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BASIC MATHEMATICS USED IN PHYSICS

Mathematics is the supporting tool of Physics. Elementary knowledge of basic
mathematics is useful in problem solving in Physics. In this chapter we study Elementary
Algebra, Trigonometry, Coordinate Geometry and Calculus (differentiation and
integration).

1. TRIGONOMETRY
1.1  Angle P
Consider a revolving line OP.
Suppose that it revolves in anticlockwise direction starting from its
initial position OX. 0
The angle is defined as the amount of revolution that the revolving o > X
line makes with its initial position.
From fig. the angle covered by the revolving line OP is 6 = ZPOX
The angle
is taken positive if it is traced by the revolving line in anticlockwise direction and
is taken negative if it is covered in clockwise direction.
1°=60" (minute)
1'=60" (second)

1 right angle = 90° (degrees) also 1 right angle = grad (radian)
One radian is the angle subtended at the centre of a circle by an arc of the circle, whose length
0
is equal to the radius of the circle. 1 rad = 180 ~57.3°
T r
. A T AN=T
To convert an angle from degree to radian multiply it by 160° A o=1rad

0
To convert an angle from radian to degree multiply it by 180°
T

Ilustrations

Ilustration 1.
A circular arc is of length 7 cm. Find angle subtended by it at the centre in radian and degree.

(Ao
4 ncm
Solution:
0 0
9= S_TCM_T =300 Aslrad= 20 s06= Ex28Y =300
r e6cm 6 o 6 T
Illustration 2.
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When a clock show 4 o’clock how much angle do its minute and hour needles make?
(1) 120° ) grad (3) 2—3’“rad (4) 160°

Ans. (1,3)
Solution:

From diagram angle 6 = 4 x 30° = 120° = %ﬁ rad

1.2 Trigonometrical ratios (or T ratios)
Let two fixed lines XOX" and YOY" intersect at right angles to each other at point O.
Then,
Q) Point O is called origin.
(i)  XOX'is known as X-axis and YOY" as Y-axis.
(iii)  Portions XQOY, YOX, XOY"and Y'OX are called I, I1, 11 and N quadrant respectively.
Consider that the revolving line OP has traced out angle 6 (in I *
guadrant) in anticlockwise direction. From P, draw perpendicular PM
on OX. Then, side OP (in front of right angle) is called hypotenuse,
side MP (in front of angle 6) is called opposite side or
perpendicular and side OM (making angle 6 with hypotenuse) is
called adjacent side or base.
The three sides of a right angled triangle are connected to each other
through six different ratios, called trigonometric ratios or simply T -ratios :

. _ perpendicular MP _ base oM
sin@ = = cos 0 = =
hypotenuse ~ OP hypotenuse  OP
ten 0 = perpendicular A MP cot 0 = bas_e _ oM
base oM perpendicular  MP
sec 0 = hypotenuse _ OP 0SS 0 = hypoter]use _0OpP
base oM perpendicular  MP
It can be easily proved that :
cosese:_L sece:L cotezi
sin 0 cos 0 tan 0
sin%0 + cos’0 = 1 1 + tan’0 = sec®d 1 + cot? = coses’d
Ilustration 3. P
Given sin 6 = 3/5. Find all the other T-ratios, if 0 lies in the first
quadrant. . 5 3
In A OMP, sin6 = 5 SO MP =3and OP =5

® OM=.(5Y -3 =+/25-9=4/16 = 4 0 AP y

Now, COS@Z%:i tane:ng
OP 5

oM 4
Cotezo—M:i secE):£=E cosesezﬁz§
MP 3 oM MP 3
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Table : The T- ratios of a few standard angles ranging from 0° to 180°

Angle () | 0° 30° 45° 60° 90° 120° 135° 150° | 180°
. 1 1 J3 B3 1 1
0 0 — — N2 1 NS - - 0
o 2 | 2 | 2 | 2 | 2
3 1 1 1 1 NG
cos 6 1 — —-= = 0 —— ——= | === -1
2 | A2 2 2 V2 2
tan 0 0 1 1 J3 (Oot J3 1 1 0
an = no - - =
V3 defined) V3
1.3 Four Quadrants and ASTC Rule* 90°
In first quadrant, all trigonometric ratios are positive. e quadrant | 1 quadrant
In second quadrant, only sin@ and cosecO are positive. 18005'“ Al oo
In third quadrant, only tan6 and cot are positive. Tan C053600
In fourth quadrant, only cos6 and sec6 are positive 11" quadrant| IV" quadrant
* Remember as Add Sugar To Coffee or After School To College .
1.4 Trigonometrical Ratios of General Angles (Reduction Formulae)
Q) Trigonometric function of an angle (2nt+6) where n=0, 1, 2, 3,... will be remain same.
sin(2nmt+0) = sin® cos(2nnt+0) = cosO tan(2nz+0) = tand
(i) Trigonometric function of an angle [%n%)j will remain same if n is even and sign of
trigonometric function will be according to value of that function in quadrant.
sin(n—0) = +sin6 cos(n—0) = —cos6 tan(n—0) = —tano
sin(n+0) = —sind cos(m+0) = —cos0 tan(w+0) = +tand
sin(2n—0) = —sin® cos(2n—0) = +cosO tan(2n—0) = —tand
(iii) ~ Trigonometric function of an angle (%TEJF ej will be changed into co-function if n is

odd and sign of trigonometric function will be according to value of that function in

quadrant.

sin (g+ ej = +c0s0

sin (E— ej = +c0s0
2

cos (g+ ej =-sin0

cos (E— ej = +sin0d
2

(iv)  Trigonometric function of an angle —6 (negative angles)

sin(—0) = —sino

cos(—0) = +coso

tan (g + ej = _coto

tan (g — ej = +coto

tan(-0) = tan®

sin (90° + 0) = coso
cos (90° + 0) =—sind
tan (90° + 0) = —cot0

sin (180° — 0) = sin®
cos (180° — 0) = —cos6
tan (180° — 0) = —tan0

sin (-0) = —sin®
cos (—0) = coso
tan (—0) = —tan0

sin (90° — 6) = cosO
cos (90° — 0) =sind
tan (90° — 0) = cotO

sin (180° + 0) = -sin6
cos (180° + 0) = —cos0
tan (180° + 0) = tan6

sin (270° — 6) = —cos0
cos (270° — 0) = —sin®
tan (270° — 0) = cotd

sin (270° + 0) = —cos6
cos (270° + 0) =sind
tan (270° + 0) = —cot0

sin (360° — 0) = —sin®
cos (360° — 0) = coso
tan (360° — 0) = —tan6
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Illustration 4.

Solution:

1.5

1.6

1.7

Find the value of
(i) cos (-60°) (ii) tan 210° (i) sin 300°
Q) cos (-60°) = cos 60° = %
.. 1
i tan 210° = tan (180° + 30°) = tan 30° —
(i) ( ) 7
NG

(iii)  sin 300° = sin (270° + 30°) = —cos 30° = —

(iv)  cos 120° = cos (180° — 60°) = —cos 60° = —%

BEGINNER’S BOX - 1
Find the values of :
(i) tan (—30°)
(v) sin 270°

(ii) sin 120°
(vi) cos 270°

(iii) sin 135°

If sec = % and0<0< g Find all the other T-ratios.

