Limit, Continuity & Differentiability

Limit, Continuity &
Differentiability

INDETERMINATE FORM "

Some times we come across with some functions

which donot have definite value corresponding to
some particular value of the variable.

For example for the function

X4 gy 440

2

X—2 2=8 0

which cannot be determined. Such a form is called
an Indeterminate form. Some other indeterminate

f(x) =

forms are 0 X oo , 0° 4=, co—o0, o0/ 00, 00", 0/0.

| 4
LIMITS OFAFUNCTION
Let y=1f(x) be a function of x and for some particular
value of x say X =a, the value of'y is indeterminate,
then we consider the values of the function at the
points which are very near to 'a'. If these values tend
to a definite unique number ¢ as x tends to 'a'
(either from left or from right) then this unique number
¢ is called the limits of f(x) at x =a and we write it

as x “—n; afx)=v

Meaning of 'x — a ' : Letx be a variable and a be
a constant. If x assumes values nearer and nearer to
'a' then we can say ' x tends to a' and we write
'x—>a'.

It should be noted that as x — a

wehavex za.

By 'x tends to a' we mean that
(1 x=za
(i) x assumes values nearer and nearer to 'a' and

(iif) we are not spacifying any manner in which x
should approach to a.x may approach to a from
left or right as shown in figure.

Ex.1

2
x-3
to 3 from left or from right, it can be easily observed
that the value of f(x) tend to 6 hence

im X*=9 _ im  (x=3)(x+3)
X—3 X—3 X—3 (X—3)

Iff(x)= x“=9 then f(3)= % ,how when x tends

lim

= X__)3(X+3):3+3:6

Ex2 Iff(x)=x>+1 ™ fx)=1f(1)=2

then X — 1

Note : Itisnot necessary that if the value of a function at
some point exists then its limit at that point must exist.

Ex.3 Iff(x)=[x], then observing to its graph we find
that f(2)=2but , " 5 f(x) does not exist.
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LEFT AND RIGHT LIMITS "

TO FIND LEFT/ RIGHT LIMIT

()

(1)
(1if)

If value of a function f(x) tend to a definite unique
number when x tends to 'a’ from left, then this unique
number is called left hand limit (LHL) of f(x) atx =a
and we can write it as

fla0)  or, .-

fx)or "7 .o f(x)

x—a-0

For evaluation
fla-0)= ", o fa—h)

Similarly, we can define right hand limit (RHL) of
f(x) atx=a. In this case x tends to 'a' from right. We
can write it as

fla+0) or ™, o+ f(x)or ™ 4 ¢ f(x)
For evaluation

fat 0)= ", fa+h)

-

For finding right hand limit of the function we write
(x+h) in place of x while for left hand limit we write
(x—h) in place of x.

We replace then x by a in the function so obtained.

Conclusively we find limit h — 0

EXISTENCE OF LIMIT "

The limit of a function at some point exists only when
its left- hand limit and right hand limit at that point
existand are equal.

Thus /™

x —sg [ (%) exists

lim f(X) — lim

= x—a X—a

+ f(X) =/

where ¢ is called the limit of the function.

Solved Examples
X2 +1 x>1 im
Ex.1 Iff(x)= {3x—1 <1 thenthe valueof '~ 4
f(x)1s -
(A)1 (B)2
©)3 (D) Does not exist

Sol. Left hand limit = /M

mfx) = M 3x-1)

=31-1=2
and Right hand limit= "™, fx)

x—=1"

= M x2+1)=12+1=2

x—1"
o M fx)= M f(x)=2
So ™ 4 f(x)=2

Ex.2 Thevalueof X"m 1 [x]is-

%
(A)1 (B)2
(©)4 (D) Does not exist
Sol. Left hand limit= "M f(x)= M [x]=0and
Right hand limit= 1M f(x)= M [x]=1
M fix) » M. fx)
- limit does not exist.
Ex.3 Thevalueof /™ Ix] is -
. x—=0
A)1 (B)2
O3 (D) Does not exist
Sol. Lefthand fimit= M I~} ang

x—0*

Right hand fimit= ", X1

-- LHL 2 RHL -, Limit does not exist.

THEOREMS ON LIMITS "

The following theorems are very helpful for evaluation
of limits—

lim [k f(X) ] _ k lim

o ] x —a 1(X), wherekis a constant

xmsa [T +2() 1= "5 f0+ 5 8(%)
xmsa () —g(x) 1= ¢, 5 f0)— ™, 5 2(x)

x s a [f0-2(0 1= ¢, 5 0. ¢, 48(%)
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V) 0 ) 2] =[ Ty 4 )V Solved Examples

[ann_)a g (x)] provided g(x) =0 Ex27 Evaluate nﬂ_[]:o [x]+[2x]+[r3];<]+....+[nx] where
(vii) x“l a [fx) + k] = x"m—>a f(x) + k where k is a [.] denotes greatest integer function.

constant Sol. We know that, x — 1 <[x] <x

2x — 1 <[2x]<£2x
3x—1<[3x]<3x

lim lim

(ix) Iff(x) < g(x)forallx,then , —, 5 f(X) <, _, 58(X)

im im Lim ‘g(x)
®) w0 [T = (™ fxpee
x) Ty o fX) = Mg f(1/x) nx — 1 <[nx] <nx
i i S H2x+3x A+ LX) - n <[x] +[2x] ...
Gi) T fx)= o fx) Hnx] < (x +2x + ... + %)
Limit in Case of Composite Function N X”(r; N _a< i[r X < X-”(2+ 1)
r=1

Lim f[g(x)]:f( Lim g(x)j; provided f is
X —>a X —>a _, fim 5[1+1j_1< fim
continuousatx=I;Ln2g(X). o2 n n "7%

