Definite Integration

DEFINITION ‘

Let f(x) be a continuous function defined on a closed
interval [a, b] and

J.f(x) dx = F(x)+¢ then

b

b
[fx) dx=[FL or [f(x) dx =F(b)-F(a)
is called definite integral of f(x) within limits aand b.
The interval [a, b] is called range of integration.

Every definite integral has a unique value.

Solved Examples

2
Ex1 [X* dx
1

T ax = ¥ _8 1.7
Sol.1 3|33 3
Ex2 j- dx
X L4 +x

-1

2
dx 1 2 1
Sol. !4”2 = gtten ' x/28 = an'1-0) = /8

1
Ex.J3 jxexzdx
0

Definite Integration

Sol. J.sec2 x.dx =[tan x]3’* =tan /4 —tan 0 =1
0

n/2

Ex.5 ,[Sinz x dx
0

n/2 n/2

. n/2
.2 1-cos 2x 1 sin 2x
Sol. Ism x dx = I(z dx=E X — 5 .
0 0

‘ dx
Ex.6 Evaluatej (x+1)(x+2)
1

1 1 1
Sol. - i (x+2) ~ x+1  x+2
(by partial fractions)

2
dx
J; (x+1)(x+2) = [ﬂn(x+1)—£n(x+2)]12

9
=/m3—/m4d—/m2+/m3 = /n(sj




Definite Integration

PROPERTIESOFDEFINITE INTEGRATIO“V

X+3 X<
3x2+1 : x>3°

Ex.9 Iff(x)={ then find j f(x) d

b b b
-1y [t ax= [ ct= [ o
a a a 5 3 5 5
A = |f + |f = 3)dx +
Here x is a dummy variable, it can be replaced by Sol ! (x)dx .[ (x)dx .!(X) dx !(X+ ) dx
any other variablet, u,.....

5 X2 3
n/2 n/2 n/2 3 2 1 d — |:—+3X:| + 3 5
Isin(x)dx= Isintdtz Isinudu: .3[( X" +1)dx 2 ) [X +X]3
0 0 0
10 10 10 9_4 211
Similarly;rzzztzzzuzz ..... = T+3(3—2)+53—33+5—3=T
b a 8
P-2) [0 ax=— [fo) ax Ex.10 Evaluate [1x-5] dx.
a b 2

i.e. the interchange of limits of a definite integral 8 5 8
changes only its sign. Sol. ,[l x=5] dx = I(—x+5) dx + I(X_S) dx =9

2 2 5
b B c b 2 5 2
(P-3) !f(x) dx = !f(x) dx+ !f(x)dx (a<c<b) ExI1 Show that [(2x+1 dx = [(2x+1) + [(2c+1
Generally this of property is used when the integrand 0 0 °

. . . .LHS.=x>+x1]? =4+2=
has two or more rules in the integration interval. Sol. LHS. =x"+x [, =4+2=6

RHS.=25+5-0+(4+2)—(25+5)=6

Solved Examples A A
2 0<x<2 Property (5) If(x) dx = j fla+b-x) dx
Ex.7 If f(x) = 3x 4, 2<x<3 then evaluate (X)a -
3 dx = —=
If(x)dx Application : Jf Y+ fla+b—x) X 5
3 2 3 2 3 Solved Examples
Sol. If(x)dx= If(x) dx+If(x)dx =J.x2 dx+I(3x—4) dx 3
dx
° ° ? ° 2 Ex.12 Evaluate: IT
ol , - 7.1+ tan x
X X
=l Q7| H X =+ 12— 7
B
Sol. /6\/&—”)(_‘_\/@ ....... (1)
2
Ex.8 Evaluate I|‘I—x|dx “j? [cos(n/2 - x)
0 = dx
1-x when 0<x<1 _Ie/sin(m/2 - x) +4Jcos (n/2 - x)
Sol. -+ |1 -x|= x-1 when 1<x<2 [+ herea+b=n/2]
1 2 n/3 \/SIn_X
1= |(1-x)d -1)d = | ——=——F——=0dx
. !( X) dx + {(x )dx KLW#SM_X ......... 2)
2] [ T 2= [ 100 B L
=\ x|+ x| =(12-0)+(0+1/2)=1 L 2= e =bR =5 G- = 1=w12
0 1 n/6




