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DEFINITION ‘ STANDARD FORMULA ‘

n+l
ax+b
Iff'(x) is derivative of f{x), then f(x) is perimitive or (i) j (ax +b)"dx _(a(n+)l) +C,n#-1

anti derivative or integration of f'(x). So differentiation

dx l
ax+b a

and integration are inverse to each other. (ii) J. mlax +b[+C

For example
p (iii) J. eax+b dX — l eax+b + C
a

apx+q

d
RN . . o . |
ax (sin x) = cos X, so integration of cos X is sin X. (iv) J' AP x =

+C;a>0
p /na

% (sinx + ¢) =cos X, so integration of cosx issin (V) J. sin (ax+b)dx = _2 cos (ax+b)+C
a
X+c 1 .
i) | cos(ax+b)dx =" sin(ax+b)+C
a
d . ..
s (f(x) +¢)=F(x) = f(x)+cis perimitive of (vii) J' tan(ax+ b) dx :‘l /m Jsec (ax+b)[+ C
F(x). dl
wiii) | cot(ax+b)dx= 1 rm|sin(ax+b) +C
a

= [F(x) dx=f(x)+c i 1
(ix) J. sec? (ax +b) dx =— tan(ax +b) + C
a

H 's integral sign and () J. cosec’(ax +b) dx = 1 cot(ax + b)+ C
“F(x)dx means integration of F(x) with respect to x. a {

(xi) j sec (ax +b). tan (ax +b) dx = — sec(ax+ b)+C
where c is constant of integration. : |

(xii) j cosec (ax + b). cot (ax + b) dx = - cosec

(ax+b)+C
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(Xiii)J secx dx = /n |secx + tanx|+ C

T X
tan | —+—
(4 2)

(xiv) J cosec x dx = /n |cosecx — cotx|+ C

OR /m +C

OR /n|tan g‘ + C OR - /n |cosecx + cotx| + C
(xv) —sin' 2 +C
J 2 =2
= tan' 2 4 C
a

= /n |x +Vx? +a?

+C

ORssinh' > . +C
(Xix)J czii - —,€nx+m +C
OR cosh ‘g +C
o) | azd_xxz =ia In| 2o | +C
(XXi)J. de_xaz =21a In % +C

2
(xxii) J a’—x’ d =% Jai—x* +a? sin 1 > +C

a

(xii) |57 +a? dx

2 [y2 2
X a X+vX" +a
=2 J+al +=— m |24 C
2 2 a

(xxiv) J x* —a’ dx

ax

(XXV)J e™. sinbx dx =—

0 (asinbx—bcosbx)+C
a‘+

ax

e
i) | e*cosbxdx=
(xxvi) J cos bx e

(acosbx+bsinbx)+C

BASIC THEOREMS ON INTEGRATIOMV

Iff(x), g(x) are two functions of a variable x and k is
a constant, then

A Ik f(x) dx =k If(X) dx
(11) j[f(x) + g(x)] dx = jf(X) dx + IQ(X) dx

(ii) dix (jf(x)dx):f(x)
W | [%f(x)]dxﬂ(xn

Solved Examples

Ex.1 Evaluate: _[ 4x° dx

Sol. [4x° dx = £ x0+C =2 x0+C.

Ex.2 Evaluate: .[ (Xs +5x —4+;+%J dx

sol. | [0 517422 Z o
= _[X3dx + Iszdx - I4dx + j;dx +
.[de

=J'x3dx +5,jx2dx_4_j1.dx+7_j%dx+

2_J.X’1/2dx
4 x3 X1/2
x4 5

= 4 t3¥ —4x+7m|x|+4 Jx +C
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Ex.3 Evaluate: _[ (exma +e%™ + ama) dx,a>0
Sol. We have,

J.(exéna +eaénx _{_eaéna)dX

a

o X P | p
z'[(ema +e[nx +e[na

) dx = j(ax+xa+aa) dx

='[axdx+jxadx+jaadx

aX Xa+1
= +— +a*.x+C.
na  a+1
2% +3%
Ex.4 Evaluate: I —— dx
5

Sol. J~2X+3X

—I 2* .3
=) |5 x| dx
2)" (3) (2/5)°  (3/5)
=I[[€j [EH de= 5 O
'5

/n—
5

+C

Ex.5 Evaluate: _[ sin® xcos® x dx

1 . 1
Sol. Isin3xcos3x dx = Py I(Zsmxcosx)3 dx = n

1 3sin2x —sin6x
. 3 _ !
Ism 2x dx 8 j ) dx

= 3i2 I (3sin2x —sin6x) dx

1

= {—30032x+lcos GX}
T3 | 2 6 +C

4

Ex.6 Evaluate: -[x;( 1 dx

_ '[x4—1+1 dx

x? +1

de
X% +1

-
=J‘(2

X3

dx = =5 —x+tan!'x+C

1
Ex.7 Evaluate: _[ 4192 dx

Sol. We have
1 1 1 _1;
Jree g o & o Lo &
9
() o L (%)
=9 (2/3) @ {33 2

Ex.8 Evaluate: j cos xcos 2xdx

Sol. Icosxcostdx = % IZcosx cos 2x dx

1 1 (sin3x .
= > j(cos3x+cosx)dx = > T+SIHX +C

Self Practice Problems
(1) Evaluate: _[tanz X dx

(2) Evaluate: 1T sinx

Answers : (1) tanx—x+C (2) tanx —secx +C

METHOD OF INTEGRATION g

Integration by Substitution

(a) When integrand is the product of two factors such
that one is the derivative of the otheri.e,
1= j (x) f'(x)dx

In this case we put f(x) = t to convert it into a
standard integral.

