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Indefinite Integration

Integration of a Function |

Integration is a reverse process of differentiation. The
integral or primitive of a function f(x) with respect
to x is that function (x) whose derivative with respect
to x is the given function f(x). It is expressed
symbolically as -

jf(x)dx ~0(x)
Thus

[ [Foaax =009 = -6 (1 = ) ]

The process of finding the integral of a function is
called Integration and the given function is called
Integrand. Now, it is obvious that the operation of
integration is inverse operation of differentiation.
Hence integral of a function is also named as
anti-derivative of that function.

Further we observe that-
d 2

—(x7)=2x

dx %)
di(x2 +2)=2x} = '[Zxdx = x* + constant

X
i(xz +Kk) =2x
dx
So we always add a constant to the integral of function,
which is called the constant of Integration. It is

generally denoted by c. Due to presence of this constant
such an integral is called an Indefinite integral.

Basic Theorems on Integration

If f(x), g(x) are two functions of a variable x and k is a
constant, then-

(i) jk f(x) dx:kjf(x) dx.
(ii) I[f(x)ig(x) dx = J‘f(x)dxij'g(x)dx

(iii) d/dx( J.f(x)dx) = f(x)

(iv) J(%f(x)] dx = f(x)

Standard Integrals

The following integrals are directly obtained from the
derivatives of standard functions.

i J.O.dx=c

i, Jl.dx:x+c

i J.k dx=kx+c (k e R)

n+l

iv. jx” dx = =
n+1

+c(n-1)
V. jldx: loge X+ ¢
X

Vi J.eX dx=e*+c
X

log, a

e

+c=a"log,e+c

vii. jax dx =
viii. jsinxdx:—cosx+c

iX. J-cosxdx:sinx+c

X. Itanxdleogsecx+c:—Iogcosx+c
Xi. jcotx dx=logsinx+c

Xii. jsec x dx = log(secx+tanx)+c

= — log(secx — tan x)+c
T X
=logtan | —+—|+C
4 2
Xiii. J.cosecxdx:—log (cosec x + cot x) + ¢
X
= log (cosec x — cot x) + ¢ = log tan (Ejﬂz
Xiv. jsecxtanxdx:secx+c
XV. Icosecxcotxdxz—cosecx+ c
XVi. J.secz X dx =tan X + ¢
XVii. Icoseczxdx:—cotx+c
XViil. Isinh xdx=coshx +c¢c
XiX. J.coshxdx:sinhx+c
XX. Isech2 xdx =tanh x +c
XXi. Icosechz xdx=—cothx +c¢
XXii. J'sechx tanh x dx = —sechx + ¢

XXiil. Icosech X coth x = — cosech X + ¢
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XXViii. I

dx = sinh™ (Xj+c
Vx2+a?
:Iog(x+ Vx? +a? )+c

J. dx = cosh™ (XJ+C
x/i
=log (x+ Vx?—a% ) +¢
XXX. '[x/azfxz dx
2

X a2 . X
=ZVa?-x?+< sint Z+¢c
2 2 a

XXiX.

XXXi. I x? +a? dx

2
X a L4 X
=2 WJx%+a? + = sinht> +¢
2 2 a
XXXii J‘x/xz—a2 dx
2
X a 4 X
Zx?-a? - = coshtZ+¢
2 2 a
1 X
XXXiii. I =—sec —+¢
x? —a a
XXXIV. J. sin bx dx

= e” 2(asmbx—bcosbx)+c
a“+b

ax
= e—sin{bxtanl (E)}+ c
Va?+b? a
XXXV. Ie""x cos bx dx
aXx

=_° 2 (acosbx+bsinbx)+c
a+

ax
-— % cos {bx—tan12}+c
a

va? +b?

Methods of Integration |

4.1

When integration can not be reduced into some
standard form then integration is performed using
following methods-

(i) Integration by substitutions

(ii) Integration by parts

(iii) Integration of rational functions

(iv) Integration of irrational functions

(v) Integration of trigonometric functions
INTEGRATION BY SUBSTITUTION:

Generally we apply this method in the following two
cases.

(i) When Integrand is a function of function -
ie. j f [60)] ¢ (x) dx

Here we put ¢ (x) = t so that ¢'(x) dx = dt
and in that case the integrand is reduced

to J.f(t) dt.

Note:

In this method the integrand is broken into two factors
so that one factor can be expressed in terms of the
function whose differential coefficient is the second
factor.

