Yo—VY1 x m n
Projection of PQ on z-axis = z, - 7, (4) Since X, y and z- axis passes through the

origin and have direction cosines 1, 0, 0;

(i) @ PQ?= (X, —X1)? + (Y — Y1)? + (2, - 24)?
2 2 2 0, 1, 0 and O, 0, 1 respectively. Therefore

= the sum of the squares of the projections of their equations are x-axis
PQ on coordinate axes
) o ) . X 0_y=0_z 0ory=0andz=0
if a, b, ¢ are the projections of a line 1 0
segment on coordinate axes, then x-0_y-0_z-0
y- axis : 0 = 1 = s or x =0and
length of the segment = v/a? + b? + ¢?
z=0
(iii) If &, b, c are projections of a line segment on
coordinate axes then its dc's are 7- axis : 2 —0 _y=-0_z-0 or x =0 and
0 0 1
O S S B y=0
Va?+b?+c?  Wa?ib?+c?  yai+b?ic?
CARTESIAN EQUATION OF A LINE PASSING
Cartesian equation of a line passing THROUGH TWO GIVEN POINTS
through a given point & given The cartesian equation of a line passing through
direction ratios two given points (X, i, ;) and (Xy, Yy, 2,) IS
Cartesian equation of a straight line passing given by
through a fixed point (x;, y;, z;) and having X=X, _ Y-y, _ 2-17;
X=X _ Y=Y _2-7%4 X=Xy Yo=Y1 2774

direction ratios a, b, ¢ is =
a b c

Note Perpendicular distance of a point from

a line

(1) The parametric equations of the line X% - ) _ _
a Cartesian Form : To find the perpendicular
Y-Y1_2-

4 . . . .
Lare x = x, +ak, y = y; + b, qlstance of a given point (a, B, y) from a given

b C line

z =z, + c\, where A is the parameter.

X=X _ Y=Y _2-2
i : . a b c
(2) The coordinates of any point on the line |
XZX YN - 2748 44 Let L be the foot of the perpendicular drawn from
j ° ’ P(%Bsy)ontheline X_X1: y_yl - Z_Zl
a

b c
(X, +an, y; + bA, z; + cA), where & € R.

Let the coordinates of L be

(3) Since the direction cosines of a line are also (X, +ak, y; + bA,zy + ci). Then direction ratios of
direction ratios, therefore equation of a line PLare x;+ak—a,y; +bA—B,z; +Ch—vy.

assin through (X;, V., z,) and havin
P J gh (X var 2) g Direction ratio of AB are a, b, ¢. Since PL is

perpendicular to AB, therefore
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(X, +ar—a)a+ (y, + br—-p) since PL is perpendicular to the given line, whose
direction ratios are a, b, ¢

b+(z,+cA-v)c=0
(X, +ar—-o).a+(y; +br-p).b
a(a—Xx)+bB-y)+cly—2z)

=>A= 071 +(z;+ch-7y).c=0
P(eb1) — = {a(e—x%;) Zzbiﬁbz i’_l():;‘ c(y -z}
substituting A we get L. (foot of perpendicular).
let co-ordicates of Q(a', B', y') be image
A - B - mid point of PQ is L.
et b 0t v, D oy, 1Y v,

Putting this value of A in (x, + a, y; + ba, o =2(x, +ar) —a, B'=2(y;+bi)-p
z, + CcA), we obtain coordinates of L. Now, using

distance formula we can obtain the length PL.

bl Reflection or image of a pointin a Skew lines |
straight line

Y'=2(z, +CA) —y

Two straight lines in a space which are neither
parallel nor intersecting are called skew-lines.