A few important trigonometric formulae

(iv) cos 120°

(iv) cos 150°

sin (A + B) =sin A cos B + cos Asin B
sin (A—B) =sin A cos B —cos AsinB
tan (A + B) = tanA+tanB
l1-tanAtanB

sin2 A=2sin Acos A

tan2 A = Zta—nf\
1-tan“ A

Range of trigonometric functions

cos (A+B)=cos AcosB-sinAsinB
cos (A —B) =cos A cos B +sin AsinB
tan (A — B) = tanA—tanB
l+tanAtanB

cos 2 A = cos’A — sin’A

cos 2 A = 2 cos’A —1 — 2sin’A

1+cosA:2c032%,1—cosA:25in2%

As sin@ = E and P<H SO -1<sin6<1
H
B H
As cosO = T, and B<H o) -1<cosf<1 P
0
AS tan0 = g S0 — oo < tand < o B

Remember : — vJa?+b? <asind + b cosd < va? +b?

Small Angle Approximation

If © is small (say < 5°) then sin® =~ 6, cosO ~ 1 & tanO ~ 6. Here 6 must be in radians.
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Illustration 5.

Find the approximate values of (i) sin 1° (ii) tan 2° (iii) cos 1°

Solution:

2.1

2.2

(M) sin1°= sin(1°>< g

n j: Sin(ijzi
180° 180 180

(ii) tan 20 = tan£2°>< T j: tan (ij ~ L
180° 90) 90

(i) cos 1°~ 1

COORDINATE GEOMETRY

To specify the position of a point in space, we use right handed rectangular axes coordinate
system. This system consists of (i) origin (ii) axis or axes. If a point is known to be on a given
line or in a particular direction, only one coordinate is necessary to specify its position, if it is
in a plane, two coordinates are required, if it is in space three, coordinates are needed.

Origin

This is any fixed point which is convenient to you. All measurements are taken w.r.t. this fixed
point.

AXis or Axes

Any fixed direction passing through origin and convenient to you can be taken as an axis. If
the position of a point or position of all the points under consideration always happen to be in
a particular direction, then only one axis is required. This is generally called the x-axis. If the
positions of all the points under consideration are always in a plane, two perpendicular axes
are required. These are generally called x and y-axis. If the points are distributed in a space,
three perpendicular axes are taken which are called x, y and z-axis.

Position of a point in xy plane

The position of a point is specified by its distances from origin along (or parallel to) x and
y-axis as shown in figure. Here x-coordinate and y-coordinate is called abscissa and ordinate
respectively.

1y

X x,y)

origin X
(0,0)

Distance Formula

The distance between two point (X1, y1) and (X2, y>) is given by d = \/(xz —X)?+(Y,-V,)

Note : Inspaced = \/(X2 —X%,)° (Y, = Yy)* +(2,-2)°
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2.3  SlopofalLine
The slope of a line joining two points A(X1, y1) and B(Xz, Y») is
denoted by m and is given by
m=2Y _Ye ™Y1 —qgng [If both axes have identical scales]
AX X, =X,
Here 0 is the angle made by line with positive x-axis.
Slope of a line is a quantitative measure of inclination.

Illustration 6.

For point (2, 14) find abscissa and ordinate. Also distance from y and x-axis.
Solution:

Abscissa = x-coordinate = 2 = distance from y-axis.

Ordinate = y-coordinate = 14 = distance from x=axis.

Illustration 7.
Find value of a if distance between the points (-9 cm, acm) and (3 cm, 3 cm) is 13 cm.
Solution:

By using distance formula d = \/(X2 —X)?+(y,-Y,") = 13= \/[3—(—9)]2 +[3-a%]
—132=12°+ (3-a)° = (3-2)* = 13* - 12°=5°= (3-a) = +5=a=-2cmor8cm

Illustration 8.
A dog wants to catch a cat. The dog follows the path whose equation is y — x = 0 while the cat
follow the path whose equation is x* + y* = 8. The coordinates of possible points of catching

the cat are :
Ans. (2,4)
Solution:

Let catching point be (X1, y1) theny; —x; =0and x? + y? =8
Therefore, 2x2 =8 = x? =4 = x; = +2; so possible points are (2, 2) and (-2, -2).

BEGINNER’S BOX - 2
1. Distance between two points (8, —4) and (0, a) is 10. All the values are in the same unit of
length. Find the positive value of a.

2. Calculate the distance between two points (0, -1, 1) and (3, 3, 13).

3. Calculate slope of shown line
y

'y

(0, 2)]

(3,0)
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3. DIFFERENTIATION

3.1  Function
Constant: A quantity, whose value remains unchanged during mathematical operations, is
called a constant quantity. The integers, fractions like r, e etc are all constants.
Variable: A quantity, which can take different values, is called a variable quantity. A variable
is usually represented as X, v, z, etc.
Function: A quantity y is called a function of a variable x, if corresponding to any given value
of X, there exists a single definite value of y. The phrase 'y is function of x' is represented as
y=f(x)
For example, consider that y is a function of the variable x which is given by y = 3x* + 7x + 2

Ifx=1then y=3(1)’+7(1)+2=12 andwhenx=2,y=3(2)*+7(2)+2=28

Therefore, when the value of variable x is changed, the value of the function y also changes
but corresponding to each value of x, we get a single definite value of y. Hence, y = 3x? + 7x +
2 represents a function of x.

3.2 Physical meaning of j—y
X
Q) The ratio of small change in the function y and the variable x is called the average rate
of change of y w.r.t. x.
For example, if a body covers a small distance As in small time At, then

: A
average velocity of the body vq, = A—i

Also, if the velocity of a body changes by a small amount Av in small time At, then

. AV
average acceleration of the body, a,, = n

Ay

(i)  WhenAx—0 the limiting value of 3 is Lim&Y _ 9
X

ax—0 AX  dXx

It is called the instantaneous rate of change of y w.r.t. x.

The differentiation of a function w.r.t. a variable implies the instantaneous rate of
change of the function w.r.t. that variable.

Like wise, instantaneous velocity of the body V= LimE _gs
A—0 At dt
and instantaneous acceleration of the body a= Limﬂ = av
At—0 At dt
3.3 Theorems of differentiation
1. If ¢ = constant, 4 (=0
dx
2. y = ¢ u, where c is a constant and u is a function of x, dy = i(cu) = cd—u
dx dx dx
3. y =uzxvxw, where, u, vand w are functions of x, dy = i(uJ_rVw_LW) :d_uid_vid_w
dx dx dx dx dx
4. y = u where u and v are functions of x, Y _ i(uv) =u OI—V+ vd—u
dx dx dx  dx

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




Edubull

LU dv
5. y= Y Where u and v are functions of x, dy i(EJ = M
v dx dx \
_ dy _
6. y =X, n real number, (x )=nx""
dx  dx
Ilustration 9.

Find j—y,when (y=+x (i)y=x>+x*+7  (iii)y=x2+4x 2 _3x?
X

Solution:
. _ dy U2 1 %‘1 1 w2 _ 1
[ =Jx = L =—(X)= x'%) = =x2 ==x
M vy ( X) = ( ) = 2 5 2 b
.. dy d
- 5+ 4+7 2y - 5+ 4+7 - - 5 o el 7
(i) y=x+x = DL ext )= L)+ (3 ()

=5x* + 43 + 0 = 5x* + 4x°

(i) y=x*+4x M _3x? L i(x2 +4x V2 3x*2) = i(xz) +i(4x‘1’2) —i(sx‘z)
dx dx dx dx dx

= —(x ) + 4 (x 12y —3 (x’z) 2X + 4(‘5) X2 _3(-2)x3
= 2x — 2x 2 6x -3

BEGINNER’S BOX - 3

1. Find ay for the following :

dx/
i)y =x"? (i)y=x2
(iii) y = x (V) y=x>+x3+4x"2 + 7
(v) y = 5x* + 6x3 + 9x (vi)y=ax’ +bx + ¢

(vii) y = 3x° —3x—l
X

2. Given s =t? + 5t + 3, find E
dt
3. Ifs=ut+ %atz, where u and a are constants. Obtain the value of %
4. The area of a blot of ink is growing such that after t seconds, its area is given by A = (3t* + 7)

cm?. Calculate the rate of increase of area at t = 5 second.

