Differential Equation

INTRODUCTION g

An equation involving independent and dependent
variables and the derivatives of the dependent
variables is called a differential equation.
There are two kinds of differential equation:

1. Ordinary Differential Equation : If the dependent
variables depend on one independent variable x,
then the differential equation is said to be ordinary.

fi ] o Ay

or cxample dx dx =yT2Z
dl + — a1 (j37y+2d7y + — pX
ax TXy=smx, gt o ty=e,

d?y dy \? " dy dy \?
=y _ =2 — 1+ —
i _{1+(de } =2 ()

2. Partial differential equation : If the dependent
variables depend on two or more independent
variables, then it is known as partial differential
equation

for example y* 7~ +¥ - =ax, —+t——=0

Differential Equation

Order of a Differential equation

The order of a differential equation is the order of
the highest derivative occurring in the differential
equation
: . dy o dy x
For example in the equation —— +3—~+2y=¢€",
dx dx

the order of highest order derivative is 2. So itis a
differential equation of order 2. The equation
&’y 4 dy

2
prech (&) -4y =0 is of order 3, because the

order ofhighest order derivative init is 3.

Note :- The order of a differential equation is a positive

integer

Degree of a differential Equation

The degree of a differential equation is the power of
the highest order derivative present in the equation
when the involved derivatives are made free from
radicals and fractions.

Thus the degree of a differential equation is the power
of the highest order derivative present in the equation
when it is written as a polynomial in involved
derivatives.
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Solved Examples For example
. dy dy L . _
Ex.l1 Find the order & degree of following differential (1) o2 Cdx +6y=sinx is a linear differential

equations.

1/4 dy dzy
. d?y dy)’° . [7+7]

d?y

dy
(iil)sin (& + d?} =y (iv)e—xy"+y=0

2. \4 6
. [ d%y dy
Sol. (i) (dsz = y“{d_xj -.order =2, degree = 4

. d2y dy
— + = =,
(1) ax My

a2 -~ order=2, degree =1

.. d’ d :
(i) dlef n d_i =sin'y .. order=2,degree=1

. d’y d?y
@iv) oo —X T +y=0
-+ equation can not be expressed as a polynomial

in differential coefficients, so degree isnot applicable
but order is 3.

LINEAR & NON - LINEAR DIFFERENTIAL Ir

EQUATIONS

A differential equation in which the dependent
variable and its differential coefficients occur only in
the first degree and are not multiplied together is
called a linear differential equation.

The general and n" order differential equation is given

below
dn dn—1y dn—2y dy
P,—+P +P S +P_ —+PRy=Q
Cax”  Tdx™ % dx"? " dx nY
Where P, , P, , P,, ....... P, and Q are either

constants or functions of independent variable x.

Those equations which are not linear are called non-
linear differential equations

equation of order 2 and degree 1.

. . . . d2y dy 2
(i) The differential equation —; +4
dx2 dx

anon-linear differential equation, because differential

+3y =X 18

. d
coefficient d—i has exponent 2.

FORMATION OF DIFFERENTIAL d

EQUATION ‘
Differential equation corresponding to a family of
curve will have :

Order exactly same as number of essential arbitrary
constants in the equation of curve.

(b) No arbitrary constant present in it.

(@)

The differential equation corresponding to a family
of curve can be obtained by using the following

steps:

(1) Identify the number of essential arbitrary constants
in equation of curve.

NOTE:

If arbitrary constants appear in addition, subtraction,
multiplication or division, then we can club them to
reduce into one new arbitrary constant.

(i) Differentiate the equation of curve till the required
order.

Eliminate the arbitrary constant from the equation of
curve and additional equations obtained in step (ii)
above.

Solved Examples
Ex.2 Form adifferential equation of family of straight
lines passing through origin.
Family of straight lines passing through origin is
y=mx where’m’is a parameter.
Differentiating w.r.t. X

Sol.

dy _

ax M

Eliminating ‘m’ from both equations, we obtain

d . . . . .
d_i = % which is the required differential equation.
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Ex.3 Form adifferential equation of family of circles

Sol.

touching x-axis at the origin

Equation of family of circles touching x-axis at the
originis
xX2+y?+ay=0
where 2 is a parameter

dy

2x+2y—+kd—x—0 ......... (i)

Eliminating ‘2.’ from (i) and (ii)
dy

2xy
ax  x2—y?

which is required differential equation.

