Application of Derivative

Application of
Derivative

DERIVATIVE AS A RATE MEASURE" Ex.2  Onthe curve x* = 12y, find the interval of values
The meaning of differential coefficient can be

interpreted as rate of change of the dependent
variable with respect to the independent variable,

of x for which the abscissa changes at a faster rate
than the ordinate?

d Sol. Gi 3 =12y, differentiati ith tt
for example & is the rate of change of y with enx v, CHICTCTHATNG WIR TESpectioy

dx
ttox. Similarly % and = et t 3x2dl=12
respect to x. Similarly - - and ~ - etc. represen dy
the rate of change of volume and surface area w.r.t.
time. dx_ 12
Cdy 3%
Solved Examples oo

Ex.d Displacement ‘s’ of a particle at time “t’ is The interval in which the abscissa changes at a faster

. rate than the ordinate, we must have
expressed as s = Et — 6t find the acceleration at

the time when the velocity vanishes (i.e., velocity . LI or 1214
tends to zero). dy 3x*
1
Sol. s = —t* —6t
2 4 4—x’
or — >1 = 3 >0
X X

ds (3t
Th loci =—=|—-6
us velocity, v dt ( > j
= x e(-2,2) - {0}.

and leration, a = dv_ d_zs =
acceleration, €= dt  dt? Thus x e (-2, 2)— {0} is the required interval in

2

) ) which abscissa changes at a faster rate than
Velocity vanishes when - 6=0

the ordinate.
= =4 = t=2

Thus acceleration when velocity vanishes is
a=3t =6 units.




Application of Derivative

THE DERIVATIVE

GEOMETRICALINTERPRETATION OF I' EQUATION OF TANGENT "

()

(1)
(1if)

If y =1f(x) be a given function, then the differential
coefficient f' (x) or % atthe point P (x,,y,)is the

trigonometrical tangent of the angle v (say) which

the positive direction of the tangent to the curve at P

dy

makes with the positive direction of x- axis (&J ,

therefore represents the slope of the tangent.
Thus

-2

y

=tan y
(X4,¥1)

The inclination of tangent with x- axis.
o (Y
=tan ( dx)
d
Slope of tangent = =

dx
Slope of the normal =— dx/dy

Solved Examples

Ex.3 Find the following for the curve y? = 4x at point

Sol.

2.-2)

(1) Inclination ofthe tangent

(i1) Slope of the tangent

(iif)Slope of the normal

Differentiating the given equation of curve,

we get dy/dx =2/y=-1 at (2,-2)

so at the given point.

(i) Inclination of the tangent = tan1(—1) = 135°
(i1) Slope of the tangent =—1

(ii1) Slope of the normal = 1

(a) Equation of tangent to the curve y=f(x) at

AXpypis

_ (9
y_YI - (dx)(x1vY1)(X_Xl)

(i) If the tangent at P (x,y,) of the curve y = f(x) is
parallel to the x- axis (or perpendicular to y- axis)
then ¥ =0 i.e. its slope will be zero.

dy)
ne(®) o
dx (X1,y1)
The converse is also true. Hence the tangent at
(x4,yy) is parallel to x- axis.
d
= (_y) =0
dx (X1,y1)

(i) Ifthe tangentat P (x,y,) of the curve y=1(x) s
parallel to y - axis (or perpendicular to x-axis) then
y=1/2 andits slope will be infinityi.e.

(&)
m-=|—— = oo
dx (x1,¥1)
The converse is also true. Hence the tangent at
(x{,yy)is parallel to y- axis
#), -
~ Lox (X1.y1)

(i) Ifatany point P (x,, y,) of the curve y = (), the
tangent makes equal angles with the axes, then at
thepoint P, w=n/4 or 3n/4 ,Hence atP, tan y =
dy/dx = £ 1. The converse of the result is also true.
thus at (x,,y,) the tangent line makes equal angles
with the axes.

d
-3,
X (X1,y1)
Solved Examples

Ex.4 The equation of tangent to the curve y2 = 6x
at(2,-3).

(A)x+y—-1=0 B)x+y+1=0
CO)x—-y+1=0 D)x+y+2=0

Sol. Differentiating equation of the curve with respect

. (2) 2
dx " ldx),, -3
Therefore equation of tangent is
y+3=—(x-2) =x+y+1=0 Ans.|[B]

tox 2y -1




Application of Derivative

Ex.5 The equation of tangent at any of the curve
x =at?,y =2atis -

(A)x =ty +at? (B)ty+x+at2=0

(C) ty=x +at? (D) ty=x +at?
2
Sol. dy/dx = (dy/d/(dx/d) = 5 o = %

- equation of the tangent at (x,y) point is
(y—2a0) =y (x~af)
= ty=x +at? Ans.[C]

Ex.6 The equation of the tangent to the curve
x% (x—y) +a2 (x +y) =0at origin is-
A)x+y+1=0 B)x+y+2=0
OC)x+y =0 (D)2x-y=0

Sol. The given equation of the curve is
x> -x2y +a’x+aly=0
Differentiating it w.r.t. x
3x% - 2xy — X2 %-i- a? + a’. %= 0

—x2 %wLaz. dx =— 3x2+2xy — a2
Now at origini.e.x=0,y=0

- a2 (1 +dy/dx)=0

~dy/dx=-1

-. the equation of tangent is

y-0=—1x-0)y=—x=x+y=0 Ans.[C]

X2 2

Ex.7 Ifatangentto the curve 2z + Z—z =l is parallel

to x- axis, then its point of contact is-

(A)(a,0) (B) (0,-b)

(©) (0, +b) (D) (+a,0)
Sol. Differentiating given equation, we have

& b

dx azy

Iftangent is parallel to x—axis, then

b2x
dy/dx =0 = —a—2y=0 =x=0.

Thus from the given equationy= +b
- required point= (0, + b) Ans.[C]

Ex.8 For the curve xy =c?, prove that the portion of the

tangent intercepted between the coordinate axes is
bisected at the point of contact.

Sol. Let the point at which tangent is drawn be (a., B)

on the curve xy = c.

dy B
= (d_xj(a,g) :_a Thus, the equation of tangent is,

y-p=- %(X—G) = ya-af=-xB+ap

X 'y
= xBf+ya=20p = Z+2—B_l

It is clear that the tangent line cuts x and y-axis at
A(2a,0)and B(0, 23 ) and the point (a., ) bisects
AB.