5. The area of a circle is given by A = n r?, where r is the radius. Calculate the rate of increase of
area w.r.t. radius.

6. Obtain the differential coefficient of the following :
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: o1 L 3X+4 'S
)(x—1)(2x+5 i —— ii v
() (x=1)( ) ) o ( )4X+5 ( )X3+1
3.4  Formulae for differential coefficients of trigonometric, logarithmic and exponential
functions
d . _ d o d o
e — (sin x) = cos X e — (Ccos x) =-sin x e — (tan x) = sec” X
dx dx dx

d d d
e — (cot x) = — cosec? X e —(secx)=secxtanx e —(cosec X) =— cosec X cot X
dx dx dx

e 2 logex) = = e Ly=e o L) =ae™
dx X dx dx

3.5 Maximum and Minimum value of a Function
Higher order derivatives are used to find the maximum and
minimum values of a function. At the point of maxima and

minima, first derivative (i.e. g—y) becomes zero.
X

At point ‘A’ (minima) :
As we see in figure, in the neighbourhood of A, slope increases

2
SO d 32/> 0.
dx
2
Condition for minima : @ Oand d—32/ >0
dx dx

2

At point ‘B’ (maxima) : As we see in figure, in the neighborhood of B, slope decreases so j )2/ <0.
X

2
Condition for maxima : LA 0 and d—{ <0
dx dx

llustration 10.
The minimum value of y = 5x° — 2x + 1 is

1 2 4 3

(1) c (2 3 (3) i (4) 5
Ans. (3)
Solution:

For maximum/minimum value g—y =0=52x)-2(1)+0=0=x= %
X

2
Now at x = 1, : }2/ = 10 which is positive
X
. 1 1) (1 4
so y has minimum value at x = =. Therefore, ymin=5|=| 2| = | +1=—
5 5 5 5
4. INTEGRATION
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In integral calculus, the differential coefficient of a function is given. We are required to find
the function. Integration is basically used for summation. X is used for summation of discrete

values, while [ sign is used for continuous function.
If I is integration of f(x) with respect to x then

| = | f(x) dx [we can check g—' =f(x)] © [ f'(x) dx = f(x) + ¢
X
where ¢ = an arbitrary constant
Let us proceed to obtain intergral of x" w.r.t. x. di X" = (n + 1)x"
X

Since the process of integration is the reverse process of differentiation,

n+l

j(n +)x"dx=x"* or  (n+1) jx"dx:x”+1:> J.x”dx: X
n+1

The above formula holds for all values of n, except n = -1.

It is because, forn = -1, jx”dx = Ix’ldx: J‘%dx

) i(loge X) = 1 j Lax = loge X
dx X X

Similarly, the formulae for integration of some other functions can be obtained if we know the
differential coefficients of various functions.

4.1  Few basic formulae of integration
Following are a few basic formulae of integration :

n+l

1. Ix”dx X c, Provided n = -1
n+1

2. .[sinx dx=-cosx+c (® dix(cos X) = -sin X)

3. Icosx dx=sinx+c (® dix(sin X) = COS X)

4. Il dx =logex + ¢ (® i(Iogex):l)

X dx X

5, jex dx = +c @ %(e") = ¢)
llustration 11.

Integrate w.rt. x. 1 (i) x*2 (i) X’ (iii) xP(p/q = —1)
Solution:

11/2+1
(i) Ix“’zdx:)l(1 PRIV
E+1 13

N x 1
i X~'dx = +c=—=X"+c
(i) I —7+1 6
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E-¢-l

P q
(i) [x9dx=2—tc=—Tx® 4
B“r‘l p+q
q

Illustration 12.
Evaluate _[(x2 —cosx+1j dx

X
Solution:
) 1 x*t x*
= jx dx— jcosxdx+ I;dx = 2+1—smx+ logex+c= ?—sm X +10ge X +C
BEGINNER’S BOX -4
1. Evaluate the following integrals :
2
; 15 i -3/2 -7 -1 : 1
Q) _[x dx (i) _[x dx (iii) j(3x +x7)dx  (iv) j[&+ﬁj dx

(v) j(x + %) dx (vi) j (% + ;j dx  (aand b are constant)

4.2  Definite Integrals
When a function is integrated between a lower limit and an upper limit, it is called a definite
integral.

If a4 (f(x)) = f'(x), then
dx

.[ f'(x) dx is called indefinite integral and Lbf '(x) dx is called definite integral

Here, a and b are called lower and upper: limits of the variable x.
After carrying out integration, the result is evaluated between upper and lower limits as
explained below :

[0 dx = [} = (o) (@)

4.3  Areaunder a curve and definite integration
Area of small shown darkly shaded element = ydx = f(x) dx
If we sum up all areas between x = a and x = b then

b
I f(x) dx = shaded area between curve and x-axis.

Illustration 13.
5

The integral szdx is equal to
1
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125 124 1
1) == 2) == 3) = 4) 45
(1) 3 ) 3 ®3) 3 (4)
Ans. (2)
Solution:
s, 2T {53 ]?} 125 1 _ 124
dex=— = |l = |=—=-z=—
1 3 3 3 3 3 3
BEGINNER’S BOX -5
1. Evaluate the following integrals :
. > GMm %o 00 — R
(i) JR v dx (ii) L —k )1(22 dx  (iii) Iu Mvdv (iv) JO X 7 dx
(V) Io sin x dx (vi) jo cos x dx (vii) jf%cosxdx

4.4  Average value of a continuous function in an interval
Average value of a function y = f(x), over an interval a < x < b is given by

b b
jydx .[ydx
Yoo = ajb'dx - i:)—a

a

llustration 14.
The velocity-time graph of a car moving along a straight road is
shown in figure. The average velocity of the car in first 25

seconds is
(1) 20 m/s (2) 14 m/s
(3) 10 m/s (4) 17.5 m/s
Ans. (2)
Solution:
25
'[ vt f h 1|(25+10
Average velocity = -2 _ Areaof v -tgraphbetweent 8tot 25s :_( + )(20) = 14 mis
25-0 25 25 2

llustration 15.
Determine the average value of y = 2x + 3 in the interval 0 < x < 1.

1 (2)5 ()3 4) 4
Ans. (4)
Solution:

ydx

O e

1

oo [o o] v 2010500

Yav =

0

S. SOME STANDARD GRAPHS AND THEIR EQUATIONS
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6. ALGEBRA

6.1  Quadratic equation and its solution :
An algebraic equation of second order (highest power of the variable is equal to 2) is called a
quadratic equation. Equation ax? + bx + ¢ = 0 is the general quadratic equation.
The general solution of the above quadratic equation or value of variable x is

o —b++/b®—4ac _ —b++/b*-4ac and xo= —b—+/b? —4ac
= 1= )=

2a 2a 2a

b c
Sum of roots = x; + X, = — and product of roots = XX, = —
a a

For real roots discriminant b? — 4ac > 0 and for imaginary roots b® — 4ac < 0

llustration 16.
Solve the equation 2x* +5x —12=0
Solution:
By comparison with the standard quadratic equation a=2,b=5andc=-12
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_ —5:+,/(5)° —4x2x(-12) _ -5+.121 -5+11 +6 -16
2x2 4 4 4 4

X

Ilustration 17.
The speed (v) of a particle moving along a straight line is given by v = t* + 3t — 4 where v is in
m/s and t in seconds. Find time t at which the particle will momentarily come to rest.
Solution:
When particle comes to rest, v =0

—34_n/9—4 (-4
So t+3t—-4=0= t= 2(1)()( ) & t=1or4
Neglect negative value oft, Hencet=1s

llustration 18.
The speed (v) and time (t) for an object moving along straight line are related as t* + 100 = 2vt
where v is in meter/second and t is in second. Find the possible positive values of v.
Solution:
For possible values of v, time t must be real so from b? — 4ac > 0
We have (-2v)? — 4(1) (100) > 0
=  4*-400>0 =  Vv*-100>0
= (v—10) (v+10)>0 = v>10andv<-10
Hence possible positive values of v are v > 10 m/s.