Forexample: [X]+[2X]+....+[nX] < /im 1 [1_’_1)
n2 — n—> o 2 n
Lim /n(f =/ Lim f =/n/
Xina n(f(x)) n{x ina (X)} n L X gim DIA2a ] x
2 n— o r]2 2
(where Limf(x)=20, £ > o)
x—a . sim XI+[2x]+.... + [nx] _ X
> ‘" now n2 2
SANDWITCH THEOREM OR Aliter
SQUEEZE PLAY THEOREM:

We know that [x] =x—
Suppose that f(x) < g(x) < h(x) for all x in some e know that [x] =x — {x}

open interval containing a, except possibly at x =a

- : P = [x]+2x]+ .+
itself. Suppose also that £'M f(x)=¢ =M h(x), ; X1+ [2x] [nx]

=(x+2x+3x+ ... +nx) - ({x} +{2x} +.... +

fim =
Then gx)=vr. fnx})

X—a

" = 200D (g + (2x) +.+ fx))
h(x) 2
£
g(x)
/ \f(X) _ N [1+1J {2+ X

n2

A
A
>

n

v Since, 0 < {rx} <1, L 0< Z{r X} <n

r=1
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n n

D i

X [1+lj_ fim =1
n n—o n2

INDETERMINANCY

Basic methods of removing indeterminancy are

METHODS OF REMOVING "

(A) Factorisation

(B) Rationalisation

(C) Using standard limits
(D) Substitution

(E) Expansion of functions.

Factorisation method :-

We can cancel out the factors which are leading to
indeterminancy and find the limit of the remaining
expression.

Solved Examples

x? -2x-3

Exd4 (i) /m 7 aria

x—3

. Eim{ 1 2(2x-3) }
@), 5% |2 x3 - 3x? + 2x
2
N lim X =2x=3 iy (X=3)(x+1)
0L L5 W s Ten (3 2

o 1 2(2x-3) }

/im -
(i) X—2 |:X—2 x2 —3x% +2x

_im |1 2(2x-3)

Toxo2 [ x-2  x(x=1)(x-2)

X(x—=1)—-2(2x - 3)
x(x=1)(x-2)

. x? —5x+6
_ fim |2 2277
x>2 | X(x=1)(x-2) |
_gim | (x=2)(x=3) |
x22 | X(X=1)(x~-2) |
— /im | x-3 }:_1
x-2 | X(x=1) 2

Rationalisation method :-

We can rationalise the irrational expression in
numerator or denominator or in both to remove the
indeterminancy.

Solved Examples
Ex.5 Evaluate:

- fim 4 —15x +1
D) o axi1
Jim 4 —15x+1
x=>1 2 3x+1

p (4—15x+1)(2+/3x +1)(4 +/15x +1)
— /iIm
x>1 (2-~/3x+1)(4+ 15X +1)(2++/3x + 1)

2++/3x+1 5

(15—15x)
X = —
(B-3x) ~ 4+15x+1 2

sim V1+X—=+v1-x

(11) x—0 X

Sol. (i)

— fim

x—1

(1) The form of the given limit is % when x — 0.

Rationalising the numerator, we get

fim V1+Xx-=v1-Xx
X

x—0

_\/1+x—\/1—x X\/1+x +41-x

= (im
x—0 X V14X +41=x

(1+x)—(1-x)
_x(\/1+x +\/1—x)_

= /im

x—0

2X
| X (V14 x +41-x) |

— /im

x—0

2

LV1+X +41=X

— /im
x—0
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Standard limits :
() () fim S = tim By

(b)

©

[ Where x is measured in radians ]

tan~"x _/im sin'x —1

(11) Klm bk ”

x|

e 1 i 1
(i) M (1+x)*=e 5 (im (1+ax)* =e°

x—0

1Y _ x
(iv) fl)n; ( ;j =e ; [im (1+ij =¢°
X

v) /im e =1 fim a*

x—0 X > x—0

=loga=/na,a>0

/fim /n(1+ x)

(VI) x—0 X = 1
dm X'=a' _
If f(x) > 0, when x — a, then
sinf(x)
0% Ty 7!

(i) [M cos f(x)=1

X—a

tanf(x)
@5 "o -
(iv) /im 00 1 =1
X—a f(X)
(v) fim cllit =/nb, (b>0)
X—a f(X) >
/n(1+£(x))
(vi) fim T X)) =1

(vii) M (14 f(x ))“1* —e

fl_r:; f(x)=A>0and f'_[g d(x) = B(a finite quantity),

then IM [f(x)]%=AB,

Solved Examples

Ex.6 Evaluate :
Sol. ‘im
Ex.7 Evaluate :
fim e’
Sol. T
Ex.8 Evaluate :

Sol.

Ex.9 Evaluate :

Sol.

x—0

x—0

/im

x—0

/im

/im
x—0

/im

x—0

/im _

1

X

(1+x)" -

-1

3

X

x=0 92 °

sin2x

x-0  sin3x

/im {
x—0

{éim
2x—0

2
1. 3

2
= x
3

tanx

1

tanx —sinx

X3

X3

x—0

/im
x—0

/im

— /im

fim e -
x/2

— fim

x—0

tan x(1-cos x)

tanx.23in25
2

4im (1+x)" -1

x—0

X

(1+x)" -1
x>0 (1+x)-1

1

3x

x3 3x

tan x —sinx

X3

. X
SIn—

X
2

sin2x

x>0 sin3x

sin2x 2x

2X

1

sin2x}

2X

X

|

/im
3x—0

w|N

sin3x
3x

2 { 3x
.3

2x  3x }
" 3x sin3x

/im —
3x—0 sin3x

|

-1

N =

|

6.
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. 2\
Ex.10 Evaluate: /IMm (1+;j

Sol.

