MATHS FOR JEE MAIN & ADVANCED

N o)

STANDARD SYMBOLS

The process of calculating the sides and angles of triangle using given information is called solution of triangle.
In a AABC, the angles are denoted by capital letters A, B and C and the length of the sides opposite these angle are
denoted by small letter a, b and c respectively. A

a+b+c
2 c b

Semi-perimeter of the triangle, s =

So, a+tb+c=2s

The radius of the circumecircle of the triangle, i.e., circumradius = R B

(@)

The radius of the incircle of the triangle, i.e., inradius =r
Area of the triangle = A

A
SINE RULE
In any triangle ABC b
Cc
h
a _ b ¢ _,_ e _p

sinA sinB sinC 2A 5 |

where R is circumradius and A is area of triangle. < D, >

Ex.

Sol.

Sol.

If A=75° B =45°, then prove that b + c\/_ =2a.

A=75° B=45° = C=60°
2 .b - __2R
sinA sinB sinC

or a__ b S =2R

sin75° sin45°  sin60°

- b+c\/_=s%n45 a_’_\/Esm60 4

sin75° sin75°

0 W3
= V2 a+2 2 _ 2 +2\/§a 2a
V3 +1

a= a =
\/§+l \/§+1 \/§+1
22 22

The sides of a triangle are three consecutive natural numbers and its largest angle is twice the smallest one.
Determine the sides of the triangle.

Let the sides be n,n + 1, n + 2 cms.
Le. AC=n AB=n+1,BC=n+2 n n+1

Smallest angle is B and largest one is A.
Here, /A=2/B © n+2 B
Also, A+ /B + ZC=180°
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PROPERTIES & SOLUTION OF TRIANGLE

= 3/B+ £ZC=180°
We have, sine law as,

sinA _sinB sinC
n+2 n n+l1

from (i) and (ii);

2sinBcosB B sin B

n+2 n

and from (ii) and (iii);

sinB_3sinB-4sin’B

n n+1

n+1

= =3 —4( —cos’ B)

from (iv) and (v), we get

2
n+1 :_1+4(n+2)
n 2n

2n+1 n’+4n+4

= n n’
= n’—3n-4=0
n=4 or -1

where n # —1

n = 4. Hence the sides are 4, 5, 6

COSINE RULE

Sol.

2,2 2
+ —
(l)cosA:bC—a or
2bc
2,2 42
+a” —-b
(I cosB=— "2 ~2
2ca

ZC=180°-34B

sin2B _sinB _ sin(180 —3B)

n+2 n n+l1

sin2B _sinB _ sin3B

n+2 n  n+l
(1) (i) (i)
+2

= cosB = 1 = e (iv)

sinB sinB@ -4 sin’ B)

n n+l
...... v)
n+1 (n2+4n+4]
= +1= )
n n
= 2 +n=n’+4n+4

= m-4)(n+1)=0

a’=b?+ ¢2—2bc cosA

a’ +b* — ¢

I1I) cosC =
am 2ab

InAABC, if (a+b+c)(a—b+c)=3ac, then find ZB.

(a+c)P-b>=3ac or a*+c’—b*=ac

a’+c’-b? 1
but cosB= —=—
2ac 2

24
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Ex. Ifa:\/g,b:%(\/g+\/§),andc:\/§,thenﬁndLA.

b2+cz_a2_(1/4)(8+4\/§)+2—3_ 1443 1
2be V12 +4/4 2(1++3) 2

Sol. COSA =

2cosA cosB 2cosC a b
+ + = —+—, find the ZA.
b c bc ac

Ex If in a triangle ABC,

2cosA cosB 2cosC a b
+ + =—

Sol. We have

a b C bc ac

Multiplying both sides of abc, we get

= 2bc cos A+ ac cos B +2ab cos C=a’>+b?
2, 2 12
= (b2+c2—a12)+W+(az+b2—c2):az+b2
= +al-b>=2a>-2b° = b+ ¢? = a?
AABC is right angled at A. = ZA=90°

Ex.  Ifina AABC, ZA = 60°, then find the value of (1 +3+Ej (1 +%—%) _
C C

wn
)

—
7N\
it
+
o |
+
o |o
N—
7N\
it
+
o |o
|
o |
N—
|

(C+a+b) (b+c—aj _(b+c)-a’  (b*+c—a’)+2be

c b be be
b>+c*—a’ b’ +¢’—a’

:T+2 _2[ 2bC +2

2cosA+2=3 {7 LA=60°}

a b c a
(1+—+—j(1+———} =3
¢ \C b b

PROJECTION FORMULA

In any AABC
1)) a=DbcosC + ¢ cosB

(1)) b =c cosA + a cosC
(1m ¢ =acosB +bcosA

A C 3b
Ex. Ina AABC, ccos’ > +acos’ 7 = > then show a, b, ¢ are in A.P.