Definite Integration

g . w2 n /2 n
g (sinx) tan—de: cot—de:nM
Ex.13 Prove that E[ 3 (Sinx)+ g (cosx) d * E[ 1+ tan" x E[ 1+ cot” x
_ j’ g (cosx) dx=2 ﬁj,2—1 dx = “j.2—1 dx =n/4
¢ g(sinx)+g(cosx) 4- * o 1+tan"x o 1+cot”x
Sol. L j’ g(sinx) "2 sec” x "2 cosec
ol. Leti= , X — dx= | —————dx=n/4
¢ 9(sinx)+g (cosx) * E[ sec” x +cosec”x E[ cosec"x +sec” x
3 g sin[n—xj e T
2 " jlog (1+tanx)dx = —log2
= I= j ’ 8
0

szl (-]

Ilogcotxdx= Ilogtanxdx=0
0 0

*

g(cosx)
g(cosx)+g(sinx)

dx on adding, we obtain 21

I
Ot N7

Solved Examples

n/2
Ex.14 Ilog tan x dx
0

( g (sinx) . g (cosx) j dx

g(sinx)+g(cosx) g(cosx)+g (sinx)

Il
O N |3

2
B B E /2
- .([ dc =1=- Sol. 1= Ilogtanxdx (1)
0
a a n/2 n/2
(P—4) jf(x)dx:j f(a—x)dx I= Ilog tan [g—xj dx=IIog cot x dx ..(2)
0 0 0 0

With the help of above property following integrals

. /12
can be obtained . "

L2 = I(Iog tan x + log cot x) dx
n/2 n/2 0

. If(sin x) dx = If(cos x) dx
0 0 nl/2 nl/2

= Ilog(tanxcotx)dx= Ilog1dx=0 = I=0
/2 /2 0 0
. If(tan x) dx = If(cotx)dx 1 1
; ; pxis Joo (11 o
0

n/2 n/2 1
1-x
. If(sian)sinxdx= If(sian)cosxdx Sol. I=Ilog[—j - (1)
0 0 0 X
1
1 1 = Izjlog{‘l (1 X)}d
. If(log x)dx:jf[log(1—x)] dx 0 - X
0 0 1 1 1
=j|og[ijdx=-.[|og[;xjdx=-1
/2 N /2 n 1-x X
sin” x Cos™ X 0 0
* Iﬁ‘bﬁ IﬁdX”f/"r = 2I=0 = 1=0
5 sin” x+cos" x 5 cos” x+sin” x




Definite Integration

nl/2 .
asin x+b cos x

d
Ex.16 E[ SinxX1008 X

/2
asin x+bcos x
I= | ———dx
Sol. E[ sin X +cos x ~(1)

. ’Ta sin (/2 —x)+b cos (/2 —x)
sin (n/2 - x)+ cos(n/2 - X)

nl/2 .
J~ acos X +b sin x
sin X + cos X

L )

/2 )
(a+Db)(sin x + cos x)
sin X +Cos x

dx

. 20=

nl/2
- j(a+b) dx=(a+b)n/2 = I=(a+b)n/4

Property (4) [f(x)dx = [(f(x)+f(-x)) dx
—a 0

ZIf(x)dx , if f(—x)=f(x)ie. f(x)is even
=1 o

0, if f(—x)=—f(x) i.e. f(x) is odd

Solved Examples

1 X —X

Ex.17 Evaluatej e1::X dx

-1

1 X -X X
eXt+e X e’ +e e " t+e
Sol. dx = { x T —-X ] dx
I +e¥ E[ 1+e 1+e

Ex.18 Evaluate | cosx dx.

;"-—.N\:l

2

Sol. | cosxdx=2 | cosx dx=2

|
N R LR
O =N |3

(- cosx is even function)

1
Ex.19 Evaluate I Ioge@_xj dx.
4 +X

2-Xx
Sol. Let f(x) =log, [ j

2+X

%) row (570w

1.e.f(x) is odd function

IlOge[ j dx =0

2
= f(—x)=log, [2

n/2 5 .
Ex.20 J ., COS x dx is equal to
-

(Dn/4 2)n/2
(3)n/6 4)n/3
Sol. Here 1= ZRJ cos’x dx { - f(—x)=1(x) }

0

n/2 sin2x /2
J(1+cost)dx =(x+ 2 l =m/2

0

X sm(1+x )