X—>00 X

X 2
fim (1+£j - ef‘j;;-x =e2,

x 3

Ex.11 Evaluate : (i) fl_rg X::

()Flmj

x-0 1_cos x

Sol. (i) Puty=x-3.So0,as x > 3 =y — 0. Thus

3
tim & -€ _ sm &€
x—3 X—3 y—0 y
~ im ed.ev-¢e®
);—>0 y
coeY -1
=3 5|_r)r3 y = 1=¢
X
()Flm —_1) — fim X(e*-1)
2sin“ —
2
1 . leX-1 X2
- 2 fl—r’g X . 2X =2
sin“ =
2

Use of substitution in solving limit problems
Sometimes in solving limit problem we convert £im

f(x)into {im f(a+h)or {M f(a—h)according as

need of the problem. (here h is approaching to zero.)

Solved Examples
fim 1-tanx
Ex.12 Evaluate ., —=——
+ 1-+2sinx
Sol. Put x = % +h
s
VX = h—0

_1+tanh
_ fim __ 1-tanh
h—0 1_sinh-cosh

1-tan (n + hj
4
/im

h-0 q_ \/Esm(4+hj

-2tanh
i 1-tanh
— fim
h-0 23in2h—25inhcosD
2 2 2
_ 4im —2tan h 1
h—0 o hl  h h] (1-tanh)
sin —| sin — — cos —
2 2 2
2tanh
h
sin—
. 1 _
— fim 2 sinh—cosD S =2,
h>0 h 2 2| (1-tanh)  —1
2
Limits using expansion
xfna x*/n*a x*/n*a
F e ,a>0

(@) =T+ =+ 3

Xz 3
(b)e =14— ' 2'+? ......
2 X3 XA
(C)En(l+x)=x——+?—7+ ..... ,for—1<x <1
35 7
X x° X
(d) sinx =x-— 3 +E—? .....
2 4 U6
X x* x
(e) COSX—']—E'FI—E'F .....
3 5
2X
= X+ —F——+.....
() tanx T
3 5 7
X x> x
X=x-—+—-—=+
(g)tan'x 3+t 5 7
. 1?5 1232 5 123252 ,
Ay — - \
(h)sin"'x Xt X b X X
_1+x_2+5x4+61x6
(i) sec'x I TR
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() for x| <1,n e R;(1+x)" 2
n(1+ x)—sinx +X7

nn-1) , nin-NHn-2) Ex.16 Evaluate /M
=1+nx+ﬁx tT 123 X t.ow xtan x sinx
K (e M /n(‘l+x)—sinx+x—2
()(1+X)x—e 5 T gt T Sol.xgl_% )4 5
xtanx sinx
Solved Examples
X2 X3 X3 X5 2
. eX_1_X ) X_?‘I‘?— ..... - X-g‘l‘g— ..... +7
Ex.13 Evaluate /M ———= — /im el
X x>0 3 tanx sinx
X X X
/im e’ -1-x
Sol. .\ 5o —z — A O |
3 6 2
2
(‘I+x+'+ ...... j—‘l—x 1 1
— fim S tim e—-(1+x)*
x—0 X2 2 EX.17 EValuate X >0 W
i tanx—sinx
Ex.14 Evaluate /M — 3 1 e—e(1—x+ ...... j
Sol. (im e-(1+x)* _ /im 2
- 20 tanx x>0 tan x
; tanx —sinx
Sol. sz 3
_ lim & X _¢
x+X—3+ ....... - x—X—3+ ...... x>0 2 " tanx | 2
— fim 3 3!
~ x50 N -
LIMIT WHEN x - © ‘
_1 + 1_ 1_ In these types of problems we usually cancel out the
3 6 2 greatest power of X common in numerator and
1 denominator both. Also sometime when x — o, we
. 3 _
Ex.15 Evaluate (M T+x)° =2 ‘ 1 o
x—1 use to substitute y = X and in this case y — 0",
Sol. Putx=1-+h
1 Solved Examples
2.1 hy 2 1
1 —| = ; .
fim (8+h)* -2 im [ +8j Ex.18 Evaluate fl)”; X sin —
h>0 h = hso h X
-1
_ " im sin_
/im = _ X _
1(1_ j(hjz Sol. ") xsin x w1 =1
2l 38 A8 4 X
3 8 1.2 )
. X_
_ ftim Ex.19 Evaluate f_'gl 2x_3
h—0 h
1 2
. b X—2 ; x 1
— fim 2Xi=i Sol. Kln; :£|n; - _
h—0 24 12 e 2x=3 w5, 32
X
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2
. X° —4x+5
Ex.20 Evaluate /M 3 312

1.4.5
fim X" —4X+5 _ im X x2  x3 _
Sol. 00 2 -x+2 0% 3, 2 0
< 3
X X
. [2o2
Ex.21 Evaluate ‘M ¥3X7+2
X—-2
o[22
Sol. Xﬂrpw3x—+2(Putx=—%,x—>—oo:>t—>0*)

X—2

_ lim t? fim V3+2t2 t
T to0" (-1-2t) T t»0° —(1+2t) [t]
N3

Some important notes :

. ; /nx
@ == =0
T X
(i1) f'j‘l o =0
e i X"
(i) [T~ =0

(iv) fim (ﬂn;()” -0

X—>00

v) AM x(fnxy =0

As X — o0, /n X increases much slower than any
(positive) power of x where as e* increases much
faster than any (positive) power of x.