3b
Sol. Here, %(1 +cosA)+%(l +cosC):7

= at+c+(ccosA+acosC)=3b
= at+c+b=3b {using projection formula}
= at+tc=2b

which shows a, b, ¢ are in A.P.
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PROPERTIES & SOLUTION OF TRIANGLE

NAPIER'S ANALOGY (TANGENT RULE)

B-C b-c A C-A c—a B
(I) tan =——cot— (II) tan =——cot—
c c+a
2 b+ 2 + 2
() tan(A Bj=a 5 otE
a+b 2

Ex. Find the unknown elements of the AABC in which a = \/5 +1,b= \/5 —-1,C=60°.
Sol.  a=.[3+1,b=.3 -1,C=60°
> A+B+C=180°
A+B=120c L. @)

A-B a-b C
> From law of tangent, we know that tan 2 = —— cot —

B+)-(3-1
W cot3 "—FCOBOO = tan( 5
ﬂ — E :450
2 4
= A-B=90° L. (i)
From equation (i) and (ii), we get
A=105° and B=15°

Ex. In a triangle ABC, ZA=60°andb:c= 3 +1:2, then find the value of (/B - ZC).

col b 3+l N b—c3+1-2 3-1
ol. —_= =
c 2 b+c3+1+2 (\/§+1)\/§
N in tanB_C—b_Ccoté t
oW using 2 bie 5 we ge
3-1 43 _
\/7—£:2_\/§ = B CZISO
(J§+1)J§ 2
B-C=30°

TRIGONOMETRIC FUNCTIONS OF HALF ANGLES

A =D G-9 b)(s 9 (5-0) (5-a) c)(s 0 C_ [e06ob)
@ sin E s1n— = ab
an cos— S(S a) cos— S(Sa ) W/S(:bC)
A /(s b)(s—¢) (s=b)(s—¢)
(I 2 s(s—a) s(s a) A ’

(V) sin A:b_zc Js(s—a)s—b)(s—c) = i—i

a+b+c . . ) . .
where s = 5 is semi perimeter and A is the area of triangle.
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A /b
Ex. If cos = = Y2 F€¢ , then prove that a? + b2 = ¢?.
2 2¢
A +b+c s(s—a) b+c
Sol. cos—= — =
2 2¢ be 2¢
or 2s(2s—2a)=2b(b+c)
or (b+c+a)(b+c—a)=2b2+2bc
or (b+c)?—a?=2b’+2bc
or ¢=a’+p’
Ex. If A is the area and 2s the sum of the sides of a triangle, then show A <

Sol. We have, 2s =a+b + ¢, A” = s(s — a)(s — b)(s — ¢)

Now,

(s—a)+(s—-b)+(s—c) S

AM. > GM.

or

or

or

3

P 1/3
3S_2SZ(A—j
3 S

) 1/3
EZ[A_j
3 S

A? s

Z <2 =

s 27

AREA OF TRIANGLE (A)

1 1 1
A= —absinC= —besinA= —

2

2

2

[(s = a)(s =b)(s = )]

SZ

343

A<

casinB =/s(s—a) (s—b) (s—¢)

Ex. Prove that asin2B + b? sin2A = 4A.

Sol. a% sin2B + b? sin 2A = 4R? [sin® A (2 sinB cosB) + sin” B(2 sinA cosA)]

m-n RULE

In any triangle ABC if D be any point on the base BC, such that BD : DC ::

= 8R?sinA sinB(sinA cosB + sinB cosA)

= 8R?sinA sinB sin(A + B)

= 8R? sinA sinB sinC = 4A

/BAD= o, /ZDAC =P, Z CDA =0, then

(m+n)cotd =

m coto — n cotfP

= ncotB—mcotC

S

343

A

m

\9
D

. n and if
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PROPERTIES & SOLUTION OF TRIANGLE

Ex. If the median AD of triangle ABC makes an angle /4 with the side BC, then find the value of |cot B — cot C|.

