Determinants

Determinants

DETERMINANT OFA SQUARE d The 9 numbers a, b, ¢ (r=1, 2, 3) arranged as
a; by ¢
MATRIX : ‘ .
) 42 D2 €2 i5 determinant of third order.
To every square matrix A= [a;] of order n, we can a; b ¢,
associate a number (real or complex) called a, by ¢4
determinant of the square matrix. Thus |a; by ¢cy|=
Let A= [a],,, be a X1 matrix. Determinant A is 3 b3 Cs
defined as |A|=a. . by, ¢ 82 Cz| ; a; by
lby c5| "1 llag b
eg. A=[-3],,, |Al=-3 2 Tl TR S 33
o The diagonal through the left-hand top corner
LetA= {: d} , then |A| is defined as ad —bc. which contains the element a;, b,, c5 is called the
leading diagonal or principal diagonal and the
e.g. A= {_51 ﬂ ,|A]=23 terms are called the leading terms. The expanded
form of determinant has 3! terms
DETERMINANT OFANY ORDER : ‘V Sarrus Rule (Short cut method):

This method only works for 3x3 matrices. Given

Tak 1 ; th 1 f th
ake any row (or column) ; the value of the o matrix A of order 3x3.

determinant is the sum of products of the elements
P To apply sarrus rule, copy the first and second

column of A to form fourth and fifth columns. The
determinant of A is then obtained by adding the

of the row (or column) and the corresponding
determinant obtained by omitting the row and the

column of'the element with a proper sign, given by products of the three “DOWNWARD

the rule (—1)""S, where r and s are the number of DIAGONALS” and subtracting the products of

rows and the number of column respectively of the the three “UPWARD DIAGONALS” as shown

element of the row (or the column) chosen Thus, the determinant of 3 x 3 matrix A is given
by the following




Determinants

s A T
ld|=la, b, ¢
a; b

| Add these three prodocts

o

|A| = (a1b203 + b102a3 + Cla2b3) — (a3b2Cl + b3C2
a; + c3a.by)

1 2 3
4 3 6| _
2 79

36 |46 |4 3
L7 9 =212 o "3]2

=13x9—- 6 (-7)-2(+-4x9-2x06)
+3 (=4 7)) -3 x2]

=27+42) - 2 (-36-12) +3 (28 - 6)
= 231 Ans. [C]

MINORS & COFACTORS :

Solved Examples
a+1 a-2| |
Ex.1 The value of a+2 a-1| 18-
(A) 2a? (B) 0
<€) -3 (D) 3
a+1 a-2
Sol. a+2 a-1

=(@a+1l)@a-1)—-(a+2) (a—2)

=@ -1)-@%*-4=3 Ans. [D]
1+cos6®  sin® | |
Ex.2 The value of | _. 1s -
sin@ 1-cos6
(A) 2 (B) -1
©) 0 (D) cos 20
1+cos®  sin®
Sol. sind  1-cos6
= (1 + cos0) (1 — cosB) — (sinO) (sinO)
=1 — c0s20 — sin?0 = 0 Ans. [C]
1 2 3
Ex.3 The value of | * 3 6lis—
2 -7 9
(A) 213 (B) — 231
(C) 231 (D) 39

—

]

Let Abe a determinant. Then minor of element a5
denoted by M, is defined as the determinant

of the submatrix obtained by deleting i row & j®
column of A. Cofactor of element ay, denoted

by C;, is defined as C;; = (- 1)i+i M;;.

a b

egl A= c d‘

M, =d=Cy, Mj,=¢,Cj,=-c

M, =b,C, =-Db My, =a=C,,
abc

eg.2A=|p qr
Xy z

e ri_
Mu_‘y S| 792 Cyy-

27|y y =ay—bx, C,; =—(ay — bx)

ab‘

=bx —ay etc.

Properties of minor & cofactor :

(1) The sum of products of the element of any
row with their corresponding cofactor is equal to
the value of determinant i.e.

