Vectors & 3D

Vectors & 3D

(Three Dimensional Geometry)

SCALAR QUANTITY & VECTOR I'

QUANTITY

Scalar Quantity :
A quantity which has only magnitude and not related
to any direction is called a scalar quantity.
For example, Mass, Length, Time, Temperature,
Area, Volume, Speed, Density, Work etc.

Vector Quantity :
A quantity which has magnitude and also a direction
in space is called a vector quantity.
For example, Displacement, Velocity, Acceleration,

Force, Torque, etc.

REPRESENTATIONOFVECTORS _ gl

Vectors are represented by directed line segments.

A vector a is represented by the directed line

segment AB . The magnitude of vector a is equal
is equal to AB and the direction of vector @ is along

the line form A to B.
B

Q

| 4
TYPE OF VECTORS ‘
Zero vector:

A vector of Zero magnitude i.e. which has the same
initial and terminal point, is called a Zero vector.
It is denoted by O. The direction of Zero vector
is indeterminate.

Unit vector:
A vector of unit magnitude in the direction of a vector

a is called unit vector along 3 and is denoted by &,

o

symbolically 3 = Hi

Q!

Note :

@@ |a|=1

(b) Two unit vectors may not be equal unless they have
the same direction.

(¢) Unit vectors parallel to x-axis, y-axis and Z-axis are

denotedby i , j and k respectively.
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Solved Examples
Ex.1 Find unit vector of j - 2] + 3k
Sol. 3 =1i-2j+3k
if é=axl+ay]+ak
then |a| = ,a,’ +ay2 +a,?
HEr:
a 1 2 . 3 .
T B il R eyl
Reciprocal vector :

A vector whose direction is same as that of a given
vector @ but its magnitude is the reciprocal of the
magnitude of the given vector a is called the

reciprocal of @ and is denoted by a .

Thusif a=a.a then al=

Equal vector :

Two non-Zero vectors are said to be equal vectors
if their magnitude are equal and directions are same
i.e. they act parallel to each other in the same

direction.

Negative vector :

The negative of a vector is defined as the vector
having the same magnitude but opposite direction.
For example, if 7 = P—Q> , then the negative of @ is

the vector @ and is denoted as — a .

Collinear vectors:

Two vectors are said to be collinear if their directed
line segments are parallel irrespective of their
directions. Collinear vectors are also called parallel
vectors. If they have the same direction they are
named as like vectors otherwise unlike vectors.

Symbolically, two non-Zero vectors a and b are

collinear ifand onlyif, § = Ab, where » ¢ R

a=ib o (aﬁ + 32] + a3I2) =X (b1f+ sz+ b3I2)
< a,=ib,a =2b, a,=ib,

” : o818 _ 83
b,k are collinear if b, b, b,
Solved Examples
Ex.2 Find values of x & y for which the vectors

a=(x+2)i-(x-y)j+k
b=(x—1)] +(2x+y)j +2k are parallel.

. - ex+2 _ y-x _ 1

Sol.  a and b are parallel if x—1 _ 2x+y 2
X=_55y=_20

Coplanar vector :

Two or more non-Zero vectors are said to be
coplanar vectors if these are parallel to the same

plane.

Localised vector and free vector :

A vector drawn parallel to a given vector through a
specified point as the initial point, is known as a
localised vector. If the initial point of a vector is not
specified it is said to be a free vector.

Position vector : Let O be the origin and let Abe a
point such that OA=a then, we say that the position
vector of Ais a .

>

ASCALAR

MULTIPLICATION OFAVECTOR BY I

If a is a vector and m is a scalar, then ma is a
vector parallel to a whose magnitude is |m | times
that of a. This multiplication is called scalar
multiplication. If a and b are vectors and m, nare
scalars, then :

m(a)=(@)m=ma, m (na)=n(ma)=(mn)

(m+n)a=ma+na, m(a+b)=ma+mb
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ADDITION OF VECTORS "

*

(@)

(b)

*

Let @ and b be any two vectors. From the terminal
point of @, vector 5 is drawn. Then, the vector from
the initial point O of @ to the terminal point B of 5 is
called the sum of vectors @ and b and is denoted
by @ + b . This s called the triangle law of addition
of vectors.

B
o
b

0] a A

The vectors are also added by using the following

method. Let @ and b be any two vectors. From

the initial point of @, vector & is drawn. let O be

their common initial point. If A and B be respectively

the terminal points of @ and b , then parallelogram

OACB is completed with OA and OB as adjacent

sides. The vector OC is defined as the sum of @

and b . This is called the parallelogram law of addition

of vectors.

Properties of Vector Addition :

(i) Vector addition is commutative, i.e.
i+b=b+a.

(ii) Vector addition is associative, i.e.
Ga+(b+3)=(a+b)+¢

@iii) O +a = a + O =a .So, the Zero vector is additive
identity.

(iv) @ +(-d)=0=(-a)+a . So, the additive
inverseof @ is—a .

Addition of any Number of Vectors :

To find the sum of any number of vectors we

represent the vectors by directed line segment with

the terminal point of the previous vector as the initial

point of the next vector. Then the line segment joining

the initial point of the first vector to the terminal point

of the last vector will represent the sum of the vectors:

If the terminal point F of the last vector coincide
with initial point of the first vector then

d+b+ié+d+é+f

_ s s — —  —

=0OA +AB+BC +CD + DE + EO =0,

i.e. the sum of vectors is Zero or null vector in this
case.

DIFFERENCE OF VECTORS "

If @ and b be any two vectors, then their difference

d — b isdefinedas @ +(=b).

Ex.3

Solved Examples

If a=i+2j+3k and b=2j+4j-5k represent
two adjacent sides of a parallelogram, find unit
vectors parallel to the diagonals of the parallelogram.

Sol. Let ABCD be a parallelogram such that AB = a

andB_C’=5.

Then, AB + BC = AC
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—_—

= AC =a+b=3i+6]-2k b a

C
|IAC| = +9+36+4 =7 b a G
AB + BD = AD A
a B
= BD = AD-AB = b-a = j+2j-8k
IBD| = J1+4+64 = 69

AC

- Unit vector along ac = — = 1
(87 + 67— 2K)
BD 1

and Unit vector along BD = E = Jeo
(i +2) - &)

Ex.4 ABCDE is a pentagon. Prove that the resultant
of the forces AB, AE, BC, DC, and
AC is3AC.

Sol. Let R be the resultant force

D
E C
A B
. R = AB + AE + BC + DC + ED + AC
— R =(AB + BC)+(AE + ED + DC)+ AC
— R = AC + AC + AC

= R =3AC.Hence proved.

IMPORTANT PROPERTIES AND

FORMULAE

1. (a) Triangle law of vector addition AB + BC = AC
(b) Parallelogram law of vector addition : FABCD

is a parallelogram, then AB +AD = AC

© If 7 =xi +y,j+zk and 7 = x,i +y, ] + 2,k
then 7 +7 = (x, +x,)i + (3, +,)] +(z +2,)k

and /=75 & x,=x,, y,=),, z=2,

2. (a) @ and b areparallelifand only if @ =m b for

same non-Zero scalar m.

(b) =2 or

a=lala
a|
(¢) Associative law : m (na) = (mn) @ = n (ma)
(d) Distributive laws : (m+n)d =md +na and
n(d+b)=nd+nb
) If F=xi +y +zk then m7 =mxf+myj+mzl€.
() 7,a,b are coplanerifand only 7 = xa + yb for
some scalars x and y.

(@ If 7 = xi +yj +zk then |7 =+ 2
(h) ThepointsA, B, Cwill be collinear if and only if
Es) = mA—C) , for some non-Zero scalar m.

(i) Givenvectors x,d + y,b +z,¢, x,d + y,b +z,¢,
X3d +ysb +2,¢ , where G, b,¢ are non-

coplanar vectors, will be coplanar if and only if

X 4
X, Y, z|=0
X3 V3 23

(j) Method to prove four points to be coplanar:
To prove that the four points A, B, C and D are

coplanar. Find the vector 53) AC and AD
and then prove them to be coplanar by the
method of coplanarity i.e. one of them is a linear
combination of the other two.
®) |a|~|b|<|a+b|<|a|+]b]|
a-b|2|al-|b]|
POSITION VECTOR OFAPOINT _ggff

Let O be a fixed origin, then the position vector of a

point P is the vector OP. If & and b are position
vectors of two points A and B, then
B(b)
b-a
A(a)

AB = b-a =position vector (p.v.) of B - position

vector (p.v.) of A.
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1 1 ~ - -
> [p-v. of B + p.v. of C] = 2 (b+d+b)

Distance formula :

Distance between the two points A (3) and B (b) is

. 1 .

AB=|é—b| =AB + 5 AD
Section formula :

. 1L = o\ — 1 .
Similarly — Apm =5 (d+d+b)=AD +E AB

+d+ —b

T
4+

N| =
+

ol

—_— 1
~ AL + AM = 2

3. 3. L 3
= — =+ = =+ = — .
2b d (b +d) 2AC

N | w
N | w

If a and b are the position vectors of two points
Aand B, then the p.v. of

apoint which divides AB in the ratio m: nis given by Ex.6 IfABCDisaparallelogramandE isthemid point
of AB. Show by vector method that DE

na+ mb . trisect AC and is trisected by AC.

m+n

F:

Sol. Let AB = 3 and AD=b

Note : Position vector of mid point of AB = é;b. Then BC = AD = b and AC = AB +
AD =a+b
Solved Examples Also let K be a point on AC, such that AK :
Ex.5 ABCDisaparallelogram. IfL, M be the middle AC=1:3
point of BC and CD, express AL and AM in = AK = % AC

terms of AB and AD . Also show that AL + AM

3 —
== AC.
5 AC

Sol. Let the position vectors of points B and D be

respectively b and d referred to A as origin of

reference.
. . 1 - - )
B(b) L. ¢ = AK=5(@+5) . @)
M Again E being the mid point of AB, we have
- = _ 13
A() D(d) AE =37

Let M be the point on DE suchthat DM: ME=2: 1
- o ..'mzAD+2AE=b;a
= AC=d +b + AB=b, AD =d 1+2

From (i) and (i1) we find that

Then AC = AD + DC = AD + AB [~ DC = AB]

i.e.position vector of C referred to Ais d + b 1

AK =5 (a+ b)= AM, and so we conclude that
K and M coincide. i.e. DE trisect AC and is
trisected by AC. Hence proved.

- AL =p.v.of L, the mid point of BC .
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LINEAR COMBINATIONS "

(@)

(b)

©

d

(e)

®

Given a finite set of vectors a,b,¢,...... , then the

vector =xa + yb + z6 +........ is called a linear
combination of a,b.¢,...... foranyx, y, Z.....  R.
We have the following results:

If 4,b are non Zero, non—collinear vectors, then
xa+yb=xa+yb=x=x", y=y'
Fundamental Theorem in plane : Let a,b be
non Zero, non collinear vectors, then any vector 1
coplanar with @, b can be expressed uniquely as a
linear combination of 3 and b

i.e.there exist some unique X, y € R such that
xa+yb=T.

Ifd,b,¢ are non-Zero, non—coplanar vectors, then
xﬁ+y5+z§=x’ a+y' b+z¢

= x=X ,y=Y ,z=2

Fundamental theorem in space: Let 3,b,¢ be

non-Zero, non-coplanar vectors in space.