Ex.4 Form the differential equation corresponding to

Sol.

y2 =n( b — xz) by eliminating n and b.
We are given that y2 =n( b —x )
Since the given equation contains two arbitrary

constants, so we shall differentiate it two times and
we shall get a differential equation of second order.

Differentiating both sides of (i) w.r.t. x, we get

dy dy ..
2y —=n(-2X) =y—=-hX
Y (=2x) Y =™ (i)

Differentiating both sides of (ii) w.r.t. to x, we get

2 2
dx dx

From (ii) and (iii) we get

(2]}

This is the required differential equation

... (1i1)

dy
dx

Ex.5 Thedifferential equation ofall circles which passes

Sol.

through the origin and whose centre lies on y-axis, is

The system of circles pass through origin and centre
lies on y—axis isx + y2 —2by=0

dx
= 2x+2y —2b——0:> 2b=2y+2xd_y

Therefore, the requlred differential equation is

dx
x+y 2y 2xydy =0

= X —y)—-zxy 0

SOLUTION OF DIFFERENTIAL

EQUATION ‘

A solution of a differential equation is any function
which when put into the equation changes it into an
identity.

1. General Solution : The solution which contains a
number of arbitrary constants equal to the order of
the equation is called general solution or complete
integral or complete primitive of differential equation.

X . . d
eg. y=ce isthe general solution of d—i =y

Solved Examples

Ex.6 Find the general solution of X % =6

dy 6 6
Sol. dx X2 x?

. . 6
Now integrate it. We gety = X +c.

2. Particular solution : Solution obtained from the
general solution by giving particular values to the
constants are called particular solutions.

eg. y=e isaparticular solution of ax Y

Solved Examples

Ex.7 Verifythaty=cx+ % is solution of the differential

equation :
_x Y a ™
y dx dy

Sol. We have, y=cx + %

Diff. with respect to x

dy ax_1
x ¢ 7 dy ¢
dy dx
—+a—=x(c)+a—=
X dx dy ) C Y

which is the required verification
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Differential Equation of First Order and
First Degree :
A differential equation of first order and first degree

. d .
is of the type d—i + f(x, y) = 0, which can also be

written as : Mdx + Ndy =0, where M and N are
functions of x and y.

SOLUTION METHODS OF FIRST ORDER V.
AND FIRST DEGREE DIFFERENTIAL
EQUATIONS :

Variables separable :

If the differential equation can be put in the form,
f(x)dx=¢(y)dy we say that variables are
separable and solution can be obtained by integrating
each side separately.

A general solution of this will be

If(x)dx =_[¢(Y) dy + ¢, where c is an arbitrary

constant

Solved Examples

Ex.8 Solve the differential equation (1 + x) y dx
=(y-Dxdy
Sol. The equation can be written as -

e [
SIS

Mmx+x=y—-/my+c

= Mmy+/Mmx=y—-x+c Xy =ce’™

d
Ex.9 Solve: d_i =+ 1)(1+y?)
Sol. The equation can be written as

dy
—— =(e* +1)dx

1+y

Integrating both sides,

tan'y=e*+x +c.

: dy _ (2, Y
Ex.10 Solve:y—x ix —a[y +dxj

dy

Sol. The equation can be written as

dy
o2 — et
y—ay’=(x+a) dx

Jdx __dy
X+a y—ay2

dx 1

x+a y(1-ay) dy

dx (1 ,_a
x+a (y 1-ay dy
Integrating both sides,
Mm(x+a)=/my—/(l-ay)+inc

cy
/m(x+a)=/n (1—ayJ

cy=(x+a)(l—ay)
where 'c' is an arbitrary constant.