Ex.21 J -— dxis equal to
1+ X
(D1 (2)2
3)o (4) none of these
3 &3 2
Sol. Here f(x) = X+ x%)
1+ x
3 &3 2
& fex)=— X S|n(142rx )
1+ x
- f(x)=—1(x)
~1=0

2a a
Property (6) [f(x) dx = [(f(x)+f(2a-x)) dx
0 0

2jf(x)dx . if f(2a—x) = f(x)

"o, i f(2a—x) = —f(x)




Definite Integration

Solved Examples

iy

Ex.22 Evaluate I sin® xcos® x dx.
0

Sol. Let f(x)=sin’x cos’x = f(n—x)=—1(x)

T
3 .[sin3 xcos® x dx =0
0

iy

Ex23 Evaluate | - o d

X. valuate . X.

0 1+2sin?x

Sol. Let f(x)= —1 2sin?x = f(n—x) =1(x)

dx

]E dx 5
:> = ———————
1+ 2sin? x

0 1+ 2sin® x

=2

O N | 3

sec? x dx
1+ tan? x + 2tan? x

O N3

sec? x dx
1+ 3tan? x

2 T
- ﬁ [tan’1 (\/g tan x) ]g

|
[\
O N |3

o tan g is undefined, we take limit

_2 tan’1(\/§ tan x)— tan™" (\/5 tan 0)
NER P
2
_2n_r
V3 2 3
) o dx r cosec’
Alternatively : E[ 1428 x E[ cosec?x 42 dx

cosec?x dx
cot’ x +3

Ot 3

Observe that we are not converting in terms of tan x
as itis not continuous in (0, )

_ 1 _tan{COtXJn
B,
1 I _4/ cotx _4[ cotx
—_ — | Lt tan”| — |- Lt tan"'| —
\/g X—>7 ( 3 J x—>0* ( \/g J:|
_ J_lzjq_j_
~Blz227%

O | 3
O | 3

Ex.24 Provethat | ¢nsinx dx= | ¢ncosx dx
g T
= I /n(sin2x) dx =— 5 m?2.
0
3
Sol. Let 1= I Mmsinxdx ... (1)
0

U
p—
I
O N |3

/m (sin [g - xj] dx (by property P—5)

/n (cos x) dx

[—
I
O N |3

Adding (1) and (ii)

g g sin2x
2I=J.,€n(sinx.cosx)dx=I,€n[ jdx
0 0 2

2 2
21= I /n (sin 2x) dx — I /n 2 dx
0 0
m=g—gm2 .......... (iii)
2
where I = I /n (sin 2x) dx
0
1
put2x=t = dx=Edt
L.L:x=0 = t=0
. =
U.L.X—2 = t=n
= ]E /n (sint) 1 _ 1 t i
=1 =]" -Edt—Exz Ién(smt)dt
0 0

(by using property P — 6)
=1 =1

T
I=——= /2

-~ (111) gives 5




Definite Integration

Property (7)
If f(x) is a periodic function with period T, then

nT T
If(x) dx =n If(X)dx,n ez
0 0

a+nT
(i1) If(X) x—njf(x )dx,nez,aecR

nT T
i) [f(x) dx =(n—m) [f)dx, m,n e z
mT 0

a+nT

(iv) jf(x ) dx —jf(x )dx,nez,aecR

b+nT
W [0 dx—jf(x ydx,n ez,a,b e R

a+nT

Solved Examples

2
Ex.25 Evaluate I e dx.

-1

-1+3

Sol. I e dx = I{X} dx = 3I et dx—3j e dx

=3(e-1)

nn+v

Ex.26 Evaluate Ilcosxl dx, g <v<rgandnez.
0

nn+v nn+v

jlcosxldx—jlcosxl dx + '[lcosxl dx

\'
cosX — ICOSX dx +n I|003X| dx
12 0

T

ot——ﬁhﬂn

=(1-0)—(sinv—1)+2n |cosx dx

O e N | 2

=2-sinv+2n(1-0)=2n+2-sinv

Property (8)
Ify(x)<f(x)<¢(x) fora<x<b,

then IW(X ) dx < If(X dx < I¢(X

Property (9)
Ifm<f(x)<Mfora<x<b,thenm (b-a)<

b
If(x)dx <M (b-a)
Further if f(x) is monotonically decreasing in (a, b),

then f(b) (b—a) < j f(x)dx < f(a) (b—a) and if f(x)

is monotonically in?:reasing in(a,b), then f(a) (b—a)