Then any vector ¥ can be uniquely expressed as a

linear combination of &,b,¢ i.e. there exist
some unique x,y, Z e R such that

xa+yb+zc=rT.

Ifx,X,,...., X, are n non Zero vectors and
kk,,.....k are n scalars and if the linear
Combmatlon k1)—(1 + kz)—(z +....... + kn)—(n =

= k;=0,k, =0,....,k, =0, then we say that

vectors X, Xy, ......,X, are linearly independent
vectors.
Ifx,X,,....., X, arenotlinearly independentthen

they are said to be linearly dependent vectors.
Le. if KXy +koXy +KgXgeoroo 4K X, .o +K X, =0
and if there exists at least one k_# 0, then
X4, Xg, ..oy X, are said to be linearly dependent
vectors.

Note 1:

= _krir = klil + kziz +.o...... + kr—l'ir—l
+ko Xy e kX
1. | |
= -k, —X, =k, —X, +k, —X, +.....
kr kr kr
| 1.
+ kr—l k—Xr_l + ..... + kn k—Xn
T T
= X; =C1Xq +CpXp +.eeee + Cr_1X,q T
CriqXpaq Foeerens +Cp X,

Hence x, with X4, X5, ........ s Xo_1s Xpiqs weeeens X, forms a

linearly dependent set of vectors.

Note 2:

*

Ifa =31 +2] +5k thend is expressed as a Linear

Combination of vectors i, j, k. Also a, i, j, k
form a linearly dependent set of vectors. In general,
in 3 dimensional space every set of four vectors is a
linearly dependent system.

i1,k are Linearly Independent set of vectors.
For

K i+Kj+Kk=0 = K=K=K, =0
Two vectors a and b are linearly dependent = a is

parallel tob i.e.dxb = 0 = linear dependence of 3

and p . Conversely if axb =0 then a and p are
linearly independent.

If three vectors a, B, ¢ are linearly dependent, then

they are coplanar i.e.[a b ¢]= 0. Conversely if

[@ b ¢] = 0 then the vectors are linearly

independent.
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Solved Examples

Ex.7 Given that position vectors of points A, B, C are

Sol.

respectively
a—2b+3¢,2a +3b —4¢,—7b + 10¢ then
prove that vectors Ag and AC are linearly

dependent.
Let A, B, C be the given points and O be the point

of reference then
OA =3 —2b +3¢, 0B =23 +3b —4¢
and OC=-"7b + 10¢

Now AB =p.v. of B—p.v.of A

= 0B -OA =(a+5b-7¢) and
AC =p.v.of C—p.vof A
= OC-OA =— (a+5b-7¢) =— AB

- AC = A AB where 1 =— 1. Hence ag and a¢

are linearly dependent

>
TEST OF COLLINEARITY g

Three points A,B,C with position vectors a, b, ¢

respectively are collinear, if & only if there exist

scalars X, y, Z not all Zero simultaneously such that

xd+yb+z¢=0,wherex + y+Z=0.

TEST OF COPLANARITY "

Four points A, B, C, D with position vectors
a, b, ¢, d respectively are coplanar if and only if
there exist scalars x, y, Z, w not all Zero

simultaneously such that xd+yb+z&+wd = 0,

where x+y+Z+w=0.

Solved Examples

Ex.8 Show that the vectors 28 —b+3¢ | 3+ p - 2¢ and

Sol.

a+b -3¢ are non-coplanar vectors.
Let, the given vectors be coplanar.

Then one of the given vectors is expressible in terms
of the other two.

Let 23a-b+36 =x (3+6-28) +y (a+5-33),
for some scalars x and y.

= 2a-b+3¢c =(x+y)a +(x+y)b +(2x-3y) &
= 2=x+y,—-1=x+yand 3 =-2x-3y.
Solving first and third of these equations, we get
x=9andy=-7.

Clearly these values do not satisfy the second
equation.

Hence the given vectors are not coplanar.

Ex.9 Prove that four points 25+ 3b-¢, a—-2b+3c,

Sol.

3a+4b-2¢ and a-6b+6¢ are coplanar.

Let the given four points be P, Q, R and S
respectively. These points are coplanar if the vectors

PQ, PR and PS are coplanar. These vectors are

coplanar iff one of them can be expressed as a linear
combination of other two. Solet PQ =x PR +y

—_—

PS

= _3-56+45 =X [a+b-c)+y (-a-95+73)
= —a-5b+4c ~(X-y) a t(x-9y) p +(x+
Ty) ¢

=>x-y=-1,x-9y=-5,=x+7y=4
[Equating coeft. of 3, b, ¢ on both sides]

Solving the first two equations of these three
1

E .

These values also satisfy the third equation. Hence

. 1
equations, we get x = — oY=

the given four points are coplanar.
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ANGLE BETWEEN TWO VECTORS -" Geometrical interpretation of scalar product :

It is the smaller angle formed when the initial points
or the terminal points of the two vectors are brought
together. Note that 0° < 6 < 180°.

P PN

SCALAR PRODUCT ORDOT PRODUC“V

(@) d.b=abcosO, where0<0<n
b i.b=0> a=0or b =0

(¢) Component ofa vector 7 in the direction of a and

perpendicular to 4 are [Lja and
a

F— {(F.&)} a respectively.

jaf

(d) Ifa and b are the non-Zero vectors, then .5 =0
salb

(e) cos@z&.l;=|aa'.bb|

O ii=jj=kk=1
ij=ji=jk=kj=ki=ik=0

(g If d=(a,ay.a;) and b=(b,b,,by) i.e. if

d=ai+a,]+ak and b =bi +b,] +b,k then
(@) a.b=apb, +ab, +apb,
a,b, +a,b, +a,b,
@) 7 Tl o ebl 5h
@iii) @ and » will be perpendicular if and only if
ab +ab,+ab,=0

(iv)@ and 5 will be parallel if and only if

Note:

(a) Ifeisacute,then a.b >0 and if 0 is obtuse, then
a.b <0.

(b) a.b=0=alb (a=0,b=0)

(¢) Maximumvalueofd.bis|a| |b]|

(d) Minimum valueofa.bis —|a| [b|

Let a and b be vectors represented by OA and
OB respectively. Let 0 be the angle between OA
and OB . Draw BL 1 OA and AM L OB.
From AOBL and AOAM, we have OL =0B cos 6
and OM = OA cos 6.

B(b)

<
e,
HIY
RS
.
»,
.,

o t

A(a)

Here OL and OM are known as projections of
b on a and a on b respectively.

Now, a.b=1|al| p|cos® =|zl(|p|cos o)

=|al (OB cos6)=|3[(OL)

= (Magnitude of a) (Projection of b on a)....(1)
Againa.b=13l|blcos0=|p|(alcos0)

=| b/ (OA cos 6) =|b|(OM)

= (magnitude of b ) (Projectionof a on b) .....(ii)

Thus geometrically interpreted, the scalar product
of two vectors is the product of modulus of either
vector and the projection of the other in its direction.

|

(i) Projectionofaonb = %
(i) a.b=b.a (commutative)
(i) a.(b+c)=a.b+a.¢ (distributive)

(iv) b =a.(mb)=m(a.b), where mis ascalar.

Solved Examples
Ex.10 Find the value of p for which the vectors
a=3+2]+9k and b=1{+pj+3k are
(1) perpendicular (i1) parallel
Sol. () 31 p
= a.b=0
= (3T+2]+9I2). (?+p]+3l2)=0
= 3+2p+27=0 = p=-15
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(i) vectors a = 3i+2j+9 and b = i+pj+3k are
parallel iff

3 2
1

so2. 2
— —p:> p—3

TN
w]|w©

Ex1l Ifa+b+¢=0,lal=3,|b|=5and|C|=7,
find the angle between 3 and .

Sol. We have, 3 . p+c=0

G+5). 6+5) = (&) . (-5)

= @b =1 = |af+[b[ + 2.6 =]

= a+b=—c=

(o)

= |af +[6[ +2a] [b] coso=[c ]

= 9+25+2@3)(5) coso=49

0=~ o==Z
= COS 2 = 3

Ex.12 Find the values of x for which the angle between
the vectors 3 =2x21 +4x j +k and g =77 —2]
+X k is obtuse.

Sol. The angle 6 between vectors a and p is given by

Q/
(ont}

cos 6=

jox
T

[OR
T

Now, 0 isobtuse = cos <0 = <0

Q)
(o

lallb]
[ ]al|b]>0]
=>T7x(2x-1)<0

= a.b<0
= 14x>—-8x+x<0

=0<x< %
Hence, the angle between the given vectors is obtuse
ifx € (0, 1/2)

Ex.13 D is the mid point of the side BC of a AABC,
show that AB>+AC?=2 (AD?*+ BD?)

Sol. We have AB = AD + DB
A

= x(2x—-1)<0

= AB?= (AD+DB)?

= AB?=AD?+ DB+ 2AD . DB ........ i)
Also we have AC = AD + DC

= AC? = (AD +DC)?

= AC2=AD?>+DC2+ 2AD . DC ........ (ii)

Adding (i) and (ii), we get AB>+AC?*=2AD*+

2BD?+2AD . (DB+DC)

= AB2+AC?=2(AD*+BD?) - DB + DC = 0

Ex.4 Ifa=i+j+kandb =27i—]+3k, then
find
(i) Component of b along a.
(i) Component of b in plane of 3 & b but L to a.
: _ .. [a.b).
Sol. (i) Component of b along a is (WJ a
a
Herea.b=2-1+3=4
la® =3

a.b| 4 _ I
Hence 13 P a—3a——(| it k)

(i) Component of p inplaneof 3 & b but Lto a is

- a.b) . 1
b—-—|—=|a.=%
(sz 3

VECTOR PRODUCT (CROSS PRODUCT) I'

(i -7+ 5k)

OF TWO VECTORS

(i) If a3, b aretwo vectors and 0 is the angle between
them, then 2 xb = | a | | b | sino n, where i is the
unit vector perpendicular to both a and b such that
a, b and h forms aright handed screw system.

(i1) Geometrically| axb | =area of the parallelogram

whose two adjacent sides are represented by

dandb.
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(i) axb-bxa (notcommutative)

(v) (mad)xb =4 x(mf)) =m(5 X B),wheremis
ascalar.

(v) ax (b+¢)=(axb) + (dx¢) (distributive)

(Vi) axb=0«<aandb are parallel (collinear)

(@#0 , b#0)ie.a=Kb,whereKisascalar.