LENGTH OFINTERCEPTS MADE ONAXES
BY THE TANGENT

Equation of tangent at any point (x, y ) to the curve
y=1(x)is

dy
y=y1= (&J( )(X—Xl) (1)
X1,¥1
Equation of x- axis, y=0 .(2)
Equation of y—axis, x =0 ...(3)
Y1
Solving (1) and (2), we get. x=x, — (d)/)
dx (X1.y1)
Y
B
P (x1y1)
o A X
. Y1
- X—Intercept= OA=x,— W
dx (x1,y1)

Similarly solving (1) and (3), we get y—intercept




Application of Derivative

Solved Examples Sol. The given equation of curve is
y=2x2+3x-2
Ex.9 Thelength of intercepts on coordinate axes made dy
by tangent to the curve - dy/dx=4x+3 . (&)(1 3): 41+3=7
Jx* .y = Ja atthepoint P (x,,y, ) are- Now OA = 1-3. (1/7)=4/7and OB = 3— 1.7 =4
(A) Yax;, yJay; (B) Va, va - required length of intercepts are 4/7, 4
©) \/x_1 , \/ﬁ (D) None of these Here negative sign shows that tangent cuts the
Sol. Jx+ Jy=Va y- axis below the origin. Ans.[C]
S ( dy J Iy LENGTH OF PERPENDICULARFROM ¢’
O\ )™ ORIGIN TO THE TANGENT ‘

The length of perpendicular from origin (0,0) to the
tangent drawn at the point (x;, y;) of the curve

X — intercept = x| — N
d
) on (2]
y=1x) p=—=
1+ (dy)
TXL T = (‘/X_1 +\/;1) Explanation : &
axy Coxi T 4y1 = Ja) The equation of tangent at point P (x, y;) of the
dy
. y . _| =L
and y —intercept =y, — X, [‘ x:] grvencurve y=N7 (dXJP (x—xy)
p =perpendicular from origin to tangent
=Y T VX Y = 4Jayy
Second Method : Equation of tangent at (x;, y,) Vi—X, (dy)
- | e
y—yl——f(x—xl) 1+(dy)
dx
X—
= \/y_y1 + \/x_ =0 Ex.10 The length of perpendicular from (0,0) to the
1 1 tangent drawn to the curve y2 = 4 (x+2) at point
(2,4) is-
X y
= F + F = \/X_1 + \/y_1 1 3
1 1 —_ -
(&) 75 B) /5
=+ =1 © = D)1
vaxq vays V5 g
Obviously x —intercept = /ax Sol. Differentiating the given curve w.r.tx 2y. d_ii =
and y —intercept = ,/ay;, Ans. [A] atpoint (2,4), —~=1/2
Ex.10 The length of intercepts on coordinate axes made
by tangent to the curve y=2x2 + 3x 2 at the point yox W s ( 1 )
(1,3) are- .. =—1 _ ox Cp= —n2) =iA C
. p 2 =P 1 75 ns.[C]
(A)4,-4/7 (B)-4/7,4 1+ (dy) le 1
d 4
(C) 4/7,—4 (D)4/7, 4 -




Application of Derivative

EQUATION OF NORMAL " Solved Examples
The equation of normal at (x, y;) to the curve Ex.11 The equation of normal at (1, 6) to the curve
y=1(x)is y=2x2+3x+11is-
; (A)x+7y—43=0 B)7x+y-43=0
y-y)=- dy—(x_xl) (C)Tx+y=0 (D) None of these
(dx)( \ Sol. From the given curve
X1,¥1
_ 4x +3
dy ( )=0 dx .
or (y-yy) - (—) (X=X = ( YJ (dx] 1
dx .= = = _ ===
(X1YY1) s dX (1’6) 4.1 + 3 7 = dy 7
. . 1
Some facts about the normal -. The equation of normal is y—6=— 7 (x—1)
(i) The slope of the normal drawn at point = x+7y-43=0 Ans.[A]

P (x1uy1) to the curve y= (x) = — ( dx j Ex.12 The equation of normal to the curve
Y1 Y Y iy y=x+sinxcosxatx=mn/2is-

(11) Ifnorma'l makes an angle of ¢ with positive direction (A)x=1/2 (B)y=n/2
of x—axis then
q C)x+y=n/2 (D)x-y=n/2
d
—d—;(=taneor d—i=—00t9 Sol. Atx=n/2,wegety=mn/2
(i) Ifnormalis parallel to x—axis then So the pointis (n/2,n/2)
Now the equation of curve y =x + sin X. cos x
o Fo o !
dy dx _ Y _icos2x-sin?x  =1+cos2 x
(iv) Ifnormalis parallel to y —axis then dx
dy)
d . (_ = — =
—(d—;]=°°0r %=0 N S I=1=0
(v) Ifnormalis equally inclined from both the axes or . slope ofnormal =c ... The equation of normal
cuts equal intercept then = (y—n/2)=— %(x _ g )= x= g Ans.[A]
dx dy
- (d_yj =zlor (dxj =zl Ex.13 The length of perpendicular from (0,0) to the
(vi) The length of perpendicular from origin to normal is normal drawn at point (1,6) to the curve
y=2x%+3x+1is-
q (A)1 B)1/2
y
X1+ Y (dx) (C) 43/ 50 D) 1/6
P ==
1+ (dy)z d
dx X1+ Yy (dzl()
(vii) The length of intercept made by normal on Sol. -; P'= ————
.. dy 1+ (dy)
X-axi1s1s =X Ty gy dx
and length of intercept on y - axis is Since dy/dx =7
dx
— =2 1+6.7 43
it Xy ( ] ~P= = = Ans.[C
dy J1+49  J50 €]




Application of Derivative

Ex.14 The abscissa of a point where the normal drawn
to the curve xy = (x+ c) makes an equal intercept
with coordinate axes is-

<
V2
(D) +V3¢

(A) ++2¢ (B) +

(C)igc

Sol. Differentiating the given curve w.r.t. x

x%-i- y=2(x+c)

dy 2(x+c)-y

Sk x

C2(Xq+C)-yy
X1

and x;y; =(x; + c)?

1

(x; +¢)?

2(Xq+Cc)——"—

= N |
X1

2 x12 +2CXy —x12 —2CK, —6>
= 2
X4

= +1

2 2
X, —c
= — ==*1
X4

:>X12_C2= inz :>X12_C2=X12

and 2X12 —c2=0

2

C
AP =S X =t Ans.[B]

Ex.15 The coordinate of a point to the curve

y=x log x where the normal is parallel to line 2x —
2y=31is-

(A)e2,—2¢2 (B)—2¢72, ¢2

(C)e?, e (D) None of these
Sol. Differentiating the equation of line

2—-2dy/dx=0

dy/dx =1

-. slope oftangent=—1
~—1=1+logx, logx=-2 x=¢2
- y=eZ2loge?

y=-2¢2

- pointis (e2,-2¢2) Ans.[A]

Ex.16 Find the equation of normal to the curve
x +y=x", where it cuts the x-axis.