Solved Examples

Ex.9 '[Iogx

Sol. Letlogx=t = l dx =dt

I—'[tdt

(b) When mtegrand 1sa functlon of function

ie. [f100010"(x) ax
Here we put ¢(x) =t so that ¢'(x) dx =dtand in that

Zic=— (Iogx) +cC

case the integrand is reduced to Jf (t)dt.

Ex.10 I x cos x? dx

Sol. Letx’=t = xdx= % dt

1 1. o
- I=— |costdt=—sinx“+c
! 2 -[ 2 )
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INTEGRATION BY SUBSTITUTION ‘V

If we substitution ¢(x) =t in an integral then

(1) everywhere x will be replaced in terms of new
variable t.

(i) dx also gets converted in terms of dt.

Solved Examples

Ex.11 Evaluate: '[X3 sinx* dx
Sol. We have
1= Ix3 sinx* dx
Letx*=t = dx*)=dt

1
dX=—3 dt

= 4x3dx =dt =
4x

1 . 1 1
= — |sintdt=— — cost+C=— — cosx*+C
4 I 4 g CO°%

(¢n x)?
X

Ex.12 Evaluate: I dx

2
Sol. Let 1= j@ dx

1
Put /mx =t = X dx =dt
t3 (tnx)?
= |t’dt = — +¢c =1+
=1 '[ 5 te 3 C

Ex.13 Evaluate: _[(1 +sin? x)cos x dx

Sol. Let1= _[(1 +sin? x)cos x dx

Put sinx=t = cosx dx =dt

3

t ) 3
= 1= I(1+t2)dt =t+ 3 +¢ =sinx+

sin® x

X

Ex.14 Evaluate: I 7 dx

x* +x% +1

Sol. We have,

_I;
dx = (x2)2 +x2 +1 dx

+C

dt
{Put x*=t = x.dx = >
1J‘ 1 1] 1
= = 2 dt = — 2 Zdt
2 J o +t+1 2
I t+1 +ﬁ
2 2
1
N DUR S B E (u}
=5 .ftan W =3 tan J§
2

1 2x2 +1
+C=ﬁtan‘1 7 +C

Integral of a function of the form (ax+b) dx

Here put ax + b =t and convert it into standard
integral. Obviously if

J.f(x) dx = ¢(x), then J'f(ax+b) dx=;¢ (ax+b)

Solved Examples

Ex.15 j cos3x cos5xdx

Sol.1= j cos3x cosb5x .dx

:%j (cos8x + cos2x) dx

=1 1sin8x+1sin2x +C
2|8 2

Some standard forms of integrals

The following three forms are very useful to write
integral directly.

(@) [Eeors (0 ax =

n+1
[f(,,]sz]1 +c (providedn=-1)
(i1) j%dx =log [f(x)]+c

fl
(iif) I%dx = ZM +C
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Solved Examples

(sin"'x)?

N

Sol. %(sin‘1 x)® +¢

dx =

Ex.16 J

sec X

Ex.17 '[ ’—tan »

Sol. Lett =tan x ;

dt=sec’xdx ;

I= jdt =2t"? +c=2Jtanx +c

ef-e™

=X

dx

Ex.18 I

Sol. Lete*te ™ =t
_ dt
(ex_GX)dxzdt . I:j T=|Ogt+C

= log(e*+e™)+c

Take x" common & put 1 +x™"=t.
(i) J

take x" common & put 1 +x™"=t"

eN,

(n-1
x+1 A

(iii) |

l/n;
(+X)

take X" common as x and put 1 +x ™"=t.

Standard Substitution
Following standard substitution will be useful-
Integrand form Substitution
(1) Va2 —x2 X=asino

\/7

Vx? +a2
1

[x2 _ g2

(1) yx2 +a2 Or
(iii) y/x2 g2 or

(viii) 5= or Vi aBx) (B>0)

(vi) ﬁorm m
DR e

Xx=atan06orx=asinh 0

x=asecH or x=acosho

x=atan’ 0
a2
X=asm" o
_ 2
X=asec” 0
X=acos20

X =008’ 0+pBsin’0
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1+sinxdx
Ex.19 1-sin x
1+ sin x . 2
Sol. I = —— dx ZJ" Cos*(X/2)+sl|.n(x/2) o
1-sin x cos(x/2)—sin(x/2)

2| X
=jtan [4+2jdx

=j[secz[%+%j—1]dx —2tan[4 ;j —x+e

dx
Ex.20 j Sa—x =
Sol. Letx=asin’0then
dx =2asin6cos0do

2a sin 0.cos 0 =2Id6:26+c

.-.IZI\/

asin®0.acos?0

=2sin"' (Vx-a)+c

Integration of Rational Functions
(a) When denominator can be factorized
(Using partial fractions)

If denominator of a rational algebric function can be
factorized, then its integral can easily be obtained by
splitting it into partial fractions. The following two
standard integrals may be so obtained

I I~ Viog[ X224
*JIx2_32 2a 9 x+a

I dx 1Iog a+x te
¢ az—x2 2a a-—x

Solved Examples
Ex.21 j—xz)
Sol. f[ﬁ*xizjdx =1og[’;fj+c
Ex.22 jmdx
Sol. jﬁdx:j[x—_iuijdx
=4log(x+2)2log(x+1)+c
2 log (X+2)2+C

(b) When denominator can not be factorized
In this case integral may be in the form
J‘ . dx ’ J‘ 2px +q dx
ax” +bx+c ax” +bx+c
For first integral we express its denominator in the
form (x + )* + B and use the previous results.