A=aF tapFta;sF

(i1) The sum of the product of element of any row
with corresponding cofactor of another row is
equal to zero i.e.

aj Fyp tap Fpy a3 Fyy =0

(ii1) If order of a determinant (A) is 'n' then the
value of the determinant formed by replacing
every element by its cofactor is A"/

56
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TRANSPOSE OF A DETERMINANT "

The transpose of a determinant is the determinant of
transpose of the corresponding matrix.

a; by ¢y a; a, aj
D = az b2 Cz = DT = b1 b2 b3
a; by c4 Ci Cp Cg

PROPERTIES OF DETERMINANT : ‘V
(1) |A|=|A'|for any square matrix A.
1.e.the value of a determinant remains unaltered,
ifthe rows & columns are inter changed,

a; by ¢y a; ap; ag
ieD=1a; by ¢y =|b; by bz =D’

az bz c3 Ci Cp C3

Note :

Since the Determinant remains unchanged when
rows and columns are interchanged, it is obvious
that any theorem which is true for 'rows' must
also be true for 'Columns'

(2) Ifanytwo rows (or columns) of a determinant be
interchanged, the value of determinant is changed in
sign only.

a; by c a, b, c,
e.g. Let D, =72 b2 C2f g D,= by

a; by c3 a; by cy
Then D,=-D,

(3) LetAbeascalar. Than A |A|is obtained by multiplying

any one row (or any one column) of |A| by A
a; by cy Ka, Kb, Kcy
D = 82 b2 02 and E — 82 b2 Cz
as b3 Cs as b3 C3
Then E=KD
(4) |AB[=]A[|B|.
(5) [AA|=A"|A|, when A= [a;],.

(6) A skew-symmetric matrix of odd order has
deteminant value zero and of even order is a perfect
square.

(7) Ifadeterminant has all the elements zero in any row
or column, then its value is zero,

0O 0 O
e D=1a; by c,
ag by c;

=0.
(8) If a determinant has any two rows (or columns)
identical (or proportional), then its value is zero,

a; by c

re.D= a; by cy
az bz cj3

=0.

(9) If each element of any row (or column) can be
expressed as a sum of two terms then the determinant
can be expressed as the sum of two determinants,

1e.

a+x by+y c+z |a; by cy X vy z
82 b2 Cz = 82 b2 Cz + 82 b2 Cz
as bs C3 ag by cj as bz cj3

(10) The value of a determinant is not altered by adding
to the elements of any row (or column) a constant
multiple of the corresponding elements of any other

row (or column),
a; by ¢y
ie.D =@ by ¢y and D,
az by c3
a;+ma, b;+mb, c,+mc,
=| a b, €2 |.ThenD,=D,
az+na; by+nb; c53+ncy
Note :

It should be noted that while applying Property-
9 at least one row (or column) must remain