Sol. Givencurveis x +y=x"
atx-axisy =0,
x+0=x° = x=1

Now to differentiate x + y = x¥, take log on both

sides

= In(x +y)=ylInx

. ! l+d—y =yl+(lnx)d—y
X4y dx X dx

Puttingx=1,y=0, we get

dy (dYJ _
1+—=:=0 — | =-1
{ dX} = dx J .0,

-, slope of normal = 1

Equation of normal s,
y—0
:1 = —
1 = y=x-1.

ANGLE OF INTERSECTION OF y

TWO CURVES ‘

Lety=1{(x) and y= g(x) be two given intersecting
curves. Angle of intersection of these curves is defined
as the acute angle between the tangents that can be
drawn to the given curves at the point of intersection.

Let(x, ,y,) be the point of intersection.
= Y =f(x))=g(x)

Slope of the tangent drawn to the curve y =f(x) at

. df
(xl,yl) Le.,m =| 4y .

Similarly slope of the tangent drawn to the curve

. dg
y=gx)at(x,y) Le,m,={ 44
If o be the angle (acute) of intersection, then tan o

C|my om,

I+mm,




Application of Derivative

If o =0, thenm, =m, . Thus the given curves will
touch each other at (x,, y,).

T
If a= 5 then m, m, =—1. Thus the given curves

will meet at right angles at (x , y,) (or curves cut
each other orthogonally at (x, y,)).

Solved Examples

Ex.17 Find the acute angle between the curves
y = [x* — 1| and y = [x* — 3| at their points of
intersection.

K

/3, 0)3 (150)

A

¥ =Ix-1

y =3

Sol.

The points of intersection are (+ V2, 1)

Since the curves are symmetrical about y-axis,

the angle of intersection at (_\/5 1)

= the angle of intersection at (\/5 ,1).

At (2,1),m =2x=2.[p,m=-2x=-2./2.
7 7

1-8

. tanO= O=tan

Ex.18 The angle of intersection between the curves y
=x and y% = 4x at (4,4).

(A) tan™! (%) (B) tan! (%)

© 5 (D)5

Differentiating given equations, we have

dy) _ vy _
(dxl_ 1 and (dsz =2y

dy dy
- at(4,4) dx 1=1 dx 2=2/4= 1/2

Hence angle of intersection

Sol.

11

2
=tan ™! T 1(1) =tan"! (1/3). Ans.[B]

2

2 2

Ex.19 The condition that the curves :—2 — Z—z =]1and

xy = ¢ mutually intersect orthogonally is -

(A)a2+b2 =0 (B) a% =b?
a2
(C)a2-b2=0 (D)b—2=1
Sol. The given curves are
X2 2
z—%=1 (1)
and xy = c2 ..(2)

dy b?x
from (1), ax = a_zy and

dy) _
from (2), dx 2——y/x

(1) and (2) intersect orthogonally if

(&) (&), -1
B

— a2 =Db? which is the required condition .
Ans. [B]

LENGTHS OF THE TANGENT, NORMAL, 4
SUB-TANGENT AND SUB-NORMAL AT
ANY POINT OFA CURVE

Let the tangent and the normal at any point (X, y) of
the curve y = f(x) meet the x-axis at T and G
respectively. Draw the ordinate PM.

Then the lengths TM, MG are called the sub-tangent
and sub-normal respectively.

The lengths PT, PG are sometimes referred to as
the lengths of the tangent and the normal respectively.

Clearly /MPG=vy

Also tany = dy

dx




Application of Derivative

From the figure, we have

(i) Length of Tangent

y < f(x)
P

YA&

y| ¥
\
T M

—
»

X

=TP =MP [cosec ¥ | = | y|+/(1+cot’ y)

T

G

Itis given OP =PN

= dx
dy ’
ryl =y 14| ==
vrefofe]
dy : dy X
2=v2 | = —=t—
= X*=y (dxj = dx y
= ydy = + x dx integrating both sides,

y*= + x*+cis the required family of curves.

Solved Examples

dx
(ij) Length of Sub-tangent=TM =MP |cot\y|=| yd_y |

(iii) Length of Normal =GP =MP |sec v |

_ dy )
= [yla+any =Y {“(&H

(iv) Length of Sub-normal = MG =MP|tany |=| y% |

Solved Examples

Ex.20 Find the equation of family of curves for which the
length of normal is equal to the radius vector.

Sol. Let P(x, y) be the point on the curve.

OP =radius vector = /x> + y2

PN =length of normal

1 Y
Now, tan¢ dy = sin ¢
dx
Y Tange
_“_P(X’ y) Sol.
0(6\%:\‘ ................. >
-------- <7
e 5 ~

Sol.

Ex.21 Find the length of tangent, subtangent,

normal and subnormal at the point  (2,4) of the
curve y% = 8x.

Differentiating the equation of the curve w.r.t. X,
we get

2y % =8 = dy/dx =8/2y = 4y

¢
{441

Therefore at the point (2,4):

4.1+(1)? 4y

length of tangent = —

length of sub tangent=4/1=4

length of normal = 4,/1+ (1)2 =442
length of subnormal =4.1=4

Ex.19 Find the length of tangent, sub-tangent,

normal and sub-normal at the point v of the curve x

=a(o+sin 9),and y=a(l—cos 9).

(ﬂ) _ (dy/de)  asin®
“ \dx)  (dx/de)  a(1+cos 6)
ﬂ _2sinB/2cos 6/2
= dx 2 cos? 0/2
dy g
dx tan 2
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- length of tangent

a (1-cos 8) V1+tan?6/2

tan 6/2

_asin®6/2secH/2 .
B sin /2 —8.5Mm B2

cos 0/2

length of normal

=a (1-cos0) ,/1+tan® /2

=a.2sin? g/2.sec §/2

length of sub tangent
_2(1-cos 0) 2asin® 6/2_ .
tan 6/2 Sin0/2 0
cos 0/2

length of sub normal =a (1—cos ¢ ) tan 9/2 =2a
sin? ¢ /2 tan ¢/2

>
POINT OF INFLEXION ‘

If at any point P, the curve is concave on one side
and convex on other side with respect to x- axis,
then the point P is called the point of inflexion. Thus
Pisapoint of inflexion ifat P,

2 3
% =0, but % 20
Also point P is a point of inflexion if " (x) ={"'(x)
=...=f"(x)=0and * (x) 0 for odd n.

Solved Examples
Ex.20 Prove that origin for the curve y = x? is a point of
nflexion.
Sol. -+ y=x>
dy a0 Py _ o Py
C 3x<, s, 6x, O 6
clearly at (0,0)

d? 3
—z=0and d—z;tO
dx dx

. There is a point of inflexion at (0, 0).