Ex.11 Find the general solution of the differential

. dy 4 32
equations ——=X +X —X"+—
dx X

d 2
Sol. We have &Y _ x# +X3—X2+;

dx
. 4 3 2 E d

2
=J'x4 dx +jx3dx —szdx + J;+c

X5 X4 3

= —+———+2log|x|+cC
=YY=t 73 alx|

Which is the reqd. general solution

Ex.12 Find the solution of the differential equation

&Y _ cosecx[cotx - cosecx]
dx
d

. Y- cosecx[cotx —cosecx]
X

dy_ 2
= d——COSGCX cotx —cosec X
X

Now integrating both sides, we get ;

y =—cosecx +cotx +¢
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Ex.13 Solve the differential equation

Sol.

Ex.14 Solve the diff. equation

Sol.

(x3—y2x3)%+y3+xzy3=0

. . d
The given equation ( X - yzx3 )d—i +y*+x%y’ =0

1-y? dy+1+x2

3 X3

1 1 1 1
=||—-—|dy+ || —+—|dx=0
j(ya yJ Y j(x3 x)

log X1L1 i+i +C
y 2 y2 X2

dx=0

=

Y _gxov 4 x2 e
dx

d
& e 4 x2e

The given equation is ix

dy
:>dx

[ variables separable]

= 2
=e*. e’ +x’% = ¢ dy=(¢ +x )dx

Integrating, Ie‘y dy = j(ex +x? )dx +c

e‘y_eX+x3+C el
= 3 = e 3

. . . d 5
Ex.15 Solve the differential equation Yoy (e +1)

d
Sol.

dx

Y _ 2 (a2x dy 2x
—— =y (e +1) = —= =(e”™ +1)dx
Yoy ) = Y (e o
2x 1
integrating both sides, we get —~+ m +x+c

dy 1+0032y_O

Ex.16 Solve the differential equation —~+

Sol.

dx 1-cos2x

d_y__1+0052y:>ﬂ__2coszy il v d
dx  1-cos2x dx  2siix - oo ¥ @

= cosec’ x dx
On integrating both sides , we get

tany=cotx+c¢ = tany—cotx=c

Polar coordinates transformations :

(@)

(b)

Sometimes transformation to the polar co-ordinates
facilitates separation of variables. In this connection

it is convenient to remember the following
differentials:

Ifx =rcos 0;y=rsin 6 then,
(1) xdx+ydy=rdr

(1) dx2 + dy? = dr* + r’de?

(iii) x dy —y dx =r?de

If x=rsec0 & y=rtan0then
(1) xdx—ydy=rdr

(i1) x dy —y dx =12 seco do.

Solved Examples

Ex.17 Solve the differential equation

Sol.

xdx +ydy = x (xdy — ydx)
Taking

X2 +y*=r
2x dx + 2ydy = 2rdr

X =T €080, y =1 Sind

xdx +ydy=rdr ... (1)
y_ tano
X
dy
X—=-y
dx _ 7 ﬁ
2 sec0 d

xdy —y dx =x*sec?0 . do
xdy — ydx =r*de

Using (1) & (i) in the given differential equation then
it becomes

rdr=rcos6. r> do

dr
z coso do

— ; =sind + A
1

B \/x2+y2

_y+1

(y+1)?=c(x*+y)

y
- \/x2+y2 T

where —A'=c¢
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Equations Reducible to the Variables Separable
form:

If a differential equation can be reduced into a
variables separable form by a proper substitution,
then it is said to be “Reducible to the variables
separable type”. Its general form is

dy

dx
putax +by+c=t.

= f(ax + by + ¢) a, b = 0. To solve this,

Solved Examples

Ex.I8 Solve b =(4x+y+1)