BEGINNER’S BOX - 6

1. Solve for x : (i) 10x*—27x +5=0 (i) pgx> = (p* + g°) x +pq =0

2. In quadratic equation ax®> + bx + ¢ = 0, if discriminant is D = b? — 4ac, then roots of the
quadratic equation are :
(I Real and distinct, if D >0 (2) Real and equal (i.e., repeated roots), if D = 0.
(3) Non-real (i.e. imaginary), if D <0 (4) All of the above are correct

6.2  Binomial Expression :
An algebraic expression containing two terms is called a binomial expression.

For example (a + b), (a + b)?, (2x —3y) ™, (x +§j etc. are binomial expressions.

Binomial Theorem
(a+b"a"+na" bt + N0=1) a2 (1+x)"=1+nx+ =D 2
x1 2x1
Binomial Approximation
If x is very small, compared to 1, then terms containing higher powers of x can be neglected
so(L+x)"~1+nx

Illustration 19.

Calculate +/0.99

Solution:
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J0.99 =(1-0.01)"?~1- %(0.01) ~1-0.005~ 0.995

Ilustration 20.
mO
2
Vv
e
of body =10 kg and ¢ = speed of light = 3 x 10® m/s. find the value of m at v = 3 x 10’ m/s.
Solution:

SN2 2T —1/2
1Y 1
m=mo1- | =10/1-[ 10 —10[1-—=| =10 1—(——)(—) -10+22 11005 kg
& 3x10 100 2 )\ 100 200

6.3  Logarithm
Common formulae :

The mass m of a body moving with a velocity v is given by m = where mg = rest mass

m

e log mn =log m + log n OIOgFZIOQm—Iogn

e logm"=nlogm e loge m = 2.303 log;p m
6.4  Componen do and Dividendo Rule : If p_2a then w:ﬂ
qg b pP-q a-b

6.5  Arithmetic progression (AP)
General form:a,a+d,a+2d, ....,a+ (n— 1) d. Here a = first term, d = common difference

Sum of n terms S, = %[a ra+(n—1)d] = %[2a +(n-1)d] = %[P‘ term + ™ term]

Illustration 21.

Find the sum of given Arithmetic Progression4 + 8 + 12 +....... + 64

(1) 464 (2) 540 (3) 544 (4) 646
Ans.  (3)
Solution:

Herea=4,d=4,n=16 So, sum = %[First term + last term] = ? [4 +64] =8(68) =544

Note :

(i) Sum of first n natural numbers Sh=1+2+3+...4+n= %[1 +n] = n(n+1)

(ii) Sum of square of first n natural numbers S ,=1*+2°+3*+.... +n° = n(n +1)6(2n +1)
2

(iii) Sum of cube of first n natural numbers S ,=1%+2°+3%+.... +n°= [@}

BEGINNER’S BOX - 7

1. Find sum of first 50 natural numbers.
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2. Find 124+ 22+............. +10%

6.6  Geometric Progression (GP)
General form : a, ar, ar’,....., ar

a@l—r")

"1 Here a = first term, r = common ratio

Sum of nterms S, =

For 0 <|r| <1 Sum of o term S, =1i(® r<l..r”—0)
—r

Illustration 22.

Find the sum of given series1 +2+4 +8 +....... + 256
(1) 510 (2) 511 (3) 512 (4) 513
Ans. (2)
Solution:
_ 99
Herea=1,r=2,n=9 (0 256 = 2%). So, Sg = % =2°-1=512-1=511
Ilustration 23.
Find 1+ £+£+1+..... upto oo.
2 4 8
(1) 21 (3)2 (4) 1.925
Ans. (3)
Solution:
Here,a=1,r= 1 So, S, = _ - =2
2 1-r 41
2
BEGINNER’S BOX - 8
1. Find 1—£+l—l+i—i+.......upto 0.
2 4 8 16 32
. _ 1 1
2. Find Fue=GMm L—2+? P+ ....... upto oo}

7. GEOMETRY
7.1  Formulae for determination of area :
1. Area of a square = (side)?
2. Area of rectangle = length x breadth

3. Area of a triangle = % (base x height)

Area of a parallelogram = base x height

Area of curved surface of cylinder = 2arN  (r = radius and \ = length)

9. Area of ellipse = ab (aand b are semi major and semi minor axes respectively)
10.  Surface area of a cube = 6(side)?

4. Area of trapezoid = % (distance between parallel sides) x (sum of parallel sides)
5. Area enclosed by a circle = 7 r? (r = radius)

6. Surface area of a sphere = 47 r? (r = radius)

7.

8.
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11. Total surface area of cone = rtr? + nrA where mrh = «ir r? +h? = lateral area

7.2 Formulae for determination of volume :
1. Volume of a rectangular slab = length x breadth x height = abt

2 Volume of a cube = (side)®

3 Volume of a sphere = %n r (r = radius) &

4. Volume of a cylinder = rt r’\ (r=radius and \ is length)

5 Volume of a cone = %n r’h (r =radius and h is height)

Note : 7 = % =3.14; n°=9.8776~10  and % =0.3182 ~0.3.

llustration 24.

Calculate the area enclosed by shown ellipse
Solution:

Shaded area = Area of ellipse = mab

Here a=6-4=2andb=4-3=1

= Area=px 2 x 1 =2munits

Ilustration 25.
Calculate the volume of given disk.
Solution:
Volume = 7Rt = (3.14) (1)* (10°) = 3.14 x 10° m?

VECTORS
Scalar Quantities
A physical quantity which can be described completely by its magnitude and does not require
a direction is known as a scalar quantity.
It obeys the ordinary rules of algebra.
Ex.: Distance, mass, time, speed, density, volume, temperature, electric current etc.

Vector Quantities
A physical quantity which requires magnitude and a particular direction, when it is expressed.
Ex.: Displacement, velocity, acceleration, force etc.
A vector is represented by a line headed with an arrow.
A vector is represented by a line headed with an arrow. Q

I.ts length is proportional to its magnitude.

A is a vector. p
1 uuu

A = PQ
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Magnitude of A = |A |or A

1.1 Type of vector

° Parallel Vectors :-
Those vectors which have same direction are called parallel vectors.
Angle between two parallel vectors is alvyays 0°

A
® >

B
[ >

° Equal Vectors
Vectors which have equal magnitude and same direction are called equal vectors.

° Anti-parallel Vectors :
Those vectors which have opposite direction are called anti-parallel vector.
Angle between two anti-parallel vectors is always 180°
1
A
[ 4 >

B

< °
° Negative (or Opposite) Vectors

Vectors which have equal magnitude but opposite direction are called negative vectors of each

other.
ﬁ\E anduI;%‘A are negative vectors
AB =-BA
A > B
A< B
° Co-initial vector

Co-initial vectors are those vectors which have the same initial point.
: ro \ .
In figure a,b and c are co-initial vectors.

c

v

a
° Collinear Vectors :
The vectors lying in the same line are known as collinear vectors.
Angle between collinear vectors is either 0° or 180°.