Sol. By m — n theorem

(BD + DC) cotg =DC cot B— BD cot C

= |cot B—cot C| =2

Ex. The base of a triangle is divided into three equal parts. If t, t,, t, be the tangents of the angles subtended by

. 1 1)1 1 (. 1)
these parts at the opposite vertex, prove that : | —+—|| —+—| =4 Ll +— J
t1 t2 t2 t3 t2

Sol. Let the points P and Q divide the side BC in three equal parts :
Such that BP =PQ =QC =x
Also let,

/BAP =0, ZPAQ =0, ZQAC =y

and  ZAQC =0 ’
From question, tana = t, tanf} = t,, tany = t..
Applying
m : n rule in triangle ABC we get,
(2x +x) cotd =2x cot(ae + B)—x coty ... @)
from AAPC, we get
(x +x)cotd =xcotf —xcoty ... (i)
dividing (i) and (ii), we get
3 _ 2cot(a+fp)—coty
2 cotP —coty
or 3cotB-coty = “ZZE;EZZE;U
or 3 cot’ p—cotPcoty +3 cota.cotP —cota.coty =4 cota.cotpP —4
or 4 + 4 cot’p = cot’P + cota . cotP + cotp . coty + coty . cota.
or 4(1 + cot’B) = (cotP + cota)(cotP + coty)

R GR e G
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RADIUS OF THE CIRCUMCIRCLE 'R’

Circumcentre is the point of intersection of perpendicular bisectors of the sides
and distance between circumcentre & vertex of triangle is called circumradius 'R'.

"~ 2sinA 2sinB  2sinC  4A°

RADIUS OF THE INCIRCLE 'r'

Point of intersection of internal angle bisectors is incentre and perpendicular distance of incentre from any side is
called inradius 'r'.

A A B C .A . B .C
r=—=(s—a)tan—=(s—b)tan— = (s —c)tan — = 4R sin —sin —sin —.
S 2 2 2 2 2 2
. A
sin —sin — smzsm— sin —sin —

- A ° B ¢ C

cos— cos— cos—

2 2 2

RADII OF THE EX-CIRCLES

Point of intersection of two external angles and one internal angle bisectors is
excentre and perpendicular distance of excentre from any side is called exradius.
If r, is the radius of described circle opposite to ZA of AABC and so on, then

acosEcosg
A . A B C
@ L = =stan— =4Rsin—cos—cos— = 2 2
s—a 2 2 2 2 A
cos
2
A C
B A bcos?cosz
r, = =stan— =4Rcos—sin—cos— = ————=
a ? s-b 2 22 2 B
cos—
2
ccosécosE
A C A B . C
(Im L, = =stan— = 4R cos—cos—sin— = 2 2
s—c¢ 2 2 2 2 cos =

I, I, and [, are taken as ex-centre opposite to vertex A, B, C repsectively.

Ex. InaAABCifa=13 cm, b= 14 cm and ¢ = 15 c¢cm, then find its circumradius.
Sol. R= @ ..... (@)
4A
> A= \[s(s—a)(s—b)(s—c)
atb+c
> s= =21 cm
2
A= 21x8xTx6 = 7> x4? x3? = A=84cm?
13x14x15 65 65
:4X—84:§cm.'. Rzgcm.
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PROPERTIES & SOLUTION OF TRIANGLE

Ex.

Sol.

Sol.

Ex.

Sol.

r
If A, B, C are the angles of a triangle, prove that : cosA + cosB + cosC = 1 + R

cosA + cosB + cosC = 2 cos(A hl

=

:2sin£.cos(A
2

1+2 sing[cos(
2

B A-B
j.cos[ 2 j+cosC

2
_B)H —zsng = 1+zsm§[°°S(Az_Bj ‘sm(%ﬂ
D) - cos(£22)| {Q%=90°_[A;B)}

=1+2 sing.z siné.sing = l+4siné.sinE.sing
2 2 2 2 2 2
r
=1 +E {as,r=4R sinA/2 . sinB/2 . sinC/2}

cosA + cosB + cosC =1 + % Hence proved.