< j f(x) dx <f(b) (b—a)

b

jf(x) dx

b
Property (11) Iff(x) > 0 on [a, b], then j f(x) dx >0

b
Property (10) < ﬂ f(x) | dx

Solved Examples

Ex.27 Forx e (0, 1) arrange f (x) =

1
Va-x2’
1 1 .
10 = g 600 = ST

ascending order and hence prove that % <

J~ dx - b
0 Va—x2 _x8 42"
Sol. .- 0<x*<x? =
= 2x2<-x?-x3<—x?
= 4-2x2<4x?2-x3<4-x?

= Ja—2x2 < Ja-x2_x® < a_x2
= f(x) <f(x) <f,(x) forxe(0,1)

X2 <x?+x3<2x?

1 1 1
= E[ﬁ(x) dx < E[f3(x) dx < E[fz(x) dx

. I[XH1 j~ dx 1T xy
G2 o e L i —
sin” (2] Vi ~ 32 sint 5 |

1
T

L <J~ dx -
6 9 Ja—x2_x® 42




Definite Integration

2
0
Sol. Let f(x) = ﬂ
P(x) = xcos;( sinx (cosx)(;z— tanx) <0

= f(x) is monotonically decreasing function.

f(0) is not defined, so we evaluate

smx

= 1.Take f(0)= L, fix)=1

x—>0+ f(X)_ X—> 0*

alN
TN
N3
|
o
~
AN
o'-—.w\:\

s gy <1 (340

=1< X <

T
2

O =N |3
@,
=)
X
o,

Ex.29 Estimate the value of je"z dx using (i) rectangle,
(ii) triangle. ’
Sol. (i) Byusingrectangle
1
Area OAED < '[ e“’dx <Area OABC
0

., C

1 ) e B
1< Ie" dx <1 .e
E
1< Iexzdx <e 1|P
o) 1 A
(i1) By using triangle

1
Area OAED < I edx < Area OAED + Area of
triangle DEB

1
1< fefox <1+ 1 g e
0 2

e+1

2
1<IeXdX<
5 2

1 1
Ex.30 Estimate the value of I e dx by using I e*dx .

Sol. For x € (0, 1), e** <e*

e

1 1
=1x1< Iexzdx < Ie"dx
0 0

1
1< Iexzdx<e—l

h(x)
P9 — (J)f(t) dt=h'(x)f (h (x)) -’ (x) f (g(x))
g(x
q h(x)

[ft dt=

a

In particular h'(x)f(h(x))

[ais any constant independent of x|

d X
. —Xjf(t)dtzf(x)

Solved Examples

d 1 1 d,;
— |—dx = 7 (1
log t° dt

Iog t2 dt( )
3t> 2t

B t-1)
~ 3logt 2logt

logt

Ex.32 IfF(x)= '[ Vsint dt, then find F'(x).

Sol. F'(x) =2x . W/sinx? -1 .

Ex33 IfF()= | Iot

" of F(x) with
/m?2.

smx

: dt, then find first and second

derivative respect to

/mXx atx =




Definite Integration

Sol dF(x)  dF(x) _ dx Alternatively :
0l d(tnx) = "ax d(/nx) )
3x 2x X
3 2x € _ at
- 3.ex.€ne3x—2.exm X = et _ e f(x)= i VT n(x+t)
9 /nx
d“F(x) d treating ‘t’ as constant
d (gn X)2 = d (gn X) (e6x _ e4x) = d_X (e6x _ e4)() X ( g )

1
d/nx/dx
First derivative of F(x) at x =/n2

(i.e.e*=2)is 26 -2*=48

Second derivative of F(x) at x =/n 2
(le.e=2)is(6.2°-4.2%) ./m2=5.2° /2.

r 2
IeZt dt
0

= (6e™—4e™)x

Ex.34 Evaluate X':)tw

x 2
{ .[ e" dt} -
Sol, Lt o J —fromj

X—»0 X 0]

Ie”z dt

0
Applying L' Hospital rule
2. [evdt.e* 2. [eat
= Lt 0 = Lt 0
e

X—>0 2X2

1.e

2.e¢
= Lt =0

2
x=o 9y e*

X

Ex.35 Iff(x)=

log}

dt
x+1t ,then find f(x).