unchanged
SOME IMPORTANT DETERMINANTS
TO REMEMBER
1 x x°

M Iy ¥ =52 @

2
1 z z
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Proof: Proof :
1 x x° x x> yzl |1 x> x°
1 2 2 7X 1 2 3
LetD=| ¥ 7 LetD=|" 7 = y 'y
1 z 7 z 7z xy |l 22 vy
0 x—y x’-y’ xyz balancing
0 y-z y -7 x> X’ Xxyz
=D= d 4 2 1 2 3
1 z z D=-¥Y Y X
XYZ| » 5
0 I x+y z z Xyz
2 3 2 3
D=(x—y)(y—z)0 1 y+z x> x> 1 I x° x
1 7z 22 XYZ| > 3 1 1 v
=xyzy y Ly vy
=(x-y)(y-2) (z—X) zz2 7z 1 Nz 7
D=(x-y)(y—2)(z—Xx). ApplyingR;, - R, -R,andR, - R, -R..
Hence Proved. 0 x*—-y> x'—y°
1 x X’ _ 10 vV -z y-7
1 y y3 1 Z2 Z3
2 | =E=) (-2 z-x)(x+y+2z)
Iz z =(x-y)(y-2) (xy+yz+zy)
Proof : a b c
I x x “4) bocoa =—(a3+b3+c¢3-3abc)<0ifa,b,c)
1 3 c a b
LetD=
1 z 7 are different and positive
ApplyR, > R, —R,andR, > R, —R, Given proof:
0 x-y xX -y a b c
p=0 y-z y' -2 bcoa = [bc — a?] — [b? — ac] + c(ab — c2)
1 7 Z3 c ab
0 1 x’+xy+y’ =3abc — (a’ + b? + ¢?).
_ 0 1 y +yz+7’
=(x=y)y-2) | S Solved Examples
D=(x-y)(y-2) [y* +yz+2 X~ xy-y’] 1967
: 21 3 15| .
D=(x—-y)(y—2) [y(z—x) + 22— x] Ex.4 The value of the determinant 8 11 6 1S-
D= (t_Y) (y-2)(z-x)(x+y+2) Sol. Applying C; — C; — (C, + C3) we get Det.
X x2 yz 6 6 7
@ Y Trano-aE0eytyztz) = |3 3 18 -9 ci=0y
zZ 7" Xy 11 11 6
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1 1

Ex.5 b+c c+a
b+c-a c+a-b a+b-c

Sol. Determinant
1
b+c

—(a+b+c) —(a+b+c)

1

c+a

a+b

1

Applying [R5+ (-2R,)],

We get=—(a+bt+tc)|b+rc c+a a+b

abc

Ex.6IfA =% Y 2

P q

Sol. We know that if any row of a determinant is
multiplied by k, then the value of the determinant
is also multiplied by k. Here all the three rows

are multiplied by k, therefore the value of new

r

, then

equals -

1
a+b
—(a+b+c)

1 1

1 1
ka kb kc

kx ky kz
kp kq kr

determinant will be k3 A .

a b c

Ex.7 Simplify |? ¢ 2
c ab

Sol. LetR, > R, + R, + R,

a+b+c a+b+c a+b+c
c
a

= b
c

1

=(a+tb+c)|b c a
c ahb

1

1

a
b

ApplyC—>C -C,C,—C,-C,

0

0

1

=(a+b+c)|b-c c-a a
c-a a-b b

=(@atb+c)((b-c)(a—b)—(c—ay)

=(a+b+c)(ab+bc—ca—b>-c?+2ca—a?)

=(atb+c)(ab+bc+ca—a>—b*-c?)

=3abc—a’-b’—

C

3

a b c
Ex.8Simplify |a® b? c?

bc ca ab
Sol. Given detereminant is equal to

a? p? c? a’? b? ¢?
_ 1 2@ b d = % a3 b ol
abc abc abc abe 1 1 1

Apply C,->C -C, C,—»>C -C,

a’?-b%? b?-c? c?

~0 12 _p® pPog® &3
0 0 1
a+b b+c c?
equals- —(a=b) (b—c) a?+ab+b? b?+bc+c? ¢

0 1
=(a—b) (b—c) [ab®+abc+ac?+ b*+ b’C + bc?
—a’b — a’c — ab®> — abc — b® — b’c]
=(a—b)(b—c)[c(ab+bc+ca)—a(ab+bc+ca)]
=(a—b)(b—c)(c—a) (ab+ bc +ca)

265 240 219

Ex.9 The value of the determinant 240 225 198 1s-

219 198 181
Sol. Applying C; — C, and C, — C;, we get

25 21 219 4 21 9
Det. = |19 27 198| _ |-12 27 -72
21 17 181 4 17 M

[by C, — Cyy C3— 10 C,]

4 21 9
= |0 90 -45/[By R, + 3R, Ry —R|]
0 -4 2

4 (180 -180)=0

x X 1+x3
Ex.10 If x, y, z are unequal and Z Zz 1:? =0
then the value of xyz is-

Sol. Writing the given determinant as the sum of two
determinants, we have
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x x2 1

2
y 1 (1+xyz)=0

= y 9
z

z
S -y) (y=2) @z -x) (1 +xy2) =0
=>1+xyz=0 (v x=y=2)
=>xyz=-1

0 (a-b?® (a-c)?