Example.
(i) <«— <«—— (=0 i —> — (6=0°
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(i) <«— —> (0=180° (iv) ——> <«— (6=1807

° Coplanar Vectors
Vectors located in the same plane are called coplanar vectors.
Note :- Two vectors are always coplanar.

° Concurrent Vectors
Those vectors which pass through a common point are called concurrent
vectors.

. ro
In figure a,b and ¢ are concurrent vectors.

° Null or Zero Vector
A vector having zero magnitude is called null vector.

Note : Sum of two vectors is always a vector so, (A)+(-A) =0

0 is a zero vector or null vector.

° Unit Vector
A vector having unit magnitude is called unit vector. It is used to specify direction. A unit

vector is represented by A (Re?d as A cap or A hat or A caret).
Unit vector in the direction of A'is
i Vector
Magnitude of the vector}

A

A= —IA— (unitvector =
| A

A-=AA-A|A
A unit vector is used to specify the direction of a vector.

Base Vectors
In an XYZ co-ordinate frame there are three unit vectors i, ] and k,

these are used to indicate X, Y and Z directions respectively. These
three unit vectors are mutually perpendicular to each other.

° Polar Vector
Vectors which have initial point or a point of application are called
polar vectors.
Ex.: Displacement, force etc.

° Axial Vector
These vectors are used in rotational motion to define rotational
effects. Direction of these vectors is always along the axis of
rotation in accordance with right hand screw rule or right hand
thumb rule.

(0.1}
Ex. : Infinitesimal angular displacement (de), Angular velocity
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(), Anglular momentum (IJ) , Angular acceleration (a) and Torque (T)

1.2 Addition of two vectors
Vector addition can be performed by using following methods
(1) Graphical methods (i1) Analytical methods
Addition of two vectors is quite different from simple algebraic sum of two numbers.

° Triangle Law of Addition of Two Vectors
If two vectors are 'represented by two sides of a triangle in same order then their sum or
resultant vector is given by the third side of the triangle taken in opposite order of the first two
vectors.

Shift one vector B , Without changing its direction, such that its tail coincide with head of the
other ve(I:tor A . Now complete the tlriangle Iby drawing third side, directed from tail of A to
head of B (it is in opposite order of A and B vectors). oL
Sum of two vectors is also called resultant vector of these two vectors. Resultant R=A+B
Length of Il? is the magnitude of vector sum i.e. ‘,IA+ II3‘

\Fre\ :\fm é\ — J(A+Bcos6)? +(Bsin6)? = VAZ +B? + 2ABc0s 0

. ! L Bsin®
Let direction of R make angle o with A :tano= —
Bcos 0

° Parallelogram Law of Addition of Two Vectors :
If two vectors are represented by two adjacent sides of a
parallelogram which are directed away from their common point
then their sum (i.e. resultant vector) is given by the diagonal of the
parallelogram passing away through that common point.
UL U UL 1 1 1

AB+AD=AC=>A+B=R-
Bsin 0 Asin0

—R= \/A2+BZ+2ABcose ,tano.= ————— and tanp = —————
A+Bcoso B+Acos6

llustration 26.
Two forces of magnitudes 3N and 4N respectively are acting on a body. Calculate the resultant
force if the angle between them is :
(i) 0° (i) 180° (iii) 90°
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Solution:

—> 3N

(i)

—> 4N

0 = 0°, both the forces are paralle, R=A +B
Net force or resultant force R =3 + 4 = 7N
Direction of resultant is along both the forces

(i)  3Ne—— —— 4N

6 = 180°, both the forces are antiparallel, R=A~B
Net force or resultant force R=4 -3 =1N
Direction of net force is along larger forces i.e. along 4N.

(iii)

0 =900, both the forces are perpendicular

Then R=A?+B?+2ABc0s90° = VA?+B? = J3?+4% =5N;
tana= > = a= tanl[gj L 7
4 4

Magnitude of resultant is 5N which is acting at an angle of 37° from 4N force.

Ilustration 27.
Two vectors having equal magnitude of 5 units, have an angle of 60° between them. Find the
magnitude of their resultant vector and its angle from one of the vectors.

Solution:
A=B=5unitand®=60 R= \/AZ +B2+2ABc0s60° =5+/3 unit
1

V3

2 __— —tan30° .. o =30°
3 3
2

_ Bsin60°
A+ Bcos60°

tan o

Illustration 28.

1 1
A vector A and B make angles of 20° and 110° respectively with the X-axis. The magnitudes
of these vectors are 5m and 12m respectively. Find their resultant vector.
Solution:

Angle between the A and B =110°—20° = 90°
So, R = \JA? +B? +2ABC0s90° = /5 +12? = 13m

Let angle of II? from A IS a

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




Edubull

fan o = Bsin6 _ 12sin90° _  12x1 2
A+BcosO 5+12co0s90° 5+12><O 5

—o=tan*’ (%) with vector A or (o + 20°) with X-axis

Illustration 29.

Figure shows a parallelogram ABCD. Prove that Klé+ EB = 2§E
Solution:

UM Uil i il b e

AC=AB+BC&BD = BC+CD [applymg trlangle Iaw of vectors]

[CUU NV UNENC Y ]

Now AC+BD AB+BC+BC+CD AB+ZBC+CD
But CD AB ZBC

Ilustration 30.
Two forces each numerically equal to 10 dynes are acting as shown in the figure, then find
resultant of these two vectors.

Solution:

The angle 6 between the two vectors is 120° and not 60°

R = /(10)? +(10)? +2(10)(10)(c0s120°) = +/L00+100-100 = 10 dyne

GOLDEN KEY POINTS

° Vector addition is commutative A+B=B+A
1 1 1 1 1 1
Vector addition is associative A+(B+C)=(A+B)+C
Resultant of two vectors will be maximum when they are parallel i.e. angle between them is zero.
I | I I I I
= |A+B| =JA?+B?+2ABcos180° = \[(A+B)’ =A+Bor [A+B| =|A[+[|
° Resultant of two vectors will be minimum when they are parallel i.e. angle between them is
180°.
I I
= ‘A + B‘ =\AZ+B? +2ABCc05180° = \[(A—B)? = A ~ B (larger — smaller)
I I I I
= e = [A: B = B, < [A]: 3
) Resultant of two vectors of unequal magnitude can never be zero.
° If vectors are of unequal magnitude then minimum three coplanar vectors are required for zero
resultant.
° Resultant of two vectors of equal magnitude will be at their bisector.
I I I I
If ‘A‘ = ‘B‘ But if ‘A‘ > ‘B‘ then angle B > o
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R will |ncIine more toward the vector of bigger magnitude.
° If two vectors have equal magnitude i.e. ‘A‘ ‘B‘ = a and angle between them is 6 then

resultant will resultant will be along the bisector A and B and its magnitude is equal 2a cos
— ‘R‘ :‘A+ B‘ =2a cos9
2 2

0

Special Case :If 6 = 0 = 120° then R = 2a cos 120° _ a
L I o I I
i.e.if 6= 120°then [R|=|A+B| = |A|=|B| =a

If resultant of two unit vectors is another unit vector then the angle

between them (6) = 120°
OR

If the angle between two unit vectors (6) = 120°, then their resultant is another unit vector.