For second integral we express its numerator in the
form Nr =A ( derivative of Dr ) + B and then we
integral it easily.

Solved Examples

Bx23 [0

Sol. j— _Z an1(x+1/2J+c
O x+1/22+3/4 ~— V3 J312

L {221
X +1

Ex24 |7 ——d

X +X+1
1r(2x+1)+1
l. | —S——
So 2 %% 1 x+1
I 2X +1
2Jx? +x+1

dx =

Xt Id_x
"2 X2+ X +1

2x+ 1) ic
NE)
(c) Integral of rational functions containing only
even powers of x

= Dlog P +x+1)+ itan{
2 8 J3

To find integral of such functions, first we divide
numerator and denominator by x%, then express N*
as d(x £ 1/x) and D" as a function of (x £+ 1/x).
Following examples illustrate it.

Solved Examples
x% +1
Ex.25 |—F)———dx
X -[x“ -x%+1
1+1/x2 d(x—-1/x)
dx =
SOl°-|.x2—1+1/x2 J.(x—1/x)2+1

2 J—
=tan! (x—lj+c:tan1(x 1J+c
X X
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x% —1

Ex.26 dx

X ~[X4+1
1-1/x? d(x+1/x)
X gx = [RXEUX)
Sol. x% +1/x? J.(x+1/x)2—2

1 (x+1/x)—\/§
N 2\/§|09(x+1/x)+\/§+c

1 Iogx2_ﬁx+1+c
2\/5 x2+\/§x+1

Integration of irrational functions

Ifany one term in Nr and Dr is irrational then it is
made rational by suitable substitution. Also if integral
is of the form

I% J. ax? +bx+c dx
ax“ +bx+c

then we integrate it by expressing
ax>+bx +c=(x+a)’ +p.

Also for integrals of the form

J‘ ax'+b'

—dX,
vax? +bx+c

first we express a'’x + b' in the form

I(a'x+b') ax? +bx + ¢ dx

' | — i 2
ax+b =A {dx(ax +bx+c)}+B

and then proceed as usual with standard forms.

Solved Examples

dx
Ex.27 _[ m
I dx
Sol. J [ w2 1

Ex.28 j x2 +2x dx

Sol. .H(x+1)2—1dx -

%(x+1)\/x2 + 2X —%cosh’1(x+1)+c

=cosh™'(x +1)+¢

INTEGRATION OF TRIGONOMETRIC  J”
FUNCTIONS ‘

dx
OR J a + b cos®x

. dx
OB s

J- dx
OR asin’x + bsinx cosx + ¢ cosx

Multiply Nr & Dr by sec? x & put tan x =t.

dx

OR I a +b cosx

. dx
(if) J. a+b sinx

dx
OR Ja+bsinx+coosx

Convert sines & cosines into their respective tangents
X
of halfthe angles and then, put tanE =t

a.aosx +h.sinx+c
(111) J. X.
S Gan X+ £ oex+

d
Express Nr=A(Dr) +B dx (Dr)+ C & proceed.
X

Solved Examples

1

Ex.29 Evaluate: |—————
1+ sinXx + cos X

1
1+sinX + cosx

1
- j 2tanx/2 1—tan® x/2 dx

1+tan®x/2 1+tan®x/2

Sol. 1=

3 I 1+tan’x/2 d
1+tan?x/2+ 2tanx/2+1—tanZx/2

_ sec? x/2
2+ 2tanx/2 X

. 1
Putting tan% =tand > sec? % dx =dt, we get

+C

tan1+‘|
2

1
1= [+ dt=m|t+1]+C=m
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Ex.30 Evaluate: I

Sol. I

Ex.31 Evaluate: I
Sol.

3sinx +2cos x
3cosx +2sinx

3sinx+ 2cos x
= |/ dx
3cosx +2sinx

. . d
Let3sinx+2cosx=2x. (3 cosx+2smx)+pd—X

(3 cos x +2 sinX)
= 3sinx+2cosx=1(3cosx+2sinXx)+p
(-3 sinx +2 cos x)

Comparing the coefficients of sin x and cos x on
both sides, we get
12 5

=13 andp=— -

» 13

dx

= J~k(3cosx+ 2sinx)+ u(=3sinx + 2cos x)
3cosx + sinx

-3sinX +2cos X

—h I1.dx T I 3cosx +2sinx

dt .
=Ax+tpu IT,wheret=3 cos X +2sin x

=Ax+puml|t|+C

12 5 .
13X 13 /m|3cosx+2sinx|+C

3cosx+2
sinx +2cosx + 3

We have,

= J~ 3CosX+2
sinx+2cosx+3

Let3cosx+2=A(sinx+2cosx+3)+pu(cosx
—2sinx)+v

Comparing the coefficients of sin x, cos x and
constant term on both sides, we get

