Method of Differentiation

Method of
Differentiation

DIFFERENTIATION

FIRST PRINCIPLE OF I'

1.

The derivative of a given function fata point x =
ain its domain represent the slope of the tangent
at that point, and it is defined as:

Limit f(a + h)—f(a)
h—0 h

denoted by f'(a).

, provided the limit exists & is

fe. £(a) =Lmit T provided the limit

X—a

exists.

Ifx and x +h belong to the domain of a function
f defined by y =1(x), then

Limit f(X + h)—f(X)

0 H if it exists, is called the

. d
Derivative of fat x & is denoted by f'(x) orﬁ .
fe., £1(x) =it {CRAR)

This method of differentiation is also called ab-
initio method or first principle method.

Solved Examples

Ex.1: Find derivative of following functions by first

Sol.

principle with respect to x.
O fx)=x* (i) f(x)=tanx
(iii) f{x) = esinx

lim  (x+h)* —x?

e = im, E

lim 2xh+h?

= 2X.

lim tan(x+h)—tanx

(i) F(x) = T, :

sin(x+h)  sinx

— lim  cos(x+h) cosx
h—0
h
~lim sin(x+h-x) )
=00 = SecX.

hcos x.cos(x + h)

. sin(x+h) _ .sinx
(i) £ ()= 1Ty ==

— lim sin X
“h5o ©

[eS‘” (x+h)-sinx _ 1] (sin(x +h)- sinxj
sin(x +h)—sinx

h
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_ osinx lim sin(x +h)—sinx

h—-0 h
Xx+h+x) . (x+h-x
_ 2003( 2 jsm( 2 j
= esinx h“E]O -
= esinx lim {cos{x+hj sin(h/2)}
h—0 2 h/2
= eSinX cog X
DERIVATIVES OF SOME ¢
STANDARD FUNCTIONS ‘

Some Differentiation Formulas
) < (constant)=0
)] dx (constant) =

() o GH=nx""

con d X _ X
(i) - (e)=e
. i X _ X 1
(v) ix (a)=a log, a
d 1
W) 4y (ogx)=—
. d 1
(Vl) d_X (loga X) = X |oge a
. d .
(vii) ax (sinx)=cos X
.. d .
(vii1) ™ (cos x) =—sinx
(ix) dix (tanx)= sec” X
(x) dix (cotx)= _cosec’ X

. d
(x1) ax (sec x)=secx tan x

.. d
(xi1) ax (cosec x) =—cosec X cot X

1

> o —1<x<I1

(i) (sin )=

. d -1 1
(x1v) ™ (cos x)——m ;—1<x <1

d -1
(xv) ix (tan x)= > ; XeR

1+ X

. d -1 1
(xvi) ix (cot X)__‘I+x2 , V xeR
.. d -1 I
(xvii) ™ (sec x)= x| L2_q-lx[>1
(xvi) — (cosec x)= —— 1| x|>1
dx |x |Vx* -1 ’
. d .
(xix) d—x(smh x)=cosh x
d .
xX) —— (cosh x ) =sinh x
(xx) . (coshx ) =sinh
. d 2
(xxi) ™ (tanh x ) =sech'x
.., d 2
(xxii) ix (cothx )=—cosech™x
... d
(xxii1) &(sech x)=—sech x tanh x
.. d
(xxiv) ix (cosech x ) =—cosech x coth x

d . .- 1
(xxv) e (sinh 1x)= W , VxeR

: i(cosh‘1x)= L >1
(xxvi) Gy vty

.. d g 1
(exvii) o (tanhx) = —— x5 +1
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d
(xxviii) 5 (coth™x) = —— | x » ¢ 1
.9 (sech'x)= - — 1
(XX1X) gx (sech™'x)= x| A x| <1

(xx)

(xxi)

(xxi)

1
o loglx[=- (x=0)

4 (co sech™ x) =—

1
dx lxlm; vV xeR

dix (" sinbx)=¢"" (asin bx +b cos bx)

X . -1b
= a2 +p2 ¢ sin(bx +tan : 5)

dix (" cosbx)=¢"" (acos bx — b sin bx)

X -1 b
= Ja?2 +p2 ¢ cos (bx +tan : 5)

X
5 K= T (x20)

Basic theorems :

Sum of two differentiable functions is always
differentiable.