X

-1

ey - | ——dt I
Sol. f(x) /I oy

(x+£nx)
1 T 1 1
x+8) ], T ox T x(x+mx)
1 1 1 1
T ox T x+mx o X (x+¢n x)
1 X+1 B mx-1
T X x(x+fnx) " x(x+¢nx)

1
Ex.36 Evaluate .[ X/ - ,
¢ (nx

f(x) =/n2x—/n (x+ /nx)

/nx-1
x(x+£n x)

0=~ o () -

b

‘b’ being parameter.

Sol. Let 1(b) = I i dx
di(b) ¢ x®/nx
db —! Inx dx+0-0

(using modified Leibnitz Theorem)

1
_1 . B Xb+1 B 1
=[x ax= g = b1
0 0

I(b)=/n(b+1) +c

b=0 = 1(0)=0
~¢=0 . I(b)=¢(n(btl)
tan~"(ax) .
Ex.37 Evaluate | ——— dx, ‘a’ being parameter.
}[ xv1—x2 &P
tan™ (ax)
Sol. Let1(a)= I J—
1
di(a) I X 1 d
da 3 (1+a®x?) xf1-x2 X
1
I (1 +a’x \/‘I x?
Putx=sint = dx =costdt
LL.:x=0 = t=0
UL.:x=1 =  t= g




Definite Integration

l Note :
dI 2 1
a@) _ I —1 — costdt n ki
da ¢ 1+a’sin’t cost 2 2
1. Isin”xdx = I cos" x dx
. . 0 0
=j~ T sec?tdt
1+a’sin?t 1+(1+a®)tan?t _(n=1} (n=3) (n-5
0 0 2. 1 [ . j [n_z a4 [,orl
1 1
= —7—— tan’! (\/‘I+a2 tantﬂ = accordingasnisevenorodd. 1 = E,I =1
1[1+a 0 1+aZ 2 0 2 1
Hence
= I(a)— = /n (a+\/1+a )
But1(0)=0 = c=0 (n—1j(n—3j(n—5j ........ (1j£ if nis even
n n-2\n-4 2) 2
I =
:>I(a)=— fn (a+u1+a ) " n-1\n-3)n-5 2
( j{ j{ j ........ H'“ i nis odd
n n-2An-4 3
REDUCTION FORMULAE IN DEFINITE
INTEGRALS
= Solved Examples
2 n—1
1. If1 = I sin” x dx , then show that1 = (Tj I, x
0 4
Ex.38 If1 = I tan" x dx, then show that1 +1_,
z 0
Proof:1 = I sin" x dx _ 1
0 1

TE

I = [_ sin”’1xcost + [(n-1)sin"?x.cos?xdx  Sol. I = | (tanx)"?.tar’x dx= I (tanx)"? (sec2x— 1) dx

O N |3
o'-—.-M:\

sin"2 x . (1-sin? x) dx

=(m-1)

O N [ A
I
O"—.-h\?-l

2
(tanx)"? sec’x dx — I (tanx)" 2 dx
0

2 ; ;
=(n-1) I sin" 2 x dx — (n-1) I sin" x dx _ | (tanx)"" |4 .
0 0 n-1 n-2
0
[+(-1)1=m-1I_, I RS I

_(nA
In - n In—Z . 1




Definite Integration

Ex39 If1 =

O | 3

M1x (sinx cos" x) dx

|

2
+

0

COSn+1

n+1

m-Ty . cos™'x
n+1

O N |3

{_ B

(m—1)sin™2x cos x dx

m-1
n+1

m

)

sin

O =N |3

sin™ x.. cos” x dx, then show that1__

“2x.cos" x.cos? x dx

IMPORTANT INTEGRALS "
(i) Walli's farmula

nl/2 nl/2
Isin” xdx = I cos" xdx =
0 0

(n-1)(n-3)..2
nin-2)...1

(ifn is odd positive interger)

[

Solved Examples

T

_(n=1(n-3)..1(x
- 2

n(n—2)...2 j (ifn is even positive integer)

n/2

Ex.40 Evaluate ISi”G x dx
0

_5.3.1 n 5

I= .
Sol. 1=422"2" 32"

n/2

Ex.41 Evaluate ICOS? X dx
0

(sin""2 x.cos" x —sin™ x . cos” x) dx

6.4.2 48
[=—"2__
Sol. 1= 5705
m-1
n+1) tus m+1)_(n+1
T/2 F T A r A
m n 2 2
.. sin™ xcos" x dx =
@ m-+n+2