r—2u=0,20+tpn=3,30+v=2

o] oo

= 5,;,1, 5211’1 vV =—

= J’k(sinx +2c0sX + 3)+ p(cosx —2sinx) + v
Sinx+2cosx +3

dx

Ccos X —2sinx
sinx+2cosx +3

:I=kIdX+uI dx + v

J s ro0sxs3 @
sinx +2cosx + 3 X

= I=1x+pulog|sinx+2cosx+3[+vI

1
where 1, = Isinx+2003x+3 dx
Putti . 2tanx/2 _ 1-tan?x/2

UtIng, S X = an?x/2° %% T 1 an?x/2°

we get

1
II_I 2tanx/2  2(1-tan®x/2) dx

> + > +3
1+tan“x/2 1+tan“x/2

_J‘ 1+tan® x/2 d
~ Jotanx/2+2-2tan?x/2+3(1+ tan?x/2) 1

3 J’ sec?x/2 .
tan?x/2+2tanx/2+5

. X 1 , X _
Putting tan 5 =tand 5 Sec’ 5 dt or

2

X
sec” o dx =2 dt, we get

_J‘ 2dt
L= t? +2t+5
dt 2 t+1
= - 5 A = — -1 - = -1
2 I(t+1)2+22 > tan [ 5 j tan

tan> +1
2
2
Hence,1=2x +plog|sinx+2cosx+3|+vtan!

tan5+1
2

5 +C

6 3 8
where L = Y = andv=— 5
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dx Some integrals of different expressions of e*
Ex.32 Evaluate: _[ % X
1+ 3cos”“ x . ae
. . @ j b + ce* [pute™=1]
Sol. Multiply Nr. & Dr. of given integral by sec’x, we get
1
sec xdx 1 tanx (i) J.‘I+ e o
= I = tan‘1 5 | T C o o
tan” x + 4 [multiplying and divide by € * and put e * =t]
dx
Ex.33 Evaluate Im
[multiplying and divide by ¢ * and put e ™* =t]
2
Sol, 1= [ S0 X & [multiply and divided by ¢*]
sec” x+3tan” x
L . . _e X f'(x)
Dividing Num' and Den’ by cos® x e’ e { form}
(Dividing yeos ) ) I e re f(x)
sec? x dx . ..
- .[ T tnix % tan' (2 tan x) + ¢ [multiply and divide by ]

(vii) j( 1o J [integrand = tanh* x|

@ j asinx+b’ 3
e™ +
(viii) j( ] [integrand = coth? x]
Gl Premrt :
acosxr (ix) jmdx [integrand = sech’x]
i) | , [t ok [integrand—* cosech’
asin x+ b COoS X x) (e —e )2 [integran 4 ©0OS¢eC X]
1
N |————d
(iv) ,[ : &) '[(1+ e*)(1-e™) "
asmx+bcosx+c . ..
[multiply and divide by e* and put e* =t]
For such types of integration first we express them 1
in terms of tan x/2 by replacing (xi) .[ o dx [multiply and divide by ¢ ]
2 tan x/2 1—tan® x/2 ;dx . . . o
e AL - Al Itiply and divide b
sinx =" 5 and cos x T+ tanZx/2 and (XIH)I [14 e [multiply and divide by ¢ ]
— 1
the put tan x/2.=t. aiv) | 5% [multiplyanddivideby ]
Exam 1 : .
SolvediExanples (xv) _[ Jaer 1 dx [multiply and divide by /2¢x/2]
Ex.34 j5+4cosx (xvi) .[\/1—e"dx [integrand = (1—¢)/\[1_e* ]
Sol. J‘ dx - J‘M (xvii) .[ 1-eXdx [integrand = (1 +¢*)/ /11 e* ]
5.4 1-tan?x/2 9+tan” x/2
1+tan’®x/2 (xviii) .[Vex -1 dx [integrand = (e*— 1)/ yJe* 1]

21,[ 4 tanx/2 ) e’ +a )
=2zt =5 e (i) || S5 9% [integrand = (¢* +a)/ J6? a? ]
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1
cos? x

Solved Examples Ex.38 Evaluate: _[ (sinx)""® (cosx) " "* dx
1
Ex.35 '[ - dx 17
© - Sol. Here m+n = 373 =—2 (anegative integer)
Sol. Here 1 = I dx
eX -1
x sinx)"3(cosx)7/3dx = |(tanx)"?
= Li{x dx =log (1-e")+C I( )7 (cosx) I( )

dx {puttanx =t = sec’x dx=dt

Ex.36 [Ve*—1dx {p )
_[+13 40 _ 3 _ 3

Sol. Here Iz'[ e’ —1dx = _[t dt = " t3+C = 2 (tanx)**+ C

'[ e* —1 dx '[ e’ dx '[ 1 dx | L td
- B . . | sin® xcos® x dx

= I Jex 1 [oX _1 [e* _1 Ex.39 Evaluate _[

Let e*— 1 =t2, then e* dx = 2t dt )

Sol. 3 jsinz 2x(1+ cos2x)dx

2
c1=2 Jat-[57dt —o 2tan 9+ C

= Z[Vex—1—tan’1\/ex—1}+0 - % '[sin22x dx + % jsin22x cos 2x dx

Integration of type Isin”‘x.cos”x dx ] ) sin® 2x
= — I(‘I —Cc0s4x) dx + —

Case -1 16 16 3

If m and n are even natural number then converts
. . . . . 3

higher power into higher angles. _ X sindx L sin 2x e

C 16~ 64 48

ase - 11

Ifat least one of m orn is odd natural number then if INTEGRATION OF RATIONAL

m is odd put cosx =t and vice-versa.
ALGEBRAIC FUNCTIONS BY USING

Case - 11
When m + n is a negative even integer then put tan PARTIALFRACTIONS
X=t.
PARTIALFRACTIONS :
Solved Examples

Ex.37 Evaluate: |sin® x cos* x dx _ . .
I defines a rational algebraic function of x.