Cartesian form : To find the reflection or image

of a point in a straight line in certesian form. Thus, the skew lines are those lines which do not
lie in the same plane.
. X —X -
Let P(a, B, v) be the point and Tl: % (i) Shortest distance between two skew

straight lines : If A\, and \, are two skew
z-12 . .
L be the given line

lines, then there is one and only one line
perpendicular to each of lines \; and A, which

Let L be the foot of perpendicular from P to AB is known as three line of shortest distance.

and let Q be the image of the point in the given . .
. _ Here, distance PQ is called to be shortest
line, where, PL = LQ

distance.
*P(aBy)

R — R Line of
A* n *B shortest distance
|
|
: Q o
¢ Q(image)(a,p’,y’
Qimage)(c' p'.v) Vector form :
. Let \; and \, be two lines whose equations
Let the co-ordinate of L be ;
- o - - - - .
(X, +ar, y; +bx, z; + c) are: r =a;+Ab; and r =a,+ub, respectively
Then direction ratios of PL are - clearly \; and \, pass through the points A

- -
(X +ah—o,y; + DA -, 2 +Ch—) and B with position vectors a,and a,
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respectively and are parallel to the vectors

b, and b, respectively

‘ 6) b—> - >

Distance PQ = (byxby).(@,—ay)
- -

‘ |byx by, |

Condition for lines to intersect

The two lines are intersecting if ;

‘(bl>< by).@,—2ay)| _ 0
|byx by |

Cartesian form :

Let the two skew lines be :

X=X _ Y=Y _2-7%

a b, G

> o >

(‘;2_ a,).(b;xb,)

|byx b, |

shortest distance = ‘

X=Xy Yo=Y1 Z,-74
2 b, G
d= a; b, C,

\/(mlnz —m,n;)? + (N, — n27‘1)2 +(2qm, —2,m,)?

Conditions for lines to intersect
The lines are intersecting, if shortest distance =0
X=Xy Yo=Y1 Z-7
a, b, ¢, | =0

a, b, C,

(ii) Distance between parallel lines : Let
N\, and ), are two parallel lines whose

equations are

5
=a,+ub respetively

7:2 B(a,)
- ,', ;\\
a4« A
Mo, [ 0/
< 7 — = >0
/ ‘M_)' - K A(al)
’ - \
O ’_-- 1 em T

Clearly, N\, and \, Pass through the points A

and B with position vectors a_l and a_;
respectively and both are parallel to the

5
vector b, where BM is the shortest distance
between \; and \,

shortest distance between parallel lines :

?:z?ﬁk_b) and ?21;2+u_b) is
—

d_|(a2 a,)x b
|b]

A plane is a surface such that if any two points are
taken on it, the line segment joining them lies
completely on the surface. In other words, every
point on the line segment joining any two points
lies on the plane.

Theorem : Every first degree equation in x, y and
z represents a plane i.e. ax+by+cz+ d=0 is the
general equation of a plane.

Equation of a plane passing through a
givenpoint

The general equation of a plane passing through a
point (X, Y, Z; ) IS

a(x —x;) + b(y —y;) + c(z—2z,) =0, where a, b
and c are constants.

Intercept form of a plane :

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com

Mob no. : +91-9350679141

=




Edubull

The equation of a plane intercepting lengths a, b
and ¢ with x- axis , y-axis and z-axis respectively
is

=1

o | X

+ Y4
b

o|N

Cartesian Form : If A, m, n are direction cosines
of the normal to a given plane which is at a
distance p from the origin, then the equation of
the plane is AX + my + nz = p.

B Normal to a plane

A line perpendicular to a plane is called a normal
to the plane. Clearly, every line lying in a plane is
perpendicular to the normal to the plane.

For example : The direction ratios of a vector
normal to the plane 3x + 2y + 5z -6 =0 are 3, 2,
5 and hence a vector normal to the plane is

3 +2] +5k.
(i) Vector equation of plane passing through
a point and normal to a given vector

The vector equation of a plane passing
through a point having position vector n is
-> o >
(r-a)n=0
Reduction to cartesian form :
2 o A A g 2 A n
If r=xi+yj+zk , a=xi+y,j+zk and
>~ A A
n =ai+bj+ck
Then ; (?—g)=(x—x1)?+(y—y1)]+(z—zl)I2

Then (i) can be written as

{(x=xy)i +(y-yy)j+(z—2))k}.
{(ai +bj+ck)} =0

=a(X—X;)+b(y-y;)+c(z—z,)=0

Thus, the coefficient of X, y, z in the cartesian
equation of a plane are the direction ratios of
normal to the plane.