(vi) im

n—o

(1-hy=0and /M

n—o

(1 +h)"— oo,

where h — 0",

Solved Examples

1000

Ex.22 Evaluate f'j‘l

eX

1000
fim X =0

0 X
X—> e

Sol.

|

LIMITS OF FORM 1%, 0°, =" _ggff

(A) Allthese forms can be converted into % form in the

following ways
(a)Ifx > 1,y > oo, thenz=(x) is of 1* form

= /mz=y/nx

=/mnz= fnx [% formj

1
—>0and x—>1 = /mx—>0

Asy— o0 = y

(b)Ifx — 0,y — 0, then z=x is of (0°) form

= /mz=y/nx
[gformj
0
(c)Ifx >0, y— 0, then z=x"is of ()’ form

[9 formj
0

(1)~ type of problems can be solved by the following
method

= /n z=%

/nx

= /mz=y/nx

=/Mmz= %
/nx
B)

; 1
(@) M (11x)x =e

(b) M [f(x)]=> ; where f(x) > 1;

g(x) >o asx—>a
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. ot x)-1ha(x)
= 0 -4

nh
_ Jim . h tan[2+2 ]
h=0 (a+h)
(f(x)-1g(x)
. 1 nh
=@@mwwwﬂ _m1+h”%]
h—0 a+h
amf(x)-1] g(x)
exe ﬁT& cot;—z.[ﬂahj—q
=e
Solved Examples
o) 2a
o2 _1 4x*+2 élng)[ 2ah}aZh
X 20 | tan 2
Ex.23 Evaluate ('m (ZX +3J =e "2 =er
Sol. Sinceitis in the form of 1~ Ex.26 Evaluate 1M x
2 _ 2 Sol. Lety= (' b oxx
im 2x° -1 y= -0
xo>n | 2x2 43
Eni
22 _1-2x2 3 = /my= ['rgxénx— (—LT*_TX:O’
=exp | £im > (4x% +2) 1
X0 2x“+3 X
— a8
-° as ; —> 0
Ex.24 Evaluate £im (tan x)“* = y=1
X—>—
|
Jim 'L' HOSPITAL RULE ‘
Sol. Since itis in the form of 1 so , = (tan x)lan 2
i . 0 oo
If x“—m>a m is of the form , 0 °r o> then
1|m (tan x—1)tan 2x Hm(tanx 1)&
_ exa4 — exﬁ, 1-tan? x im f(X) _ i fl(X)
X—a (X) X—a g'(x)
tann/4
_ o Alttanz/4) ol _ é Note :
. . . . 0 oo
. (1) Thisruleis applicable only when there is 0o
an— [ee]
Ex.25 Evaluate {im (2—;) = form.
nx (2) This ruleis applicable only when the limits of the
Sol. /im (2 __j 2 put x=a+h function exists.
X—a X
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Ex.28 The valueof , "_m) 0 a ;b is -
(A)log (a/b) (B) log (b/a)
(C)log(ab) (D)0

Sol. '™, & =P (% form)

im a<‘loga-b*logb

= x50 1 (by' L' Hospital rule)
= log(a/b)
-2

Ex.29 The value of X% 0 X23|n :(( is-

(A1l (B)2

©) -1 (D)3

2
lim X< —2x e
Sol. x>0 2sin x (;form)
im  2X—2

2 .
= x50 Gogs x g~ (by L Hospital nule)

im (2x+3) (Vx=1)

Ex.30 equals-
X2 T i x=3 1
(A)1/4 (B)1/2
(C)3/4 (D) Does not exist
m (2x+3) (Vx-1) (oo J
Sol. , M, V" J —form
X2 i x=3 *
im (2) (WX =1)+(1/2Vx) (2x+3)
= x—1
4x+1
(by L Hospital rule)
1/2
BRILC T
Ex.31 If 'X'TS XX 5 =500, then the positive integral
value ofk is-
(A)3 (B)4
©)5 (D)6
Sol. Here the given Limit
=k 5%1=500 (given)
Sk5kl=45 o k=4

Ex.32 M x/1=xequals-
(A1 (B)e
(C) /e (D) e?
Sol. |)I(rl>’11 x /1=x
— |)I£’1}1 e D/1x=a-1=1/e
im [Yx-8
Ex.33 Thevalueof |73, x—4
(A)1 (B)2
©)3 (D) Does not exist
lim Vx-8
Sol. "%, 3x - 4 (0/0 form)
1
_ lim 12‘/; _lim 3 ﬁzixﬁzg,
x—64 1 X—2/3 x—64 o X1/2 2 8
i SID (e"‘2 —1
Ex.34 7, Tlog (x= 1) equals-
(A)O B)1
(©)-1 (D)2
im0 (e" 2 ‘I)
Sol. ", log (x—1) (0/0 form)
cos(eX 2 —1).e*7? cos0.e®
lim 1 = 1 -
x—2 1 D

(x=1) -1

CONITINUITY

INTRODUCTION
The word 'Continuous' means without any break
or gap. Ifthe graph of a function has no break or
gap or jump, then it is said to be continuous.

A function which is not continuous is called a
discontinuous function.

In other words,

If there is slight (finite) change in the value of a
function by slightly changing the value of x then
function is continuous, otherwise discontinuous, while
studying graphs of functions, we see that graphs of
functions sin x, X, cos X, €* etc. are continuous but
greatest integer function [x] has break at every integral
point, so it is not continuous. Similarly tan x, cot x,
secx, 1/x etc. are also discontinuous function.
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For examining continuity of a function at a point, we
find its limit and value at that point, If these two
exist and are equal, then function is continuous at
that point.