(vii) i><i:j><j:|2><|zzo ; 'i\x'jzlz,'j\xl'i:'i‘,l'ix'i\:]

(vi) If a =a i +a,j +a,k and b =b,i +b,j +b,k,

i J Kk
then axb=|a, a, a,
by by b,

(ix) Unit vector perpendicular to the plane of a and b is

[OR
T

X

n=+

jox
T

X

(x) Avector of magnitude ‘r’ and perpendicular to the

r(axb)

ax

planeof a and b is +

(xi) Ifeisthe angle between a and b, then sin6 =

(xii) If two vectors @ and b are parallel, then 6=0or n

1.e. sin 6 =0 in both cases.
Vo (ahy - a2bl)2 +(ayby _513172)2 +(ash — a1b3)2 =0

= a1b2 —a2b1 = 0, a2b3 _a3b2 = 0, Cl3b1 _a1b3 = 0

(xii)) If 3 b and ¢ are the position vectors of 3 points

A, B and C respectively, then the vector area of
O P :
AABC = ) axb + bxc + CX&].The points A,

Band C are collinearif axb +bxc¢ +¢xa=0

(xiv) Area of any quadrilateral whose diagonal vectors
are d, and d, is given by% | d; x d, |

(xv) Lagrange's Identity : For any two vectors

Ex.15 Find a vector of magnitude 9, which is

éandB;(éxB)2:|é|2|5|2—(é.5)2:

QI QI
T QO
Tl Tl

T QO

Solved Examples

perpendicular to both the vectors 4j—j+3k and

—2i+j-2k.
Sol. Let a = 4i-j+3k and b = —2i+j-2k. Then
i ]k
- 4 -1 3 - -
Axb = o1 o =2-3)i—-(-8+6)j+
(4-2) g = -i+2j+2k

= |axb| = y(-1)?+22+22 =3

: axb
. Required vector=+9 | — 2
|axb|

=1

w|©

(i +2j+2k) =£(-3i+6]+6k)

Ex.16 For any three vectors & b,¢, show that

ax(b+c)+bx(c+a)+cx(a+b)=0.
Sol. We have, @ X (b+G) + b X (C+a) + ¢ X (a+b)

= Axb+axC+bxC+bxa+Cxa+cxb
[Using distributive law]

xC+bxC-axb-axcé—-bxc=0

[oT

= axb+

[ bxa=-axb etc]
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Ex.17 Forany vector 3, prove that
|axi? + |axj? T |axk]? =2 |af?

Sol. Let 3 = a,i +a,j+ask . Then

axi = (ai+a,j+ask) X i =a (ixi)ta,(jxi)+

a, (kxi) =—-a,k+az]

= |axi? =a’+a]

axj

(a17+a2]+a3lz) x ]= a1I2—a3?

= |axj? =a* +a]

axk = (aji+a,)+ask)x k=—aj+a,i

= |axk|? =a’+a]

oo laxi +|axjl? +laxk]? =al+a’+a’+
a’+a’+a’

=2(a’+a’+a?)=2|al

Ex.18 Let OA = a, OB = 10a + 2b and OC = b
where O is origin. Let p denote the area of the
quadrilateral OABC and q denote the area of the
parallelogram with OA and OC as adjacent sides.
Prove that p = 6q.

We have,

p =Area of the quadrilateral OABC

Sol.

1
|OBxAC| =7 |OBx(OC-0A)]

N

=>p=

| (108 + 2b) x (b—a)]|

YN

=>p=

=% |10(@xb)-10(axa)+2(bxb)—2(bxa)|

— 1 - o = _ o -
=P =5 [10(@xb)-0+0+2(axb)| = 6 |axb]|

and q = Area of the parallelogram with OA and OC
as adjacent sides

= q=|O0AxOC| = |axb|

From (i) and (i), we get p =6q

PROJECTION OFA LINE SEGMENT ON
ALINE

() If the coordinates of P and Q are (x,, y,, Z,) and
(X, ¥,, Z,), then the projection of the line segments
PQ on a line having direction cosines /, m, n is

| l(xy—xp)+m(y, —y)+n(z, —z) |
Vector form : projection of a vectora on another
- . @b
vectorbisa.p =—=
Ibl

(ii)

In the above case we can consider P_é as (x,—x l)i
+(y,~y)j +(Z,—Z)k inplace ofd and (i +
m ] +nk in place ofb.

(@iii) ¢|T |, m |7 | & n]|7|are the projection of ¢ in OX,
OY & OZ axes.

(iv) T =|F|(¢i +m]+nk)

Solved Examples

Ex.19 Find the projection of the line joining (1, 2, 3)
and (-1, 4, 2) on the line having direction ratios
2, 3,-6.

Sol. Let A=(1,2,3),B=(-1,4,2)
B
A
90° 90z
P L M Q

Direction ratios of the given line PQ are 2, 3,— 6
22 +3% +(-6)* =7

. . . 2 3 6
direction cosines of PQ are 7y 777

Projection of AB on PQ

=0 (x,—x)+m(y,~y)+n(Z,-Z)|

2 3 6 -4+6+6
—E (=N 2(4-2)=2(2-3)| =222
7(‘| 1)+7( ) 7( 3)‘ ‘ 7 ‘
_8

7
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Scalar triple product (Box Product) (S.T.P.) :

(i) Thescalar triple product of three vectors a, b and ¢
is defined as: axb.c=|d |B| || sin6.cos¢,
where 0 is the angle between a , b (i.e. a Mp= 0)
and ¢ is the angle between axbandc
(e. (mxd" t=¢).ltis(ie. 3xb.G )alsowritten
as [é b 6] and spelled as box product.

F

(i) Scalar triple product geometrically represents the
volume of the parallelopiped whose three
coterminous edges are

represented by 3 b and ¢ ie. V= |[5 b 5]|

(1if)

In a scalar triple product the position of dot and
cross can be interchanged i.e.

(v) a

@ If G=ai+a,j+ak, b=bi+bj+bk

and ¢ =¢ji +c¢,j +¢;k , then

. - a, a, 4,
(axb)c=[a b cl=|b, b, b
G G G

(d) Ifanytwo ofthe vectors @, b, ¢ are equal, then
[a b c]=0
(v) If 3 b and ¢ arecoplanar < [a b ¢]=0.

(vi) The value of a scalar triple product is Zero,

if two of'its vectors are parallel.

(vii) If 4, b, ¢ are non-coplanar, then[a b ¢] > 0 for

right handed systemand [a b ¢] < 0 for left handed

system.

(xii) If @ =a i+a,j +a,k; b =b,i+b,j+b,k and ¢
a1 a; ag
=c,i+c,j+c,k,then [abc]=[b; by bs|.
Cq Cy Cy

In general, if a=a;/+a,m+ayn;

b=b,7+b,m+bsi and C=c,+C,M+cCyn
a; a as

then 5 b c|=p, b, by|[7mn
Cqy Cp Cg

],Where 7, mandn

are non-coplanar vectors.

3.3 3.b 3.
(xiii) [5 5 5]2= b.da b.b b.c
Gd ¢b 6.6

(xiv) Four points A, B, C, D with position vectors
d,b,¢,d respectively are coplanar if and only if
[AB AC AD]=0 i.. if and only if
[b—a ¢—-a d—a)=0

(xv) Volume of a tetrahedron with three coterminous
edges a.b,¢ =%| [a b E]|

(xvi) Volume of prism on a triangular base with three

. IEE N
coterminous edges a, ,c=5|[a b c]|
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Tetrahedron and its properties :

(a) The volume of the tetrahedron OABC with O as
origin and the position vectors of A, B and C being

a, b and ¢ respectivelyis given by y/ :% Hé b ¢ ]|

(b) Ifthe position vectors of the vertices of tetrahedron

are a, b, ¢ and d, then the position vector of its

e 1T . - - -
centroid is glvenbyz(a+b+c+d),

NOTE:

This is also the point of concurrency of the lines
joining the vertices to the centroids of the opposite
faces and is also called the centre of the tetrahedron.
In case the tetrahedron is regular it is equidistant
from the vertices and the four faces of the
tetrahedron.

Solved Examples

Ex.20 Find the volume of a parallelopiped whose sides
are given by -3i+7j+5k, —-5i+7j-3k and

7i-5j-3k
Sol. Let 3=-3i+7j+5k, b=-5i+7]-3k and
c=7i-5j-3k.

We know that the volume of a parallelopiped whose

three adjacent edges are 3,b, ¢ is | [a b c] | :

-3 7 5
Now N
7 -5 -3

=3 (21 -15)=7(15+21)+5 (25— 49)
=108 — 252 — 120 = —264

So required volume of the parallelopiped

=|1@ b &| =|—264 |= 264 cubic units

Ex.21 Simplify [3-b b-¢ ¢&-3]
Sol. We have :

[a-b b-¢ c¢-a] = {(@a-b)x(b-c)} . (c-a)

[By definition]
= (axb-axcé—bxb+bxc) . (€-2a)
[By distribution law]

= (@axb+cxa+bxc) . (c-a) [ bxb=0]

= (axb).¢ — (axb).a + (Cxa).¢ — (€xa).a +

(bxc).¢ — (bxc)-a [By distribution law]
=@bc —[@aba t[cacl—[caa]t
[b ¢ c]l—[bc a]

=[ab c]l—[b ¢ 3] [

vectors are equal, scalar triple product is Zero |

When any two

=@abcl—[abgc =0
[~ [bcal=[ab dl

Ex.22 Find the volume of the tetrahedron whose four
vertices have position vectors a, b, ¢ and g.

Sol. Let four vertices be A, B, C, D with position vectors

a, b, c and d respectively.

. DA =(a—d)

b =(b—-d)

D¢ =(¢—d)
HencevolumeV=%[é—a b—d ¢—d]
= 23— ). [(6- &) (¢ - )]
=%(5_a) [bx¢—bxd+¢xd]
=%{[555]_[55d]+[aéa]—[855]}
=%{[55C]_[asd]+[a68]—[568]}




Vectors & 3D

Ex.23 Show that the vectors 3=-2i+4]j-2k,

b=4i-2j-2kand ¢ =-2i-2]+4k are coplanar.

-2 4 -2
Sol.[abcl=|4 -2 -2
-2 -2 4

=_2(-8—4)—4(16 —4)—2(-8 — 4)

=24-48+24=0

So vectors a, b, ¢ are coplanar

VECTOR TRIPLE PRODUCT ‘-'
Ifa,b,c be any three vectors, then (@ x b) x ¢ and
a x (b x &) are known as vector triple product.
(@) Gx(bxc)=(a.c)b—(a.h).c
(Gxb)xc¢=(a.c)b—(b.c).a

a x (b x &) isavector in the plane of vectors b and &

(b)
(¢) The vector triple product is not commutative i.e
ax(bx?)#(@xb)x¢

(d) Lagrange’s identity :

(Gxb)-(¢xd)=

SuQl
QU

[SYReY

Sy

=(a.c)(b.d)—(a.d) (b.7)

Solved Examples

Ex.24 Forany vector 3, prove that

i><(5><'i‘)+'j><(é><])+|2><(é><R) = 2a

Sol. Let 3= a1'i\+ 32]+ a3|2 .

Thel’l'i‘x(éx'i‘)+'j\><(é><'j‘)+k><(é><k)

= {(.ha-(.a)i T {(G.Da-G.ah +

= {@-(.a)i}+{@-(.a)j} + {a-(k.ak}
= 33-{(i.3)i+(j.a)j+(k.a)k

= 3a-—(aji+a,j+azk) = 3a-a=23

Ex.25 Provethat ax{bx(cxd)} = (b.d)@xc) — (b.c)
(axd)

We have, ax{bx(Exd)} =ax{(b.d)c—(b.c)d}
= ax{(b.d)c}-ax{(b.c)d} [by dist. law]
= (b.d)(axc)-(b.c)(axd)

Sol.