Ifr, =r, +r, + 1, prove that the triangle is right angled.
We have, 1 -r=1,+T1,

=

A A A A
+

s—a s s—-b s-—c
a  2s—(b+c)

s(s—a)_ (s—b)s—c)
a a

s(s—a): (s—b)s—c)

s(-ca+b+c)=bc

(b+c) —(a)’=2bc
b+ ¢t = 2

ZA=90°.

s—s+a s—c+s-—b
= ss—a) (s—b)s—c)

{as,2s=a+ b+ c}

= ss—(b+c)s+bc=5s"—as

N (b+c—a)(a+b+c):bc
2

= b’ + ¢’ + 2bc —a’ = 2bc

If the area of a AABC is 96 sq. unit and the radius of the described circles are respectively 8, 12 and 24. Find

the perimeter of AABC.
A =96 sq. unit
r=8, r,=12 and r, =24
A
> 17— =
S—a
s . 8
r,= s_b =
A
o A — . =
S—-C

s—a=12 .. (i)
s-b=8 .. (i)
s-¢c=4 L. (iii)

adding equations (i), (ii) & (iii), we get

3s—(a+b+c)=24
s=24

perimeter of AABC = 2s =48 unit.

24
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ANGLE BISECTORS, MEDIANS & ALTITUDE

An angle bisector divides the base in the ratio of corresponding sides. A
LU Bp- 2~ & -2 z J
CD b - " b+ " b+o
B C
If m_and B, are the lengths of a median and an angle bisector from the D
angle A then
2bccos A
m, =262 12 a2 and B, =
v : b+c
. 2A
Length of altitude from the angle A = A =
'd )
3 | J
[ m§+m%+mgzz(a2+b2+cz) ]

Let ABC be a triangle with ZBAC = 21/3 and AB = x such that (AB) (AC) = 1. Ifx varies, then find the longest possible
length of the angle bisector AD.

2bc A bx

1. =y= cos— = =
So AD=y bto 2 T bix (asc=x)
1
But bx=1 or b=—
X
x 1
y= 2 -
I+x X+ 1
X
1 y. . .
Thus, Yo = 5 since the minimum value of the denominator is 2 if x > 0.
ORTHOCENTRE A
@O Point of intersection of altitudes is orthocentre & the triangle KLM which is formed
M L
by joining the feet of the altitudes is called the pedal triangle.
an The distances of the orthocentre from the angular points of the 5 c
K

AABC are 2R cosA, 2R cosB, & 2R cosC.

(111)) The distance of P from sides are

2R cosB cosC, 2R cosC cosA and 2R cosA cosB.
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Ex. If in AABC, the distance of the vertices from the orthocenter are x, y and z, then prove that

a b c_abc

X Yy Z Xyz°©

Sol. We know that distance of orthocenter (H) from vertex (A) is 2R cos A
or x=2R cosA,y=2R cosB,z=2R cosC

= i+E+S _ 2RsinA + 2RsinB + 2RsinC = tanA + tanB + tanC = tanA tanB tanC

X y z 2RcosA 2RcosB  2RcosC

abc _ (2RsinA)(2RsinB)(2RsinC)

= = tanA + tanB + tanC
xyz (2R cosA)(2R cosB)(2R cosC)

Also,

THE DISTANCES BETWEEN THE SPECIAL POINTS

@O The distance between circumcentre and orthocentre is = R/ — 8 cos A cos B cos C

an The distance between circumcentre and incentre is = VR> —2Rr

(I The distance between incentre and orthocentre is = \/2r2 —4R2? cos A cos BcosC
av) The distances between circumcentre & excentres are
. A B C
Ol = R\/l +38 sm?coszcos? =R? +2Rry, & soon.
Ex. Prove that the distance between the circumcentre and the orthocentre of a triangle ABC is

R\/l —8cosAcosBcosC -

Sol. Let O and P be the circumcentre and the orthocentre respectively. If OF is the perpendicular to AB, we have
ZOAF =90° — ZAOF =90° — C. Also ZPAL=90° - C.

Hence, ZOAP =A - ZOAF — ZPAL=A-2(90°-C)=A+2C - 180°
=A+2C-(A+B+C)=C-B.
Also OA = R and PA = 2RcosA.
Now in AAOP,

OP?=0QA*+ PA” — 20A. PA cosOAP

=R*+ 4R’cos” A — 4R’ cosAcos(C — B)
= R*+ 4R*cosA[cosA — cos(C — B)]

= R? - 4R? cosA[cos(B + C) + cos(C — B)] = R? — 8R? cosA cosB cosC.