ROLLE'S THEOREM "

If a function f defined on the closed interval [a, b], is

(i) Continuous on [a, b],
(i) Derivable on (a, b) and

(i) f(a)=1(b), then there exists atleast one real number

¢ between a and b (a <c <b) such that f(c)=0

Geometrical interpretation

Let the curve y=f(x), which is continuous on [a, b]

and derivable on (a, b), be drawn.

Y A

f(a) (b)

O x=a x=c¢ x=b "X
The theorem states that between two points with

equal ordinates on the graph of f, there exists atleast

one point where the tangent is parallel to x-axis.

Algebraic interpretation

Between two zeros a and b of f(x) (i.e., between
two roots a and b of f(x) = 0) there exists atleast

one zero of f'(x).

Solved Examples

Ex.21 Letf(x)=x*—3x +4. Verify Rolle’s theorem in

[1,2].

Sol. f(1) = f(2)=2

Now, f'(x) =0 = 2x-3=0

3
= X=2 e(1,2).

Hence, Rolle’s theorem is verified.




Application of Derivative

Ex. 22 Letf(x) =(x—a) (x—b)(x —c¢),a<b <c, show

Sol.

that f'(x) =0 has two roots one belonging to (a, b)
and other belonging to (b, ¢).

Here, f(x) being a polynomial is continuous and
differentiable for all real values of x. We also have
f(a) =f(b) =1{(c). If we apply Rolle’s theorem to f(x)
in[a, b] and [b,c] we would observe that f'(x)=0
would have at least one root in (a, b) and at least
onerootin (b, ¢). But f'(x) isapolynomial of degree

two, hence f'(x) =0 can not have more than two
roots. It implies that exactly one root of f'(x)=0

would lie in (a, b) and exactly one root of f'(x) =0
would lie in (b, ¢).

Remarks:

Let y = f(x) be a polynomial function of degree n.
If f(x) = 0 has real roots only, then f'(x)= 0,
f"(x)=0, ..., f*'(x) = 0 would have only real

roots. It is so because if f(x) = 0 has all real roots,
then between two consecutive roots of f(x) = 0,

exactly one roots of f'(x)=0would lie.

Solved Examples

Ex.23 Prove thatifa_,a,a

Sol.

» &> @, ..., &_are real numbers

4,

a'l a'n—l
such that +;+~~+T+ a, =0 thenthere

n+1
exists at least one real number x between 0 and 1

such thata x"+ax*'+a x*?+..+a =0,
Consider a function f defined as

a a a
O X" x4+ x% 1a x, x €]0,1]
2 n

n+l1 n
f being a polynomial satisfies the following conditions.

fx)=

(i) fiscontinuousin[0, 1]

(ii) fisderivablein (0, 1)

(iii) Since f(0) =0 and f(1) = 0 by hypothesis,
- f(0)=1(1)

Hence there is some x (0, 1) such that ¢/ (x)=0
a,
n+1
= ax"tax"'+...+a _x+a =0

a, . a
— (n+1)x”+;‘nxn 1+...+?I.2x+an:o

LAGRANGE'S MEAN VALUE THEOREM "

Ifa function f defined on the closed interval [a, b], is

(i) Continuous on [a, b] and

(i) Derivable on (a,b), then there exists atleast one real

number ¢ between a and b (a <c <b) such that

f(b)—f(a)

FO="

Geometrical interpretation

The theorem states that between two points A and
B on the graph of f there exists atleast one point
where the tangent is parallel to the chord AB.

Y 4

Solved Examples
Ex. 24 If f(x) and g(x) be differentiable functions in

(a, b), continuous ata and b and g(x) = Oin[a, b],
then prove that

g@f(h)—f@)g(b) _(b-a)g@ g(b)
gOF©-T@g© (g

for atleast one c (a,b).

Sol. We have to prove (after rearranging the terms)

) _f@)
g(b) g(a) _ g)f'(0)-f(c)g'(c)
(b—a) (g(c))’
f(x)
Let F(x)= o(x)

As f(x) and g(x) are differentiable functionin (a, b),
F(x) will also be differentiable in (a, b). Further F is
continuous at aand b. So according to LM VT, there
, F(b)-F(a

exist one ¢ € (a,b) such that F'(c) Z%,

which proves the required result.
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Ex. 25 If the function f: [0, 4] — R is differentiable,

Sol.

then show that, (f (4))*>— (f(0))>*= 8 ¢’ (a) f (b) for

some a,b ¢ (0,4)

Since, fis differentiable = fis continuous also.

Thus by Lagrange’s mean value theorem, a € (0,4)

such that

f(4)-1(0) _f(4)-£(0)
o 1 (1)

Also, by Intermediate value theorem there exists

b (0, 4) such that

f'(a)=

F(4)+£(0
f(b) = % Q)
@iy -0 =00

= (f(4))*— ((0))* = 8f'(a)f (b)
forsomea, b (0, 4).

Ex. 26 Iff(x)is continuous in [a, b] and differentiable in

(a, b) then prove that there exists atleast one

¢ e(a,b) such that f'c) _f(®)-f(a)

3¢ b'-a’
Sol. We have to prove
(b°—a’) £'(c) — (f(b) —f(a)) 3¢*) =0
Let us assume a function
F(x) = (b’ —a’) f(x) — (f(b) — f(a)) x*
which will be continuous in [a, b] and differentiable
in (a, b) as f(x) and x* both are continuous.
Also F(a) =b*f(a) —a® f(b) = F(b)
So, according to Rolle’s theorem, there exists atleast
one ¢ e(a,b) such that, F'(c)=0, which proves
the required result.
MONOTONICITY g
INTRODUCTION

In this chapter, we shall study the nature of a function
which is governed by the sign of'its derivative. Ifthe
graph of a function is in upward going direction or in
downward coming direction then it is called as
monotonic function, and this property of the function
is called Moneotonicity. If a function is defined in
any interval, and if in some part of the interval, graph
moves upwards and in the remaining part moves
downward then function is not monotonic in that
interval.

Increasing Function
f(x) is said to be increasing in D, if for every

X, X, €D,

X, >Xx, = f(x,) > f(x,)

It means that there is a certain increase in the value

e
77

Increasing function

of f(x)

with an increase in the value of x (Refer to the
adjacent figure).

Non-Decreasing Function

f(x) is said to be non-decreasing in D if for every

X,X,eD,,
X, >x, = f(x,) > f(x)). It means that the value of
fx)

would never decrease with an increase in the value

/.,

of x 7 >

Non-decreasing function

(Refer to the adjacent figure).