Sum of two non-differentiable functions may be
differentiable.

There are certain basic theorems in differentiation:

Sol.

- (Frg) =)+ g(x)
= kf0) =k 5 )

5 (0. 2(0) =) 2 () +g(x) £ (x)

d (f(x)} 90 ) - F(x)g'(x)
9x)) g%(x)

o &)= f(gx)g'x)

This rule is also called the chain rule of
differentiation and can be written as

dy _dy dz

dx  dz "dx
Note that an important inference obtained from
the chain rule is that

&y, _dy dx

dy ~ dx “dy
dy 1
= dx  dx/dy

another way of expressing the same concept is
by considering y = f(x) and x = g(y) as inverse
functions of each other.

dy _ ax
o T and o =g'(y)

1
= g'y)= (%)

Solved Examples

Ex.2 : Findthe derivative of the following functions with

respect to x.
(1) f(x) = /sin(2x + 3)

X

(i) f(x) =

1+ x2

(ii1) f(x) =x . sin x

(1) f(x) = 4/sin (2x + 3)
= f(x)=dix(,/sin (2x+3))

1 d

= 1 +
2ysin(2x+3) dx (sin (2x +3))
(chainrule)
_ _Cos(2x+3)
sin (2x + 3)
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Ex.J3:

Sol.

Ex.4:

Sol.

Ex.5:

Sol.

(i) f(x) =
(1+x ) X(2x) .
=>f(x)= 1 x2)2 (Quotiantrule)
1= x?
(1+x2)?
(iii) f(x) =x sinx
= f(x)=x.cosx +sinx (Product rule)

If f(x) = sin (x + tanx), then find value of ' (0).
f(x) = sin (x +tanx)
= f(x) = cos (x + tanx) (1 + sec?x)
(chainrule)
Hence, f'(0) =2

If f(x) = /n (sin"! x2), then find £'(x).

1 1
0 = e R .2x

2x

_SInX\/']X

If f(x) = 2x sec'x — cosec!(x) , then find

£(-2).

1
f’(X)=2SGC 1(X)+ |\/: |X|\/—

2 1
Hence, f(-2)=2seci(-2)- 5 + 15
_4n 3
=5 %

LOGARITHMIC DIFFERENTIATION ‘

The process of taking logarithm of the function
first and then differentiate is called Logarithmic
differentiation. It is often useful in situations
when

a function is the product or quotient of a number
offunctions ~ OR

a function is of the form [f(x)]¢® where f & g are
both derivable,

Solved Examples

Ex.6:

Sol.

Ex.7:

Sol.

Ex.8
Sol.

. dy
Ify=(sinx)™X, find ix

my=/(nx./n(sinx)

1 dy 1 . COS X

- = = -

v X x /n (sinx) + /nx. Sinx
dy _ . (nx |:/€n(3inx)+COtX /nx}
ix (sin x) »

X1/2(1 _2X)2/3
(2 —3X)3/4(3 _4X)4/5 s

- dy
Ify= then find ax

X112 (1= 2x)2"3
Y= (2-3x)%"4(3—4x)¥/5

taking log_ on both side

2
fny= % x+ 3 én(1—2x)—% n(2=3x)

4
— 5 (I (3-4x)
Tdy _ 1 4
=~y dx  2x _ 3(1-2x)
9 16
+
(2 -3x) 5(3-4x)
dy _
dx -y

( 1 4 9 16 j
—— + +
2x 3(1-2x) 4(2-3x) 5(3-4x)

Find the derivative of X, W..t. X.
Let y=x OR y=x
logy=x log x

X /n X
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dy d eI _ grinx d (xIn x) DIFFERENTIATION OF y
dx dx dx IMPLICIT FUNCTIONS ‘
If in an implicit function f(x, y) = 0, y cannot be
=x" (1+logx) expressed in terms of x, then we differentiate both

sides of the given equation w.r.t. x and collect all

ay
dx
= exx {x } 1+In x.1}

.. d
X terms containing d_i on L.H.S.