Sol. Let1= Isins x cos*x dx put cosx =t

= —sinxdx =dt a proper rational function.
- 422 4 - 4 2 4 f X
=1 .[ (1-19)7. ¢ dt .[ (-2t dt If degree of f(x) > degree of g(x) then ﬁ is called
-_ I (t8 —2t% +t*) dt an improper rational function.
fx) . . . . .

9 7 5 9 7 7
B S, SO S C —_ 00X 5 cos'x If g(x) isan improper rational function, we divide

9 7 5 9 7 £(x)
B cos® x L f(x) by g(x) so that the rational function 9(x) is

If f(x) and g(x) are two polynomials, then

f(x)
g(x)

f(x
If degree of f(x) < degree of g(x), then ﬁ is called
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g
expressed in the form ¢(x) + % , Where ¢(x) and

¥(x) are polynomials such that the degree of ¥(x)

f(x
is less than that of g(x). Thus, ﬁ is expressible as

the sum of a polynomial and a proper rational
function.

f(x
Any proper rational function ﬁ can be expressed

as the sum of rational functions, each having a simple
factor of g(x). Each such fraction is called a partial
fraction and the process of obtained them is called

the resolutions or decomposition of 9(x)

into partial

fractions.

f(x
The resolution of ﬁ into partial fractions depends

mainly upon the nature of the factors of g(x) as
discussed below :

CASEI

When denominator is expressible as the product of
non-repeating linear factors.

Letg(x) =(x—a)) (x—a,) ....(x —a ). Then, we
assume that

f(x) A Az An
= + +o. +
a(x) X —ay X—ay X—a,
where A, A, ...... A_are constants and can be

determined by equating the numerator on R.H.S. to
the numerator on L.H.S. and then substituting x =

8,85, e a .

Sol. We have,

Solved Examples
Ex.40 Resol X jnto partial fract
X. esolve ~3 o7 q1x_g [ntopartia actions.
3x+2 3x+2

X —6x2+11x -6 (x=1)(x—2)(x-3)

3x+2 A B C
= + +
Let S —2x=3) ~ x=1 " x-2 © x_3"

Then,

3x+2
= (x=1)(x-2)(x-3)

A(x=2)(x=3)+B(x-1)(x-3)+ C(x - 1)(x - 2)
(x=N(x-2)(x-3)

= 3x+2=Ax-2)x-3)+Bx-1)(x-3)+
Cx-1)x=2) .o (1)
Putting x-1=0orx=11n (i), we get

S5=A1-2)(1-3)> A= g

Putting x-2=0or,x=21n(i), we obtain
8=B(2-1)(2-3)=>B=-8.

Putting x-3=0or,x=31n(i), we obtain
1=C(3-1)(3-2)=C= %

3x+2 _ 3x+2
X3 —6x2+11x—-6  (Xx=1)(x—2)(x-3)

Note : In order to determine the value of constants in

the numerator of the partial fraction corresponding
to the non-repeated linear factor (px + q) in the
denominator of a rational expression, we may
proceed as follows :

Replace x by — % (obtained by putting px + q=0)

everywhere in the given rational expression except
in the factor px + q itself. For example, in the above
illustration the value of A is obtained by replacing x
. 3X+2
by 1 in all factors of (x—T)(x—2)(x—3) except
(x—1)ie.
3x1+2 5

T (1-2(1-3) " 2

Similarly, we have

3x2+1 3x3+2 11

23 M C-Geg 2

B:
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Solved Examples Solved Examples
x® —6x2 +10x -2 . . . 3x-2 . .
Ex.41 Resolve 2 5r 16 into partial fractions. Ex.42 Resolve (x—12(x+ 1)(x+2) into partial
Sol. Here'the give‘n ‘ﬁ%nction is an improper rational fractions, and evaluate .[ (32’( —2)dx
function. On dividing we get (X =17 (x+1)(x+2)
3x -2
x3 —6x% +10x -2 (-x+4) . Sol. Let >
2 5r16 _X_1+—(x2—5x+6) ........... (1) (X =D (x+1)(x+2)
0 -x+4  -x+4 _ A Lz As Aq
wehave, ~ 7 8 T (x—2)(x-3) x-1 (x=1) x+1  x+2
= 3x-2=A x-1)x+1)E+2)+A (x+1)
_ x+4 A B x+2
So, let (x—2)(x-3) _ X_2+X_3,then ( ) 2 2 .
RV ) A (X1 (x+2)+A, (x— 12 (x+ 1) oo (i)
“XHA=AR=)HBE-2) s (i) Putting x—1=0or,x=1in (i) we get
Puttingx—3 =0 orx =3 in (i1), we get y
Putting x —2 =0 orx =2 in (ii), we get Putting  x+1=0or,x=-11n (i) we get