Decreasing Function

f(x) is said to be decreasing in D,

ifforeveryx, x, €Dy, x,>x, = f(x)<f(x)

it means that there is a certain decrease

N
\\\

Decreasing function

in the value of f(x) with an increase in the value of x

(Refer to the adjacent figure).
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Non-increasing Function

f(x) is said to be non-increasing in D,
ifforeveryx,.x, €D, x, >x, = f(x)) < f(x).
It means that the value of f(x) would

never increase with an increase in the value of x

V'
Non-decreasing function

(Refer to the adjacent figure).

NOTE :

Ifx; <x, = f(x)) <f(x,) VX, X, € D, then f(x) is
called strictly increasing in domain D.

A

Y

>
»

O X
Similarly if x| <x, = f{x;) > {(x,), VX, X, € D then
itis called strictly decreasing in domain D.

A

Y

v

For Example

(i) f(x)=e*isamonotonic increasing function where as

g(x) = 1/x is monotonic decreasing function.

ii) f(x)=x2and g(x) =] x | are monotonic increasin
g g

for x > 0 and monotonic decreasing for x < 0.
In general they are not monotonic functions.

(iii) Sinx, cosx are not monotonic function whereas tan

X, cot X are monotonic.

METHOD OF "IEST]NGMONOTONICIT“V

@

Ex.

At aPoint : A function f(x) is said to be monotonic
increasing (decreasing) at a point x =a of its domain
ifitis monotonic increasing (decreasing) in the interval
(a—h, a+h) where h is a small positive number.
Hence we may observe that if f(x) is monotonic
increasing at x = a, then at this point tangent to its
graph will make an acute angle with the x—axis where
as if the function is monotonic decreasing these
tangent will make an obtuse angle with x—axis.
Consequently f' (a) will be positive or negative
according as f(x) is monotonic increasing or
decreasing atx =a.

A

Y

y<n/2

vy > /2

0 > X

Soatx =a, function f(x) is

Monotonic increasing = f'(a) >0
Monotonic deacreasing = f'(a) <0
The function f(x) = cosx is decreasing at
x =1/3 and increasing at x =4r/3 since
P(x/3)= _y3/2 <0

and f(4n/3)= +4/3/2 >0

(ii) In an interval : A function f(x) defined in the intervel

[a, b] will be

Monotonic increasing =1(x)>0

Monotonic decreasing =f(x)<0

Constant =1(x)=0 vx e (a,b)
Strictly increasing =fx)>0

Strictly decreasing =1"(x)<0
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NOTE :

(i) In the above result f'(x) should not be zero for all

value of x otherwise f(x) will be a constant function.

(i) If in [a, b], f'(x) <0, for atleast one value of x and

Ex.

Ex.

Ex.

Ex.

Ex.

f(x) > 0 for atleast one value of x then f(x) will not
be monotonic in [a, b].

Function f(x) = sin X is monotonic increasing in
[ 0, n/2] because

f(x)=cosx>0vxe(0,n2)

Function f(x) = e is nonotonically decreasing in
[-1, 0], since

f(x)=—e*<0,vxe(-1,0)

Function f(x) =x2 + 1 is monotonically decreasing
in[—1, 0] because

f(x)=2x<0,vxe(-1,0)

Function f(x) =x? is not a monotonic function in the

interval [-1, 1] because
f (x)>0,whenx=1/2

f(x)=2x=
f (x) <0,whenx=-1/2
Function f(x) =sin?x + cos?x is constant function in

[ 0, n/2] because

f(x)=2sin x cos x—2sinx cos x =0 v x € (0, /2)

>
EXAMPLES OF MONOTONIC FUN CTIOM

If a function is monotonic increasing (decreasing) at
every point of its domain, then it is said to be
monotonic increasing(decreasing) function.

In the following table we have examples of some
monotonic / not monotonic functions.

Monotonic Monotonic | Not
Increasing Decreasing | Monotonic
X 1/x X2

X|x| 1-2x | X |

et e * eX+e X
log, x,a>1 log, x,a<1/| sinx

tanx cotx COS X

sinhx cosech x coshx

[x] coth x sech x

PROPERTIES OF MONOTONIC
FUNCTIONS

@

(i)

(i)

(v)

|4

y

Iff(x) is strictly increasing in some interval, then in
that interval, f' exists and that is also strictlly
increasing function.

Iff(x) is continuous in [a, b] and differentiable in (a,

b), then

f(c)>0vce(a,b) = f(x)ismonotonic
increasing in [a, b]

f(c)<0vce(ab) = f{x)ismonotonic
decreasing in [a, b]

Ifboth f(x) and g(x) are increasing (or decreasing)

in [a,b] and gof is defined in [a, b] then gof is

increasing.

If f(x) and g(x) are two monotonic functions in [a, b]

such that one is increasing and other is

decreasing then gof, if it is defined, is decreasing
function.

Solved Examples
Ex. 27

@
(if)

Sol.

Find the critical points and the intervals of increase
and decrease for f(x) = 3x* — 8x* — 6x*> +24x + 7.

Find the intervals of monotonicity of the following
functions:

(a) f(x)=x*—8x*>+22x>—24x +7
(b) f(x)=xInx

f(x) =3x*—8x*—6x>+24x +7
f'(x)=12x>-24x>— 12x +24=0
sign scheme for f'(x):

= 12(x*-2x*-x+2)=0

- 12(x - 1) (x - 2) (x + 1) =0
/-1 IN__ 2

Critical points are—1, 1 and 2.

The wavy curve of the derivative is given in the figure.
Hence function increases in the interval [-1, 1]

U [2, w)and

decreases in the interval (—o0, —1]U[1, 2].
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(i) (a) wehave Ex.29 Function f(x) =Ax —sin x is inceresing, when -
f(x)=x*—8x*+22x*-24x+7, xR = (A)r<1 (B)1>1
£'(x) =4x’ —24x° +44x—24=4(x—1)(x—2) (x-3) C©)r=0 (D) None of these
From the sign scheme for ' (x), we can see Sol. f(x) =2 —cos
that f{x) ) i ) Now function f(x) is increasing, if
decreases in (— o0, 1] increases in [ 1, 2]
decreases in[2, 3] and increases in [3, ). f(x)>0=2-cosx>0
(b) wehave f(x)=xInx,x>0 If 2> 1, then > —cos x is always positive.
= f'X)=Inx+1<0 ¥vx<e! Therefore f(x) in increasing when > 1.
— f(x)decreasesin (0, e '] increasesin [e, o). Ans.[B]

Ex. 28 Prove the following inequalities :

(@)

(b)

Sol.