Hence OP = R\/l —8cosAcosBcosC .
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AREA OF QUADRILATERAL
Area of AAPD + Area of ADPC. D c

1
Similarly, Area of AABC= —DP x AC x sin a .
2 d o (=) a

S = Area of ADAC + Area of AABC

1
DPXAPﬁna+EIWXACﬁna A a

N | —

N | —

1
(DP + BP)ACsinaa. = = EBD x AC sina

1
Aera of quadrilateral = ) (Product of the diagonals) x (Sine of included angle)

SOLUTION OF TRIANGLES (AMBIGUOUS CASES)

The three sides a,b,c and the three angles A,B,C are called the elements of the triangle ABC. When any three of these
six elements (except all the three angles) of a triangle are given, the triangle is known completely; that is the other
three elements can be expressed in terms of the given elements and can be evaluated. This process is called the

solution of triangles.

A - -
® If the three sides a,b,c are given, angle A is obtained from tan? = %
\/ s(s—a

b> +c’ —a’ _: ..
or COsA = Tobe .B and C can be obtained in the similar way.
c
o If two sides b and ¢ and the included angle A are given, then tan B ; ¢ = E —¢ cot% gives
+c
B+C o A L sin A
=90°~— so that B and C can be evaluated. The third side is given bya=b —
2 2 sin B
or a>=b?+ ¢?—2bc cos A.
o If two sides b and ¢ and an angle opposite the one of them (say B) are given then
. c . bsin A
sinC = 7§ B, A=180°-(B+C) and a = snp  given the remaining elements.
Case 1 A
b<csinB.
p bl csinB
We draw the side ¢ and angle B. Now it is obvious from the figure that ‘% """
there is no triangle possible. B
Case 11
b =c sin B and B is an acute angle, there is only one triangle possible. A
and it is right-angled at C. T
¢ bl csinB
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Case 111

b > c sin B, b <c and B is an acute angle, then there are two triangles possible

for two values of angle C.

B
A

Case 1V b/ N0 csinB

vy
b >csin B, ¢ <b and B is an acute angle, then there is only one triangle. C B /C 1

. 4 .. L

¢
Case V e,
b >csin B, ¢ > b and B is an obtuse angle. b
For any choice of point C, b will be greater than ¢ which is a contradiction as ~ ™ i

A
B C

¢ > b (given). So there is no triangle possible.

Case VI
b >c sin B, ¢ <b and B is an obtuse angle.
We can see that the circle with A as centre and b as radius will cut the line only in

one point. So only one triangle is possible.

Case VII
b>cand B=90°.
Again the circle with A as centre and b as radius will cut the line only in

one point. So only one triangle is possible.

Case VIII
b<cand B=90°.
The circle with A as centre and b as radius will not cut the line in any point.

O
B

So no triangle is possible.

This is, sometimes, called an ambiguous case.
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Alternative Method
a’ +c> -b’
2ac

= a’—(2ccosB)a+(c>~b?)=0 = a=ccosB J_r\/(ccosB)2 —(c2 —bz)

= a:ccosBﬂ:Jbz—(csinB)2

This equation leads to following cases :

By applying cosine rule, we have cosB =

Case-I Ifb <csinB, no such triangle is possible.
Case-II Letb=c sinB. There are further following case :
&) B is an obtuse angle = cosB is negative. There exists no such triangle.
(V)] B is an acute angle = cosB is positive. There exists only one such triangle.
Case-III Let b> ¢ sin B. There are further following cases :
&) Bisanacute angle = cosB is positive. In this case triangle will exist if and only if

ccosB > \[b* —(csin B)2 or ¢ > b = Two such triangle is possible.

If ¢ <b, only one such triangle is possible.

(V)] B is an obtuse angle = cosB is negative. In this case triangle will exist if and only if

b’ - (c sin B)2 >|ccos Bl = b>c. So in this case only one such triangle is possible.

If b < ¢ there exists no such triangle.

This is called an ambiguous case.