1.3 Addition of More Than Two Vectors (Law of Polygon)
If some vectors are represented by sides of a polygon in same order then thelr resultant vectors is

represented by the cI05|ngS|de of polygon in the opp05|te order. R A+ B+ C+ D

GOLDEN KEY POINTS
) In a polygon if all the vectors taken in same order are such that the head
of the last vector coincides with the tail of the first vector then their
resultant is a null vector. .

A+B+C+b+é 0

° If n coplanar vectors of equal magnitude are arranged at equal angles of separation then their
resultant is always zero.

1.4 Subtraction of two vectors

1 1 1 1
Let A and B are two vectors. Their difference i.e. A—B can be treated
I

1
as sum of the vector A and vector (—B) .

A-B=A+(-B)
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1 I 1 1
To subtract B from A, reverse the direction of B and add to vector A according to law of

triangle.
‘A—B‘ — JA? +B? + 2ABcos(n—6) =yA? +B? —2ABC0S0 &tan o= —————
A—-BcosH
1 1
where 0 is the angle between A and B.
1 1 1 1
° Vector subtraction does not follow commutative law i.e. A-B=B-A
I I I I I I
. Vector subtraction does not follow associative law i.e. (A -B)-C=A —(B - C)
I I

° If two vectors have equal magnitude, i.e. ‘A‘ = ‘B‘ =a and 0 is the angle between them, then

‘,&—é‘zx/az +a?—2a%cosO =2a sin%

Special case : If 6 = 60° then 2a sing —a e ‘A— IIB‘ = ‘A‘ = ‘IIB‘ —aato=60°

° If difference of two unit vectors is another unit vector then the angle between them is 60° or
If two unit vectors are at angle of 60°, then their difference is also a unit vector.
) In physics whenever we want to calculate change in a vector quantity, we have to use vector

subtraction. For example, change in velocity, AV = {/2 —{/1

Ilustration 31.
The magnitude of pairs of displacement vectors are given. Which pairs of displacement
vectors cannot be added to give a resultant vector of magnitude 13 cm?

(1) 4 cm, 16 cm (2)20cm, 7 cm (3)1cm, 15cm (4)6cm,8cm
Ans. (3)
Solution:

1 I
Resultant of two vectors A and B must satisfy A~B<R<A+B
Ilustration 32.

If |4+ B|=|a—b], then find the angle between & and b
Solution:
Let angle between 4 and b be®  © |a+b|=a-b|

L2+ +2()(1) cos B = /17 +12 — 2(1)(1) cos B
=2+2c0s0=2-2cosO = cosO=0 O O=90°

BEGINNER’S BOX - 9
1. If two forces act in opposite direction then their resultant is 10N and if they act mutually
perpendicular then their resultant is 50N. Find the magnitudes of both the forces.

2. If ‘é — 6‘ = \/5 then calculate the value of ‘é + \/§b‘ .

3. If A=3i+2j and B =2i+3j—k, then find a unit vector along (A— B).
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4. If magnitude of sum of two unit vectors is 2 then find the magnitude of subtraction of these
unit vectors.

1.5 Resolution of vectors into rectangular components
When a vector is splitted into components which are at right angles to
each other then the components are called rectangular or orthogonal
components of that vector.

. rowu .

Q) Let vector a=0A in X —Y plane, makes angle o from X-axis.
Draw perpendiculars AB and AC from A on the X-axis and Y-
axis respectively.

(i)  The length OB is called projection of 8:& on X-axis or component of BJA long X-axis

and is represented by ax. Similarly OC is the projection of OA on Y-axis and is
represented by ay.

: . rouu wuu ua
According to law of vector addition. a=0A=0B+0C
Thus a has been resolved into two parts, one along OX and the other along OY,, which
are mutually perpendicular.

In AOAB, % = cosal = OB = OA cosa = ay = a Cosa

and gz sina = AB = OA sina. = OC = ay = a sina o a= acosa and ay, =

asino
A A U ~
If i and j denote unit vectors along OX and OY respectively then OB= a cos « i

and OC =asin o] So according to rule of vector addition

U e i

OA=0B+0C=a=a,i+aj=acosai +asinaj

r a
So |a|=«/a§+a§ and tan o —~
a

X

1.6 Rectangular Components of a Vector in Three Dimensions

Q) Consider a vector a represented by OA, as shown in figure. Consider O as origin and
draw a rectangular parallelopiped with its three edges along the X, Y and Z axes.

(i)  Vector a is the diagonal of the parallelopiped; its projections on X, Y and Z axis are
éx, éy and éz respectively. These are the three rectangular components of A .

ua e i

Using triangle law of vector addition OA:QE+% -

Using parallelogram low of vector addition OE =0OB+0D
U UL [B01] UL

- OA=(OB+OD)+EA

® EA=OC . OA=0B+0D+0C

Now OA=4, OB=ai, OC=a,j and OD=a,k

r 2 2 ~
a=ad+aj+ak
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Also (OA)? = (OE)? + (EA)?
But (OE)* = (OB)* + (OD)* and EA = OC

- (OA)’ = (OB)* + (OD)* + (OC)? or a’ = @’ +a’ +a; = a = \fa; +a; +a. ...(i)

Direction Cosines
Let a makes angle : o with X axis, B with Y axis and y with Z axis

ax ay
® cosa= X = ay=acosa e cosp=— = ay=acosp
a a

a
® cosy= —+ =>@a,=acosy
a

cos a, cos 3 and cos y are direction cosines of the vector.
Putting the value of ay, a, and a, in eq. (i) we get a® = a” cos’a. + a° cos’B + a’ cos’y
— cos? o+ cos? B +cos’y =1 = (1 —sin?a) + (1 —sin’p) + (L —sin®y) = 1
= 3—(sina+sin®p +sin®y) =1 = sin%o + sin’p + sin’y = 2

GOLDEN KEY POINTS

° A vector can be resolved into infinite number of components.
For example 100 =i +14+1.0oeee 10 times ;= é+%+% ........... 20 times and so on.

° Maximum number of rectangular components of a vector in a plane is two. But maximum
number of rectangular components in space (3-dimensions) is three which are along X, Y and
Z axes.

) A vector is independent of the orientation of axes but the components of that vector depend
upon the orientation of axes.

) The component of a vector along its perpendicular direction is always zero.

llustration 33. .
1 A A A
If P=3i+4j+12k then find magnitude and the direction cosines of P
Solution:

Magnitude of P: |P| = [P+ P2+ P = 3 +4°+12° = 69 =13
P 12

— Z

Direction cosines : cosa.= &:i, cosp = -~ =—, cosy =—
P P 13 P 13

13

llustration 34.
Find the angle made by (i +]) vector from X and Y axes respectively.
Solution:
a= \/ai ta2 =P+ =42
a 1 a 1

coso = X =—"—"— = a=45° &cosp = L =—"= = B =45°
a 2 a 2

Ilustration 35. .
Find out the angle made by A =i+ j+k vector from X, Y and Z axes respectively.
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Solution:
Given Ay=Ay=A,=1s0A= JAZ+AZ+A? = V14141 =3

A
COSOF% L g=cost L cosB:Ky L B=cos™

NG 5 g

1. A 1
; COSy="—Z =—— => CO0S
A

NG

Ilustration 36.
A force of 4N is inclined at an angle of 60° from the vertical. Find
out its components along horizontal and vertical directions.
Solution:
Vertical component = 4 cos 60° = 2N

Horizontal component = 4 sin 60° = 2 J3N

Ilustration 37.
A force is inclined at an angle of 60° from the horizontal. If the
horizontal component of the force is 40N, calculate the vertical
component.