(b)

Ex.30 Function f(x) =cos x — 2xx is decreasing when -

X2 (A)r>1/2 B)r<1/2
1n(1+x)>x—7vxe(0,oo) (C)r<2 D)r>2
Sol. f(x) is monotonic decreasing when
SinX < X < tanxvyx e ng £ (x) <0Vvx
(a) Consider the function = —sinx —21<0
2
f(x)=In(1+x)—x+ X?,XG(O,OO) - 23> —sinx
= 20>1

2

>0Vx € (0, ) = A>1/2
(-- maximum value of —sin x=1) Ans.[A]
Ex.31 In which interval the function f(x) =

Then f'(x)zL—Hx: x
1+x 1+x

— f(x) increases in (0, o0) = f(x)>1(07)=0

2

ie,In(1+x)>x— X? which is the desired result. 2x*—15x> +36x + | is monotonically decreasing-
Consider the function (A)(2.3) ), 2)

(©)(3,x) (D) None of these
f(x)=tanx —x, X E(O, gj Sol. f (x) =6x%—30x +36 =6(x —2) (x —3)

Since f(x) is decreasing = f'(x) <0
f'(x)= sec’x —1>0 vXe(o, gj = (x—2)(x-3)<0

= x—2>0andx—-3<0
Thus f(x) increases in (0’§j or x—2<0andx-3>0

= x>2andx<3

= f(x) > f(0)=01e., tanx >X
or x<2andx>3

Now, consider the function , g(x) =x —sin x,

p Here x <2 and x > 3 is not possible.
XE(O’EJ Hencex >2 and x <3
Then g'(x) =1—cosx =2 sin? =xe(2,3) Ans.[A]

. . . — 2 _ .
( X j S0Vx < ( 0, T j Ex.32 In which 1nt§rval th.e function f(x)=x“—x+11is
not a monotonic function —
) . T (A)(0,1/2) (B) (1/2, )
0, -

=> g(X) increases in ( 2j = g(x) > g0)=0 (©) (0. 1) (D) None of these

Le., SInX <X
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Sol. Here f'(x) =2x -1

Obviously f(x) is monotonic decreasing function in
the interval (0, 1/2) (since x <1/2 = 2x—1 <0) and
is monotonically increasing in the interval (1/2, 1)

Thus the function is neither a decreasing function nor
an increasing function in (0, 1) Ans.[C]

Ex.33 Inthe interval (1, 2), function
f(x)=2x—1|+3|x-2|is—
(A) Monotonic increasing
(B) Monotonic decreasing

(C) Not monotonic
(D) Constant

Sol. x € (1, 2)
= f(x)=2(x-1)-3(x-2)=—=x+4
= f(x)=-1<0vx
- f(x) is monotonic decreasing in (1, 2) Ans.|B]

Ex.34 The function f(x) = [x(x —3)]?is increasing when —

(A)0<x<w (B)—0o<x<0

(C)0<x<3/2 (D)1<x<3
Sol. We have

fx) =[x(x-3)1

f(x) =2x(x-3)[(x—-3)+x]

=2x (x-3)(2x-3)
If f(x) is an increasing function, then
fx)>0 = x(x-3)(2x-3)>0
= 0<x<3/20rx>3 Ans.[C]

MAXIMUM & MINIMUM POINTMV

The value of a function f(x) is said to be maximum
atx =a, if there exists a very small positive number
h, such that

f(x)<f(a) V xe (a—h,a+h),x za

In this case the point x =a is called a point of maxima

for the function f(x).

fla)

fla=h) |1 faen)
| : \decreasing
[N

. ny fB) /Increasing

Increasing : L -l flb+h)
0 lo—h aa+h lbb+h - .
(b=h)

(i) x=aisamaximum pointoff(x)
f(a)—f(a+h)>0
f(a)—f(a—h)>0
(ii) x=Dbisaminimum point of f(x)
f(b)—f(b+h)<0
f(b)—f(b—h)<0
(iiif) x =c s neither a maximum point nor a
minimum point
f(c)-f(c+h)
and
f(c)—f(c—h)>0
Note :
(i) The maximum and minimum points are also known
as extreme points.

have opposite signs.

(i) A function may have more than one maximum and
minimum points.

(iif) A maximum value of a function f(x) in an interval
[a,b] is not necessarily its greatest valuein ~ that
interval. Similarly, aminimum value may not be the
least value of the function. A minimum value may be
greater than some maximum value for a function.

(iv) If a continuous function has only one maximum
(minimum) point, then at this point function has its
greatest (least) value.

(v) Monotonic functions do not have extreme points.

Ex. Functiony=sinx, x e (0, r ) has amaximum point
atx = n /2 because the value of sin r /2 is greatest
in the given interval for sin x.

y

~

NEY

3=z
2 /
2r
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Clearly function y=sin x is increasing in the interval
(0, =n/2) and decreasing in the interval
(n/2, =) for that reason also it has maxima at
x = r/2. Similarly we can see from the graph of cos
x which has aminimum pointatx = r .

Ex. f(x)=x2,x e (—1,1) has a minimum point at x =0
because at x = 0, the value of x2 is 0, which is less
than the all the values of function at different points

of the interval.

y

0] 1 X

Clearly function y=x? is decreasing in the interval
(-1, 0) and increasing in the interval (0,1) So it has
minimaat x=0.

Ex. f(x)=[x| has a minimum point at x = 0. It can be

easily observed from ifs graph.

MINIMA OF A FUNCTION

A. Necessary Condition : A point X = a is an
extreme point ofa function f(x) if f’(a) =0, provided
f’(a) exists. Thus iff’(a) exists, then

X =ais an extreme point = {’(a)=0

CONDITIONS FOR MAXIMA & I'

or

f’(a) # 0 = x=ais not an extreme point.

But its converse is not true i.e.

f’(a)=0 x =ais an extreme point.

For example if f(x) = x3 , then f> (0) = 0 but

x =0 is not an extreme point.

B. Sufficient Condition :
(i) Thevalue of the function f(x) at x =a is maximum, if
f’(a)=0and £’ (a) <O0.
The value of the function f{x) at x =a in minimum if f’
(a)=0and f’ (a)>0.

(ii)

Note:

@ Iff’(a)=0,f’(a)=0,f"(a) #0thenx=aisnotan
extreme point for the function f(x).

(i) Iff’(a)=0,f’ (a)=0, £’ (a)=0 then the sign of fi)
(a) will determine the maximum and minimum value
of function i.e. f(x) is maximum, if f") (a) < 0 and
minimum if V) (a) > 0.

Tests for Local Maxima/Minima

I. Test for Local Maximum/Minimum at x = a if
f(x) is Differentiable at x = a.

If f(x) is differentiable at x =a and if it is a critical
point of the function (i.e., f'(a) = 0) then we

have the following three tests to decide whether
f(x) has a local maximum or local minimum or
neither at x = a.