Sol. Putting 4x+y+1=t
dy _ dt dy _ dt
4+dx_dx = dx_dx_4
Given equation becomes
dt dt
_ — 2 =
dx 4=t = t2 +4 dx
(Variables are separated)
. . dt
Integrating both 51des,j o _[ dx
1 tan™! Lx+ 1 tan™! [4x+y+‘lj =x+tc
= St o =xtc= o 5
. (dy
Ex.19 Solve sin! ax) "Xty
dy .
L= +
Sol o Sin (x+y)
putting x+y=t
dy dt ) dt .
dx_dx_l . dx—l—smt
dt ) a
:>d—x—l+smt:> T+ sint —dx
Integrating both sides,
dt 1-sint
1+sint=.[dx = -[coszt de=x+c

zj(seczt—sect tant) dt=x+c

tant—sect=x+c¢

1-sint
— =x+c
cost

= sint—1=xcost+ccost
substituting the value of t
sin(x+y)=xcos(x+y)+ccos(x+ty)+1

Differential equation of the form of

ﬂ: f(ax +by +c)
dx

Solution of this differential equation by putting

dy_1rdv .
ax+bytc=v and { =y| 4x
Ch d—vzdx
a+bf(v)
dv

So solution is by integrate f m= jdx

Solved Examples
Ex.20 Find the solution of differential equation

d_y= cos(x+Yy)
dx

. d
Sol. We are given that d_i =Cos(X +Y)

dy dv dy dv
= 1+——=—=—=—-1
Putx +y=v,sothat ax dx " dx_ dx
So, the given equation becomes
ﬂ—1=cosv :d—v=1+cosv= dv =dx
dx dx 1+cosv

—Tsec?Yav = dx
2 2
Integrating both sides, we get
flsecz Yav= J 1.dx
2 2
= tanY=x+C = tan| XY L x+C
2 2

Which is the required solution
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Ex.21 Find the solution of differential equation (x+y)
(dx—dy)=dx +dy
Sol. x +y—-1)dx=(x+y+1)dy

dy dv
= B 1+—=—
Put x+y=v . ax dx
=(v-1)=(v+1) XN_q) vt
dx ’ dx v+1
dv  2v
= =—

(v+1)dv 1 1
R ,7=dx,—1+_ dv =dx
dx v+1 2v 2 Y

1
=5 [v+tmv]=x+c or mv=2(x+c)—v

= m(x+ty)=2(x+c)—(x+y) or
Mm(x+y)=x-y+c

Homogeneous Differential Equations :

A differential equation of the form dy _f(xy)
dx  g(xy)

where f and g are homogeneous function of
x and y, and of the same degree, is called
homogeneous differential equaiton and can be solved
easily by puttingy = vx.

Solved Examples
2
Ex22 Solve2? + (Gj —1] &
Sol. Putting  y=vx
d dv
o VTG

2v dv —v(1+v?)

VX T o vEoq

V2—1 dx
J.v(1+v2) N x
I[ 2V2—lj dv=—/mx+c

1+ve Vv
m(l+v)—imv=—/nx+c

1+ v? x2+y2
m| =c m| =y | =¢
x> +y*=yc' where ¢ = e°

Ex.23 Solve: (x*—y?*) dx +2xydy=0
giventhaty=1whenx =1

dy _ x*-y?
Sol. x -  2xy
y=VX
dy dv
—+ =y4+ —
dx M dx
d 2
.'.V+X_V=—1 Y
dx 2v
2v dx
J.‘I+v2 dv=- X
m(l+v)=—/nx+c
at x=1,y=1 v=1
m?2=c
2
y
. /n {(”_2]-’(} =/m2
X
x2+y?=2x

Ex.24 Solve the different equation
dy/dx=y/x +tany/x
Sol. Puty/x=v,or y=xv or dy/dx=v+xdv/dx
xd—v+v=v+tanv = xd—v=tanv
dx dx

dv  dx dx
=— , cotvdv=—
tanv X X

or/nsinv=/mx -+ /nC

sinv _

SNV _ o Sin(y/x)
X X

=C or x=C’sin (y/x)

Ex.25 Solve the differential equation
(1+2¢%)dx+2¢" (1 -x/y)dy=0

Sol. The equation is homogeneous of degree 0.