. NOTE : In the above process we obtain dy/dx in
— x* =x" logex terms of both x and y. If we want dy/dx in terms of

dx x only, then let us first express y in terms of x .
=x (1+Inx
( ) Solved Examples
g Ex.11Find dy/dx when X+ y2 =6x -2y
Hence 4 (x*)=x*(1+In x) Sol. Differentiating both sides w.r.t.x, we have
dy _ dy
2x + 2y i =6-2 i

Short method : we can directly write the deriva-
tive of [ f(x) ]g(x) as following :

dy _ dy _ 3-X
d d = VD) 737X = % T v+
— (F(x))*™ = f(x)* [— {a(x) |09f(X)}}
dx dx Short method of differentiation for implicit
N . functions
For the above function Iff(x,y) = constant, then
d X. X d X
d—(x)=x [&(X|09X)}=x [1+]logx] dy __(9f),[of
X dx 0 X oy
. . . . COSX af af . . .
Ex.9 Find derivative of (sinx ) where (a_x) and [@] are partial derivatives of f
cos x (x,y) with respect to x and y respectively.

d .
Sol. — (sinx) ) T i
dx [By partial derivative of f(x , y) with respect to x,

d we mean the derivative of f(x, y) with respect to x
=(sinx )" [& {cosxlog (sinx) }} when y is treated as a constant. ]

— . COSX ) t o . .1 . ] d
(sinx) [ cosx.cotx —sinx . log sinx | Ex.12 Find d_i when x° +y2= 6x—2y

Ex.10 Find derivative of (x)™™ + (sinx)" Sol. - writing the given equation as

fix,y)=x"+y —6x+2y=0
. . d sinx d . X

Sol. Derivative= o x)  + prs (sinx) of of

Now 33 =2x -6, oy =2y+2
sinx sinx
= (x) (T+cosxlong+ dy 9f / 9f

it

(sinx)" (logsinx + x cot x)

_2(x=3) _(3-x
To2(y+1) | y+1
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X d
Ex.13 Ifx +y = a’ , then find d_i
Sol. Here f(x,y)=x+y —a =0

, Y _ W =1+y7logy

dx x’ logx + xy*”'

d
Ex.14 :1f x3 +y3 = 3xy, then find d_i :
Sol.  Differentiating both sides w.r.t.x, we get

dy
dx

d
=3x o +3y

2 2
3x°+ 3y »

dy y-x*
dx ~ y?-x

Note that above result holds only for points where
y2—x#0

Ex.15 : IfxY + y*=2 then find %

X
Sol. u+tv=2
du dv .
= x o =0 (1)
whereu=x¥ & v=yX
= mu=y/mx &/mv=x/iny
1d d
> - =Y imx &
u dx X dx
dv X d_y
Vo MYy

DIFFERENTIATION USING y
TRIGONOMETRICAL SUBSTITUTIONM

Some times before differentiation we reduce the
given function in a simple form using suitable trigo-
nometrical or algebraic transformations. For this
following formulae and substitutions should be re-
membered.

(i) sin' x+sin ' y= sin ' [x\/1 _y? £ y1-x2]

. -1 -1 -1
@@ cos XEcos y=cos [xy F J(1-x3)1-y?)

-1 -1 1| x+y
(i) tan x+tan y=tan [m}
iv) 2 sin | x =sin | (2x V1-x2)

V) 2cos x=cos | (2x2 —-1)

. -1 12X
(vi) 2tan x=tan 12

2 tan x = sin”! 2x
tan X=sIn 1+ x2

,1 71 1—X2
2tan X =cos 11 %2

(vii)

(viii)
. b1 -1 [ 1=x%
(1) Z—tan X =tan (_1+XJ
) 3sin x=sin  (3x—4x)

(xi)

3cos  X=cos (4x3 - 3x)

0 [ 3x=x3
3tan x=tan |, ,.2

(xii) 1-3x?