Continuity at a Point

A function f(x) is said to be continuous at x =a, if
M fa)= 1M f{x)=f(a)

X—a

1.e. LHL = RHL = value of the function at ‘a’ i.e.
lim fx)=f(a).

X—a
If f(x) is not continuous at x = a, we say that f(x) is
discontinuous atx =a.

Note :

@

(if)

All Polynomials, Trigonometrical functions,
exponential and Logarithmic functions are continuous
in their domain .

We never talk about continuity/discontinuity at a
points at which we can’t approach from either side
of the point. These points are called isolated points

e.g. f(x)=+va—-x++/x—-a atx=a.

(iii) There are some functions which are continuous only

at one point.

x if xeQ x if xeQ

e.g. f(x)= { and g(x) = {

are both continuous only atx =0

—x1f x¢

0if xeQ

Y=COSX
(Continuous function)
Y
0 > X
fx)=1/x

Reasons of Discontinuity
@) LLm f(x) doesnot exist.
(i) f(x)isnotdefinedatx=b.

(i) Limf(x)=f(c).

(Discontinuous at x = 0)

y A
13
2 —o
1 +—o
3 2 o T2 3 .
—0 -1
— o |-2
-3
A\ 4
y=[x]
(Discontinuous)

In all the above cases, geometrically the graph of
the function will exhibit a break at the point of
discussion. The graph as shown is discontinuous at
X =a, bandc.
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Solved Examples

Ex.35 Discuss the continuity of the function [cos x] at x

T . .
=5 where [ . ] denotes the greatest integer function.

Sol. LHL = Xlifjltl[cos x]=0
2

lim[cosx]: -1

{53

Clearly, LH.L :R.H.L

RHL =

. ) T
so, the function is discontinuous at x = Ex

sin2x + Asinx + Bcosx

Ex.36 Iff(x)= :
X

1s continuous

atx =0. Find the values of A and B. Also find f(0).

Sol. As f(x) is continuous atx =0,

ling f(x)=1(0) and both f(0)

m

and )1(i_)0 f(x) are finite.

I sin2x + Asinx + Bcosx
= f(0) = lim %

As denominator — 0, whenx — 0.

Numerator should also — 0, whenx — 0
which is possible only if

—=sin2(0) + Asin (0) +Bcos(0)=0 = B=0

li sin2x + A sin X
- f(0y=lim ——————

3
x—0 X

lim sinx \( 2cosx + A
= f(0)= 1 2

X X

2cosx+ A
)

— lim
x—0

Again we can see that denominator -0asx — 0

. Numerator should also approach 0 as x — 0
=2+A=0 = A=-2

. 2cosx—2) .. [—4sin’x/2
3f(0)=hm —2 =11m —2

x—0 X x—0 X

— 1 2
_ lim( sin )(/2}2_1

x>0 x>/ 4

So,wegetA=-2,B=0and f(0)=-1

\/Ecosx—l

cotx —1

Ex.37 f(x) = Vx e [Ogj except at x

s
= % . Define f| [Zj so that f(x) may be continuous at
_T
X=7-

Sol. f(x) will be continuous at x = g ,

Y
if Im f(x)=f|—
1fx—1>1;'ltl/4 (X) (4}
T . \/Ecosx—l
S fl— = lim —————
4 x—>n/4

cotx —1
) (\/Ecosx —1)sinx
lim

x—n/4

COS X —Sin X

. (2 cos’ x—l) (cosx+sinx)sinx
= lim > —
x-n/4 (cos” X —sin” X) (\/5 COSX + 1)

1 2
\/5.—+1
V2

Ex.38 Examine the continuity of the function

_ lim sinx(cosx+sinx) _

xon/4 2 cosx +1

2

——,when x # 3
X_
6, when x=3

Sol. f(3) =6 ( given)

f(x)= atx =3.

Lim Lim ( _3)( 3)
x—3 X)) =y 3 %=6

s f(x) =f(3)

. f(x)is continuous at x = 3.
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log (1+ 2ax) — log (1- bx) Ex.42 Check the continuity of the function
0
Ex.39 Iff(x)= X X X+2 x>3
k, x=0 5 X3
o ] f(x)= Y atx=3.
If function is continuous at x = 0 then the value ofk 8-x x<3
is — Sol. f(3) =5
(A)atb (B)2a+b .. Lm
+ (3+h)+
(C)a—b (D)0 Lefthand limit | 4+ (3+h)+2
1+ 2ax hino 5th=5
Sol. - N 1-bx ) .. Lim
©x—0 — Righthandlimit | /5~ 8—(3-h)
_Lm [ 1-bx (1-bx) (2a) - (1+ 2ax)(-b) hT;O 5+h=5=LHL
x—>0\1+2ax ) (1—bx)2
-+ f(3)=RHL=LHL
Lim 2a+b (2a+b) o ]
= x—0 (1-bx) (1+2ax) — W =2a+b . function is continuous.
1-cosdx o %+a x> 1
Ex40 Iff(x)= x2 1s continuous then the a+b x=1 )
a, x=0 Exd43 Iff(x)= | |x_1 is continuous at
value of ais equal to— ﬁ”’ x<1
(A0 (B)1 x = 1 then the value of a & b are respectively-
©) 4 (D)3 (A) 1,1 (B)1,-1
Sol. Since the given function is continuous at x=0 (C)2,3 (D) None of these
Lim 1—-C0S4x —a Sol. f(1)=a+b
x—0 X2
[1+h=1] -1
Lm  2sin2x 4 f(1+h)=m+a—- +a
x>0 2 Xy~4a .
) -+ given function is continuous
i sin 2x
0 2(7) x4=a - f1)=f(1+h)
=2x1x4=a =atb=-1ta 5b=-1
8=a 11-h-1] h
Ex.41 Examine the continuity of the function natb=1+b =a=1
x2 +1, when x<2 Ex.44 Function f(x)=[x] is a greatest integer function
fx)= 2x, when x>2 which is right continuous at x = 1 but not left
at the point x = 2. continuous.
Sol. f(2)=22+1=5 Sol. -- f(1)=[1]=1