Ex.26 Leta = ai +2j — 3k, b = | + 24j — 2k and
¢ = 2i — o] *+ k. Find the value(s) of a, if

any,suchthat{(éxB)x(Bxé)}X (cxa)=0
Sol. {(axb Jx(bx& )} x (&xa)

—[aBE b % (cxa)

= a6 ¢|{(a.6)c-(5.¢)a |

which vanishes if

(i) (a.6)c=(6.c)a (i) [a b&|=0

(i) (é : B) c= (5.6) a leads to the equation 2 o+

10a +12=0, o>+ 6a =0 and 6a — 6 = 0,
which do not have a common solution.
a 2 -3
@[abg=0 = 1 20 -2)_
2 —-a 1
2
= 3a=2 = a= =
3
Ex.27 If A+B =a, A.3 =1 and AxB = b, then
_ axb+a B><5+é!|52—1_’
prove that A = P and B = He .
Sol. Given A+B=a .. (1)
— 5.(A+B)=43.3
= 3.A+a.B=3a.a = l+a.B=]|al
- a.B=laf-1 .. (ii)
Given AxB =b
= ax(AxB)=a x b
= [6.B) A-[.A) B-axb
= (jaf-1) A-B=3axb .. (iif)

[Using equation (ii)]

solving equation (i) and (iii) simultaneously, we get

bxa+a(al? 1)
|a|?

A= - and B =
|al|?

52
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Ex.28 Solve for r satisfying the simultaneous equations

Ffxb=¢xb, r.a=0 provided a is not

perpendicularto b .

Sol. (f-¢) xp =0 = r-c and b are collinear
¢ =kb
= F=c¢+kb . (1)
r.a=0 = (C+kb) . a =0
a.c .
= k=- 3 b putting in (1) we get
. . a.c -
r=C———
a.b

Ex.29 If xxa+kx =b,wherekisascalarand 3 b are

any two vectors, then determine x in terms of a,b

and k.
SOl XxF1kR=D  eeeeeeeen (1)

Premultiply the given equation vectorially by 3

ax(xxa) +k (@xx) = 3xb
= (a.a)x—(a.x)a+k(@xx)=
Premultiply (i) scalarly by 3
[axa] T k(@.x)=a.b
k(@.X)=a.b ..... (iii)
Substituting xxa from (i) and a. x from (iii) in (ii)
we get

1

X T 22 k2

{k5+(éx5)+

—
RECIPROCAL SYSTEM OF VECTORS‘

(a) Ifa, b,¢ be any three non-coplanar vectors so that

[G b ¢]#0, then the three vectors &' b',¢"

Sy
X

defined by the equations a’ =— f; , b= ffaﬁ ,
[a b c] [a b c]
¢'=— fbﬁ are called the reciprocal system of
[a b ]

vectors to the given vectors a,b, ¢
(b) Properties:
O Ga=bb=cc=1
(ii) The scalar product of any vector of one system
with a vector of the other system which does
not correspond toit, is Zero, i.e.
ab'=d.c' =b.a' =b.i'=¢.d'=¢b' =0

i) [7 b ] [a' b’ &]=1
V)i'=i, j'=j, k'=k
) If {G',b',¢"} isreciprocal system of (g, b, ¢}

and 7 is any vector, then
a'+(F.b)b' +(F.¢)¢’

F=(F.aYa+(F.b)b+(F.c)é

7 = (7.4)

APPLICATIONOFVECTORINGEOMETRY, gl

(a) Vector equation of a straight line passing through a
point @ and parallel to b is 7 =a +tb wheretisan
arbitrary constant.

(b)

Vector equation of a straight line passing through
twopoints @ and bis F=d+t(b —a).

(¢) Vector equation of a plane passing through a point
@ and parallel to two given vectors b and ¢ is
F=d+sb+tc, where t and s are arbitrary
[7 b ¢l=[a b ¢]
Vector equation of a plane passing through the points

constants. or
@ Vec

a,b,ci8F=(1-s—1)a+sb+t¢.

or F.(bxcé+éxa+axb)=[a b ¢]
(e) Vector equation of a plane passing through the point

a and perpendicularto 7 is F.i=d.n .

Note : Perpendicular distance of the plane from the origin

n

Q)

n

() Perpendicular distance of a point P(r) from a line

passing through @ and parallel to 5 is given by
|(F —a)x b \

o e a)bzl/z
b [( Y { | H

Perpendicular distance of a point P(r) from a plane

PM =

@

passing through @ and parallel to 5 and ¢ is given
(F—a)-(b x©)

b x|
Perpendicular distance of a point P(r) from a plane

by PM =
(h)
passing through the points @, b and ¢ is given by

PM=(r—a)-(b xXc+cxa+axb)

|bx¢+Exa+axh|
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THREE DIMENSIONAL GEOMETRY

|
COORDINATES OFAPOINTINSPACE gl  Solved Examples
Let O be a fixed point, known as origin and let OX, Ex.30 Show that the points (0, 7, 10), (- 1, 6, 6) and

OY and OZ be three mutually perpendicular lines,
taken as x-axis, y-axis and z-axis respectively,
in such a way that they form a right handed system.
The planes XOY, YOZ and ZOX are known as

xy-plane, yz-plane and zx-plane respectively.

Z
C E
k
F P(x, y|2)
1,0 7 B Y
A D

X
Let P be a point in space and distances of P from

y-z, z-x and x-y planes be x, y, z respectively
(with proper signs) then we say that coordinates of
Pare (x, y, z).

Also OA=x,0B=y»,0C=z

DISTANCE FORMULA g

The distance between two points A (x,, y,, z,) and
B (x,,y,,z,) is given by

AB=\/[(x2 _xl)z +(, _J’1)2 +(2, _21)2]

(a) Distance from Origin:

Let O be the origin and P (x, y, z) be any point, then

OP =/(x* +y* +2%)

(b) Distance of a point from coordinate axes :

Let P(x, y, z) be any point in the space. Let PA, PB
and PC be the perpendiculars drawn from P to the
axes OX, OY and OZ respectively. Then

PA=1/()*+2z%); PB=+/(z +x7);
PC=+/(x*+)?)

(— 4,9, 6) form a right angled isosceles
triangle.

Sol. Let A=(0,7,10), B=(-1,6,6),C=(-4,9,6)

AB>=(0+ 1)+ (7—6)>+(10—6)>=18
- AB=342

Similarly

BC=3,2, & AC=6
Clearly AB2+BC?*=AC?
: Z ABC=90°

Also AB=BC
Hence AABC is right angled isosceles.

Ex.31 Show by using distance formula that the points

4,5,-5),(0,-11,3)and (2,-3,-1) are collinear.

Sol. LetA=(4, 5,-5), B=(0,-11,3),C=(2,-3,-1).

AB=[(4-0) +(5+11)> +(-5-3)’
=/336 =/4x84 =2./84

BC = (0-2)2 +(-11+3)? + (3 +1)? =+/84

AC= J(4-2)2 +(5+3)% +(-5+1)? = /84
BC +AC=AB

Hence points A, B, C are collinear and C lies between
A andB.

Ex.32 Find the locus of a point which moves such that

the sum of'its distances from points A(0, 0,—a) and
B(0, 0, o) is constant.

Sol. Let the variable point whose locus is required be

P(x,y,2)
Given PA + PB = constant = 2a (say)

g \/(x—0)2+(y—0)2+(z+(1)2 +

J(x=0)2 +(y—0) +(z-a)? =2a
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Centroid of a tetrahedron
= \/x2 +y2+(z+a) =2a-— \/x2 +y2+(z-a)?

AX,y,2z)B(x,Y, z)C(x,,y, z) and

2 2 2 2 — 2 2 2 2 2 .
=> Xty tzta’t2za=4a+ X Ty + 2 ta D (x,,y,, z,) are the vertices of a tetrahedron, then

— 270 —4a \/Xz +y2+(z—a)? coordinate of its centroid (G) is given as
4 4 4
B X Dy )z
= 4zo—4a> =—4a \/x2+y2+(z—a)2 ; ; - I
4 4 4
2 2

z°a
= 2 +a?—2za=x*+y' + 27>+ o’ —2za

a? Solved Examples
or, x* +y* + 7 1_a_2 =a’— o’
Ex.33 Show that the points A(2, 3, 4), B(-1, 2, -3)

52 y2 2 and C(—4, 1,—10) are collinear. Also find the ratio
= o2 + a? — o2 + 2 1 inwhich C divides AB.
This is the required locus. Sol. GivenA=(2,3,4),B=(-1,2,-3),
C=(-4,1,-10).
Section formula , ,
If point P divides the distance between the points A2, 3,4) B (-1, 2,-3)

A(x,y,z,)andB(x,,y,,z,) inthe ratio ofm: n,

) ; i Let C divide AB internally in the ratio k : 1, then
internally then coordinates of P are given as

_ -k+2 2k+3 -3k+4
Tl k+1 7 k+17 k+1

[mx2 +NX, My, +ny,; mz, +nz1j

m+n  m+n  m+n
AP B K2 4 o k=—6= k=-2
. k+1
m.n
Note :-Mid point For this value ofk, % =1, and _ik++14 =-10
1:1 . .. .
X{+Xy Yi+Yo Z4+2Zy , Since k <0, therefore C divides AB externally in the
[ 2 7 2 2 j P B ratio 2 : 1 and points A, B, C are collinear.
Centroid of a triangle Ex.34 The vertices ofatriangle are A(5,4, 6),B(1,-1,3)
Go[XitXatXs Yi+Yotys 242, +24 and C(4, 3, 2). The internal bisector of ~ BAC meets
- 3 ’ 3 ’ 3 BCinD. Find AD.
AX.y,.2) Sol. AB= 42457 +3% -5/2
AC= 212,42 232
A(5, 4, 6)

B(X2!y2122) C(X31y3123)

Incentre of triangle ABC

axq +bx, +cx3 ay,+by, +cy; az;+bz, +czy
a+tb+c '~ a+b+c = a+b+c

Where AB=c,BC=a, CA=b (1,-1,3) (4,3,2)
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Since AD is the internal bisector of # BAC
. BD_AB_5

" DC AC 3

- D divides BC internally in the ratio 5 : 3

. D_[5><4+3><‘| 5x3 +3(-1) 5><2+3><3j

5+3 ' 5+3 ' 543
ER3
or, D= 888
2 2 2
23 12 19
: — [[5-22) +la-22) 4le-2
~ AD \/[ sj{ sj{ 8)
71530 .
= 8 unit

Ex.35 IfthepointsP,Q,R,Sare(4,7,8),(-1,-2,1),
(2, 3, 4) and (1 ,2,5) respectively, show that PQ and DIRECTION COSINES AND DIRECTION |'

Sol.

RS intersect. Also find the point of intersection.

Let the lines PQ and RS intersect at point A.
P(4,7,8)

s(1, 2, 5)

R(2, 3, 4) Q-1,-2,1)

Let Adivide PQintheratio : 1, then

I T T
Let A divide RS intheratiok: 1, then

k+2 2k+3 5k+4
=lk+1 k+1 k+1

From (1) and (2), we have,

A=[—X+4 —20+7 k+8j_ e (D)

-A+4 k+2

A+l k1
2 +7 2k+3

A+1 k+1 ) e (4)
A+8 bk+4

A+l k+1 ®)
From (3), —ak —A + 4k +4 =2k + 21 + k +2
or 2k+31-3k-2=0 .. (6)
From (4), 23k —2x+ 7k +7 =22k + 31+ 2k + 3
or hk+5L—5k-4=0 .. (7)

Multiplying equation (6) by 2, and subtracting from

equation (7), weget —A+k=0 or, 1=k
Putting . =k in equation (6),
we get 202+ 31-31—-2=0 or, ,==%1.

But A # —1, as the co-ordinates of P would be
undefined and in this case

PQ || RS, which is not true.