The appearance of x/y throughout the equation
suggests the use of the transformation

x=vy,dx=vdy+ydv,

Then

(1+2e") (vdy+ydv)+2e (1-v)dy=0
— (v+2e)dy+y(1+2¢e)dv=0

dy 1+2e'
Ty-i-v+2ev

dv=0

Integrating and replacing v by x/y

my+m(v+2e)=mCandx +2 yeX/y

=C
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Differential Equation reducible to Homogeneous
forms

A differential equation of the form

dy _ax+by+c, a

il 1
where —#.—

dx a,x+b,y+c, a, b, ° can be

reduced to homogeneous form by adopting the
following procedure

_ _ gy _dy
Putx=X+h,y=Y+k, so that aX  dx
The equation then transformed to

dY  aX+b,Y+(ah+bk+c)
dX a,X+b,Y+(a,h+b,k+c,)

Now choose hand k suchthata, h+b, k+¢,=0
anda, h+bk+c,=0. Then for these values of h
and k, the equation becomes

dY _aX+bY

dX  a,X+b,Y

This is ahomogeneous equation which can be solved
by putting Y = vX and then Y and X should be
replaced byy—k and x—h

Solved Examples

Ex.26 Solve the differential equation
((x+y-1)dx+ (2x+2y-3) dy=0

Sol. The given differential equation is

dy [ x+y-1
dx 2x+2y-3

dy dt
=+ = ﬁ—:——']

Putx+y=t ax dx

Ey_ 1=k & _f=2 204 %

dx 2t-3 dx 2t-3 t-2

Integrating both sides , we get

jztt_"; dt —Jité'dt: j1.dx

2t+log(t2)=x+c

Equations Reducible to the Homogeneous form

Equations ofthe form

d_y: ax+by+c
dx Ax+By+C

can be made homogeneous (in new variables X and Y)
by substitutingx =X +handy=Y +k, where hand

. dYy
k are constants to obtain, X

_ aX+bY +(ah+bk+c)
~ AX+BY +(Ah+Bk+C) " (

2)

These constants are chosen such thatah +bk+c¢=0,
and Ah + Bk +C =0. Thus we obtain the following

. . . dY aX+bY
differential equation X = AXIBY

The differential equation can now be solved by
substituting Y =vX.

Solved Examples
he differential . dy x+2y-5
Ex.27 Solve the differential equation o~ 2xry 4
Sol. Let x=X+h, y=Y+k
dy _d
@y _av |
aX dx e (1)
dX ..
x o (ii)
o ody dY
on dividing (i) by (ii) = ax

dY _ X+h+2(Y+k)-5
dX  2X+2h+Y+k-4

~ X+2Y +(h+2k-5)
22X+ Y +(2h+k—-4)

h & kare suchthath+2k—-5=0&2h+k—-4=0
h=1,k=2

o dY X2y
S dX 2X+Y

which is homogeneous differential equation.
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Now, substituting Y =vX

1 3
I(Z(v+1)+2(1—v)j dv=mX+c

%,én(v+1)—%,€n(1—v)=,€nX+c

v+1
/n A—v)? =/mX*+2c¢
(Y+X) X_2 —620
(X-Y)* X2

X+Y=¢(X-Y)} where e = ¢!
x—1+y-2=c¢c(x—-1-y+2)
xty-3=c¢x-y+1)

Special case :
Case -1

b o
% =5 then the substitution
ax + by = v will reduce it to the form in which
variables are separable.

In equation (1) if

Solved Examples

dy 2x+3y -1

Ex.28 Solve O  4x+6y-5

Sol. Putting u=2x+3y

du d_y
dx =2+3. dx
$3)- 22
3 \dx 2u-5
d_u _3u-3+4u-10
X 2u-5
2u-5
a3 X [ox

2 9 1
= Mdu—- = =
= 7 J. u 7J.7u—‘l3'du xte

m(7u—-13)=x+c

2,91
= Zu-—.2

7

s 4x+6y— %én(l4x+2ly—l3)=7x+7c

N —3x+6y_§ m(l4x +21y—13)=¢'

Case -2

In equation (1), ifb+A=0, then by a simple cross
multiplication equation (1) becomes an exact
differential equation.

Ex.29

Solved Examples

dy X—2y+5

Solve ax T 2x+y-1

Sol. Cross multiplying,
2xdy +y dy — dy = xdx — 2ydx + 5dx
2 (xdy +y dx) + ydy —dy = xdx + 5 dx
2 d(xy) +y dy—dy=xdx + 5dx
On integrating,

2 2
2xy+y7 —y=X7 +5x+c

= x*—4xy—y*+ 10x + 2y = ¢’ where ¢’ = —2c

(C) Ifthe homogeneous equation is of the form :

yf(xy) dx + xg(xy)dy = 0, the variables can be
separated by the substitution xy =v.