2r( ]

where I'(n) is called gamma function

OR

2

Note

I

m -1 m-3 m-5

mn m+n m+n-2 m+n-4

() ezl |

., according as mis even or odd.

cos" x dx and I

O N | 3
O N |3

)

sinx . cos" x dx

nl/2
I sin™ x cos" xdx :
0

"""" ((m-=1(m-3)...(20r 1)) (n=1)(n-3)..(2 or 1))
(m+n)(m+n-2)...(20r 1)

(if m and n both are not simultaneously even positive

integers)
Y

(if m and n are both even positive integers)

(M=1)(M=3)...())((n—=1)(n-3)...(1))
(Mm+n)m+n-2)...(2)

T

2




Definite Integration

Solved Examples
n/2

. 4 5
Ex.42 Evaluate IS'” X COS™ X dx.
0

Sol. Using gamma function formula
P[] e
. 2 2 ] |2
or (4+5+2) 5T (11}
2 2

31
> n2.1
=2 2ﬁ -8
97531 315
2= -2
222272 Ve

Ex.43 Evaluate | sin®x cos? x(sinx + cos x) dx .

4 —nola

2
Sol. Given integral

. P2 3
sin® x cos?x dx + | Sin“xcos” x dx

N\:I'-—'N‘;‘
N la =N la

=0+2 | sin®xcos® x dx

O N |3

(- sin’x cos’x is odd and sin’x cos’x is even)

1.2 4

Y

Ex.44 Evaluate '[ xsin® xcos® x dx .
0

Sol. LetI= I xsin® x cos® x dx
0

—

= j (1 —x) sin® (1 — x) cos® (1 — x) dx
0

T

Oty 3

T
sin® .cos® x dx — j xsin® x . cos® x dx
0

O e N [ 3

= 21=x.2 | sin®x.cos® x dx
_ 4.2.5.3.1 _ 8rn
11.9.7.5.3.1 693

1

Ex45 Evaluate | X°(1-x)°dx_
0

Sol. Put x =sin?% = dx =2sin6cos0do
L.L:x=0 = 0=0
UL :x=1 = e=g

sin® 6(cos? 0)° 2. sin 0. cos 0. do

O\ |3

1
g I x3(‘l—x)5dx =
0

2
=2, I sin”0cos'' 0 do
0
B 6.4.2.10.8.6.4.2 1
_2'18.16.14.12.10.8.6.4.2_ﬁ
SUMMATION OFSERIESBY &
INTEGRATION ‘

For finding sum of an infintie series with the help of
definite integration, following formula is used-

S
lim fl—|—=]f(x)dx
n|—>oo g(; [nj n E[ (X)

The following methode is used to solve the questions
on summation of series.

(1) After writing(r— 1)th or rth term of the series, express

1.(r
itin the form —f [Hj . Therefore the given series will

take the form
lim nif (i 1)
n—oo =0 b ' n
(i) Now writingj in place of (J'_TD z ) x inplace

of % , we get the integral _[ f(x) dx in place of above

series.




Definite Integration

(i) The lower limit of this integral Ex.47 Find the value of
. r
= lim (—j lim h_, 0 +....+i
n—o \N) _q n—o (n + 1)2 (n + 2)2 4n
where r =0 is taken corresponding of first term of . ’ ’
the series and uppen limit Sol. Here t = (n+r)? n M+ (r/n)P
- lim [Lj Therefore given series
A N 1
_ . . = lim Z —= j dx
where r=n — 1 is taken corresponding to the last e S /P n (14 x)?2
term. .
Now lower limit = lim (H =1
- =1
Solved Examples
upper limit = lim [Lj =0
E46E1tlim{1+1++1} e
X. valuate — O
e [N+l n+2 2n -. Given series
0, 11 P 17 -1
Sol. Limit = lim Z—:Iim Z—:— =I 2dx={——} -~ 1i1=1/2
n—o r=1|’]+|’ —0 1+L n 0(1+X) 1+ X 0 2
1 n
— [~ dx = flog(1+ x)T} = log2.
01+x