~ a=1=k.

Clearly A=k =1 satisfies eqn. (5).
Hence our assumption is correct

A —‘I+4’—2+7"I+8 or,As[i,i,gj.
2 2 2 2'2'2

RATIOS

(i) Direction cosines : Let o, B, y be the angles which

a directed line makes with the positive directions of
the axes of x, y and z respectively, then cos a.,
cosp, cos y are called the direction cosines of the
line. The direction cosines are usually denoted by,
m, n.

Thus ¢ =cos a, m = cos 3, n =cos y.

(3) (ii) If ¢, m, nbe the direction cosines of a line, then /2 +

m2+n=1

(iii) Direction ratios : Leta, b, c be proportional to the

direction cosines /, m, n then a, b, ¢ are called the
direction ratios.

If a, b, c, are the direction ratios of any line L,
thenai +bj +ck will bea vector parallel to the line L.
If ¢, m, n are direction cosines of line L, then

¢ +mj +nK isaunit vector parallel to the line L.

56
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(iv) If 7, m, nbe the direction cosines and a, b, ¢ be the
direction ratios ofa vector, then

a b c
= ,m= n=
Va2 +b? +c? Ja2+b?+c?  ya?+b?+c?

-a -b
or ( = ,m=
va? +b? +¢? vaZ+b?+c¢?”

—C

n:
Va? +b? +¢c?

If OP =1, when O is the origin and the direction
cosines of OP are ¢, m, n then the coordinates
of P are (/r, mr, nr).

™)

If direction cosines of the line AB are ¢, m,n, |AB|
=r,and thecoordinatesof A is (x, y,, z,) then the
coordinates of Bis given as (x, +r/,y, +rm, z +m)

(vi) If the coordinates P and Q are (x,, y,, z,) and
(X,,¥,» Z,), then the direction ratios of line PQ are,
a=x,-X,b=y, -y &c=z -z and the

L . ) Xy — X
direction cosines of line PQ are ¢= |2PQ |1 ,
mzYz—Y1 and n = 224

|PQ]| |PQ| -

(vii) Direction cosines of axes : Since the positive
x—axis makes angles 0°, 90°, 90° with axes of X, y
and z respectively. Therefore

Direction cosines of x—axis are (1, 0, 0)
Direction cosines of y—axis are (0, 1, 0)

Direction cosines of z—axis are (0, 0, 1)

Solved Examples
Ex.36 Ifaline makes angles o, B, ywith the co-ordinate
axes, prove that sin’a + sin?g + siny*= 2.

Sol. Since a line makes angles o, B,y with the co-ordinate
axes,

hence cosa, cosp, cosy are its direction cosines
. cos?a + cos?p + cosy =1
= (1—sin’a) + (1 —sin?p) + (1 —sin%¥) =1

= sina+ sin’p +sin?y=2.

Sol.

Ex.37 Find the direction cosines ¢, m, n of a line which

are connected by the relations
+tm-+n=0,2mn+2m¢—n¢=0
Given,/+m-+n=0 ...
2mn+2m/—n¢=0
From (1), n=—(¢+ m).
Putting
—2m(/+m)+2mi+(¢+m) =0
or,—2m/—2m>+2m/+ 2+ me =0

n=—(/+m)in equation (2), we get,

or, 2+ m/¢—2m*=0

O (1
or, (mj +(mj —2=0 [dividingbym?]
l —1i\/1+8:—1+3

or —= — =1,-2
m 2 2 ’

b4 .
Case I. when e 1:Inthiscasem=/

From (1),2¢+n=0
~¢/:m:n=1:1:-2

= n=-2¢

. Directionratios of the line are 1, 1,—2

. Direction cosines are
1 1

+ ,* ,+

VR + 422" 12417 1(-2)
2

12 412 4 (-2)?
L4 2112

J6 V6 6 NCRNCRINT
CaseIl. When% =—2:Inthis case / =—2m
From(1),-2m+m+n=0 = n=m
L/m:n=-2m:m:m =-2:1:1

. Direction ratios of the lineare—2, 1, 1.

. Direction cosines are
+ —2 , £ ! , +
22+ 242 J(22 + 2412
1
(2% +1% + 12
2 1 1 2
\/E 5 \/g 5 \/g \/E 5 \/E 5 \/E
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(viii) Projection of a line on another line :

Let PQ be a line segment with P(x, y, z,) and
Q(x,,5,,2,) and let L be a straight line whose d.c.’s
are [, m, n. Note that /, m, n are d.c.’s of line L,
not d.r.’s. Then the length of projection of PQ on
the line L is Projection = |/ (x,—x )+ m (y,—y,) +

n(z,-z) |

(ix) Angle between two lines :

(x)

Let 0 be the angle between the lines with d.c.’s
m,nand/l,m,n thencos®=1/ 1L +mm +nn,
Also sin* 0 = %(I,m,— Lm )’

Perpendicularity and parallelism :

Let the two lines have their d.c.’s givenby [, m , n,

and [,, m,, n,respectively then they are

22
perpendicular if 6 =90°i.e. cos 6 =0, i.e. [, [, +
mm,+nn, =0.

Also the two lines are parallel if 0 =01.e. sin0 =0,

ll_mlzﬂ

Ifinstead of d.c.’s,d.r.’sa , b

»b,canda,b

» b, c are
given, then the lines are perpendicular if
a a,*b b +cc,=0andparallelifa/a,=b /b,
=c/c,.

If 6 is the angle between the lines then
(a,a, +bb, +c,c,)

cosO =
J@ +b2 +) (@2 + b2 + )

ALINE IN SPACE "

Equation of aline :

@

A straight line in space is characterised by the
intersection of two planes which are not parallel and
therefore, the equation of a straight line is a solution
of the system constituted by the equations of the
two planes,ax+by+cz+d =0andax+by
+ ¢,z + d,=0. This form is also known as
non—symmetrical form.

(ii)

(i

@iv)

™)

(vi)

The equation of a line passing through the point

X — X4

(X,,¥,,z,) and having direction ratios a,b, cis
Y—Vi
b

form. A general point on the line is given by
(x, tar,y, +br,z +cr).

_z-z4

=r. This form is called symmetric

Vector equation: Vector equation of a straight line
passing through a fixed point with position vector

a and parallel to a given vector b is r = a + Ab
where A is a scalar. H

Equation of the line through two points A(x, y,,z,)
and B(x,, y,,z,) is

X=X _Y=» _
X=X =N

z—2z

S|

Reduction of non-symmetrical form to symmetrical
form:

Vector equation of a straight line passing through
two points with position vectors a & b ist =
a+A(b—a).

Reduction of cartesion form of equation of a line to
vector form & vice versa

To=(x,i +ylj +z k) +A(ai +bj +ck).

Some particular straight lines :

0
(i)
(i
()
)
v

(vii)

Straight lines Equation
Through the origin Y =mx, z =nx
X-axis y=0,z=0
y-axis x=0,z=0
z-axis x=0,y=0

| | to x-axis y=p,z=q

|| to y-axis x=hz=gq

|| to z-axis x=hy=p
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Solved Examples

Ex.38 Find the equation of the line through the points
(3,4,—7)and (1,—1, 6) in vector form as well as in

cartesian form.
Sol. Let A=3,4,-7),B=(1,-1,6)
Now é=oz=3f+4]—7|2,
b=0B=i-—]+6Kk

Equation of the line through A(a ) and B(b ) is ¥
—a +t(b —a)

or r =37 +4] =Tk +t(21 =51 +13k) ...(1)
Equation in cartesian form :

Xx-3 y-4 z+7
3-1 4+1 -7-6
Xx-3 y-4 z+7
2 5 13

Equation of AB is or,

Ex.39 Find the co-ordinates of those points on the line
x-1 y+2 z-
2 3 6
from point (1, -2, 3).
x-1 y+2 z-3
2 3 6
Let P=(1,-2,3)
Direction ratios of line (1) are 2, 3, 6

. . . . 236
.. Direction cosines of line (1) are 7777

Equation of line (1) may be written as

3 . . .
which is at a distance of 3 units

Sol. Given line s

x-1 y+2 z-3
2 3 6

7 7 7
Co-ordinates of any point on line (2) may be taken

2 3 6
=r+1,=r-2, =r+3
as (3 e

7

2 3 6
Let QE[7r+‘I, 7r—2, 7r+3j

Distance of Q from P =| 1|
According to question |r|=3 r==+3
Putting the value of r, we have

0-=(F3 7)o 0=[3-FF

77

Ex.40 Find the equation of the line drawn through point
(1,0, 2) to meet at right angles the line

x+1:y—2:z+1
3 -2 -1

X+1 y-2 z+1
3 -2 -1

Let P=(1,0,2)

Co-ordinates of any point on line (1) may be taken as
Q=Gr-1,-2r+2,-r-1)

Direction ratios of PQ are 3r—2,-2r+2,—r—3

Sol. Given line is

Direction ratios of line AB are 3,—2,— 1
Since PQ L AB
2 30Br-2)-2(-2r+2)-1(-r-3)=0

=>9r-6+4r—4+r+3=0 = 14r=7
r = 1
T2
. . . 1 7
Therefore, direction ratios of PQ are — > 1,— 3
or, —1,2,—-7
. . .ox—1 -0 z-2
Equation of line PQ is 1" Y 5~ _7 O
x-1_y z-2
1 -2 7
. x -1 -2 z-3
Ex.41 Show that the two lines 5 " Y 3 "2 and
x-4 -1 . . .
5 yT = z intersect. Find also the point of

mtersection of these lines.

x-1 y-2 z-3

Sol. 5 3 2

Given lines are

x-4 y-1 z-0
5 2 1

and

Any pointonline (1)is P (2r+ 1, 3r+ 2, 4r +3)
and any point on line (2)is Q (54 + 4,21+ 1,2)

Lines (1) and (2) will intersect if P and Q coincide
for some value of » and r.

59
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L 2H1=50+4 = 2r—5.=3 .. 3)
Ir+2=2041 = 3r-2.=—1 ...(4)
dr+3=1 — dr—x=-3 .. (5)

Solving (3) and (4), we getr=—1,A=—1
Clearly these values of r and 2 satisfy eqn. (5)
P=(-1,-1,-1)

Hence lines (1) and (2) intersectat (—1,—1,—1).

Now

ANGLE BETWEEN TWO
LINE SEGMENTS
Iftwo lines have directionratiosa,,b , ¢, anda,, b

2 7
c, respectively, then we can consider two vectors

parallel to the lines as ali + bI] + CIIZ and

a,i +b,j ¢,k and angle between them can be
given as.

a@, +bb,+cqiCy

©08 0= Ja? 1 b2 +c? a2 + b2 + 2 -

(i) The lines will be perpendicular if
aa, +bb,+cc,=0

(i) The lines will be parallel if 21 =2 =<t
a, 2 C,

(iii) Two parallel lines have same direction cosines i.e.
¢, ={,m =m,n =n,

Solved Examples

Ex.42 What is the angle between the lines whose
direction cosines are

V3 1 43 V3 143

4 4 2 474 2
Sol Let 0 be the required angle, then

COsSO = 0L, + mm, + nn,

R

_ 3. 1. 3__1
16 16 4 2
= 0=120°

Ex.43 Find the angle between any two diagonals of a
cube.