First Derivative Test :
If f'(a)=0and f’'(x) changesit’s sign while passing
through the pointx = a, then

(i f(x) would have a local maximum at x = a if

f'(a—0)> 0 and f'(a+0) <O0. It means that
f'(x) should change it’s sign from positive
to negative.

(if)

f(x) would have alocal minimumat x =aif f'(a — 0)
< 0 and f'(a+0) > 0. It means that

f'(x) should change it’s sign from negative to
positive.

(iii) Iff(x)doesn’tchange it’s sign while passing through
x = a, then f(x) would have neither a
maximum nora minimum at X =a.

Second Derivative Test:

This test is basically the mathematical representation
of the first derivative test. It simply says that,

@i Iff'(a) =0 and f"(a) <0, then f(x) would have a
local maximum at x =a.

@) If f'(a)=0and f"(a)>0, then f(x) would have a

local minimum atx =a.
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(iii) If f'(a)= 0 and f"(a)=0, then this test fails

and the existence of a local maximum/minimum
at x = a is decided on the basis of the nth
derivative test.

nth Derivative Test

It is nothing but the general version of the second
test, It says that if],
f'(a)=f"(a)=f"(a) = ....f"(a)=0 and "' (a) 20

(all derivatives of the function up to order n

derivative

vanishes and (n + 1)th order derivative does not
vanish at x = a), then f(x) would have a local
maximum or local minimum at x =a ifn is odd natural
number and that x =a would be a point of

local maxima if f*"! (a) <0 and would be a point of
local minima if f ™' (a) > 0. However if n is
even, then fhas neither a maximanoraminimaat x=a.
It is clear that the last two tests are basically the

mathematical representation of the first derivative

test. But that shouldn’t diminish the importance of
these tests. Because at that times it becomes
very difficult to decide whether f'(x) changes it’s

sign or not while passing through point x = a,
and the remaining tests may come handy in these
kind of situations.

Solved Examples

Ex.35 Find the points of maxima and minima for the

Sol.

function f(x) =x3-9x2+ 15x —11.

Let f(x) =x>—9x2+ 15x—11

thenf’(x) =3x%— 18x + 15=3(x2— 6x + 5)
For maxima and minima

'(x)=0 = x2—6x+5=0

= x-1)x-5=0=x=1,5

Again f’ (A)=-12<0

= x=11sapoint of maxima

and 7 (5)=12>0

= x =5 is apoint of minima Ans.

Sol. Here,

Ex.36 Determine maximum and minimum points of sin x.
Sol. Let f(x)=sinx, then

f’(x)=cosx, f’(x) =—sinx

Now f’(x)=0 = cosx=0

X=+r/2, +3r/2,.....

Alsof’(n/2)=—-1<0 = x= = /2 isamaximum point
£(—n/2)=1>0 = x=—nr /2 is minimum point
(3 /2)=1>0 = x=3 n/2 is aminimum point
(3 7/2)=-1<0 = x=—3 n /2 isamaximum point.
Thus we shall find that-

x=n/2,5n/2,....—37/2,—~7 n /2 are maximum
points and

x=3n/2,7n/2,....— n/2,— 57 /2 are minimum
points. Ans.

Ex.37 Find the maximum value of x>—5x%+5x3 — 10.
Sol. Let f(x) =x> —5x*+ 5x3— 10

£2(x) =5x*—20 x3 + 15x2

£ (x) =20x3— 60 x2+ 30 x

Now f’(x) =0 = 5x%(x2—4x+3)=0
= x=0,1,3

But’(0)=0,(0) 20

. x=01s not an extreme point
Alsof(1)=20-60+30=-10<0

-~ f(1)is max. value and maximum value is
=1-5+5-10=-9 Ans.

1
Ex.38 Let f(x) =x + X #0 . Discuss the maximum

and minimum values of f{x).

1
ro=1-—5 =

£(x)= sz_l :(x—l))(ngrl)

sign scheme for f'(x):
- - +
: f
-1 1
Using number line rule, we have maximum at x =—1
and minimumatx =1

- atx=-1 wehave local maximum — fm(x) =-2

and atx =1 we have local minimum = f _(x)=2
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II. Test for Local Maximum/Minimum at x = a if CONCEPT OF GLOBAL 4
f(x) is not differentiable atx=a MAXIMUM MINIMUM ‘
Case 1 :

When f(x) is continuous at x =aand f' (a—h) and
f'(a + h) exist and are non-zero, then
f(x) has a local maximum or minimum atx =aif ' (a
—h) and f’ (a+h) are of opposite signs.

If f"(a—h)>0and f'(a+h)<0thenx=awill be
apoint of local maximum.

If f"(a—h)<0Oand f'(a+h)>0then x=awill be
apoint of local minimum.

Case 2:

When f(x) is continuous and ' (a—h)and ¢’ (a+h)
exist but one of them is
should infer the information about the existence of

local maxima/minima from the basic definition of
local maxima/minima.

Zero, we

Case 3:

If f(x) is not continuous at x =aand f’ (a—h) and/or
' (a+h) are not finite, then compare the values of
f(x) at the neighboring points of x =a.

Remark:

Ex.39Let f(x) =

Sol.

It is advisable to draw the graph of the function in
the vicinity of the point x = a because
the graph would given us the clear picture about the
existence of local maxima/minima atx =a.

x<0

. Investigate x
x 20

x> +x” +10x,
—3sin x,
=0 for local maxima/ minima.
Clearly f(x) is continuous at x = 0 but not
differentiable at x =0 as f{0)=f{(0—0)=f(0+0)=0
f(-h)-£(0)
~h
—h’+h’-10h-0 _
—h B
f(h)-1£(0)
h

' (0)=lim

h—0

=lim 10

h—0
. —3sinh
=lim =

h—0 h

But f7 (0)=lim

Since f’ (0)>0 and f’ (0)<0,x=0 is the point of
local maximum.

II.

Let y=f(x) be a given function with domain D. Let
[a, b] = D. Global maximum/minimum of f(x) in
[a, b] is basically the greatest/least value of f(x) in
[a, b].

Global maximum and minimum in [a, b] would always
occur at critical points of f(x) within [a, b] or
at the end points of the interval, if fis continuous in
[a, b].

Global Maximum/Minimum in [a, b]

In order to find the global maximum and minimum
of a continuous function f(x) in [a, b], find out all
the critical points of f(x) in (a, b). Letc , c,,
c_be the different critical points. Find the value
of the function at these critical points. Let f(c)),
f(c,), ...., f(c ) be the values of the function at
critical points.