Solution:

®A,=AcosO ... 40=Acos 6 °z%:>A:80N

Now A, = A sin 60° = A*/_ 80*/_ = 403N
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Illustration 38.

Determlne that vector which when added to the resultant of P = 2i+7j-10k and
Q =i +2] 3k give a unit vector along X-axis.

Solution:
Resultant R= P+Q (2I+7j 10K) + (i + 2j+3K) = 3|+9] 7k
But R + required vector = i so required vector = i —R =i— (31 +9j—7k) = —2i —9j+7k

Ilustration 39. o .
Add victors A, B and C which have equal magnitude of 50 units and are inclined at angles
of 45°, 135° and 315° respectively from X-axis.
Solution: . .
Angle between B and C is equal to 315° — 135° = 180°
They balance each other .
so sum of these three is A i.e. 50 units at 45° from X-axis

Ilustration 40.
The sum of three vectors shown in flgure IS Zero.
What is the magnitude of vector OB & OC’7
Solution: -
Resolve OC into two rectangular components.
OD = OC cos 45° and OE = OC sin 45°
For zero resultant OE = OA or OC sin 45° = 10N

— OC x—— = 10N = |OC| = 102N
V2

and OD = OB = OC cos 45° = OB = 1042 x - = OB = OB = 10 N

Ng

Ilustration 41.
For shown situation, what will be the magnitude of minimum force in newton that can be

applied in any direction so that the resultant force is along east
direction?
Solution:
Let force be F so resultant is in east direction
4 +3]+(5c0s37°1 +5sin37°j) + F=ki
= 4?+3]+4f+3]+F=kf = 8?+6]+F=kf
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1.7

1.8

= F=(k—8i)—6] = F = \[(k=8)*+(6)? = Frnin=6N
OR
Fmin = Y-components of existing forces

= 3N + 5N sin37°= 3N + 5N [gj =6N

BEGIINNER’S BOX - 10
The x apd y components of vector A are 4m and 6m respef:tively. The x and y components of

vector A +B are [0 m and 9m respectively. For the vector B calculate the following-
(a) x and y components (b) length and (c) the angle it makes with x-axis

Find the directional cosines of vector (5? + 2] + GR). Also write the value of sum of squares of

directional cosines of this vector.
! a a ~ ~ A A 1 1
If A =6i-6j+5k and B=i +2j—k, then find a unit vector parallel to the resultant of A & B.

Multiplication and Division of a Vector by a Scalar

If there is a vector A and a scalar K and if é = KA and IC = % where K > 0 then

(@) In multiplication of a vector by a scalar the magnitude becomes K times while the direction
1 I

remains same. So that angle between A and B is zero.
(b) In division of a vector by a scalar, the magnitude becomes (1/K) times and the direction

remains same. So that angle between A and C is zero.

Scalar Product of Two Vectors
Definition: The scalar product (or dot product) of two vectors is defined as the prod}Jct of

tlheir magnitudes with cosine of the angle between them. Thus if therelar(? two vectors A and
B having angle 6 between trllem then their scalar product is written as A-B = AB cos0

1 1 1
Example: W = F-S Where F= force and S = displacement.

GOLDEN KEY POINTS

Dot product is always a scalar, which is positive if angle between the vectors is acute
(i.e. 6 <90) and negative if aqgltle betlwelen them is obtuse (i.e. 90° < 6 < 180).

Dot product is commutative A-B=B-A

I I | I I I
Dot product is distributive A-(B+C):A-B+A-C
According to definition AIIB = AB cosO the angle between the
I I
A-B

vectors 0 = cos | ——
AB

Scalar product of two vectors will be maximum when cosd = max =1, i.e. 6 = Q°,
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1
I.e., vectors are parallel. (A-B) =AB

max

I I
° Scalar product of two vectors will be zero when cos 6 = 0, i.e. 6 = 90° so (A- B) = 0 if the

scalar product of two nonzero vectors is zero then vectors are orthogonal or perpendicular to
each other.
In case of orthogonal unit vectors i, j and k : i.j=jk=ki =1 x 1 x cos 90°=0
The scalar product of a vector by |tself is termed as self dot product and is given by
AA=AAC0S0°= A2 = |A| = JTX
° In case of unit vector f: n n =1x1xcos0°= S0 ﬁ

A A A A

ﬁ jj=kk =

° In terms of components:

1.9  Projection of A on é

Q) In scalar form :

(i) In vector form :

Ilustration 42.
Can scalar product be ever negative?

Solution:
Yes Scalar product will be negative if 6 > 90°.
0P Q PQ cosO . When 0 > 90° then cosO is negative and P. Q will be
negative.

IIIustratlon 43.
If A= 4i +nj—2k and B= 2i +3j+k, then find the value of n so that ALB
Solution: .
Dot product of two mutually perpendicular vectors is zero A-B =0
L (41+nj—2K).(2i +3]+K) =0=> (4 x2)+(Nx3)+(-2x1)=0=>3n=-6=>n=-2

llustration 44.
1 1 1 I 1 |
Three vectors A ,Band Care such that A=B+C and their magnitudes are in ratio 5 : 4 : 3

respectively. Find angle between vector A and &: [AIPMT (Mains)-2008]
Solution:

Giventhat: A= I|3+(|3:A—I|3:(|3
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1.10

By taking self dot product on both sides (A—C)-(A—C) =B.B = A2+ C?— 2A.C= B?
Now let angle between A and C be 6 then A* + C* — 2AC cosf = B?

2 ~2 @2 2 2 (12
cosp= A+C =B O+ -4 :E:§:>9:cosl(§j =530
2AC 2(5)3) 30 5 5
1 1 OR 1 1
Since 52 = 4> + 3* the vectors A, B and C with A = B+C make a triangle with angle between
é and (IJ as 90°. If 6 is the angle between A and b,then C0sO = g .. 0=53°

. BEGINNER’S BOX - 11 .
If a and bare two non collinear unit vectors and |a + b| = J3, then find the value of
r 1 r 1
(@a—b)g2a+b)

If A = 4] —2j+4Kk and B = —4i + 2]+ ak are perpendicular to each other then find value of o?
If vector (4 -+ 2b) is perpendicular to vector (5a—4b), then find the angle between a and Ib .

If A=2i— 2j—k and B—I+j then :
(a) Find angle between A and B
(b) Find the projection of resultant vector of A and B on x-axis.

Find the vector components of a = 2i +3j along the directions of i+ j.

Vector Product of Two Vectors

Definition

The vector product or cross product of two vectors is defined as a vector having magnitude
equal to the product of their magnitudes with the sine of angle between them, and its direction
is perpendicular to the plane contalnlng both the vectors according to right hand screw rule or

right hand thumb rule If A and B are two vectors, then their vector product i.e. A xB IS a
vector C defined by C = A X B = ABsinon

Right Hand Thump Rule

Place the vector A and B to tail. Now place stretched
flingers a}nd thumb of right hand perpendicular to thelplane of

A and B such that the fingers are along the vector A . If the
fingers are now closed through smaller angle SO as to go

towards B, then the thumb gives the direction of A xB i.e. C

Right Hand Screw Rule
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1.11

1 1 1 1 I
The direction of A xB i.e. C is perpendicular to the plane containing vectors A and B and

towards the advancement of a right handed screw rotated from A (first vector) to B (second
vector) through the smaller angle between them Thus, if a right handed screw whose axis is

perpendicular to the plane formed by A and B is rotated from Ato B through the smaller
angle between them, then the direction of advancement of the screw gives the direction A x B

Examples ofr Verctolr Product
(i) Torque: T=rxF (i) Angular momentum : j = F
(i) Velocity : v =oxT - (iv) Acceleration : a=oxr

. . Lrr . .
Here r is position vector and F,p,» and o are force, linear momentum, angular velocity and
angular acceleration respectively.

