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TRIGONOMETRIC EQUATION

An equation involving one or more trigonometric ratios of an unknown angle is called a trigonometric
equation. e.g. cos’x — 4sin x = 1. It is noted that a trigonometrical identity is satisfied for every value of the
unknown angle, whereas a trigonometric equation is satisfied only for some values (finite or infinite in
number) of unknown angle, e.g., sin® x + cos? x = 1 is a trigonometrical identity as it is satisfied for every value
ofx e R.

Solution or Root of a Trigonometric Equation

The value of an unknown angle which satisfies the given trigonometric equation is called a solution or root
of the equation. For example, consider equation 2 sin 6 = 1. Clearly, 8 =30° and 0 = 150° satisfy the equation
; therefore, 30° and 150° are solutions of the equation 2 sin 6 = 1 between 0° and 360°.

Principal Solution of a Trigonometric Equation

The solution of a trigonometric equation lie in the interval [0, 27). For example, if sinO = 1/2, then the two
values of O between 0 and 27 are /6 and 57/6. Thus, /6 and 57/6. Thus, /6 and 57/6 are the principal solution
of equation sin 6 = 1/2.

General Solution of a Trigonometric Equation

Since all the trigonometric functions are many one & periodic, hence there are infinite values of 6 for which
trigonometric functions have the same value. All such possible values of 6 for which the given trigonometric
function is satisfied is given by a general formula. Such a general formula is called general solution of trigonometric
equation.

Particular Solution of a Trigonometric Equation
The solution of the trigonometric equation lying in the given interval.

SOME IMPORTANT GENERAL SOLUTIONS OF EQUATIONS

Equation Soluation

sinf =0 G=nn.nel
T

cosB =0 8‘=(2n+1}3,ne1
tand =0 B=nn.nel
s = -T W
sinb = sinc O=mn+(-1)awhereac | 5,5 |.nel
cosB = cosa O0=2nmtaoa.nelaec[0.n]

-T W
tan® = tance B=mn+toa.ncloes — —<

2% 2
: T T
sinf =1 E}=2nn+j=(4n+1}7_.nel
cosB=1 6=2nm.nel
sin26 = sin2o or
cos2B8=cos2oor B=nnmtoa.nel
tan26 = tan2ce
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Important Points to be Remembered while Solving Trigonometric Equations

@
(b)

©

@

Sol.

Ex.

Sol.

For equations of the type sin @ =k or cos 0 =k, one must check that |k |<1.

Avoid squaring the equations, if possible, because it may lead to extraneous solutions. Reject extra solutions if they
do not satisfy the given equation.

Do not cancel the common variable factor from the two sides of the equations which are in a product because we
may loose some solutions.

The answer should not contain such values of 6, which make any of the terms undefined or infinite.

@) Check that denominator is not zero at any stage while solving equations.

s
(ii) If tan O or sec 0 is involved in the equations, 6 should not be odd multiple of 7
(iii) If cot O or cosec 0 is involved in the equation, 6 should not be multiple of & or 0.

Solve the equation sinx + cos x = 1.
Squaring the given equation, we get

(sinx +cosx)>=1

or 1+sin2x=1
or sin2x=0

= 2x=nm,n e ”Z
or x=nn/2,ne”Z

Butfor n=2,6,10,....
sin x + cos +=— 1, which contradicts the given equation
Also,for x=3,7,11,....

sinx+cosx=-1

T
Hence, the solutionisx=2nmt or x=(4n+1) 5

Solve 4 tan?0 = 3sec?0

» 4 tan’0 =3sec’® ... @)

i
For equation (i) to be defined 0 # (2n + 1) E ,nel

> equation (i) can be written as:
4sin’ 0 3 T
. + _—
56 o0 > 0=(2n+1) 2,neI
cos?0 = 0
2
. . V3
= 4sin’0=3 = sin%0 = B3
. 5 T T
= s1n29:sm2§ = Oznnig,nel
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tan3x —tan2x

Ex. Find the set of values of x for which ——————— =1.
1 +tan3x.tan2x

tan3x —tan2x
Sol. We have, —————— X =1 = tan(3x—2x)=1 = tanx =1
1 +tan3x.tan2x

T i . ‘
= tanx:tanz = x=nn+ Z,n el {using tan® =tano < 0 =nn+ o)

But for this value of x, tan 2x is not defined.

Hence the solution set for x is ¢.