. -1 -1
SIn X+tcos X=

N a

(xiv) tan x +cot x=

N a

-1 -1 T
sec X+cosec X= 5

i 1+tano
tan| —+6 |=| ———
4 1-tan6

(xv)

(xvi)
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[ 4
SOME SUITABLE SUBSTITUTIONS 0
(1)  Ifthe function involve the term /52 _ x2 ,then put

x=asinBor x=acosH 0
=>y= E
(i) Ifthe functioninvolvetheterm \/x2 , 32, then
put x =atan 0 or x =a cotd { tan"(tan x) = x for x e (_g gj }
(i) Ifthe functioninvolvetheterm \/x2 g2, then
putx =asec O orx=a cosecH :>y=%tanflx
. . . a - X
(iv)  Ifthe functioninvolve theterm | {75 | » then — dy _ —
dx 2(1+x%)
put x =acos O or x =a cos20
. dy N1+ X —4/1-x
Ex.18 : Find ——, wherey=tan! {— .
Solved Examples dx Y VI+ X +41-x

V1+x2 +1

X

Sol. ILet x=cos0O,where 0 € [0, ]

Ex.16 If y= cot | [ ] , then find %

Sol. Putting x =tan 0, we have

_ _1(secO6+1 — cot™ 1+ cos6
y = cot tan® sin®

_ — -1
tan 1 X = y = tan

J1+cos@ —\/1—coseJ

= =tan!
Y {\/1+cose+\/1—cose

\/Ecosg—\/ising

0 .0
2C0Ss —++/2sin—
\/_ 2 2

—cot ' (cot0/2)=

N | @
N =

dy 11

dx 2 1+%°

T

but for 9 IS (0, —),
2 2

© A/l4+cosH =‘ \/Ecosg

V1+x2 -1
. : . _ 71 VI+x® -1 . e e
Ex.17 : Differentiate y = tan { < JwﬁhreSpect V7 e0s |- (Feos®
2 2
to x.
=, 1—tan9
Sol. Let x=tan0,where®e |~ 5]~ {0} | —2
= y=tan 1+tan —
1 |seco| -1
y=tan™ | g
T 0 0 1
i LS <=
. = YT4T2 ®THSyT257%
|secO|=secOVOe|——,=
2 2
= =2 _ = cosx
Y= 472
e 1-cos0
= y = tan sin@ d ;
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Ex.19:

Sol.

Ex.20:

Sol.

2x
1+X

(i) @

T T
=< < —
where 5 0 5

Tf f{x) = sin! [ j ,then find

2

O (2) (iii) £ (1)

Xx=tan0,

= y=sin"! (sin 20)

n—20 T c20<n
2
T T
= 20 , ——<20<—
Y 2 2
—(n+20) ,—n<26<—g
n—2tan"" x x>1
-1
- f(x) = 2tan x1 -1<x<1
—(r+2tan""'x) x<-1
2
- x>1
1+ x2
22 -T<x<1
= f(x)=| 1+x
— X < -1
1+ x?
) £(2) = 2 .. P 1.8
0 fQ=-F @ fl3)=q
(iii) f(1h)=-1 and f(1H)=+1
= f'(1) does not exist.
If y1-x? + {1-y* =a(x—y), then prove that
dy _ [1-y?
dx 1-x2
. Y T
Put x=sm0c,where—5£aSE and
. T T
y=sin 3, where 5 <B< 5
= cosa + cos 3 = a (sina — sinf)
o+ o-PB
= 2c08 | T, | cos |,
_ a+B) . (a-—
=2acos |, |sin|

=a-pB=2cot! (a)or —+2cotla
= sin ! x—siny=2cot'a
or —m+2cotla

differentiating w.r.t to x.

114y
Vi-x?  J1-y2 dx

1-y?