2=AQ-3)=A=-2 SS=A (2P (142 A=

= _;()ZLX4 5= _22 N 13 Putting x +2 =0 or, x =—2 in (i) we get
— — X — X -

8

-8=A,(3) (-1)=A,= ¢

3 2 4 4 9

Hen X" —6x“+10x-2 1 2 . 1 N . ffici fr hs
onee T e 6 X ~—2  x_3 ow equating coefficient of x° on both sides, we

get0=A +A, +A,

CASE Il 5 8 13
. . . A=A _A=2_2°>2_2
When the denominator g(x) is expressible as the =N 374 4 9 36
product of the linear factors such that some of them
are repeating. -2
1 1 (x=1)?(x+1)(x+2)
Example 0y = (x—a)(x—a,)(x-a,)......(x-a,) 13 1 5 8
this can be expressed as T 36(x—1) | B(x—1)2  4(x+1)  9(x+2)
A A A
e el T ey T Gy dhence [y as
x-a @ 2) andhence J o 12(x+1)(x +2)
B, B, B,
+ Tt +
(x—ay)  (x-ay) (x-a,) mix—1] 1 5/ X+ 1)+ 8 m|
. =5~ mx—1|- — — /nx = /nx
Now to determine constants we equate numerators 36 6(x-1) 4 9
on both sides. Some of the constants are determined +2|+C

by substitution as in case I and remaining are obtained
by equating the coefficient of same power of x.

The following example illustrate the procedure.




Indefinite Integration

CASE 111 CASE 1V
When some of the factors of denominator g(x) are When some of the factors of the denominator g(x)
quadratic but non-repeating. Corresponding to each are quadratic and repeating fractions of the form
. 5 .
quadratic factor ax* + bx + ¢, we assume partial { Ao(2ax +b) | A,
. Ax+B ax?+bx+c ax?+bx+c
fraction of the type —>———, where A and B
ax” +bx+c
are constants to be determined by comparing A,(2ax +b) . A,
coefficients of similar powers of x in the numerator (ax2 tbx+ 0)2 (ax2 L bx+ 0)2
of both sides. In practice it is advisable to assume
partial fractions of the type { Age s(2ax+b) | Ay }
Tt + K
2 2
A(2ax +b) N B (ax +bx+c) (ax +bx+c)<

ax? +bx+c  ax?+bx+c

The following example illustrates the procedure The following example illustrates the procedure.

Solved Examples Solved Examples
2x—1 44 e —22 ial fracti
Ex.43 Resolve ;- 2 . into partial fractions and Ex.44 Resolve (x =1)(x* +1)2 into partial fractions.
(x+1)(x° +2)
2% —1 2x-3 A Bx +C Dx+E
evaluate | e 12 & Sol. Let (L @12 ~ %1 T a1 T 12
Then,
Sol. L _2x 1 A, BxeC Th 2 2 2
ol. Let D2 +2)  xa1  x2a2 en, 2x-3=AX>*+1) +(BX+C)(X—1)(X +1)+
(Dx+E)(x—-1) ... (1)
2x-1_ A(x®+2)+(Bx+C)(x +1) Putting x = 1 in (i), we get— 1 =A (1 + 1)
(x +1)(x? +2) (x +1)(x% +2)
X 1=A(+2)+ (Bx+C) (x+1) ..() :>A=—%

Puting  x+1=0or,x=-1in (1) Comparing coefficients of like powers of x on both
weget—3=A(3)=>A=-1 side of (i), we have

Comparing coefficients of the like powers of x on A+B=0,C—-B=0,2A+B-C+D=0,

both sides of (i), we get

A+B=0,C+2A=-1andC+B=2

C+E-B-D=2andA-C-E=-3.

-1+B=0,C—-2=—1 (PuttingA=-1) PuttingA=—% and solving these equations, we get
= B=1,C=1
B= 1 =C,D= 1 and E= S
2x-1 _ 1 X +1 4 ’ 2 2
(x+DXZ+2) T x+1 " x24+2 2x-3 B -1 X +1
j o% 1 TN AE T Ax-1) T apd )
Hence T2 . dx
(x+1)(x“+2) X+ 5
X 2(x? +1)?

1 1
= _ —_ 2 e -1
,€n|x+l|+2,€n|x +2|+\/§tan \/§+C




Indefinite Integration

2X

Ex.45 Resolve into partial fractions.

x3 -1

2X
(x=1N)(x2 +x+1)

2
Sol. We have, = =

x3 -1

A Bx+C
(x—1)(x2+x+1)_x—1+ 2 - Then,

2x=AX*+x+1)+Bx+C)(x-1)
Puttingx—1=0or,x=11in(i), weget2=3 A

So, let

2
=A= 3

. . 2
Puttingx=01n (1), we get A—C=0=C=A= 3
Puttingx=—11n (i), we get—2=A+2B-2C.

2 2
:>—2—§+2B §:>B——§
2x 2 1 . (—2/3)x+2/3 or 2X
x?-1 37 x-1 X% +x+1 x* -1
2 1 2 1-x
3 x-1 3 x“+x+1
Integration by Parts

Ifu and v are the differentiable functions of x, then

ju.v dx = u jvdx- j[(%(u)j (jvdx)} dx.

i.e. Integral of the product of two functions

= first function x integral of second function —
J [derivative of first) x ( Integral of second) ]

(i) How tochooseIst and IInd function : If two functions
are of different types take that function as Ist which
comes first in the word ILATE, where I stands for
inverse circular function, L stands for logrithmic
function, A stands for algebric functions, T stands
for trigonometric and E for exponential functions.