Say, M, =max {f(a), f(c ), f(c)), ..., f(c ) , f(b) }
and M, =min {f(a), f(c), f(c,), ..., f(c ), f(b)}

Then M, is the greatest value of f(x) in [a, b] and M,
is the least value of f(x) in [a, b].

Global Maximum/Minimum in (a, b)

Method for obtaining the greatest and least values
of f(x) in (a, b) is almost same as the method

used for obtaining the greatest and least values in [a,
b] however with a caution.

Lety =1(x) be a continuous functionandc, c, ... c,
be the different critical points of the function
in(a,b).

LetM, =max. {f(c), f(c)), f(c,) .... f(c )}

and M, =min {f(c,), f(c,), f(c,) ... f(c )}

i
Now if ( x—%l%q 0 f(x)>M, or<M,, f(x) would not
have global maximum (or global minimum)in (a, b).
This means that if the limiting values at the end points
are greater than M, or less than M., then f(x)
would not have global maximum/minimum in (a, b).
B
On the other hand if M, > ( x>0

and x—>b+0)

f(x) and

x—a+0

M, < f(x), then M, and M, would
(and x—>b-0)

respectively be the global maximum and global
minimum of f{(x) in (a, b).
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Solved Examples
Ex.40 let f(x) =2x>—9x>+ 12x + 6. Discuss the global

maximum and minimum of f(x) in [0, 2] and
in(1, 3).

f(x)=2x*-9x>+ 12x + 6

= f'(x) =6x>— 18x + 12=6 (x*-3x+2)=6
(x-1)(x=2)

First ofall let us discuss [0, 2].

Clearly the critical point of f(x) in [0, 2] isx = 1.
f(0)=6,f(1)=11,1(2)=10

Thus x = 0 is the point of global minimum of f(x) in
[0,2] and x =1 is the point of global maximum.

Sol.

Now let us consider (1, 3)
Clearly, x =2 is the only critical pointin (1, 3),
f(2)=10, lim f(x)=11 and lim f(x) =15
Thus x =2 is the point of global minimum in (1, 3)
and the global maximum in (1, 3) does not exist.
Greatest & least value in an interval

Ex.41 Find the greatest value of x> — 12x2 + 45 x in the

interval [0, 7].

Let f(x)=x3 — 12x2 + 45 x, then

2 (x)=3x2-24x+45

=3(x-3)(x—5)and f’ (x) =6x —24

Now for maximum and minimum values

Px)=0=3x-3)(x-5)=0

= x=3,5

Sol.

Again £’ (3) =— 6 <0 = The function if maximum
at x = 3 and 7 (§) = 6 > 0
= The function is minimum atx =5

Now f(0) =0, f(3)= 54, f(5) =50, {(7) =70

= The greatest value in [0,7]

=max. {0,54, 50,70} =70 Ans.

PROPERTIES OF 4
MAXIMA & MINIMA ‘

Iff (x) is a continuous function and the graph of this
function is drawn, then-

(i) Betweentwo equal values of f(x), there lie at least
one maxima or minima.

(i) Maximaand minima occur alternately. For example
ifx=-1, 0,2,3 are extreme points of a continuous
function and if x =0 is a maximum point then x =—

1,2 will be minimum points.

(iif) When x passes a maximum point, the sign of {” (x)
changes from + ve to — ve, whereas X passes
through a minimum point, the sign of f*(x) changes
from — ve to + ve.

(iv) If there is no change in the sign of
dy/dx on two sides of a point, then such a point is
not an extreme point.

(v) Iff(x)is amaximum (minimum) ata point x = a,
then 1/f (x), [f(x) #0] will be minimum
(maximum) at that point.

(vi) Iff(x)is maximum (minimum) atapointx =a, then for
any A €R, ) +f(x), logf(x)and foranyk >0, k f

(x), [f(x)]¥ are also maximum (minimum) at that point.

4

y’

Ifa function is defined in terms of two variables and

MAXIMA & MINIMA OF
FUNCTIONS OF TWO VARIABLES

if these variables are associated with a given relation
then by eliminating one variable, we convert function
in terms of one variable and then find the maxima

and minima by known methods.

Solved Examples

Ex.42 Ifx+y = 8 then find the maximum value of xy.

Sol. Letz=xy
~Z2=X(8-%) orz=8x —x2
dz/dx=8-2x=0
= x=4d>z/dx*=-2<0
= X =4 is amaximum point. So maximum valueis z
=84-42=16. Ans.




Application of Derivative

RESULTS RELATED TO MAXIMA
& MINIMA
The following results can easily be established.

SOME STANDARD GEOMETRICAL |'

(i) The areaofrectangle with given perimeter is greatest
when it is a square.

(ii) The perimeter of arectangle with given area is least
when it is a square.

(iii) The greatest rectangle inscribed in a given circle
is a square.

(iv) The greatest triangle inscribed in a given circle
is equilateral.

(v) The semi vertical angle of a cone with given slant
height and maximum volume s tan™! /2 .

(vi) Theheightofa cylinder of maximum volume inscribed
in a sphere of radius ais a 2a/ /3 .

SOME IMPORTANT RESULTS ‘V
(i) Equilateral triangle :
Area= (/3 /4)x%, where x is its side.
(i) Square:
Area=a?, perimeter = 4a, where a is its side.
(iii) Rectangle:
Area=ab, perimeter = 2 (a+b) where a,b are its sides
(iv) Trapezium :
Area=1/2 (a+b)h

Where a,b are lengths of parallel sides and h be the
distance between them.

(v) Circle:

Area= r a?, perimeter =2 r a, where a is its radius.
(vi) Sphere:

Volume =4/3 r a3, surface 4 a2 where a is its radius
(vii) Right Circular cone :

Volume = 1/3 r r2h, curved surface= nr/

Where r is the radius of'its base, h be its height and
¢ beits slant heights

(viii) Cylinder :
Volume = n12h
whole surface=2 n r (r+h)
where r is the radius of the base and h be its height.

Solved Examples

Ex.43 Find the height of a right circular cone of maximum
volume inscribed in a sphere of diameter a.

Sol. Let r be the radius of the base and x be the height of
the inscribed cone. Then

12 =a%/4 — (x-a/2)? = ax —x2

If'V be the volume of the cone, then
V=13 nrx=1/3 n (ax—x?)x
= /3 (ax2—x7)

dvV = 5 d°V _ 2rna
= dx—3(2ax—3x),dx2 3 —-2nX
dv
Nowa=0=x=00rx=2a/3
2 —
v _ 2na<0'

But x ¢0andx=2a/3,d7 3

so V is maximum when height of cone =(2/3) a.Ans.