. . 2 3
Ex. Find the most general solution of p!+cosxi+cos™x+Heosx"+..0 _ 4
Sol. We haVe, 21+|cosx\+cos2 x+\cosx\3+...m =4
or 21-%—|cosx\+cos2 x+\cosx\3+,.“oo —
1
or 21—|cosx| — 22
1 pa—
or -
I—|cosx|
|cos x| :
or COSX|= 7~ Or COSX==+
2 2

s
X=nm=+ E,neZ

TYPES OF TRIGONOMETRIC EQUATIONS

@D Solving Trigonometric Equations by Factorization
Ex. Solve (2 sin x — cos x) (1 + cos x) = sin’x

Sol. (2sinx—cosx) (1 +cosx)—(1—cos’x)=0
: (1+cosx)(2sinx—cosx—1+cosx)=0
(1+cosx)(2sinx—1)=0

1
= cosx=-1 orsinxzz
= cosx=—1=cosn = x=2nn+n=2n+Dn,nel
1
or smx:5=mmg N x:kn+enkg,ke1

1
Ex If 3 sinB, cosO and tan® are in G.P. then find the general solution for 0.

1
Sol. Since, g sin 6, cos 0, tan 0 are in G.P.
2 e 3 2
=  Cos 9:€smeman9 = 6cos’0+cos"0-1=0

(2cos0—1)(3cos’0+2cos0+1)=0

1
= cosO= 5 (other values of cos 6 are imaginary)

T T
= cos9:cos§ = 9:2nni§,nel.
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(I7) Solutions of Equations Reducible to Quadratic Equations.

Ex. 6 — 10cosx = 3sin’x
Sol. 6 —10cosx =3 —3cos*x = 3cos’x —10cosx+3=0

1
= (3cosx—1)(cosx—3)=0 = cosx = 3 or cosx=3

Since  cosx = 3 is not possible as — | < cosx < |

1 o1 1
COSX =— = COS| COoS 5 = X =2nm £ cos’! § ,nel

3
Ex. Find the number of solutions of sin> x —sin x — 1 =0 in [-27, 27]
Sol. sinx—sinx—1=0
1%
sinx =
2
1-+/5 . .
= T\/_ [sin x > 1 not possible]

Hence, x can attain two values in [0, 27t] and two more values in [-27, 0). Thus, there are four solutions.

Ex. Find the number of solutions of tanx + secx = 2cosx in [0, 27].
Sol. Here, tanx + secx =2cosx = sinx + 1 =2 cos’x
1
= 2sin’x +sinx— 1 =0 = sinx = E’_l
. 3n . .
But sinx=-1 = X= 7 for which tanx + secx =2 cosx is not defined.
Thus i 1 T 5
us sinx= — = X=—,—
2 6 6
= number of solutions of tanx + secx =2cos x is 2.

(III) Trigonometric Equations which can be Solved by Transforming a Product of Trigonometric

Ratios into their Sum or Difference

Ex. Solve sin5x.cos3x = sinb6x.cos2x
Sol D sin5x.cos3x = sin6x.cos2x = 2sin5X.cos3x = 2sin6X.c0s2x
= sin8x + sin2x = sin8x + sin4x = sindx —sin2x =0
= 2sin2x.c0s2x —sin2x = 0 = sin2x (2cos2x—1)=0
= sin2x =0 or 2c0s2x—-1=0
= 2x=nm,n el or CcOS2X = E
nrw T
= x=—7—,nel or 2x=2nn+ Z~,nel
2 3
e
= X=nm+ g ,nel
Solution of given equation is
nw b4
7,nel or nnig,nel
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av)

Solution of Equations of Form acos@ + bsinf = ¢
To solve equation, let us convert the equation to the form cos 0 = cos o or sinf = sin a.
For this let us consider

a=rcos¢
b=rsing] ~ |tan¢p=—
a

Substituting these values in the equation a cos 0 + b sin 0 = ¢, we have
rcospcosO+rsindpsin@=c
or rcos(0—0¢)=c

or cos(0—¢)= %=ﬁ =cos f3

= 0—-¢=2nm+p
= 0=2nnt+¢£P,ne’Z
Here ¢ and 3 are calculated if a, b and c are given.

Hence, we can solve the equation of this type by putting

a=rcos ¢ and B =r sin ¢, provided <1 [ cos B lies between — 1 and 1]

c
Ja?+b?

C

—| <1 or lc|< /a2 +b?
va®+b?

or

Working Rule

1.

First of all check whether |c| < +/a? +b? or not.
If || > 4/a® +b? , then the given equation has no real solution.

If |c| < 4/a?+b?, then divide both sides of the equation by +/a® +b” .

a

b
Take cos o = ————= and sin o = ————, then the given equation will become cos(6 — a) = cos 3,
a’+b’ a’+b’

b c
where tan = — and cos f = ——.
a va’+b’

a b c
We can also take sin o = ————=, cos a = ————, and sin B = ———=, then the given equation will
va’+b’ Va®+b? VJa’+b’

reduce to the form sin(6 + o) = sin 3.
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Ex.
Sol.

Sol.

V)

Ex.

Sol.

Solve /3 cos 6 — 3 sin 6 =4 sin26 cos 36.

We have,

/3 cos 6 — 3 sin 0 =2 (sin56 — sind).
(ﬁJcose —(lj sin 6 = sin 50
2 2
cos(9+ﬁj =sin 50 = cos (E—SOJ
6 2

0+ =onna (E—sej
6 2

nmw T nt 7

=—+— Oor p=——+—, VY neZ

3 18 2

Prove that the equation kcosx — 3sinx =k + 1 possess a solution iffk e (—o, 4].