(ii) For the integration of logarthmic or inverse
trigonometric functions alone, take unity (1) as the
second function

Solved Examples

Ex.46 Evaluate '[ x2e*dx

Sol. 1= Ixzexdx =x2e* — _[2x.e"dx

=x*e*—-2[x.e*— _[ 1.6*dx ] (taking x as first function)

=x%e¥ — 2xe* + 2e¥+ ¢

Ifthe integral is of the form jex[f(X) +f'(x)] dx then

by breaking this integral into two integrals, integrate
one integral by parts and keep other integral as it is,
By doing so, we get -

jex[f(x)+ f'(x)]dx =e*f(x)+c

Solved Examples
Ex.47 Evaluate j e* (sinx + cos x)dx

Sol. 1= j e* (sinx +cos x)dx
This is of the form
J- e* [f(x)+f'(x)] dx=€e*f(Xx)+c =¢*f(x)+¢

Now here f(x) =sin x o= e*sinx+c¢

Ifthe integral is of the form _[ [x f'(x)+f(x)] dx then

by breaking this integral into two integrals integrate
one integral by parts and keep other integral as it is,
by doing so, we get

J.[x f'(x)+f(x)] dx = xf (x)+c

Solved Examples

Ex.48 Evaluate _[(X sec? x + tan x) dx

Sol. Here 1= -[(X sec? x +tan x) dx = J.[x f'(x) + f(x)] dx

where f(x)=tanx =xf(x)+c¢c =x.tanx +¢
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Integration by Parts :

()

(1)
(1if)

Product of two functions f(x) and g(x) can be
integrate using formula :

[ 6x)) dx

=100 [(gt)dx — J[ 100 [lax) ox | ox

when you find integral _[ g(x)dx then it will not contain

arbitarary constant.

'[g(x)dx should be taken as same at both places.

The choice of f(x) and g(x) can be decided by ILATE
guideline.

Ex.50 Evaluate: _[ x (n(1+x) dx

Sol. Let1= _[x /n(1+x) dx

2 2
X 1 X
+ 2 |— 2
=/m(x+1). 1 2 dx
x? 1 ¢ x?
=_—_/mxx+1)-- |— d
2 (x ) 2-[x+1
2 2
X 1 x“-1+1
S m(x+1) 2] - dx

2 2

X 1 x< -1 1

7,€n(x+l)—5'[(x+1 X+1de
2

1 1
Cmxr -5 j[(x—mmj dx

| x

X2

1 X—2—X+(n|x+1|
_7,€1’1(X+1)—E 2 g +C

the function will come later is taken an integral Ex.51 Evaluate: J‘ e2*sin3x dx

function (g(x)).

Inverse function
Logarithmic function
Algebraic function

I -

Trigonometric function

m 3 »

N A

Exponential function

Solved Examples

Ex.49 Evaluate: _[ xtan~"x dx

Sol. Let1= jxtan’1 x dx

2 1 X2
=(tan'x) — — —d
( X) 2 1+ %2 2 X
2 2
X 1 rx“+1-1
=" tan'x— = d
2 2 -[ x? +1

Sol. Let1= j e?*sin3x dx

_cos 3x ox [ _COs 3x
=ex _[ 2e dx

2
e*™ cos 3x + 3 Iezx cos3x dx

2 | oy SIN3x ox SIN3X
Z e T——" - |2e*7"—"dx
e cos3x+ 3 { 3 I 3 }

1 2 . .
=——e* cos3x+ —e* sin3x— Iezx sin3x dx

3 9

©o|n

N

1 2
—_ — a2 Z A2X ot o
=1 3 © cos3x+ge sin 3x 91

4 eZX
=1+ - 1=

(2 sin 3x — 3 cos 3x)

9
13 e
= 5 I= ° (2 sin 3x — 3 cos 3x)
2x
= 3 (2sin3x—3cos 3x) +C
Note :

() | e[fx) + /(0] dx=e f(x) + C
(i) | [fx)+xf"(0)] dx=x f(x)+C
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. X
Ex.52 Evaluate: je —(x+ 12 dx

Sol. Given integral = [¢* = ¢
ol. Given integral = (x 212 X

[x 1 1 e
- je ((X+1)_(x+1)2j =G T

1
Ex.53 Evaluate : jex [ Smxj dx
1-cosx

1-2sin X cos X
2 2

Sol. Given integral = |e" dx
g I 23in25

X
—j [ cosec ——cot—j
2

X
dx =—e"cot§ +C

Ex.54 Evaluate: j{ﬂn (fnx) +

Sol. Let1= I{En (fnx) +
{put x=¢' =  edt}
N 1 _ [at 1.1 1

L I= J.e [fnt+t—2 dt = J.e [,mt_rri_,_t_zj dt

— [,ent -%j +C =x {en (¢nx) _L} +C

/nx

Integration of type

J‘ X +1

Z+KE+ 1 dx where K is any constant.