Ex.11 The determinant | (b-a)> 0  (b-c)?

(c—a)®> (c—b)? 0
is equal to -

Sol. Expanding the det., we get
A =—(b-a)[0-(a—c)?(c—b)?]+ (c—a)?
[(a - 1) (b - c)? - 0]

1. Row by Row multiplication:
(i row of A)) x (jM row A,) AA,

=2(a—b)? (b — ¢)? (c — a)2.
aIOC} +blB3 +C1’Y3

a2a3 +b2B3 +C2’Y3
a3a3 +bSB3 +C3’Y3

MULTIPLICATION OF TWO
DETERMINANTS

alal +b1B1 +C1Y1 al(XZ +b1B2 +C1Y2
a2(1‘2 + bZBZ + CZYZ

a3(x2 + bSB2 + C3’Y2

— |a0, +b,B, +c,Y,
a,0, +b,B, +c.y,
2. Row by Column Multiplication :
(i row of A)) x (i Column A,) A|A,
apB, +bpB,+cB, ay, +by,+cy,

aZBl +b2B2 +C2B3 aZYI +b2’YZ + CZ’Y3
aSBl +b3B2 + C3B3 a}Yl +b3Y2 +c3’Y3

3. Column by Row Multiplication :
(i" Column of A)) x (j!h Row A,) AA,

alaii + aZB} + a3Y3
bla3 + b2B3 +b3’Y3
cla3 + CZB3 + C}’Y}

a,0, +b,0, +c,0,
a0, +b,0, +¢,0.,
a,o, +b,0, +c,0.,

al(XZ + aZBZ +33’YZ
blaZ +b2B2 +b3’YZ
CI(XZ + CZBZ +C3YZ

alal + aZBI + a}‘Yl
= bl(x] +b2B1 +b3Y]
Cl(xl + CZBI + C3Yl

4. Column by Column Multipliation :
(i Column of A)) x (j" Row A,) AA,

al(x’l +32a2 +a3a3 aIBI +32B2 +a3B3
= bl(xl +b2(x’2 +b3a3 blBl +b2B2 +b3B3 blYl +b2Y2 +b3’Y3
CIBI +c2B2 +C3B3 cl’Yl +C2Y2 +C3Y3

But we prefer row by column multiplication.

aI‘Yl +a2Y2 + a3y3

C, O, +C,0, +C50L

To express a determinants as a product of
two determinants :

To express a deteminant as product of two
detenninants one requires a lot of practice and
this can be done only by inspection and trial. It
can be understood by the following examples.

Solved Examples
2bc—a’ c’ b’
2 2 2
ExI2LetA=| ©  Zac—b a |
b’ a’ 2ab—c¢’
then A can be expressed as
a b ¢ ¢ b al
(a) b C a (b) a b C
c a b c a b
a b ¢
c) [© b a (d) None
c a b
2bc—a’ c? b’
2 2 2
Sol. A = c 2ac—b a
b’ a’ 2ab—c’
b ¢ alflc a ©b| |b ¢ allb ¢ a
c a bl|lb ¢ aj_|c a bllc a b
a b cl-a -b —¢| |a b c|lla b ¢
c a b b ¢ a
(- by properties b ¢ a c a b)
-a -b -c a b ¢
a b ¢
_ b ¢c a
c a b
) C o b
Ex.13 If in the multiplication of ‘—b and
d
_C dc |’ A, B are the elements of the first row
then the elements of the second row will be -
(A)-B, A (B)A, B
(C)B, A (D) -B, -A
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ab c d ac+bd -ad+bc

Sol. -b a -d c -bc+ad bd+ac
ac+bd bc+ad A B
~ | «(bc—ad) ac+bd ~|-B A

. required elements are —-B, A. Ans [A]

Ex.14 If o, B are the roots of the equation,
ax>+bx+c=0 and s =a"+p".