Linear differential equations

A differential equation is said to be linear differential
equation of first order if the dependent variable and
its derivative occur only in first degree and are not
multiplied together. The general form of such an
equation is

dy
ax Py=Q ... (1)
where P and Q are constants or functions of x.
Solution of this equation is given by

y el =J'erpdx +c
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Solved Examples

Ex.30 Find the solution of differential equation

dy .
COSX——+ =
ax Ty sinx 1

dy .
COSX—- -
Sol. ax T ysinx 1
Given equation can be written as

d—y+ytanx =secX
dx

= tanxdx
I,F, ej — eIog secx _ sec X

Hence solution is y secx = jsec2 X+c =tanx+c

Ex.31 Solve the differential equation (l—xz)
%+2xy=x\/1—x2
X

d_y+ 2X _X
dx (1—x2)

Sol.

dex = jf; dx= —m(1 _Xz)

X —/n —X2 1
ua=e“d=e(1)—1_ﬁ
L j X . L dx+c=J‘#dx+c
y_ (1_X2) '(1_)(2) 1_X2 (1_X2)3/2
Sy = dx+c 2
2 (1—x2)3/2 ,Put 1 —x =t
= —2xdx=dt

= ;It‘3’2dt+c =2t7"2/24¢

2 s 2
Ex.32 Solve dy + 3x = 3n x

dx | 1ex® Y

1+ x3

dy _
Sol. ix +Py=0Q

S
1+ x°
F = jP.dx — jidx — /n(1+x3) — 1 + 3
Ir = e - e 1+x° - e - X
. General solution is

y(IF)= [Q(F)ax+c

P2

Sin™ X

3 (Ix)dx+e
+ X

y(1+x)= |

1-cos 2x
3 = B ———————
y(1 +x%) j 5 dx +c¢
1 sin2x
+x¥)= - x— +
y(1+x%) 5 X ) c

d
Ex.33 Solve:x /nx —i +y=2/x

d
d 1 2
Sol. ~ + ==
dx X/nx X
1 2
P= x¢nx ’ Q= X
1
IF = eJ.P.dx = eJ‘mdx = e/n(/nx) =/nXx
. General solution is

2
y. (/nx)= j;.ﬂnx.dx +C

y(/mx)=(nx)*+c

Ex.34 Solve the differential equation
t (1 +t*) dx = (x + xt*> — t?) dt and it given that
x=—n/4datt=1

Sol. t (1 +t2) dx =[x (1 +t?)—t?] dt
dx X t
dt ot (1+t2)
dx X t e . dx
1.2 whlchlslmearmg
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t —jldt 1
IF =e t = e‘f’ﬂt = —
1+t t

1
Here,P=—Y, =—

. General solution is -
1 1 t
X.¥_J.t.[ 1+t2j dt+c

X
n =—tan't+c

puttingx =—n/4,t=1
—n/d=—n/d+c

L X=—ttan't

Equation reducible to linear form :-

(1) Bernoulli’s equation :- A differential equation of the

d n .
form d_i +Py =Qy"  where P and Q are functions of

x alone is called Bernoulli’s equation. This form can
be reduced to linear form by dividing y" and then
puttingy' "=v

dy | -1
y .P=Q

Dividingbyy', we gety T

(o 1-n)dy dy
Putting y o 1)=Y, so that (y—”)%z

dx °

dY
we get a + (1 - n)P.Y =(1 - n)Q

which is a linear differential equation.

(i1) If the given equation is of the form

:—i +Pf(y)=Q.g(y), where P and Q are functions
of x alone, we divide the equation by g(y) and get
$j—i+ P. % =Q

Now substitute — -y =v and solve

a(y)

Solved Examples

. . . d
Ex.35 Solve the differential equation x y=x’y°.