Sol. The cube has four diagonals
OE, AD, CF and GB

NY
G(O! a, O) F(a, a, O)
D E (a, a, a)
0,4, a)
O A X
0,0, 0) (a, 0, 0)
C(0, 0, a) B(a, 0, a)
V4

The direction ratios of OE area,a,a or 1,1, 1

. . . . 1 1 1
- its direction cosines are —, —, ——.
NERERNE)

Direction ratios of AD are —a,a,aor— 1, 1, 1.

-, its direction cosines are -1 1 1

B33 B
Similarly, direction cosines of CF and GB respectively
N T N T
NEIERRE] V3 33T
We take any two diagonals, say OE and AD
Let 0 be the acute angle between them, then

s (s )

1
— -1 | —
or, 6 = cos [3j )

6= 1
COS 3

Ex.44 Find the angle between the lines x —3y—4=0,
4y—z+5=0and
x+3y—-11=0,2y—-z+6=0.

o ~3y-4=0
Sol. Given lines are :y ) )Z/ L5 0} ..... (1)
x+3y-11=0
..... 2
and 2y-z+6=0 } 2)
Lets,,m,n and/,, m,n, bethe direction cosines

of lines (1) and (2) respectively
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- line (1) is perpendicular to the normals of each
of the planes x —3y—-4=0and4y—z+5=0
(,—=3m +0n =0

and 041 + 4m1 -n = 0

l
Solving equations (3) and (4), we get ﬁ

M _Mm_
or, - 1 4 k (let)

Since line (2) is perpendicular to the normals of each

of the planes
x+3y—-11=0and2y—-z+6=0,

~ ,+3m,=0 L &)
and 2m,-n,=0 . (6)
l
£,=—=3m, or, —g =m and n
=2m, or, %2 =m,.
Lo _mp _Np _
374 5 ¢ (let)

If 0 be the angle between lines (1) and (2), then
coso=//(,+mm,+nn,

= (3k) (— 3t) + (k) (t) + (4k) (2t)

=— 9kt + kt + 8kt =0

~ 0=90°.

To find image of a point w. r. t aline :

@
(ii)

X —X - z-z
LetL = 2 _Y~Y2 _ 2
a b

isa given line

Let(x',y, z') is the image of the point P (x, y,, z)

with respect to the line L. Then
a(x,—x)+b(y,~y)tc(z,—z)=0
X+ X' Yy +Yy z+Z
5 X2 5 Y2 5 —Z3
= = = }\’
a b c

from (ii) get the value of X', y’, ' in terms of 1. as x’

=2ar+2x,-Xx,,
y=2ba+2y,~y, z=2c0+2z,~2,

now put the values of x', y’, z’ in (i) get A and

resubtitute the value of 1 to to get (x' y’ z').

Solved Examples
Ex.45 Find the length of the perpendicular from P
. o x+1 y-3 z+2
(2,—3, 1) to the line 2 T3 T 1
. .. X+1 y-3 z+2
Sol. Given lineis > T3 T e (1)
P=(2,-3,1)

Co-ordinates of any point on line (1) may be taken

as Q=2r—-1,3r+3,-r-2)

Direction ratios of PQ are 2r—3,3r+ 6, —r—3

Direction ratios of AB are 2, 3,— 1

Since PQ | AB
©2Q2r-3)+3@Br+t6)-1(-r-3)=0

_-15

or, 14r+15=0 E7R

-22 -3 -13
7 147 14

—— units.

. Q=

~ PQ=

Second method : Given line is
x+1 y-3
2 3
P=(2,-3,1)

z+2
-1

. . . . 2 3 1
Direction ratios of line (1) are , ,—
0 V147 {147 14

P2, -3,1)

A R Q B
(-1,3,-2)

RQ =length of projection of RP on AB

2 1 15
= |—=2+1)+ (-3-3)- (‘I+2‘ —_—
Jia J_ V4 V14
PR? =32+ 6+ 32 = 54
225 531 .
v o 2 [ s
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Condition that two given lines should intersect i.e.
be coplanar i.e. testing of skewness or coplanarity

of two given lines. Equation of plane containing two

intersecting lines :
Let the two lines be
x_alzy_Blzz_YI 1
I m, m e (1)
x—0, y=PB, _z-v,
and L m, n, e 2)
These lines will coplanar if
o, =0 By =B; Y27y
A m, n =0
L m, n,

the plane containing the two lines is

Condition of coplanarity if both lines are in general

from:

Let the lines be
ax+by+cz+d=0=a'x+b'y+c'z+d
and ox + By +yz+8=0=a'x+pB'y +y'z+ &’

These are coplanar if
a b ¢ d
a b ¢ d|_ 0
a By 6|
a! B ! ,Y ! 8 !/
Skew lines :

The straight lines which are not parallel and non-

coplanar i.e. non-intersecting are called skew lines.
Shortest distance between two skew straight lines :

Shortest distance between two skew lines is

perpendicular to both.
If the equations are in cartesian form :
Suppose the equation of the lines are

x—o_y-B_z-y
/ m n

and

Then shortest distance between them is given by

a-o" B-B" y-y
/ m n
I’ m' n

=A{Z(mn’ —m'm)?}

’

Ifthe lines intersect, the S.D.between them is zero.

Therefore

a—a'" B-B" y-v’
/ m n =0
! m' n'

If the equations are in vector form :

Suppose the equation of the lines are

F=d, +\b, and 7 =4, +\b,

Then shortest distance between them is given by

S.D.— (a, _C_il)‘(_{;l Xl;z)
| by %D, |
Solved Examples

Ex.46 Find the shortest distance and the vector equation

Sol.

of the line of shortest distance between the lines given

by
r=3i+8j+3k+a3i-]+k)  and

¥ =31 7]+ 6Kk + (- 31+ 2]+ 4k)

Given lines are r = 3?+8]+3R+k(3?—]+|2) e (1)

and 7:—3?—7]+6|2+p(—3i+2]+4|2) ..... Q)
Equation of lines (1) and (2) in cartesian form is
A L B
\
90°
903
C M D
x-3 _y-8 z-3
AB: 3 - 1 4 ~*
 X+3 y+7 z-6 _
and CD:— =" —="=un
Let L=Gr+3,-r2+8,1+3)
and M=(-3u—-3,2u—-7,4u+6)




Vectors & 3D

Direction ratios of LM are

3n+3u+6,—r—2u+ 15,1 —4u—3.

Since LM L AB
~30Brt3ut+t6)—1(=21r—-2ut15 +1
(rA—4u-3)=0

or, l1x+7u=0 ... (5
AgainLM L CD
“=30@r+3u+6)+2(—nr—2n+ 15 +
4(r—4u-3)=0

o,— 7A—2%=0 ... (6)
Solving (5) and (6), we get A=0,u=0

~ L=(3,8,3),M=(-3,-7,6)

Hence shortest distance LM

= J(3+3) +(8+7)2 +(3-6)2 =v/270 =3 /30 units

Vector equation of LM is
~ 31 48]+ 3k + t(67 +15] - 3K)
Note :

x-3 _ y—8 _ z-3
6 15 -3

Cartesian equation of LM is

Ex.47 Prove thatthe shortest distance between any two

Sol.

opposite edges of a tetrahedron formed by the planes
y+z=0,x+z=0,x+ty=0,x+ty+z= J3ais

V2 a.

Givenplanesare y+z=0 ... (1)

x+z=0 . (i1)
x+ty=0 . (iii)
x+y+z=+3a .. (iv)

Clearly planes (i), (i) and (ii1) meet at O(0, 0, 0)
Let the tetrahedron be OABC

0.9 0 P

Let the equation to one of the pair of opposite edges
OA and BC be

y+z=0,x+z=0 ... (D)

x+y=0,x+y+z=\/§a ..... (2)

equation (1) and (2) can be expressed in symmetrical

form as

x-0 _ y-0 _ z-0
1 1 -1

x-0 _y-0 _z-,3a
1 -1 0

and,

d. 1. of OA and BC are respectively (1, 1,—
(1,-1,0).

Let PQ be the shortest distance between OA and
BC having direction cosines (¢, m, n)

- PQis perpendicular to both OA and BC.

L~ /+m—-n=0 and (-m=0

1) and

Solving (5) and (6), we get, é -

~|3

n
=3 =k (say)

also, 2+m?>+n’=1

k4 =1 = k==
O

1
V6
A

ﬁl
ﬁl

Shortest distance between OA and BC
A
O

P
90°

90|
C Q B
1.e.PQ =The length of projection of OC on PQ

=|(X2_X1)’€+(YQ_yl)m+(Z2

_Zl)n|

1 1
0'\/6 \/E \/_ =.2a.




Vectors & 3D

APLANE 1

If line joining any two points on a surface lies
completely on it then the surface is a plane.

OR

If line joining any two points on a surface is
perpendicular to some fixed straight line. Then this
surface is called a plane. This fixed line is called the
normal to the plane.

Equations of a Plane :

The equation of every plane is of the first degree i.e.
of the form ax + by + cz +d=0,in which q, b, ¢
are constants, where > + b* +¢*#0 (i.e.a, b,c#0
simultaneously).

Plane Parallel to the Coordinate Planes :

(i) Equation of y-z planeis x=0.

(ii) Equation of z-x plane is y=0.

(iii) Equation of x-y planeisz=0.

(iv) Equation of the plane parallel to x-y plane at a distance
¢ (if ¢ >0, towards positive z-axis) is z = ¢. Similarly,
planes parallel to y-z plane and z-x plane are
respectivelyx =cand y =c.

(v) The equation(r -r,).n =0 represents a plane

containing the point with position vector r, , where n

is a vector normal to the plane.

The above equation can also be writtenas r.n=d,

whered= 1, .n

Equations of Planes Parallel to the Axes :
If a = 0, the plane is parallel to x-axis i.e. equation
of the plane parallel to x-axisis by + cz +d=0
Similarly, equations of planes || to y-axis and || to z-
axisare ax + cz +d=0and ax + by + d =0,
respectively.

Equation of a Plane through Origin :
Equation of plane passing through origin is
ax +by +cz=0

Equation of a Plane through a given Point :
Let the plane ax + by + ¢z + d =0 passes through
the point (x, y,, z,) then ax, + by, +cz, +d=0.

a(x—x)+b(y—-y)+
¢ (z—z,)=0 which is the required equation.

.. Subtracting, we get

*  Vector form: The equation of a plane passing through
apoint having position vector a & normal to vector

nis(fr —a).n=0orr.n =a.n

Equation of a Plane in Intercept Form :
Equation of the plane which cuts off intercepts

a, b, ¢ from the axes is AP
a b ¢

Equation of a Plane in Normal Form :
Ifthe length of the perpendicular distance of the plane
from the origin is p and direction cosines of this
perpendicular are (/, m, n), then the equation of the
plane is Ix + my + nz = p.

*  Insolving problems of plane, first consider its normal.
In the equation ax + by + cz +d =0, a, b, c are
the direction ratios of the normal of the plane.

Vector equation of a plane normal to unit vector
and at a distance d from the originis 7 . =d

Equation of a Plane through three points :
The equation of the plane through three non-collinear
points (x,, y,, z,), (X,, ¥, 2,) (X, ¥;, 2,) 18
x y z 1
o »n ozl —0
X, Yy zp |1
X3y oz 1
Angle between two planes :
Consider two planes ax + by + cz + d =0 and
a'x +b'y+c'z+d =0. Angle between these
planes is the angle between their normals.
aa' +bb' +cc’
\/a2 +b2 +¢* \/d'z +b'% 4"

.. Planes are perpendicular if aa’+ bb' + cc'=0

cosO =

and they are parallel ifa/a’ = b/b" = c/c".