3 1+s81 1+5s,
Evaluate |1+sy 1+s, 1+s3| intermsof a,
1-s, 1+s3 1+84
b, and ¢ only.
1+1+1 1+a+p 1+a2+[32
2, p2 3, a3
Sol. | 1+a+B 1+a”+B° 1+a” +p
1+(12+Bz 1+0L3+B3 1+0L4+B4
11 1 11 1
= 1 o B[x|[1 a d?
1 o2 p2 1p p2

= (1-a)(@-B)B-1)
= (1-(a+p)+ap) (a—P)
[1 b cjz {bz 401
= + =+ = - -—
a a c2 a

(@ +b+c)? (b2 - 4ac)

a4

(ix) Limit of a determinant

f(x) g(x) h(x)
Let A(x)=|/(x) m(x) n(x)| then M A(x)
u(x) v(x) w(x)
Lim f(x) Lim g(x) Lim h(x)
_ | Lim £(x) Lim m(x) Lim m(x)
Lim u(x) Lim v(x) Lim w(x)

provided each of nine limiting values exist finitely.

(x) Differentiation of a determinant

f'(x) g(x) h'(x
then A’ (x) = [ £(x) m(x) n(x)|+

u(x) v(x) w(x)
f(x) g(x) h(x) f(x) g(x) h(x)
£(x) m'(x) n'(x)] +|2(x) m(x) n(x)
u(x) v(x) w(x)| |u(x) Vv'(x) w'(x)

f(x) g(x) h(x)
LetA(x)=| a b ¢ | where a,b,c,/,
! m n

m and n are constants

jf(x)dx j g(x)dx j h(x)dx
= [Ax)dx=| a b
? m n
Solved Examples

a+X 0+X A+X
Exa.lSIf A(x)=|B+X ¢+X n+x|.
Y+X Y+X V+X
show that A" (x) =0 and A(x)=A(0)+Sx,
where S denote the sum of all the cofactors of all
elements in A (0) and dash denotes the derivative
with respectto x .

1 04+X A+X a+Xx 1 A+X

SoL A (x)= |1 ¢+x p+x|+[B+x 1T p+x| 4
1 W+X V+X y+Xx 1 v+x

a+Xx 0+x 1
B+x ¢+x 1
v+Xx y+x 1
Applying C,—>C,-xC, and C,—>C,-x
C,infirst and C, »>C -xC,, C,—>C,-xC,
insecond and C, > C, -xC, and C,—>C,
—x C, in third to get,

106 A oa 1 A o 06 1
ANE)=1[1 ¢ p|+|B 1T pu[+[B ¢ 1
1 vy v y 1 v y y 1
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=>A(x)=0

If S is the sum of all the cofactors of all elements
in A(0), then it can be seen that A'(x)=S.
on integrating A(x)=Sx+c.

=A0)=0+c

Hence A(x)=Sx+A(0).

CoOS X X 1

Ex.16 Let f(x)=[2sinx x* 2x|.
tanx x 1

The value of xLino @ isequal to:
(A) 1 (B) -1
<©) 0 (D) None of these
im f im f(x) —f(0) ,
St Him T Lim 2272~ (0).

-sinx 1 O COS X x 1
f'(x) = |2 sin x x?2 2x| + |2cosx 2x 2| +
tanx x 1 tan x x 1
cosx x 1
2sinx x% 2x
tanx x 1

010 cosx x 1
Thus M T _1o 0 of +|2sinx x? 2x
0 0 1 tanx x 1
10 1
+(0 0 0] =0
110

Hence (C) is correct.