Sol.

dx

The given differential equation can be written as
LN
y> dx xy

Putting yﬁ5 =v so that

—6 dy dv -6 dy 1dv
_ —=—0r — s
>V 4x T dx ax  5dx veeet
_1d_v+lv=x2$ d_V_éV =-5x* . (1)
5dx x dx x

This is the standard form of the linear deferential
equation having integrating factor
J‘;d" _ a5 logx _ 1

ILF=¢€ =€ _X_S

Multiplying both sides of (1) by LF. and integrating
w.r.t. r

1 o 1
—=|-5x°. —dx
Wegetv.x5 f 5
v 5
= —F=-X"+c¢
x> 2

5.5 95 __ C . .
= y°x° = 5% ? +¢ which s the required solution.

Ex.36 Find the solution of differential equation

Sol.

dy

L _ytanx=-y’secx
dx

izd—y—ltanx =-SecX
y-dx 'y

.—1dy dv

1

y y?dx dx
—dv

. ———vtanx =-secx
dx

dv
d—X+vtanX=SeCX, Here P =tanx, Q =secx

LF. = llamde _ oo V Secx = jseczxdx+ c

. . -1
Hence the solution is y secx=tanx+c




Differential Equation

. d .
Ex.37 Solve: ysinx d_i =cos X (sinx —y?)
Sol. The given differential equation can be reduced to
linear form by change of variable by a suitable
subtitution.

Substituting y* =z

d dz .. . .
2y d—i = ix differential equation becomes

sinx dz

———— +c0S X.Z=SIn X cos X
2 dx

dz e . . dz
— +2cotx.z=2cosx whichislinearin —
dx dx

2cot x dx N i .
IF = e_.. — e21,nsmx = Sll’lz X
. General solution is -

Z.SIn%x = -[ZCOS x.sin? x.dx + ¢

. 2 .
y? sin’x = 3 sin’x+c¢

2
Ex.38 Solve:d—y—l=y—2
dx x x

Sol. Dividing both sides by y*
1dy 11

(Bernoulli's equation)

A dy dt
y2 dx dx
-, differential equation (1) becomes,
dat t 1

dx x x?

dt t 1
_+____2

dx x X

C e . . ..odt
which is linear differential equation in I

1
IF = ej;dx — e('nxz X
-. General solution is -
1
t.x= I——z-xdx+c
X

tX=—/mx+c

=—/mx+c¢
y

2
If differential equation is of the form of %= f(x)

2

. . . . d .
Solution of the differential equation de= f(x) is

obtained by integrating it with respect to x twice.

Solved Examples

Ex.39 Find the solution of the differential equation
2

2 y
cos x —5=1
dx?

d? d?
Sol. coszx L S |

_ 2
dx2 dx2 =Sec” X

. . d
On integrating, we get d_i =tanxzc,

Again integrating, we get y=log sec x +c, xt c,

>
ORTHOGONAL TRAJECTORY‘

An orthogonal trajectory of a given system of curves
is defined to be a curve which cuts every member of
a given family of curve at right angle.

Steps to find orthogonal trajectory :

(1) Letf(x,y,c)=0be the equation of the given family
of curves, where 'c' is an arbitrary constant.

(i) Differentiate the given equation w.r.t. x and then
eliminate c.

(i) Replace d_i by— 3—; in the equation obtained in (ii).

(iv) Solve the differential equation obtained in (iii).

Hence solution obtained in (iv) is the required
orthogonal trajectory.

Solved Examples
Ex.40 Find the orthogonal trajectory of family of straight
lines passing through the origin.
Sol. Family of straight lines passing through the origin is -
y=mx

where 'm' is an arbitrary constant.