Vectors & 3D

Transformation of the equation of a plane to
the normal form: To reduce any equation
ax + by + cz—d =0 to the normal form, first write
the constant term on the right hand side and make it

positive, then divide each term by /32 + 12 + 2,

where a, b, c are coefficients of x, yand z respectively
e.g.
ax by

2 2 2 +
+ya’ +b%+c +ya +b% +c>

+

cz 3 d
++/a% +b% +¢? i\/a2+b2+02

Where (+) sign is to be taken if d> 0 and (—) sign is
to be taken if d <0.

Planes parallel to a given Plane :

Equation of a plane parallel to the plane
ax +by+cz+d=0isax+by +cz+d'=0.d’
is to be found by other given function.

Any plane parallel to the given plane

ax tby+cz+d=0isax+by+cz+A=0.
Distance between two parallel planes
ax+by+cz+d =0andax+by+cz+d,=0

|di—d |
S Va2 b2 42
Equation of a plane passing through a given
point & parallel to the given vectors:
The equation of a plane passing through a point

having position vector g and parallel to

b &G isT = @+ Ab + puc (parametric form)

where A & 1 are scalars.

or T.(bxc) =a.(bxc) (nonparametric form)
A plane ax + by +cz+d=0 divides the line segment
joining (x,, y,, z,) and (X,, y,, z,). in the ratio

_ axy+by,+cz,+d
ax, +by, +cz, +d

The xy—plane divides the line segment joining the

. 1 i Z
points (x,,y,, z,) and (x,,,, z,) in the ratio —i :

Similarly yz—plane in — *1 and zx—plane in — Y1
X2 Y2

Coplanarity of four points

The points A(x,y, z,), B(x, y, z,) C(x,y,2,) and

D(x,y, z,) are coplaner then

X=Xy Yo—VY1 2224
X3=X1 Ys=VY1 Z3—Z1| =
Xa=X1 Ya=Y1 24—

very similar in vector method the points A (¥, ), B(Tr,),

C(7y) and D(t,) are coplanar if

[F4 _E15F4 _F25F4 - F3] =0

Solved Examples

Ex.48 Find the equation of the plane upon which the

Sol.

length of normal from origin is 10 and direction ratios
of this normal are 3, 2, 6.

If p be the length of perpendicular from origin to the
plane and ¢, m, n be the direction cosines of this
normal, then its equation is
(X+my+nz=p

Herep =10

Direction ratios of normal to the plane are 3, 2, 6

V32422462 =7
- Direction cosines of normal to the required plane
are

R ¢ 7° 7

Putting the values of /, m, n, p in (1), equation of

EZ=10

. .3 2
“x+-y+
required plane is 2

or, 3x + 2y + 6z="70
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Ex.49 Show that the points (0, — 1, 0), (2, 1, — 1),
(1,1, 1), (3, 3, 0) are coplanar.

Sol. Let A=(0,-1,0),B=(2,1,-1),C=(1,1,1)and
D=(3,3,0)
Equation of a plane through A (0,—1, 0) is
a(x—-0)+b(y+1)+c(z—0)=0
or,ax +by+cz+b=0
Ifplane (1) passes through B (2, 1,—1) and

C(,1,1)
Then 2a+2b—-c=0 ... 2)
and at2b+c=0 ... 3)
a b c
From (2) and (3), we have 5 2-"1.2-2.2 Sol
a b c
oL, y="375 =k (say)
Putting the value of a, b, c, in (1), equation of

required planeis 4kx —3k(y+1)+2kz=0
or,4x —3y+2z-3=0
Clearly point D (3, 3, 0) lies on plane (2)

Thus point D lies on the plane passing through A, B,
C and hence points A, B, C and D are coplanar.

Ex.50 IfP be any point on the plane /x + my+nz=p
and Q be a point on the line OP such that

OP . OQ =p?, show that the locus of the point Q is
p(/x + my +nz) =x>+y>+ 7%
LetP=(o,B,7),Q=(x,,¥,,2)

Direction ratios of OP are a, B,y and direction ratios
of OQarex,,y,, z,.

Sol.

Since O, Q, P are collinear, we have

o B

P _T _
X1 Y1 Z k (say)

As P (a, B,7) lies on the plane /x + my + nz=p,

ta+mp+ny=p ork(/x, +my +nz)=p...(2)
Given OP . OQ =p?

. \/(12+B2+y2 \/x12+y12+z12 =p2

— n2
or, \k2( +yi +2) X +yi+2f =D

or, k(x? +y? + 22

y=p> . 3)

Xy +myq+nz; 1

Ondividing (2) by (3),weget —_ 2. 2.2

2
X1 +Yyt+2Z4 p

or,p (/x, +my, +nz )= X2 +y2 4272

Hence the locus of point Q is p (¢x + my + nz)
=x>+y>+ 7.

y

Ex.51 A point P moves on a plane §+B+E = 1.

c
A plane through P and perpendicular to OP meets

the co-ordinate axes in A, B and C. If the planes
through A, B and C parallel to the planes
x=0,y=0,z=01intersect in Q, find the locus of Q.

Y 2 _4

. . X
Given plane is P (1)
Let P=(h,k, )
h k /¢
Then §+B+E =1 .. (2)

OP = vh? +k? +¢2

Direction cosines of OP are

h k /
\/h2+k2+£2 ’\/h2+k2+£2 ’\/h2+k2+£2

. Equation of the plane through P and normal to
OPis
h k /

X + y+ z
Vh2 +K2 + 2 Jh? K + 02 Jh? 4K + 02

—Jh2+ k> + 72

or,hx + ky + rz=(h>+ k*+ ¢?)

2 2 2 2 2 2
AL (u 0 OJ’ BE(QM,O}
h K
2 2 2
CE(O,O,MJ
/
2 2 2
LetQ= (. p,7), then @ =""5-50
_hZ+k2+02 % 4k240?
B= ” Y= S 3)
Now
1 1 1 h? +k2 + ¢? 1
ot ot 5= = 4)

a? Bz y2 - (h2+k2+£2)2 - (h2+k2+£2)
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h2 2 K2 1 12
From(3),h= =~ *°

D_h2+k2+£2

a ao
. k h?+k?+¢2 ¢ h?+k?+/0?
Sll’l’lﬂaﬂyg—b—B and E _C—Y

h? +k?>+7% h2+k?+/> h2+K>+7> h k ¢
+ + =—d—+—

ao bp cy a b c
=1 [from (2)]
1 1 1 1 1 1 1
B
ao bR oy hZ+k?+/%2 o B2 y?
[from (4)]
. Required locus of Q (o, B, v) is

or,

t, 1 11
ax by cz x? y2 722’

Position of two points w.r.t. a plane:

A plane divides the three dimensional space in two
equal parts. Two points A (x, y, z,)
and B (x, y, z,) are on the same side of the plane
ax +by +cz+d=0if ax, + by, +cz +d and
ax, +by, +cz, +d are both positive or both negative
and are opposite side of plane if both of these values
are in opposite sign.

Solved Examples
Ex.52 Show that the points (1, 2,3) and (2,—1, 4) lie
on opposite sides of the plane x + 4y +z -3 =0.
Sol. Since the numbers 1+ 4 X 2 +3 —3 =9 and
2—4+4-3=—1 are of opposite sign, then points
are on opposite sides of the plane.

A plane & a point
(i) Distance of the point (x', y’, z') from the plane

ax'+by'+cz'+d

2

ax + by + cz+d =01is given by
a?+b?+c?

(ii) The length of the perpendicular from a point having
la.n—dl

position vectora toplane r.i =d isp=—— I
n

(iii) The coordinates of the foot of perpendicular from
the point (x,,y,, z,) to the plane

X=X
ax +by+cz+d=0are a1: =

(axq + by, +cz, +d)

a? +b? +¢?
(iv) To find image of a point w.r.t. a plane.
LetP (x,,y,,z,)is agiven point and
ax + by +cz+d=01is given plane.
Let (x', y', z') is the image of the point, then

(V) x'—x,=2a, Y-y, =Ab, 7z -z =kc
= X' =r+tx, y=ibty, z=ictz
...... (1)

i) a[%j +b[y';y1j +c[Z';Z1j =0
from (i) put the values of x', y, z' in (ii) and get the
values of A and subtitute in (i) to get
X'y z).

The coordinate of the image of point (x,, y,, z,
w.r.t the plane ax + by +cz +d =0 are given

(axq + by, +cz, +d)

b XX _Y=Y1_Z2-2 _
a b c 2 2 2
a‘+b“+c

(vii) The distance between two parallel planes
ax+by+cxt+d=0andax +by+cx+d =0

|d—d]

1S
Vva? +b? +c?

Solved Examples
Ex.53 Findtheimage ofthe point P (3,5, 7) inthe plane
2x+y+z=0.
Sol. Givenplaneis2x +y+z=0
P=(3,5,7)
Direction ratios of normal to plane (1) are 2, 1, 1

Let Q be the image of point P in plane (1). Let PQ
meet plane (1) inR
then PQ | plane (1)
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Let R=Q2r+3,r+5,r+7) (i) Equation of bisector of the angle containing
Since R lies on plane (1) origin : First make both constant terms positive.
2 2Q2r+3)+r+5+r+7=0 or,6r+18=0 Then +ve sign in (*) give the bisector of the angle
L r=-3 which contains the origin.

~ R=(-3,2,4)

(ii) Bisector of acute/obtuse angle : First making both

Let Q=(a,B,7v) constant terms positive, aa, + bb +cc, >0

Since R is the middle point of PQ — origin lies in obtuse angle < 0

3= ; 3 L .=_9 = origin lies in acute angle
Family of planes
B+5 _ ) . ) )
2= 2 = p=-1 (i) Any plane passing through the line of intersection of

non—parallel planes or equation of the plane through

y+7 the given line in non symmetric form.
4=— = y=1
2 axt+tbytcz+d=0 &
L Q=(=9,-1,1). ax+by+cz+d =0is
. ' ax+by+cz+d +A(ax+by+tcz+d,)=0,
Ex.54 Find the distance between the planes where L ¢ R
2x —y+2z=4and 6x —3y+ 6z=2. (ii) The equation of plane passing through the intersection
Sol. Given planesare 2x —y+2z—-4=0 ... (1) of the planes 7.n) =d, & 7.n, =d, ist.
and 6x-3y+6z-2=0 .. @ (n, + Any)=d, +\d, where X is arbitrary scalar
a; _by ¢
We find that 5 ===~ Solved Examples

Ex.55 The plane x —y—z =4 is rotated through 90°
about its line of intersection with the plane
x +y+2z=4.Find its equation in the new position.

Hence planes (1) and (2) are parallel.

2
Plane (2) may be writtenas 2x —y+2z— - =0

3 Sol. Givenplanesare x—y—-z=4 ... (1)
""" ) andx +y+2z=4 e (2)
~ Required distance between the planes = Since the required plane passes through the line of
4 — % 0 10 intersection of planes (1) and (2)

. its equation may be taken as
x+y+2z-4+k(x-y—-z-4)=0
or (1+kx+(1-k)yy+(2-k)z—4-4k=0...(3)

Since planes (1) and (3) are mutually perpendicular,
Let the equations of the two planes be S+ =(1-K)=-2-k) =0

ax+by +cz+d=0anda x+by+cz+d=0.