APPLICATION OF DETERMINANTS : g

Following examples of short hand writing large
expressions are:

(i) Area of a triangle whose vertices are (X, y);
r=1,2,3is:
Xy Yy 1

1 .
D== [*2 Y2 | 1fD=0 then the three points are
2 X3 ys 1

collinear.
(i) Equation of a straight line passing through

x y 1

(Xlﬂ yl) & (Xz, Y2) IS X4 Y1
Xz Yo 1

(il Thelines: ax +by+c, =0...... )
ax+by+c,=0.... (2)
ax+by+c,=0..... 3)

a; by cy

are concurrentif, [32 P2 C2| =0
az bz c3
Condition for the consistency of three simultaneous
linear equations in 2 variables.
(iv) ax*+2hxy+by*+2gx +2fy+c=0 represents a
pair of straight lines if:

a hg
abc +2fgh —af?—bg2—ch?=0=h b f
g f c
SOLVING A SYSTEM OF LINEAR 4
EQUATIONS USING DETERMINANTS
(CRAMER’S RULE)
CASE-1
NON-HOMOGENEOUS SYSTEM OF
EQUATIONS

Consider three linear simultaneous equation in 'x',
lyV’ ZV

ax +by+cz=d (1)
aX + by +cz =d, ..(i1)
a3x + byy 3z = d; ..(111)
and
a; by ¢ di by ¢y
ifA=]a by ¢ A= d; b, ¢,
a; by c4 d; by c4
a; di ¢y a; by d
A, =2 d, ¢, Ay =12 b, d,
az dz c3 az bz ds
then using Crammer's rule of determinant we get
x _ Y _Zz 1
Ay Ay Az A
- A A As
Le.x A Y A 7 A
A IfA - O
A A
Then x R A X

. The system is consistent and has unique

solutions
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B. If A= 0 and
(i) If at least one of A, A, A is not zero then
the system of equations is inconsistent i.e. has no
solution
(i) Ifd; =dy=d;=0 or A}, A, Ay areall
zero then the system of equations has infinitely
many solutions.
Note :
In case of 3 planes are parallel
say Xxty+tz=2
2x + 2y + 2z =1
4x + 4y + 4z =3
then the system is inconsistent & will be having
no- solution, although A= A; = A, =A; =0
CASE-1I

HOMOGENEOUS SYSTEM OF
EQUATIONS

Consider three linear simultaneous equation in 'x',
lyV’ ZV

ax+by+tcz=0 ..(1)
X +byt+cz =0 ..(i1)
a3x +byy+tcz =0 ..(111)
and
al bl C1 bl c1
ita=[32 P2 & 5 =0 b &g
a, by ¢ b, ¢,
a, 0 c a, b 0
A, = a, 0 ¢, —0, Ay= a, b, 0=0
a, 0 c a, b, 0
1.e.x—A—A—0,y—A A 0,
_ A0
Z= 7T AT 0

A TfA. 0&A =A=A;=0
x=y=2z=0,
System is consistent & has unique solution which
is called Trivial Solution or Zero Solution.
If A =0 and
Ay = A, = A5 =0 are all zero then the system of
equations has infinitely many solutions which is
called Non-Trivial Solution or Non-Zero Solution.
Solved Examples
X+y+z2=06
Ex.17 Solve the system x-y+z=2 using matrix
) 2X+y—-z=1
inverse.
1 1 1 X 6
Sol.LetA=|1 -1 11 x=1y| &B=|2|.
2 1 -1 z 1
Then the system is AX =B.
|A|=6. Hence A is non singular.
0 3 3 0 2 2
CofactorA=|2 -3 1 |adjA=|3 -3 0
2 0 -2 3 1 -2
1 ) 02 2 0 173 1/3
Al=pjadiA=4 33 0|=|12 12 0

31 -2/ (12 w6
o 13 3] [6
X=A-'B=|12 <12 0 ||2
12 16 -1/3] |1

-1/3

1e. |y

N
I
W N -

=>x=1,y=2,z=3.