N ) ) asinB asinC
g If one side a and angles B and C are given, then A= 180° — (B + C), and b = — ,C=— .
sin A sin A

% If the three angles A,B,C are given, we can only find the ratios of the sides a,b,c by using sine rule (since

there are infinite similar triangles possible).

Ex. Ifb=3, c=4 and B = n/3, then find the number of triangle that can be constructed.
Sol. We have,

sinB _sinC or sin(n/3) sinC
b c 3 4

2
or sinC= —= >1, which is not possible.
NG P

Hence, no triangle is possible.
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Ex.

Sol.

Ex.

Sol.

IfA=30°a=7and b =8 in AABC, then find the number of triangles that can be constructed.

a b . bsinA 8sin30° 4

- =— or sinB = = =—

sinA sinB a 7 7
Thus, we have, b > a > b sinA.

Hence, angle B has two values given by sinB = 4/7.

We have,

If a,b and A are given in a triangle and c ,c, are the possible values of the third side,

prove that ¢, + ¢,” - 2¢,c, cos2A = 4a’cos’A.

2 2 2
cosA =2 TC T8
2bc
= ¢’ — 2bc cosA + b’ —a’ = 0.
¢, + ¢, = 2bcosA and c,c, = b’ - a’.
=> ¢, +¢,’ —2¢,c,c082A = (¢, + ¢,)’ — 2¢,c,(1 + cos2A)

= 4b’ cos’A — 2(b” — a%)2 cos’A = 4a’cos’A.

REGULAR POLYGON

Ex.

Sol.

A regular polygon has all its sides equal. It may be inscribed

or circumscribed.
(@ Inscribed in circle of radius r
i LT
(@) a=2h tan— =2rsin—
n n
(i) Perimeter (P) and area (A) of a regular polygon of n sides inscribed in a circle of radius r are given

\ 1 )
by P = ansmE and A =—nr’ sm—Tc
n 2 n

() Circumscribed about a circle of radius r

@) a=2rtan I
n

(i) Perimeter (P) and area (A) of a regular polygon of n sides

. . . . . . L 2 T
circumscribed about a given circle of radius r is given by P =2nrtan— and A =nr” tan—
n n

Find the sum of the radii of the circle, which are, respectively, inscribed and circumscribed about a polygon of n
sides, whose side length is a.

. : : . a T
Radius of the circumscribed circle =R = E cosec —
n

1
and Radius of the inscribed circle=r = Ea cot (Ej

n
A Rife - ? +ac9s(n/n): 2.1[1+cos(rc/n)] _L (1]
2sin(n/n) 2sin(n/n) 2x2sin(rw/2n)cos(n/2n) 2 2n
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IMPORTANT POINTS

@

(b)

©

@

©

Ex.

Sol.

(i) If a cos B=D cos A, then the triangle is isosceles.

(i) If a cos A=b cos B, then the triangle is isosceles or right angled.

In right angle triangle

(@) a?+b*+c2=8R? (ii) cos?A+cos’B+cos?C=1

In equilateral triangle

i)  R=2r Gy  r=r=r3R
2
2

(iii) r:R:r,=1:2:3 (@iv) area = \/ia ) R = %
@) The circumcentre lies (1) inside an acute angled triangle (2) outside an obtuse angled triangle &

(3) mid point of the hypotenuse of right angled triangle.
(i) The orthocentre of right angled triangle is the vertex at the right angle.
(iii) The orthocentre, centroid & circumcentre are collinear & centroid divides the line segment joining

orthocentre & circumcentre internally in the ratio 2 : 1 except in case of equilateral triangle. In equilateral
triangle, all these centres coincide

Area of a cyclic quadrilateral = \/s(s —a)s—b)Ys—c)Ys—d)
a+b+c+d

2
For a AABC, it is given that cosA + cosB + cosC = 3/2. Prove that the triangle is equilateral.

If a, b, c are the sides of the AABC, then cosA + cosB + cosC = 3/2

where a, b, c, d are lengths of the sides of quadrilateral and s =

b2 +c*—a? a*+c?-b> at+b*-c¢* 3
= + + =

2bc 2ac 2ab 2
= ab’+ac’—a’+bc’+ba’— b’ + ca’+ cb’ — ¢’ = 3abc
= ab’+ ac® + bc? + ba’ + ca’ + ¢b® — 6abc = a’+ b’ + ¢ — 3abc

- a(b—c)2+b(c—a)2+c(a—b)2:w(a—b)2+(b—c)2+(c—a)2}

= (a+b-c)a-by+(b+c—a)b—c)’+(c+a-b)c—a) =0 ... @)
asweknowa+b>c,b+c>a,ct+a>b

each term on the left side of equation (i) has positive coefficient multiplied by perfect square, each must
be separately zero.