1
Divide Nr & Dr by x> & put x F ” =t.

Solved Examples
1_x2
Ex.55 Evaluatezj %dx
T+ X2 +X
1
1—— | dx
o )
Sol.LetI=J%dx =—J. X1
T+ x° +Xx x2+—2+‘|
X
1 1
{putx+ — =t :[1——2jdx=dt}
X X
dt 1 t-1
x+1—1
1 X
2 m x+1+1 C
X

1
Ex.56 Evaluate: I 2
X
Sol. We have,

2, 1 2 1
X +? X +F
1+i2 1—%
_lj X< X d
20,1 e 1 *
x? x?
1 1
1+ — 1-—
_ 1 X2 1 X2
_E'[X2+1 dx E'[X _,_i dx
x? x?
1 1
1 x 1 x?
2 ( IERN
— X+—| -2
X X
1 . 1 .
Puttmgx—; —umlstmtegralandx+;=v1n

2nd integral, we get

1f—9u__ g [__9 _
=EIU2( _Ejvz-(\/_)z

|V \/_|+C
22 M |vi2|

5 (%J ‘5

1 1 |x+1/x V2

ﬁml( \/_J 42 m|x+1/x+«/_ +C

1 x% -1 1 |x —2 x+1
zﬁtan_l(\/ixJ 442 m|x +xv2 +1 tC




Indefinite Integration
Integration of type Integration of type
dx dx 1
OR | : dx 1
J‘(®<+_q\/o><+o (aX2+bX+C) \/px+q I ’ plltaX‘i'b—t’
Puth+q=t2. ((®<+-Q\/Q>g + OX+ -
Fvws :
Solved Examples (ok +9 /ot +c’ putx=7y
I 1
Ex.57 Evaluate : (x—3)x+1 dx Solved Examples
1
Sol. Let1= I(X_,o,)—xm dx {Put x+1=¢ Ex.59 Evaluate I dX2
L dx=2tdt) (><+‘I)\/x + X+ 1
dx
1 2t Sol Let1=
§ IZIMF&[ '[(><+‘I)\/x2+x+‘|
DY TP L : 1
= 1= t2_22 _2-2(2) /m t+2 +C {putx+l=¥ = dX=—t—2 dt}
_ 1 Vx+1-2
= I—Em X142 +C. _dt —dt
] |
2 1 1
- CIEER s
Ex.58 Evaluate: (2 + 3% + Bpx i1 dx L t) Vit t
o - '[\/tz—t+1
Sol. Let 1= I(x2+3x+3)Jx+1 dx
Putting x + 1 =t2, and dx =2t dt, =.[ 'V 3 —Mm t—5+ [t—Ej *7 +C,
| (t2 +1) 2t dit (t‘zj 2
weget 1= e g2 302 —ny+api?
1 wheret=L
2 1) .[ 1+?2 x+1
(t“ +
=2 J.ﬁ dt=2 — 1 dt B S
Ex.
t* +t% +1 t2+t7+1 x.60 Evaluate.[(HXz)W
1 1 1
{putt—Y=u} Sol.Putx=I = dx——t—2 dt
.[ dt
du 2 u = =0 ez 1
— T oy — — 1 —
2Iu2+(\/§)2 \/gtan (\/g}‘i—c
1 {put t*— 1 =y*= tdt=ydy }
2 _t y dy 1 y
= T — _1 f A = = - —

1 RS
—Etan {\/Ex JJrC
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Integration of type

j /;;‘ dx or [ Jox - @) (B - %) dx;

put x = o cos?0 + 3 sin’0

J‘ x-; dxor'[ Jx - ) (x - p)dx;
\x -

put x = a sec’0 — [ tan?0

dx )
I\/(X-G)(X-B)’

putx —a=ttorx — =t

Reduction formula of Itan”x dx ,Icot”x dx |

b

Isec”x dx Icosec”x dx

1. 1= J.tan”xdx = J.tanzxtan”’zxdx
= I(secz x—1) tan" 2x dx
n-2

= 1= Iseczxtan”’zxdx 1

_ tan"'x
" n-1

=1 n>2

T he2 0
2. 1= Icot”xdx = Icotzx.cot”’zxdx
= I(coseczx —1)cot™? xdx

1 = J.coseczxcot”’2 xdx —1
n n—

cot" " x
=1 =-
n n-1

3. 1= Isec”xdx = Iseczx sec"? x dx
n

= I =tanx sec" X — _[(tanx)(n -2) sec" *x.

secx tanx dx.

= I =tanx sec" X —(n—2) I(seczx— 1)

sec” 2x dx

= (n—1)I =tanx sec™ x +(n—2)1

_ tanxsec"?x
" n-1

4 n=2 I
n-1 n-2

4., 1 = jcosec”x dx = jcoseczx cosec’2x dx

n

= I =—cotx cosec" X + I(COtX)(n -2)
(= cosec*x cosec x cot x) dx

_ 2 -2
= —cotx cosec” *x—(n—2) jcot xcosec™ “x dx

= 1 =—cotx cosec" ’x — (n —2) _[(COSGCzX -1)
cosec" 2 x dx

= (n—1)1 =—cotxcosec" *x+(n—2)1

_ cotxcosec"?x

T 0o

n-2 |
n-1 n-2

Solved Examples

Ex.61 Obtain reducation formula for [ = _[ sin"x dx.

Hence evaluate '[ sin*x dx

Sol. 1,= | (sinx) (sinx)" ! dx
II 1

=—cosx (sinx)"'+(n—1) _[ (sin x)™? cos’x dx

=—cosx (sinx) + (1) [ (sinx)" (1 —sin’x) dx
I =—cosx (sinx)™'+(n—-1)1_,—(n—1)1

cosx(sinx)™" | (n-1)

I =— + >
=1 - — L (n>2)
cosx(sinx)® | 3
H [ =———"1 + —
encel, 4 2
_ cosx(sinx) +lx
X[ +C