(if) When integrand is the product of two factors
such that one is the derivative of the other i.e.

| = If’(x) f(x) dx.

In this case we put f(x) = t and convert it into a
standard integral.

(iii) Integral of a function of the form f (ax + b).

Here we put ax + b = t and convert it
into standard integral.  Obviously if

j £(x) dx = o(x), then
[flaxoy ax = §¢(ax +h)

(iv) Standard form of Integrals:

@) j % dx = log [f()] + ¢

®) [15007 1160 ax = T

(provided n = —1)

©) jf(x) dx =2.Jf(x) +c
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(v) Integral of the form
J' dx
asinx+bcosx
puttinga=rcos 0 and b =r sin 6. we get

dx 1
l= | ———— ==|cosec(x+0)dx.
J.rsin(x+e) r.[ (x+6)

= % log tan (x/2 + 6/2) + ¢

-1 log tan (x/2 + 1/2 tan"* b/a) + ¢

vaZ+b?

(vi) Standard Substitutions : Following standard

substitutions will be useful-

Integrand form Substitution
(i) va®?—x? or X =asin 0 or
1
X=acos o
a?—x?

(i) Vx*+a®or X =atan 0 or
1

x=acot®or x=asinh 0

x% +a’?

(iii) Vx?—a® or X=asec or
1

X =acosec O or x =acosh 0

Vx?-a?

[ x [a+x

(iv) ,|— or [—= x=atan’0
a+Xx X

or {x(a+x) or ﬁ

X a—x
(v) or ,[——
a—x
or x(a-x) X =asin’0
1
or
x(a—x)
. X
(vi) ,[—— or X =asec’0
X—a
a

or X =acos 20

a+X

a—X

(viii) )[;_OL or X= o cos’0+psin’0
\ B—x

J(x—a)(B-x)
(B>o0)
4.2 INTEGRATION BY PARTS:
4.2.1 Ifuand v are two functions of x, then

U(u.v) dx = u (jv ax ) - j(j—ij (jvdx )dx.]

i.e. Integral of the product of two functions
= first function x integral of second function
— [ [(derivative of first) x ( Integral of second)]

Note :

(i) From the first letter of the words inverse circular,
logarithmic, Algebraic, Trigonometric,
Exponential functions, we get a word ILATE.
Therefore first arrange the functions in the order
according to letters of this word and then
integrate by parts.

(i) For the integration of Logarithmic or Inverse
trigonometric functions alone, take unity (1) as
the second function.

4.2.2  If the integral is of the form fex [f(x) + f'(x)]dx,

then by breaking this integral into two
integrals, integrate one integral by parts and
keep other integral as it is, By doing so, we get-

UeX[f(x)+f'(x)]dx = e f(x) + ¢ ]

4.2.3 If the integral is of the form J[xf’(x)+f(x)]dx

then by breaking this integral into two
integrals integrate one integral by parts and
keep other integral as it is, by doing so, we get

[j [X £(x) + f(x) Jdx = x f (x) + ¢ ]

4.3 Integration of Rational functions:

4.3.1 When denominator can be factorized (using
partial fraction) :

Let the integrand is of the form % where both f(x)
g(x

and g(x) are polynomials. If degree of f(x) is greater
than degree of g(x) then first divide f(x) by g(x) till
the degree of the remainder becomes less than the

degree of g(x). Let Q(x) is the quotient and R(x), the
remainder then
R(x)

) _ R(X)
000 - " 0
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Now in R(x)/g(x), factorize g(x) and then write partial
fractions in the following manner-

(i) For every non repeated linear factor in the
denominator, write

1 A N B
(x—-a)(x—b) x-a x-b
(if) For repeated linear factors in the denominator,
write-
1 __A , B
(x-a®(x-b) (x-a) (x—a)?
C D
+ s+
(x-a) (x—b)
(iii) For every non repeated quadratic factor in the
denominator, write
1 _ Ax+B + C
(ax® +bx+c)(x—d) ax®+bx+c x-d

Note :

(i) If integrand is of the form then use

1
(x+a)(x+bh)
the following method for obtaining partial
fractions-

1 1 { a-b }
Here =
(x+a)(x+b) (a—b) | (x+a)(x+Db)

1 (x+a)—(x+b)
" (@a-b) | (x+a)(x+b)

_ 1 {1 4 1}
_(a—b) X+b x+a

(if) If integrand is of the form X then
(x+a)(x+h)

X 1 (b-a)x
(x+a)(x+b) b-a | (x+a)(x+b)