= a=b=c.

Hence A is equilateral.
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PROPERTIES & SOLUTION OF TRIANGLE

@

(b)

©

@

Sine Formulae

In any triangle ABC
. a_ _ ‘b __ c _ - abc _9R
sinA sinB sinC 2A

where R is circumradius and A is area of triangle

Cosine Formulae

b’ +c’ —a’
(a) cosA= "o T a’ =b>+c’ —2bc cosA
) cosB - ¢ +a’-b’ oo a’+b*-c?
(b) cosB= 2ca (¢)cosC= 2ab

Projection Formulae
(a) bcosC+ccosB=a (b)ccosA+acosC=Db
(¢c)acosB+bcosA=c

Napier’s Analogy (Tangent Rule)

B-C —b_ccot— C-A _c—acotE
(@) tan {5 7500 Qe W a2
(A_Bj—a_bcotg
(©) tan | = )= b 2

Half Angle formulae

(i) s1n§ (S b)( ) (ii) s1n— 1/
C_ / (s—a)
(iii) sin 2
A ’ f
(i) cos ? (ii) cos—

(iii) cos —
A [(s-Db) (s c) B [(s—c¢)
(i) tan 7 = s(s—a) (s—a) (ii) tan = s(
C  ((s—a)(s-
(iii) tan E s h C S C

Area of Triangle

A :\/s(s—a)(s—b)(s—c) :%bcsinA:%casinB :%absinC

= %\/Z(azb2 +b*c? +czaz)—a4 -b*-¢*
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6. Radius of The Circumcircle ‘R’
Circumcentre is the point of intersection of perpendicular bisectors of the sides and distance between circumcentre
& vertex of triangle is called circumcentre ‘R’.

__a b ¢ abc
2sinA  2sinB  2sinC  4A°

7. Radius of The Incircle ‘r’
Point of intersection of internal angle bisectors is incentre and perpendicular distance of incentre from any side is
called inradius ‘r’.

r =%:(s—a)tan%:(s—b)tan%

o € —apan A B C
=(s—c)tan 5= sin 2 sin 5 sin 5
. B . C . A . C . B. A
sin —sin— sin—sin— smssmz
- =b =
a c C
cos— cos— cos—
2 2 2

8. Radii of The Ex-Circles
Point of intersection of two external angle and one internal angle bisectors is excentre and perpendicular distance of
excentre from any side is called exradius. Ifr, is the radius of described circle opposite to angle A of AABC and so

on then :
acosBcosC
A A _ A B 595
r,=——=stan— =4Rsin—cos—cos—=——% = A
@ 5= 2 N A :
cosz ¢/ i\b
A c B i ad C
A B A B C bcos;cosz .0
r,=——=stan—=4R cos—sin—cos—=—=—=
®% =3 2 2222 B
cosz

A B
€COS— COS —
2

I, —i = stang— 4Rcosécos—sin——
©5=52 2 2°°°2

o

C
cOS—

9. Length of Angle Bisector, Median & Altitude
Ifm, B, & h_are the lengths of a median, an angle bisector & altitude from the angle A then,

%\/b2 +c’2bccosA =m, :%\/sz +2¢’-a’

3
and B = 2 = a Note that mi +m§ +m§ :Z(a2 +b’ +C2)

: 7Tt cotB+cote
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10.

11.

12.

13.

14.

@

(b)

Orthocentre and Pedal Triangle

(a) Point of intersection of altitudes is orthocentre & the triangle KLM which is formed by joining the feet of the
altitudes is called the pedal triangle.

(b) The distances of the orthocentre from the angular points of the AABC are 2R cosA, 2R cosB, & 2R cosC.