Eeokal

Geometrical Meaning of Vector Product of Two Vectors
(1) Consider two vectors A and B which are represented by OP and OQ and ZPOQ =16
(if) Complete the parallelogram OPRQ. Join P with Q. Here OP=A and OQ =B. Draw QN _L OP.
(iii) Magnitude of cross product of A and IB
|A xB| = AB sind = (OP) (0Q sing) = (OP) (NQ) ( © NQ = OQ sin6)
= base x height = Area of parallelogram OPRQ

;
Area AOPQ == basexzhe|ght (OP)Z(NQ) |A B|

.. Area of parallelogram OPRQ = 2[area of A OPQ] = |A X IIB |

Formulae to Find Area

1 1 rr
If A and B are two adjacent sides of a triangle, then its area = %|Ax B|

1 1 1
If A and B are two adjacent sides of a parallelogram, then its area = | A x B |

1 1 rr
If A and B are diagonals of a parallelogram, then its area = %|A>< B
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GOLDEN KEY POINTS

Vector product of two vectors is always a vector perpendicular to the plane containing the two
1 I

vectors, i.e., orthogonal (perpendicular) to both the vectors A and B
Vector product of two vectors |s not commutatlve e

AxB;thA But|AxB|¢|BxA| AB sin6
1 1 |
Note : AxB;t—BxA

1 1 1 I
i.e. in case of vectors AxB and Bx A magnitudes are equal but
directions are opposite [See the figure]

The vector product is distributive when the order of the vectors is
strictly maintained, i.e. Ax(|'3+&:) — AxB+AxC
According to definition of vector product of two vectors Ax IIB = AB sin0h= 6 = sin*
| AxB|
AB
The vector product of two vectors will be maximum when sin 6 = max. =1, i.e., 6 = 90°
|AxB|_ = ABsin90°= AB
I.e. vector product is maximum if the vectors are orthogonal (perpendicular).
The vector product of two non-zero vectors will be zero when |sinf| =0
ie.when  ©=0°0r180° |AxA|=0o0r |Ax(-A)| =
Therefore, if the vector product of two non-zero vectors is zero, then the vectors are collinear.
The self cross product, i.e., product of a vector by itself is a zero vector or a null vector.
ie. AxA—— (AAsIin0°)A -0

B xA=-C

In case of unit vector fi: Axf = 1x1xsin0°A = 0 so that ixi=0, jxj=0, kxk=0
In case of orthogonal unit vector i j and k: accordlng to right hand thumb rule
ixj=k, jxk=i k><|—j and  jxi=-k kxj=-— ixk=—]

In terms of components

—
>

i

rr N n

AxB= Ax Ay A (Ay Bz_Asz)_J(AxBZ_AXBZ)+k(AxBy_AyBx)
B, B, B,

. . ! L AxB _ AxB
Unit vector perpendicularto A aswellas B is i = £—F . .
|A><B| sme

If A B and éare coplanar, than A.(Ilax&:) =0. [Q (B><C) is perpendicular to A]
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1 1 1 1 1
Angle between (,'A+ |'3) and (Ax |'3) 1Is90° as A x B is perpendicular to plane containing A &B .
A scalar or a vector, cannot be divided by a vector.

° Vectors of different types can be multiplied to generate new physical quantities which may be
a scalar or a vector. If, in multiplication of two vectors, the generated physical quantity is a
scalar, then their product is called scalar or dot product and if it is a vector, then their product
is called vector or cross product.

Ilustration 45.
If F=(4i—-10j) and T = (5i —3j), then calculate torque (< =r xF).

Solution:
Here t =5 —3j+0k and F=—4i—10j+0Kk
r r I ? J k
.t=rxF=/5 -3 0] =1i(0-0)-j0-0)+k(-50+12) =-38k
4 -10 0

Illustration 46.

Find a unit vector perpendicular to both the vectors (2i +3j+Kk) and (i —j+2K).
Solution:

Let A=2i+3j+k and B=i—j+2k

unit vector perpendicular to both Aand B is A= +|—'?‘A—X:r—|
X
rr ok
AxB=[2 3 1] =i6+1)-j4-1)+k(-2-3)=7i-3j-5k
1 -1 2
rr A A
© | AxBl= 7% +(=3)? +(-5)? = /83 unit s A=+—=(7i-3j-5K)

J_

Ilustration 47.
If A=i+2j+3k, B=—i+]+4k and C=3i+3j+12k , then find the angle between the

vectors (A+ II3+(I:) and (Ax IIS) in degrees.

Solution:
I 1 1 1 n ~ r rr i ] lz ~
Let P=A+B+C=3i-5k and Q=AxB=|1 2 3|=5i-7j+3k
-1 1 4
Angle between II:’& ('Q IS given by cosb = —Q:ﬁ =0=06=90°
PQ  PQ
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BEGINNER’S BOX - 12
1. There are tow vectors A =3i+] and B= j+ 2k . For these two vectors-

(@ If A and II3 are the adjacent sides of a parallelogralm th(?n find the magnitude of its area.
(b) Find a unit vector which is perpendicular to both A & B.

2. If /3| AxBI|=A.B, then find the angle between Aand B.

3. If the area of a triangle of side A & é is equal to % then find the angle between A & é :

1 1 1 1 1 1
4, Find A-B if |[A|=2, |B|=5,and | AxB|=8

ANSWER KEY

BEGINNER’S BOX -1

L1 3 o1 N ) .
1. ) —— ) — ) — v) —— v) -1 vi) 0
(i) 7 (i) 5 (iii) 7 (iv) 5 (v) (vi)
2. sinezf, cosez§, tanezﬂ cotez§ cose56:§
5 5 3 4 4
BEGINNER’S BOX -2
1. 2 2. 13 3. -2/3
BEGINNER’S BOX -3
1. (i) %xm (i) —3x* (iii) 1 (iv) 5x*+3x%+2x 2 (v) 20x3+9xM2+9
(Vi) 2ax+b  (vii) 15x*-3+ —
X
2. 2t+5 3. u+at 4. 30cm’st 5. 2 mr
. . 2 1 o 2x—x*
6. i)4x + 3 ) ——— ) -———— iv) ————
® U (2x +1)? (i) (4x +5)? ( )(x3+1)2
BEGINNER’S BOX - 4
XlG X—6 X2
1. (i) T (i) —2x Y2+c (iii) - loge X + C (iv) >t 2x +10ge X + C
x? o a
(V) ?+ loge X +C (vi) — +Dblogex+c
X
BEGINNER’S BOX -5
1. (i) EMm (ii) ka192 11 (iii) lM(vluz) (iv) (vi) 1
R r, 2
(vii) 2
BEGINNER’S BOX - 6
NG R SN () RS S 71
25 qgp
BEGINNER’S BOX — 7
1. 1275 2. 385

BEGINNER’S BOX -8
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1. % 2 Fnet=26'\2"m
r
~ BEGINNER'SBOX-9
i-]+k
1, 40N & 30N 2. 2 3. 4, NA)
NE)

1 (a) 6m and 3m (b) V45m  (c) tan™ (Ej

5 | 2 ’ 6 g3 7Ti—4j+4k

\/65 ' \/65 ' \/65 9

|

60° 4 (a) 90° (b) 3 5. g(h])

[N
I
N
a1
w

|

6
=

3
7

w—
Il
I+
(o]

1. (a7units  (b) %i— j+2k 2. 30° 3. 3000r150° 4. A

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