1-x2

dy _
dx

| 8

PARAMETRIC DIFFERENTIATION
Ify =1(0) & x = g(0) where 0 is a parameter,

dy _ dy/do
then dx dx/do-

Solved Examples
Ex.21 : If x=a cos’tand y = a sin’t, then find the value
dy
of ax
dy _dy/dt -3a sin® t cost B
Sol. o T ax/dt ~ Bacos?tsint _ ant
Ex.22 : [fy=acostand x = a (t— sint), then find the
dy _n
value of ax Att= 5
dy —asint dy
o Y _casnt e
So dx  a(1-cost) = dx =2

Derivative of one function with respect to another

dy dy/dx {1'(x)
Lﬁty=f(x);z=g(x)thena “dzidx | gy
Solved Examples
Ex.23: Find derivative of y = /n x with respect to z = eX.
dy _dy/dx 1
Sol. 7 T widx  xe*
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SUCCESSIVE DIFFERENTIATION "
If the first derivative g—i of'a function y=1(x) is

also a differentiable function, then it can be further
differentiated w.r.t.x and this derivative is denoted

d? L L
by dTg which is called the second derivative of y

APy . . .
w.r.t. X. Further if d—xg 1s also differentiable then its

derivative is called third derivative of y which is

d°y . . o
denoted by de . Similarly the nth derivative of y

. d" .
is denoted by Xy All these derivatives are called

dx"’
as successive derivatives of y and this process is
known as successive differentiation.

We also use the following symbols for the succes-
sive derivatives of y =f(x) :

ME Y, Vi ceveens Vo cereenes
y', YY" e ¥y s
dy dy dy d"y

dx’ ol @l TR
Dy, Dzy, D3y, ....... D', ........

d
(where D = &)

The value of the nth derivative at x = a is expressed
by the following symbols :

d'y

%, .y'@), (d—] Dy @&f' @

Solved Examples
Ex.24: Ify=x3 /nx, then find y”and y"’

Sol. y'=3x2€nx+x3%=3x2€nx+x2

y" =6x /nx +3x2. % +2x =6x nx+5x

y"'=6Mmx+11

1 X
Ex.25:Ify= (;) ,then find y"'(1)

Sol.  Now taking log, both sides, we get

my=—x/nx when x=1,then y=1

my=-—x/nx

- y7=—(1+€nx)

= y=-—y({l+/nx)

again diff. w.rt. tox,
y'=—y(I+mx)-y.

= y'=y(+mx?- 7 (using(i)
— yrr(l) — 0

d2
Ex.26: Ifx =t + 1 and y=1t> + 3, then find dTﬁ

dy _ 2. dx
Sol. pm =2t+3t2 ; pm =1
d
— Y o432
dx

d’y d dt
— 7 _ = 2 -
= gz = q @3

d2
=L =2 +6t.
dx

Ex.27 : Find second order derivative of y= sin x with
respect to z = e*.

dy _ dy/dx _ cosx
dz dz/dx e®

Sol.

dy d [cosxj
= dz?2 T dz e

d?y d [cosxj
dx? T odx e

dx
" dz

—e*sinx —cosx eX 1

(eX)Z . eX
d?y (sinx +cosx)
a2 e
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Ex.28 : y=1(x) and x =g(y) are inverse functions of each
other, then express g'(y) and g'’(y) in terms of
derivative of f(x).

dy dx ,
o =f ad g =g()

1
€O =F) 0 e 6)

Sol.