(¢) The distance of orthocentre from sides are 2R cosB cosC, 2RcosC cosAand 2R cosA cosB

(d) The sides of the pedal triangle are a cos A (=R sin 2A), bcosB (=R sin2B) and ¢ cos C (=R sin2C) and its angles
aret—2A, n-2Band n—-2C A

(e) Circumradii of the triangles PBC, PCA, PAB and ABC are equal .
: 1. . . M L
(f) Area of pedal triangle = 2D cos Acos B cos C = ERZ sin2 A sin2B sin2C P
(g) Circumradii of pedal triangle = R/2
B K C

Ex-Central Triangles

(a) The triangle formed by joining the three excentres I , I, and I, of AABC is called the excentral or excentric triangle.
(b) Incentre I of AABC is the orthocentre of the excentral AT LL.

(c) AABC is the pedal triangle of the AT L L.

(d) The sides of the excentral triangle are

4R cos 2, 4R cos = and 4R cos =
Cos b , CcOoS b an Cos b

and its angles are ———,—~—— and ———.

A . B . C
(e)IIlz4Rs1n?;Hz:4Rsm5;II3:4Rsm5.

The Distance between the Special Points

(a) The distance between circumcentre and orthocentre is = R J1-8cos A cosBcosC

(b) The distance between circumcentre and incentre is = \/R? —2Rr

(c) The distance between incentre and orthocentre is = \/zrz —4R?cos A cosBcosC
(d) The distance between circumcentre & excentre are

. C
O], = R\/1+851n%cos§cosz =yJR*+2R1; & s0 on.

m-n Theorem A
(m+n)cot@=mcota—ncotf

h
(m+n)cotO=ncotB-mcotC.

N

B m
Important Points

(i) If a cos B =b cos A, then the triangle is isosceles.
(ii) If a cos A = bcos B, then the triangle is isosceles or right angled.
In Right Angle Triangle :

(i) a>+b?+c?=8R? (ii) cos? A+ cos?’ B +cos?C=1

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



MATHS FOR JEE MAIN & ADVANCED

©

@

15.

16.

17.

In equilateral triangle :
3R
(i) R=2r (ii)r1:r2:r3:7 (iijr:R:r,=1:2:3
2 a
(iv) area= (v)R= ﬁ

(i) The circumcentre lies (1) inside an acute angled triangle (2) outside an obtuse angled triangle & (3) mid point of
the hypotenuse of right angled triangle.
(ii) The orthocentre, of right angled triangle is the vertex at the right angle.
(iii) The orthocentre, centroid & circumcentre are collinear & centroid divides the line segment joining orthocentre
& circumcentre internally in the ratio 2 : 1,except in case of equilateral triangle. In equilateral triangle all these
centres coincide.

Regular Polygon
Consider a ‘n’ sided regular polygon of side length ‘a’

a n a T
(a) Radius of incircle of this polygon 1 = ECOt— (b) Radius of circumcircle of this polygon R = ECOSGC -
n n

T s
(¢) Perimeter & area of regular polygon Perimeter =na =2nr tan — =2nR sin —
n n

Area = lnR2 sin2—7t = nr’ tan = = lna2 cot~
2 n n 4 n
Cyclic Quadrilateral
(a) Quadrilateral ABCD is cyclicif /A+./C=n=/B+./C ,
(opposite angle are supplementary angles) D

(b)Area= \[(s—a)(s—b)(s—c)(s—d) ,where2s=a+b+c+d B
2 +b? -’ N

(¢c)cosB="", ( ab+ ¢ d) & similarly other angles

(d) Ptolemy's theorem : If ABCD is cyclic quadrilateral, then AC. BD =AB. CD + BC. AD

Solution of Triangle A
Case - I : Three sides are given then to find out three angles use

b? +c? —a? ¢’ +a’-b? a’ +b*-c? bsinA
CoOSA= —————— ,cosB=———cosC= o

2bc 2ac

Case - 11 : Two sides & included angle are given : B D C
-B a-b

Let sides a, b & c are given then use tan A cot% and find value of A—B ... (i)

a+b

& A+B:900_g (i) C:asinC

v > snA
Case - Il : Two sides a, b & angle A opposite to one of them is given
@) Ifa<bsinA No triangle exist

) Ifa =Dbsin A & A is acute, then one triangles exist which is right angled.

(©) a>DbsinA, a>Db & A is acute, then two triangles exist
()] a>bsinA, a>b & A is acute, then there one triangle exist
(e) a>bsinA & A is obtuse, then there is one triangle if a > b & no triangle ifa <b.
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