[1+0] = 1 and [1-0] =0

" oy fO=f(1)=1,

N _  Lim — Lim
s f@2+0)= Vg 2(2+h)=4 and x » 17 f(x)=0 = f(1)

f2-0)= "™y (2—h)2+1]=5

f(2-0) = f(2+0) = f(2) so function f(x) = [x] is right continuous but not left
. f(x)is not continuous at x = 2. continuous.
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ANINTERVAL

CONTINUITY OFAFUNCTION IN |'

(a) A function f(x) is said to be continuous in an open

interval (a,b) ifit is continuous at every pointin (a, b).
For example function y=sinx, y=cos x,y=e* are
continuous in (— o0, 00).

(b) A function f(x) s said to be continuous in the closed

interval [a, b] if it is-
(1) Continuous atevery point of the open interval (a, b).
(i1) Right continuous at x =a.

(ii1) Left continuous at x =b.

Solved Examples

Ex.45 Check the continuity of the function

5x-4, 0<x<1

2_3y 12x<2 inan interval [0,2]

fx)= {

Sol. The given function is continuous in the interval [0,

2] because it is right continuous at x = 0 and left
continuous at x =2 and is continuous at every point
of the interval (0, 2).

Ex.46 For whatvalue of a and b the function

Sol

O0<x<m/4

f(x) = 2xcotx+b, m/4<x<n/2 is

acos2x—-bsinx, w/2<x<m

X+av2sinx,

continuous in an interval [0, rt ].

. -+ f(x) is continuous in an interval [0, r ]

Soitisalsocontinuous atx= /4 ,X= /2.

V = Lim

’ x—>n/4‘ fx) = /4" fx)
:>n/4+a—n/2+b (1)
andx_)n/2 ()_x—> /2+.f(x)
= 0+b=-a-b -.(2)

Solving (1)and (2) = a=n/6,b=—n/12.

Ex.47 Check the continuity of the function f(x)=[x*] -

[x]* v xeR at the end points of the interval
[ 1, 0], where [.] denotes the greatest integer
function.

Sol:

Continuityatx =—1

fED =[EDA-HIE =[1]-(1P=1-1=0

RHL= xl_i)rirll+{[xz]— x]z} —0-1=-1
so,f(—1) rR.H.L

Continuity atx=0

f(0)=[(0)°] - [0] =0-0=0

tuL = lim{x|-[xf }=0-1=-1

So, f(0)  L.HLL
Hence the function is not continuous at the end points
oftheinterval [- 1, 0]

Ex. 48 A function fis defined as follows:

Sol

1 ,when -0 <x <0

. b
1+sin x ,whenOSx<5

f(x)=

2
2+ x—E ,whenESx<oo
2 2

Discuss the continuity of f.

. Continuityatx=0

LHLatx=0 limf(x)=lim(1)=1
RHLatx=0 limf(x)=lim(1+sinx)=1
x—0" x—0"

f(0)=1+sin0=1
=L.H.L=R.H.L=1(0) so f(x) is continuous atx =0.

. T
contmuity atx = B

lim f(x)=

x—>Z

2

LH.Latx= 5 (1 + sinx)

=1+1=2

2
T

=== 1 +|l=-=| =2
RHLatx=" = limfx) =2 (2 2}

x>t

2
s T T
{3)-2(5-5)-
T T
. LHL=RHL= f(EJ L.H.L=R.H.L=f(5J

n
so, f(x)is continuous atx = (EJ

Hence, f(x) is continuous over the whole real number.
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CONTINUOUS FUNCTIONS "

A function is said to be continuous function if it is
continuous at every point in its domain. Following
are examples of some continuous function.

1) fx)=x (Identity function)

@) f(x)=C (Constant function)
(i) f(x)=x>

(iv) f(x)=ax"+ax"+.  +an (Polynomial).

)
(vi) f(x)=sinx, f(x)=cosx

(vi)) f(x)=e, f(x)=a*,a>0

(viii) f(x) =log x, f(x) =log,x a>0
(ix) f(x)=sinhx, coshx, tanh x
x) f(x)=xMsin(1/x),m>0

(xi) f(x)=x"cos(1/x),m>0

f(X) = |X|a X+ |X|a X'|X|a X|X|

DISCONTINUOUS FUNCTIONS "

A function is said to be a discontinuous function if it
is discontinuous at at least one point in its domain.
Following are examples of some discontinuous
function-

1) fx)=1/x atx=0

(i) f(x)=e* atx=0

(@) f(x)=sin 1/x, f(x)=cos 1/x

(iv) f(x)=[x]ateveryinteger

v)

(vi) f(x)=tanx, f(x)=secx
whenx=(2n+1) n/2,neZ.

(vii) f(x)=cotx, f(x) =cosec x

atx=0

f(x) =x—[x] at every integer

whenx=nn,ncZ.

(viii) f(x) = coth x, f(x) =cosech x atx =0.

PROPERTIES OF CONTINUOUS l'

FUNCTION

The sum, difference, product, quotient (If Dr = 0)
and composite of two continuous functions are
always continuous functions. Thus if f(x) and g(x)
are continuous functions then following are also
continuous functions:

f(x) +g(x)

f(x)—g(x)

f(x). g(x)

A f(X), where ), is a constant
f(x) /g(x),1f g(x) =0

@ el

For example -

(i) e*+sinxisa continuous function because itis the
sum of two continuous function e>* and sin x.