=

again differentiating w.r.t.toy
14 j— i L
g'(y) = dy [ f(x)

_d (Lj dx
~dx \F(x)) " dy

= _ f”(X) ’
00 -g'(y)
(0 )
= g”(}’) =- f'(X)3 ......... (11)

which can also be remembered as

d*y
&*x dx?

dy2 =- dls.
dx

Ex.29 : y=sin (sinx) then prove that y" + (tanx)y'+
y cos?x =0

Sol.  Such expression can be easily proved using

implicit differentiation
= y' =cos (sin X) cos X
= sec X.y' = cos (sin x)

again differentiating w.r.t x, we get

secx y'' +y' sec X tan x =—sin (sin x) cos X
=N y' +y tan x =—ycos? x

= y" +(tanx) y' +y cos2x =0

4

y

D'(ax+b)" =m(m-1)(m-2)............
(m—n+1)a"(ax+b)"

If m € N and m > n, then

N"" DERIVATIVES OF SOME
STANDARD FUNCTIONS

()

@)
n m m ' n m-n
D (ax +b) = m-n! a (ax +b)

m!
(m-n)!

m-n

D"(x™)=

D'(ax+b) =n!a"

©)

D'(x")=n!
W1 (-1)'nta"
D =
ax+b | (ax+b)"™

o2
X X

)

Y=t o

n _ (-1
(5) D {log(ax+b)} (@x+b)
D(logx) (—1)”‘1(nn ~1)!
(6) Dn(eax) — an eax
(7) D"(@)=m"(loga) a"

®)

D" {sin (ax +b)} =a" sin (ax+b+ng)

D"(sin x) =sin (x + ng )

9) Dn{cos (ax +b)} = a cos(ax+b+n g)
D"(cos x)=cos (x +n g )
(10) D"{e™sin(bx+c)} =(a +b)""e”
. -1 b
sin (bx + ¢ +ntan 5)
2.n/2 ax

(11) Dn{eax cos(bx+c)} = (a2 +b) e

-1b
cos (bx +c+ntan 5)
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| 28
(~1'(n-NIsi"OsinnG LEIBNITZ THEOREM ‘
a" ’ Ifu and v are two functions such that their nth de-
rivatives exist, then the nth derivative of their prod-

(12) D'tan”' )=

D@v)=Duv+ CD uDv+ CD "uDv

(13) D"(tan ' x)=(-1)"" (n-1)!sin"Osinn® +et ot CD W DVH .. +UDY
(1 This theorem is used to find the nth derivative of a

Where 0 = tan (;j product of two functions. While using this theo-

rem, the second function in the product should be
|
DERIVATIVE OFA DETERMINANT ‘ taken that function whose successive derivatives

start to vanish ( ifit is possible) after some steps

f(x) gk h(x) and the first function be taken whose nth deriva-

IfF(x) = () m(x) - n(x) ,where f, g, h, 1, m, tive is easily known.
u(x) v(x) w(x)

Solved Examples

n, u, v, w are differentiable functions of x, then 5 .
30 Ify=x cosxthenfindD'y.

f'(x) g'(x) h'(x)} [f(x) g(x) h(x)| Sol. From Leibnitztheorem, choose cos x as first and

Fr(x)=|/x) mx) n(x)} LFe) m'(x) n'(x) x_ as second function, then
u(x)  vix) wix) jux) - vix) - wx) D" (cos x. x3)=Dn (cosx) (x3)+nC1 D" (cosx)
(Dx’) +"C, D" (cos x) . (D’x) + "C,D"(cos
i) gx)  h(x) x).(D’x")
4| 1x) m(x) n(x) ]
u'(x) v'(x) w'(x) =X cos (X+nz—n)+n.3x2.cos (x+(n_2 )n] +
L’HOSPITAL’S RULE : " n (n—1) .6x.cos[x+(n_2)nj
Iff(x) & g(x) are functions of x such that: 1.2 2
. n(n-1)(n-2) 5 cos[x+(n_3)nj
(¥ Limit f(x) = oo =Limit g(x) 1.2.3 7 2
OR =

(i) inTit fx)=0= inTit g(x), both f{x) and g(x) x° cos[x + %) +3nx® sin(x + n_znj -3n (n-1)x

are continuous at x = a, both f(x) and g(x) are N
differentiable at x =a and both f'(x) and g '(x) COS[X * _)
are continuous atx =a,

) f(x) _n(—1)(n-2)sin (H%’Ej

Limit ~ %) _ | imit
then MY 000 =Mt G(x)