1 [b(x+a)—a(x+b)}

“boa| (x+a)(x+Db)

1 b a
b-a|x+b x+a
When denominator can not be factorised:

In this case integral may be in the form

. dx . (px+0q)

) | ————, (i) | —————dx

()J.ax2+bx+c i ax? +bx +c
Method:

(i) Here taking coefficient of x* common from
denominator, write -

432

b? — 4ac

43
Now the integrand so obtained can be evaluated
easily by using standard formulas.

(ii) Here suppose that px + q = A [diff. coefficient
of (@ +bx+c)]+B

=A(Rax+b)+B ..(1)

Now comparing coefficient of x and constant
terms.

we get A =p/2a, B = q— (pb/2a)

X2+ (b/a) x + c/a = (x + b/2a)* —

-~ 1=Pl2a Izax—”)dx
ax? +bx+c

pbj dx
+lg-——| | ———
( 2a -[ax2+bx+c

Now we can integrate it easily.

4.3.3 Integration of rational functions containing
only even powers of x.
To find integral of such functions, first we divide
numerator and denominator by x? then express
numerator as d(x = 1/x) and denominator as a
function of (x £ 1/x).

4.4 Integration of irrational functions :

45

If anyone term in Nr or Dr is irrational then it is made
rational by suitable substitution. Also if integral is of

the form-
Id—x , jVaxz +bx +c dx
Vax? +bx+c
then we integrate it by expressing
al+bx+c=(x+a)+p
Also for integrals of the form

pX+4q [y2
——————dx, |(px+q) vax“ +bx+c dx.
J‘x/a1x2+bx+c '[

First we express px + ¢ in the form
px+q=A {%(axz + bX+C)} + B and then proceed

as usual with standard form.
Integration of Trigonometric functions :

Here we shall study the methods for evaluation of
following types of integrals.

. dx
I. | _
® J.a+bsin2x

.. dx
i) |[———
i J.a+bcoszx
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(iii) j o
acos’ X + bsin xcosx +csin? x
. dx
i) [— :
(asinx +bcosx)

Method :
Divide numerator and Denominator by cos® x in all
such type of integrals and then put tan x = t.

1I.
® Ia+bcosx

(i) Ja+bsmx

(i) Iacosx+bsmx
(iv) j &
asinx+bcosx+c
Method :
In such types of integrals we use following formulae
for sin x and cos x in terms of tan (x/2).

2tan| X 1—tan?| X
2 2

1+tan?[ X 1+tan? X
2 2

and then take tan(x/2) = t and integrate another method
for evaluation of integral
(iii) puta=rcos a, b =rsin a, then

sinx = COS X =

- _I5|n(x +a)

1J‘cosec (X+a)dx .
r

% log tan (X/2 + a/2) + C

. 1
oD J.(1+ex)(1—e"‘) dx

(xii)J-\/ll_x dx

=1e

(xiii) IJ;L_de
+e

(xiv) I\/Xl_ldx
e —

[Multiply and divide
by e™ and put e*=t]
[Multiply and divide

by €]

mform
f(x)

—X/ 2]

[Multiply and divide bye

[Integrand = tanh? X]

[Integrand = coth? x]

[Integrand = 1/4 sech? x]
[Integrand=1/4cosech? X]

[Multiply and divide by ¢

and put e* =t]

[Multiply and divide bye™?]

—x/. 2]

[Multiply and divide by e

[Multiply & divide by e 7]

1 x 1. b 1 . .
= m log tan(2 + > tan aj +C (xv) Im dx [Multiply and divide by
I J'psinx+qcosx dx ﬁe—xlz]
" Jasinx +bcosx _ "
J. psin x B (xvi) I 1-e” dx [Integrand
asin x +bcosx —(1-eY /—1_ex 1
qCcosx
jasinx+bcosx (xvii) '[ 1+e* dx [Integrand
For their integration, we first express Nr. as follows-
Nr = A (Dr) + B (derivative of Dr.) =(1+¢")/v1+e* ]
Then integral = Ax + B log (Dr) + C \/x—
- - Xviii e’ —1dx Integrand
Sl Some Integrates of Different Expression (vt J Linteg
of & = (e -1) /e -1]
. ae”® X
(i) dx [pute*=1] xix) [E+2 Integrand
-|-b+ceX (xix) _[ X _a [integ
iy | 1+1ex dx [Multiply and divide - @+ e _a?
by e™ and put e™*=t]
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