(ii) sin (x*+2)is a continuous function because it is the

composite of two continuous functions sin x and
X242,

Note :

The product of one continuous and one discontinuous
function may or may not be continuous.

For example-
(1) f(x) = x is continuous and g(x) = cos 1/x is

discontinuous whereas their product

x cos 1/x is continuous.
(i) f(x) = C is continuous and g(x) = sin 1/x is

discontinuous whereas their product

C sin 1/x is discontinuous.

Solved Examples

Ex. 49 The function f(x) =a[x + 1] + b [x - 1],
where [x] is the greatest integer function then find
the condition for which f(x) is continuous atx = 1.

Sol. f(x) is continuous atx =1

= Lim f{x)= Lim f{x) = f(1)
= Lima [x +1]+b [x- 1]

=Lim a[x+1]+b[x-1]

—=a-b=2a+0b=a+b=0
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Continuity of Composite Function (b) Iffis continuous at every point of a closed interval I,
If f is continuous at x = ¢ and g is continuous at then fassumes both an absolute maximum value M
x = f{(c) then the composite g(f(x)) is continuous at and an absolute minimum value m somewhere in 1.
X =c eg f(x) = X 5111)2( and g(x) = |x| are That is there are numbers x, and x, in I with
X

f(x,)=m, f(x,)=M, and m < f(x) <M forevery
other L.

continuous at x = 0, hence the composite

X Sin
(o)X= =5~

5 will also be continuous at x =0. )
X"+2 In other words if m= MIN f{x) M= Max fx), then
Solved Examples for any A satisfying the inequalities m < A<M there
Ex.50 Find the point(s) of discontinuity of existapointx, I [a,b] forwhich f(x) =A.
1 1 (¢) A continuous function whose domain is closed must
YT W tu-2’ where u= x—1" have a range also in closed interval but it is not

) . .. ) necessary that domain is open then range is open
Sol. The functionu="f(x)= s discontinuous at the Yy p & p

) ) (range can be closed). f(x) has the minimum and
pointx=1. (1)

1

uw?+u-2 _(u+2)(u—1)
discontinuous atu=-2 andu=1.

1

maximum values on [a, b].

The function y=g(x)= ' DEFINITION OF THE DERIVATIVE "

The derivative f’(x) ofa function y =f(x) at a given

when u=-2, 1 -2 = X = % point x is defined as
X_
1 Ay f(x+A)-f
u=1 = =1 =x=2 f'(x)= Lim =2 = Lim (x+ Ax) (X)=ﬁnite.
x-1 Ax—0AX  Ax—0 Ax

Hence, the composite function y = g (f(x)) is T . )
P " y =g () If this limit exists finitely then the function

. . . 1
discontinuous at three points x = 5> 1,2

Intermediate Value Theorem f(x) is called differentiable at the point x. The number

Suppose f(x) is continuous on an interval I, and a
and b are two points of I. Then if y, is a number
between f(a) and f(b), there exists a number ¢
between a and b such that f(c) =y,.

f'(x)(= lim fx+4Ax) - f(x)

AX—0~ AX

= ﬁnite) is called the

left hand derivative at the point x.

Similarly the number
Note : £ V= £00)
, o X+Ax)-f(x) . .
(a) If fisacontinuous function in [a, b] and A is any £ (x) (_ Jim Ax = ﬁmte)

real number such that f(a) < A < f(b), then there i ) o )
) ] ) is called the right hand derivative at the point x.
exists at least one solution of the equation f(x)= A

The necessary and sufficient condition for the
in the open interval (a, b). In general odd number of Y

existence of the derivative f(x) is the existence of the

solution of f(x)= A in the open interval (a, b). In finite right and left hand derivatives, and also of the

particular if f(a) and f(b) possess opposite signs, then

there exists at least one solution of the equation f(x) equality £} (x) = f’(x) = finite.
=01nthe open interval (a, b). In general odd number
of solutions of f(x)=0 in the open interval (a, b).
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Solved Examples

Ex.51 Show that 5\/; has no finite derivative at x =0.

Sol. Lety=3/x3 ,thenwehave Ay=3/(x +Ax) 3

5 3 1
Atx =0, we have, Ay=w5/Ax3,&= AT _ - :
AX  Ax Ax?

=00

Hence, y'(0)= lim

1
Ax—0 S/sz

1.e., there is no

finite derivative.

Geometrical Meaning of The Derivative

Let us consider the function f(x) and the
corresponding curve y = f(x). Clearly line joining
two points M (x,y)and M, (x + AX,y+ Ay) on
the curve will be the secant to the curve and the

A
slope of this secantis given by tan ¢ = Ey (Where

¢ is the angle made by the secant with the positive
direction of the x-axis). In the limiting case when
Ax — 0 the point M, approaches M and the secant
joining these two points will become the tangent at
M, whose slope will be given by tana =
lim % = 1'(x) which means that slope of the

Ax—0

tangent to the curve y = f(x) at any argument is equal
to the value of the derivative at that argument.

y
A

M,

M, y=f(x)

Ay

i
o o)

’O| X X+tAx > X

Geometrically, a function is not differentiable in the
following cases :

Differentiability on An Interval

A function y = f(x) is differentiable on an interval
(finite or infinite) if it has a derivative at each point
of the interval. It is differentiable on a closed interval
[a, b] if it differentiable at every point of the open
interval (a, b) and if the limits

o fla+h)-f(a)

finite
h—0" h

(Right - hand derivative at a)

i f(b)-f(b—h) _
h—0"

finite
(Left - hand derivative at b) exist finitely

Relation Between Derivability And Continuity
(@ If f'(a) exists then f(x) is derivable at

x =a = f(x) is continuous at x =a .In general a
function fis derivable at x then f'is continuous at x.
i.e. iff(x) is derivable for every point of its domain
of definition, then it is continuous in that domain. The
converse of the above resultis need not be true e.g.