(ii) Equation of plane in normal form
vector form

The vector equation of a plane normal to unit

A

vector i and at a distance d from the origin
- - A

is r.n =d

Cartesian form

If A, m, n, be the direction cosines of the
normal to a given plane and p be the length of
perpendicular from origin to the plane, then
the equation of the plane is AXx + my + nz = p.

Angle between two planes

(i) Vector form - The angle between the two
planes is defined as the angle between
normals.

Let 6 be the angle between planes;
- - - - ) )
r.n, =d;and r.n, =d,isgiven by

n,.n
cosfp=—1"2

-
Inyfin,|
(ii) Cartesian form - The angle 6 between the
planesa; x + b; y + ¢, z+d; = 0and
a,X+b,y+c,z+d,=0isgiven by
a,a, +b,b, +c,c,

cos 9 =
\/af+bf+cf\/a§+b§+c§

Intersection of two planes |

The equation of a plane passing through the
intersection of a;x + b,y + ¢,z + d; = 0 and a,x +

b,y +c,z+d,=0is (ax + by +ciz+d)+2

(a,x + byy + ¢,z + d,) = 0, where A is a constant.

Distance of a point from a plane |
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(i) Vector form : - The length of the perpendiclar

from a point having position vector a to, the

=N

|a.n—d|
In|

(if) Cartesian Form : The length of the
perpendicular from a point P(x,, y;, z;) to the

plane . n =disgiven by P =

=)

plane ax + by + cz + d = 0 is given by

|ax; +by; +cz; +d|
Ja? +b?+c?

Distance between the parallel planes

(i) Vector form : The distance between two

- >
parallel plane r . n=d,

and r.n= d, is given by
d= |d1 7d2 |
n|
(i) Cartesian form

The distance between two parallel planes

ax+by+cz+d; =0and

ax + by + cz + d, = 0 is given by

d= (d2_d1)

JaZ+b? +c?

)l Equation of planes bisecting the angles
between two given planes

Cartesian Form :

The equation of the planes bisecting the angles
between the planes a; x + b; y + ¢, z + d;= 0 and

a,x+b,y+c,z+d,=0are

(ax+by+cz+dy) _ N (a,x+byy+c,z+d,)

x/af+bf+cl2 \/a§+b§+c§

Lines and plane |

12.1 Angle between a line and a plane

The angle between a line and a plane is the
complement of the angle between the line and
the normal to the plane

If a, B, y be the direction ratios of the line and
ax + by + cz + d = 0 be the equation of plane
and 6 be the angle between the line and the
plane.

ao+bp+cy

=g \/a2 +b? +c? \/oc2+[32 +y?

ao+bp+cy
\/a2+b2 +c? \/a2+[32+yz

orsin0 =

Vector form : If 0 is the angle between the
line;

N
r.

= = — -
r=a+Ab andplane r.n =d

- >
b.n

- -
|blin]

= sind =

12.2 Condition for a line to be parallel to a
plane

Let line ~—X1 = Y2%1i _ Z74
A

parallel to plane ax + by + ¢z + d = 0 iff;

O0=0ormorsin0=0

oran+bm+cn=0

0
(90°-0)

(@By) ¥ 1(@bc)

12.3 Condition for a line to lie in the plane
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Condition for 2%t = YY1 = Z7%1 4 jje Xp Y1 7y 1
m n
. X, Y, Z, 1
in the plane ve 1]%2 Yz 2
6x, y; z3 1
axt+hy+cz+d=0are
Xg Yq 24 1

an +bm+cn=0and
ax, + by, +cz; +d=0
Note : A line will be in a plane iff.

(i) the normal to the plane is perpendicular
to the line

(if) a point on the line lies in the plane.

KN Condition of coplanarity of two lines &
equation of the plane containing them

Cartesian form :

X=X _Y=Yh_2-%4
m, ny

and

If the line

X —X - z-2
2-Y"Ys Z are coplanar, then
A, m, n,

Xo =Xy Yo=Y1 24

and the equation of the plane containing them is

X=X Y=Y Z2-124

Miscellaneous point

14.1 Volume of a Tetrahedron :

Volume of a tetrahedron with vertices
A (XpY12y), B (X¥2,2,) C (X3Y323) and
D (X4.Y1:2,) is given by
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