V22 (-2 22 33 9

Bisectors of angles between two planes :

o, +k—-1+k-2+k=0 0rk=2

Then equations of bisectors of angles between them 3
. . 2. .
are given by Putting k= 3 in equation (3), we get 5x +y+4z
ax+by+cz+d_+a1x+b1y+clz+d1 « =20
) This is the equation of the required plane.

V@ +b*+¢%) @ +b +¢7)




Vectors & 3D

Ex.56 Find the equation of the plane through the point

Sol.

(1, 1, 1) which passes through the line of intersection

ofthe planesx +y+z=6and 2x +3y+4z+5=0.
Givenplanesare x ty+z—6=0 .. (1)
and 2x +3y+4z+5=0
Given pointisP (1,1, 1).

Equation of any plane through the line of intersection
of planes (1) and (2) is
Xx+y+tz—6+k(2x+3y+4z+5)=0
If plane (3) passes through point P, then

[+1+1-6+k@2+3+4+5=0 or, k=

From (3) required plane is 20x +23y+26z—-69=0

Ex.57 Find the planes bisecting the angles between

Sol.

planes 2x +y+2z=9and 3x —4y+ 12z+ 13 =0.
Which of these bisector planes bisects the acute angle
between the given planes. Does origin lie in the acute
angle or obtuse angle between the given planes ?

Givenplanesare —2x—-y—2z+9=0 ... (1)

and 3x -4y +12z+13=0 .. 2)

Equations of bisecting planes are
-2x-y-2z+9 3x—-4y+12z+13

JE22 c (02127 3%+ (-4)% + (12)?

or, 13[-2x—-y—2z+9]=+£3 (3x—4y+12z+13)
or,35x +y+62z="78,
[Taking +ve sign]

and 17x + 25y - 10z =156
[Taking —ve sign]

Now

aa tbb +cec=-2)3)+-1)+4H+(=2)(12)
=—6+4-24=-26<0

-. Bisector of acute angle is given by

35x +ty+62z="78

~ aa, +bb,+cc, <0, origin lies in the acute
angle between the planes.

Reduction of non-symmetrical form to

symmetrical form

Let equation of the line in non-symmetrical form be
ax+by+tcz+d =0,
a,x +b,y+c,z+d, =0
To find the equation of the line is symmetrical form,

we must know (1) its direction ratios (ii) coordinates

of any point on it.

(i) Direction Ratios : Let /, m, n be the direction ratios
of the line. Since the line lies in both the planes, it
must be perpendicular to normals of both planes.
So
al+bm+cn=0;, al+bm+tc,n=0
From these equations, proportional values of [, m, n
can be found by cross-multiplication as

/ 3 m 3 n
b, =bye, cay—ca;  aby —ayby

(i) Point on the line : Note that as /, m, n can not be
zero simultaneously, so at least one must be non-
zero. Leta b, —a b, # 0. Then the line cannot be
parallel to x-y plane so it intersect it. Let it intersect
x-yplanein(x,y,,0). Then
ax +by+d=0anda x +by+d =0
Solving these, we get a point on the line.

Then its equations becomes
X=X Y=y z—0
bic,=bye, cay—ca,  ab, —ab,

* If 1#0, take a point on y-z plane as (0, y, z,) and
if m # 0, take a point on x-z plane as (x,, 0, z ).

Solved Examples

Sol. Given planes are 4x +4y—-5z—12=0

Ex.58 Find the equation of the line of intersection of

planes 4x + 4y — 5z =12, 8x + 12y — 13z =32
in the symmetric form.

and 8x + 12y —13z-32=0
Let ¢/, m, n be the direction ratios of the line of

mtersection :
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then 4/+4m-5n=0 ... 3)
and 8+ 12m—13n=0
! _ m N
~52+460 -40+52 48-32
f m _n f m n
g2 1 273 4

Hence direction ratios of line of intersection are
2,3, 4.

Here 4 # 0, therefore line of intersection is not parallel
to xy-plane.

Let the line of intersection meet the xy-plane at P
(o, B, 0).

Then P lies on planes (1) and (2)

o 4a+4p—-12=0 or, a+B-3=0....(5)
and 8o+ 12p—-32=0o0r, 20+ 3p—-8=0 ... (6)
Solving (5) and (6), we get

o« B __1 a_B_1
8+9 -6+8 3-2 1- 271
ca=1,p=2

Hence equation of line of intersection in symmetrical
x-1 y-2 z-0
2 3 4

formis

Area of a triangle :
Let A(x17 yla Zl)a B(xza y27 Zz)a C(X3, y37 Z3) be the
vertices of a triangle ABC. Form two vectors
AB and AC . Thenareais given by

i j k

Xp=X% =N 274

1= — 1
X3—=X V3=V Zz3—Z4

Solved Examples

Ex.59 Through a point P (h, k, ¢) a plane is drawn at
right angles to OP to meet the co-ordinate axes in
A, B and C. If OP =p, show that the area of AABC

1S

5
E ik where O is the origin.

Sol. OP = yh? +k? +/2 =p

Direction cosines of OP are

h k Y4
Jh2 k2402 Jn2+k2+ 02 Jn? +k2+ 02

Since OP is normal to the plane, therefore, equation
of the plane will be,

h k V4
X+ y+ z
NI Jh? + K% + /2 Jh2 + K% + 12

=vh* +k* +/?

or,hx + ky +rz=h>+ k> + /2 = p?

2 2 2
p p p
. A=|"=00| B=|0,"-0| c=|0.0,
.A=(h ],B_( ” J,c_( fj

Now area of AABC, A= \/Azxy +AZ, + A%

NowA =area of projection of AABC on xy-plane

=area of AAOB
2
L
h 4
=M0d0fl 0 p* 1 =1p_
2 K 2 |hk|
0 0 1
Similatv A — 2 P andA -+ PL
1m1ary, yz—2| glan ZX—2|K |
8 8 8
. A2=l Y +l p +l Y
4h%2% 4K%?% 471
8 10
p p
= ez T TR) =g, o
_ |
2hk? |

Volume of a Tetrahedron :

Volume of the tetrahedron with vertices

A(xla yla Zl)a B(xza yza Zz)a C(x3a y3a 23) and
D(x,,y,,z,)1s given by

XN 4
Vzl X, V2

6% V3 Z3
Xy V4 24

—_—
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Angle between a plane and a line:

. ) X=X YTV
(i) If O is the angle between line 7 T m

and the plane ax + by + ¢z +d =0, then sin

0= al+bm+cn
\/(a2+b2+02) \/€2+m2 +n? '

(ii) Vector form: If 6 is the angle between a line

t =(a +Ab)andr.g =dthe:nsin6=LP'rl }

bllinl

(iii) Condition for perpendicularity

g _E — E hoy =0

a b ¢ bxn =
(iv) Condition for parallel

al+bm+cn=0 b.ii =0

Condition for aline to lie in a plane

. . . X7X
(i) Cartesian form: Line = =
l m n

would lieinaplane ax + by + cz+d =0,
ifax, +by +cz +d=0&ar+bm+cn=0.

(i) Vector form: LineT =a + Ab would lie in the
planet.n =dif b.n =0&a.ii =d

Coplanar lines :

x-o _y-B _z—y
/  m  n

(i) If the given lines are

x—o. _y-B _z-y

f m n

and then condition for

a-o' B-B" y-v'

: : o m n
intersection/coplanarity is

A m' n

=0 & equation of plane containing the above two

x—o y-B z-vy
¢ m M 1=0or

lines is
A m' n

x-o y-p z-y
14 m n 0
A m' n'
Condition of coplanarity if both the lines are in
general form Let the lines be
ax +tby+tcz+d=0=a'x+b'y+c'z+d
&ax+Pytyz+o6=0=a'x+By+yz+?d

a b c d
~la b ¢ d
They are coplanar if =0
a B y O
aY Bl yY 8Y

Alternative method
get vector along the line of shortest distance as
i J kK
u=|¢ m n
g m o n
Now get unit vector along u, letitbe

Let v=(a—a)i +@-B)] T -1k
S.D. =4V
Solved Examples

Ex.60 Find the distance of the point (1, 0,—3) from the
plane x —y — z = 9 measured parallel to the line
X-2 _y+ 2 _z- 6

2 3 -6
Sol. Givenplaneisx-y-z=9 ... (D)
-2 2 -6
GivenlineABis ~—— =Y =222 )

2 3 -6
Equation of a line passing through the point
Q(1,0,-3) and parallel to line (2) is
x-1_y_z+3 _

— % —UI

-6

2 3
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Co-ordinates of any point on line (3) may be taken
as

P(Q2r+1,3r,—6r—3)

If P is the point of intersection of line (3) and plane
(1), then P lies on plane (1),

L Q2r+1)-@r)—(-6r-3)=9

B
Q(1,0,-23)
i
%
r=1 o, P=(3,3,-9)

Distance between points Q (1, 0, — 3) and
P@3,3,-9)

PQ = J3-12+(3-0) +(-9—(~3))?
= J4+9+36 =7.

Ex.61 Find the equation of the plane passing through
(1,2, 0) which contains the line

x+3 y-1 z-2

3 4 -2
Sol. Equation of any plane passing through (1, 2, 0) may
be taken as

a(x—1)+b(y-2)+c(z-0)=0
where a, b, ¢ are the direction ratios of the normal
to the plane. Given line is

x+3 y-1 z-2

3 2 - ..(2)
If plane (1) contains the given line, then
3a+4b—2¢=0 . 3)

Also point (— 3, 1, 2) on line (2) lies in plane (1)
~a=3-1D)+b(1-2)+c(2-0)=0

o,—4a-b+2c=0 .. 4)
Solving equations (3) and (4),
¢ a_ _ b _ c
WeEel 8- 278-6 -3+16
a b ¢
oL 5513 =k(say). .. &)

Ex.62 Show that the lines

Sol.

Substituting the values of a, b and ¢ in equation (1),
we get

6(x—1)+2(y-2)+13(z-0)=0.

or, 6x + 2y + 13z — 10 = 0. This is the required
equation.

Xx-3 y+1 z+2

2 s 1

z+7

==, are coplanar. Also find the

equation of the plane containing them.

-3

x-3 y+1 z+2

Given lines are > 3 " =r(say)...(1)
X=7_y _z+7 _
and 3 1" 2 =R (say) .. (2)

Ifpossible, let lines (1) and (2) intersect at P.

Any point on line (1) may be taken as (2r+3,—3r
—1,r=2)=P (let).

Any point on line (2) may be taken as
(-=3R+7,R,2R—7) =P (let).

o 2r+3=-3R+7 or, 2r+3R=4 ... 3)
Also—3r—1=R or,—-3r—R=1 ... 4)
andr—2=2R-7or,r—2R=-5. ... ®))

Solving equations (3) and (4), we get,r=—1,R=2
Clearlyr=- 1, R =2 satisfies equation (5).
Hence lines (1) and (2) intersect.
- lines (1) and (2) are coplanar.
Equation of the plane containing lines (1) and (2) is
x-3 y+1 z+2
2 -3 11=0

-3 1 2
o,(x-3)(-6-1)—-(y+1)@+3)+
(z+2)2-9)=0
o,—7(x-3)-7(y+1)-7(z+2)=0
o,x—3+y+1+z+2=0

o, Xx+ty+z=0.