1
xsin— x#0

the functions f(x) = [x| and g(x) = X
0, x=0

both are continuous at x =0 but not derivable at x =0.

() Let f/(a)=A and f'(a) =p where A andp are

finite then :

(i) A =p =fisderivableatx=a = fis continuous

atx =a.

(ii) A #u = fis not derivable at x = a but f is

continuous at x = a. If a function f not
differentiable but is continuous at x = a, it
geometrically implies a sharp corner or kink at x
=a.

(iii) If f is not continuous at x = a then it is not
differentiable at x = a.
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Reason of non differentiability
Case -1

(i) acomer, where the one-sided derivatives differ

Differentiable function & their properties

(@)

(i) acusp, where the slope of PQ approaches « from  (p)

one side and — o from the other

o-
Q

G N e

(iii) avertical tangent, where the slope of PQ approaches
approaches

o from both sides or
—oo from both sides (here, — o )

(iv) discontinuity

N—> ~> €
(a) (b)

A function s said to be a differentiable function ifit is
differentiable at every point of its domain.

Example of some differentiable functions:—

(1) Everypolynomial function

(i) Exponential function : a%, e*, e *......

(iii) logarithmic functions : log ,x, log x.......
(iv) Trigonometrical functions : sin X, cos X,

(v) Hyperbolic functions : sinhx, coshx,......
Examples of some non— differentiable functions:
1) |x|]atx=0

() x+[x| atx=0

(i) [x],x +[x]ateveryn eZ
1
(iv) x sin (;) ,atx=0

1
(V) cos (;J, atx=0
(¢) The sum, difference, product, quoteint

(Dr 0) and composite of two differentiable functions
isalways a differentiable function.

Algebra of a Differentiable Function

@

(if)

If f(x) and g(x) are derivable at x = a then the
functions f(x) + g(x), f(x) - g(x), f(x).g(x) will be
derivable atx =aand if g(a) = 0 then the function
f(x)/g(x) will also be derivable atx =a.

If f(x) is differentiable at x = a and g(x) is not
differentiable at x = a, then the product function f(x)
g(x) can still be differentiable atx =a. e.g., f(x) =x
and g(x) =|x|atx =0.

(i) If f(x) and g(x) both are not differentiable at

x = a, then the product function f(x) g(x) can still be
differentiable at x = a i.e., f(x) = [x| and
g(x)=—Jx|atx=0.

(iv) If f(x) is differentiable at x = a and g(x) is not

™)

differentiable at x = a, then the sum function
f(x) + g(x) is not - differentiable at x = a.

If f(x) and g(x) both are not - differentiable at
x = a, then the sum function may be a
differentiable function. e.g. f(x)= |x| + 1 and

g(x)=—[x|
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(vi) Iff(x)is derivable at x = a then it need not be true

that f'(x) is continuous atx = a.

, . 1.
e.g. f(x)= X s1n; 1fx¢0'
0 ifx=0

Solved Examples

Ex.52 The function f(x) = x2— 2x is differentiable at
x =2 because

() -f(2) i X2 —2x-0
lim "X)=N4)_
Sol. = xI—>m2 X—2 xI—>m2 X—2
[ -
> fm x=2

Ex.53 Check the differentiability of the function

X+2 x>3

fx)=12 *x=3 atx=3.
8-x x<3

For function to be differentiable
f(3+h)=1(3-h)

Sol.

_ lim fG+h)-f(3)
h—0 h

im (3+h+2)-5

h—0 h

f(3—-h)—f(3)
-h

f (3+h)

- h
—limh_
Ao = 1

f (3-h)= Jim

h—0

_|im 8=B-h)-5
h—0 —h

~ £ (3+h) 1 (3-h)
So function is not differentiable.

_h_
=—=-1

Ex.54 Check the differentiability of the function

in (1/ x), 0
f(X)z{xsm( X), X # R

0, x=0
Sol. For function to be differentiable
f (0+h)=1 (0-h)

f(0 +h)—f(0)

£ (0+h) = ;

. h sin% -0 1

= m —— o jim sin| —

h—0 h h—0 h
Which does not exist.

(—h)sin(— :\) -0
_ i
f'(0-h) = h'_rfg) h
. . 1

= r'\[)% sm(—h)
Which does not exist.

So function is not differentiable at x =0
Here we can verify that
f(0+h)=f(0-h)=0

So function is continuous at x =0.

Ex.55 Check the differentiability of the function

1, x<0
f(x)= 1+ sinx, 0<x<m/2 at

2+(x—m/2), m/2<x<m
X=n/2

f(n/2+h)—f(n/2)

Sol. f' (/2+h)=

h
_ lim 2+(n/2+h—n/2)2—(1+sin n/2)
" h—0
h
2
= fim 2407 =121 im g
h—0 h h—0
s
- __h - — - 7
f (2 ) -h
_1+sin (“-h)—[nsin“)
h—0
-h
_jim 1+008h=2_ jjm cos h—1_jy 1-cosh_
h—0 —h h—0 —h h—0 h

. ) n
~. function is differentiable at x = 5

Note : Ifafunction f(x) is discontinuous at x =a then it
is not differentiable at that point.