Differential Equation

Differentiating wrt x Solved Examples
dy ..
™ e (i) Ex.42 Find the nature of the curve for which the length
Eliminate 'm' from (i) & (ii) of the normal at a point 'P' is equal to the radius
_dy vector of the point 'P".
Y7 dx Sol. Let the equation ofthe curve be y= f(x). P(x, y) be
. dy dx _ any point on the curve.
Replacing ix by — dy > Ve get y= dy X
- ; . d
xdx+ydy=0 Integrating each term, Slope of the tanget at P(x, y) is d_i =m
2 2
X7+y7=c = x>+ y?=2c ]
Ch . . . Slope of the normal at Pis m'=— —
which is the required orthogonal trajectory. m
Ex.41 Find the orthogonal trajectory of y* = 4ax
(abeing the parameter). 2ocy)
: d . ’
Sol. y2=dax ... (i) 2y o =42 .. (i)
Eliminating 'a' from (i) & (ii)
dy
2 — -
y =2y ax X 5 G(X;m -
y,0)
. dy _dx
Replacing 3 - by dy > e get Equation of the normal at 'P'
dx 1
y=2 Ty X = 2xdx+ydy=0 Y—y=—E(X—X)
Integrating each term, Co-ordinates of G (x +my, 0)
2
X2+ y? =c = 2x2+y?*=2c Now, OP? = PG*
which is the required orthogonal trajectories. X1ty =mlyl+y?
X d X
GEOMETRICALAPPLICATION OF ¥ om=x > =ty
DIFFERENTIAL EQUATION ‘ Taking as the sign
Form a differential equation from a given geometrical q «
problem. Often following formulae are useful to d_i =y = y.dy=x.dx
remember
2 2
yV1+m? = y7=x7+k = X2—yr=-2

() Length oftangent (L )= m

x? —y* = ¢ (Rectangular hyperbola)

(i) Length ofnormal (L,)= ‘ yV1+m? Again taking as —ve sign

_ Y dy _ X
(i) Length of sub-tangent (L )= ‘m‘ -y
(iv) Length of subnormal (L, ) = |my]| ) )
where y is the ordinate of the point, m is the slope of = ydy=—-xdx = y7 =— X7 +
d
the tangent [d—ij =>x2+y? =20 x2+y*=c (circle)




Differential Equation

Ex.43 Find the curves for which the portion of the
tangent included between the co-ordinate axes is
bisected at the point of contact.

Sol. Let P (x, y) be any point on the curve.

Equation of tangentat P (x, y) is -

d
Y -y=m (X-x)wherem= d_i

is slope of the tangent at P (x, y).

mx —y

Co-ordinates of A [ ,Oj & B (0, y-mx)

B,

A

P is the middle point of A & B

MY~ ox

m

= mx-—y=2mx = mx=-y

L o, b
= oax XY = X - y 0
= (nx + /ny=/nc Xy=c¢

Ex.44 Show that (4x +3y+1)dx +(3x +2y+ 1) dy
=0 represents a hyperbola having the lines x +y=0
and 2x +y+ 1 =0 as asymptotes

Sol. (4x +3y+1)dx+(B3x+2y+1)dy=0
4xdx +3 (ydx +xdy) +dx +2ydy+dy=0
Integrating each term,
2x2+3xytx+y +y+c=0
2x2+3xy+y?+x+y+c=0
which is the equation of hyperbola when h*>ab &
A=0.
Now, combined equation of its asymptotes is -
2x2+3xy+y*tx+y+a=0
which is pair of straight lines

~A=0

L B
= 1=0

sL2x24+3xy + P+ x+y=0

= (xt+ty)@x+y)+(x+y)=0

= xX+ty)2x+y+1)=0

= Xxty=0 or 2x+y+1=0

Ex.45 The perpendicular from the origin to the tangent
atany point on a curve is equal to the abscissa of
the point of contact. Find the equation of the curve
satisfying the above condition and which passes
through (1, 1)

Sol. Let P (x, y) be any point on the curve

Equation of tangent at 'P'is -
Y-y=m(X-x)
mX-Y+y-mx=0

y —mx
Now | iz ) =X

y? + m?x? - 2mxy =x*(1 + m?)

yZ-x? dy

2%y = ix which is homogeneous equation
Putting y=vx
dy dv dv v2 -1
Y v+ X : +X o =
dx VX 4x S VT X 2v

dv _vZ-1-2v? J’ 2V 4y o—_ [9x
Xax 2v = vZ +1 X

m((v*+1)=—mx+ic

2
y
X (7 + 1} =c
Curve is passing through (1, 1)

wc=2
X2 +y*-2x=0