Here, k cosx —3sinx =k + 1, could be re-written as :
k . k+1
COSX — sinx =
K +9 kK> +9 K +9
k+1 3
or cos(x+ ¢)= , Where tan$p =—
JVk* +9 k
k+1

which possess a solution only if —1 <

1e.,

or

=

Vvk? +9

<1

VK2 +9
k+1y <k’ +9
K +2k+1<k*+9
k<4

‘ k+1

The interval of k for which the equation (kcosx — 3sinx = k + 1) has a solution is (-, 4].

Solving Trigonometric Equations by Transforming sum of Trigonometric Functions into Product

Solve

co0s3x + sin2x — sindx =0

=
=

=

co0s3x + sin2x — sindx = 0

= cos3x +2cos3x.sin(—x) =0

cos3x —2cos3x.sinx =0 = cos3x (1 —2sinx) =0
cos3x=0 or 1 —2sinx=0

T . 1
3x:(2n+1)5,nel or smxzz
x:(2n+1)%,nel or x:nn+(71)"%,nel
solution of given equation is
(2n+1)g,nelor nn+(71)“g,nel

24
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(VD)  Solving Equations by a Change of Variable

@ Equations of the form P (sin X + cos X, sin X. cos x) = 0, where P (y,z) is a polynomial, can be solved by the substitution
cosxtsinx=t = 1 +2sinx.cosx=t2.
e.g. sinx+cosx =1+ sin x. cos X.
put sinx + cosx =t
= sin?x + cos?x + 2sinx . cosx = t?
= 2sinx cosx = t? — 1 (7 sin’x + cos?x = 1)

e[
= SINX.COSX = B

Substituting above result in given equation, we get :

t2 -1
t=1+

2
= 2t=12+1 = 2-2t+1=0
= t-12=0 = t=1
= sinx+cosx=1

Dividing both sides by /12 + 12 ie. V2 , we get

1. 1 1 T . 1
= —=sin X+ —=cos x = —= = cosX cos— + sinx.sin— = —=
V2 V2 V2 4 4 2
I T i
= cos(x—fj :cosz = X—ZZZnniZ
i i
= x:2nnorx:2nn+5:(4n+1)5,nel
(ii) Equations of the form of asinx + bcosx + d =0, where a, b & d are real numbers can be solved by changing sin x &

cos x into their corresponding tangent of half the angle.

e.g. 3cosx+4sinx=5

—tan’x/2) [ 2tanx/ 2 ]:5

= el
L1+tan x/ 2J 1 +tan’*x/ 2
3 —3tan = 8 tan —
-~ 2, 2 _s
1+tan’> 1 +tan® >
an 5 an 5
X X X X X
_ 2,+ == + 2= 2 _ — + =
= 3 — 3tan 5 8tan2 5 + Stan 5 = 8tan 5 8tan2 2=0
= 4tan2§74tan§+1:0 = 2tan§—1 2 =0
2 % 2
—  2tans —1=0 ~  tant=loy Al
an2 an2 > an| tan 7
= i:n7t+tan*1 l nel = x:2mc+2tan*ll nel
2 2) 2’
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(iii) Many equations can be solved by introducing a new variable.
e.g. sin*2x + cos*2x = sin 2x. cos 2x

substituting sin2x. cos2x =y

> (sin®2x + cos?2x)? = sin*2x + cos*2x + 2sin?2x.cos*2x
= sin*2x + cos*2x = 1 — 2sin?2x.c0s?2x substituting above result in given equation :
1-2y’=y

2 - 1

= 2y*+y—-1=0 = 2(y+1) y—z =0
1 . . 1
= y=-1 or y= 5 = sin2x.cos2x =—1 or sin2x.cos2x = 5
= 2sin2x.cos2x =—2 or 2sin2x.cos2x = 1
= sindx = — 2 (which is not possible) or 2sin2x.cos2x =1
= sin4x:l:sinE = 4x2nn+(—l)“£,nel:> x:E-F(—l)“E,nel
2 2 4 8
Ex. Find the general solution of equation sin*x + cos*x = sinx cosx.
Sol. Using half-angle formulae, we can represent given equation in the form :
1-cos2x) (1+cos2xY .
+ =sinXcosX
2 2
= (1 — cos2x)? + (1 + cos2x)? = 4sinx cosx
= 2(1 + cos?2x) = 2sin2x = 1 + 1 —sin?2x = sin2x
= sin?2x + sin2x =2
= sin2x =1 or sin2x = -2 (which is not possible)
o
= 2x:2nn+5,nel
T

= X=nmn +Z, nel

(VII) Solving Trigonometric Equations with the Use of the Boundness of the Functions Involved.

Ex. Solve sinx(cos%—Zsinx)Jr[l+sin§—2005x).cosx:0

X X
Sol. sin X cos Z + cos X sin Z +cosx=2

i (S—X) + =2
S 4 COSX =
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Sol.

= sin[i—x) =1 & cosx=1 (assin®<1 & cosO<1)

Now consider

cosx =1 = X=2m,4m, 61, 8m.......
d . 5x 1 . _2n 107m 187w
an sin e X 55 g

Common solution to above APs will be the AP having

First term =2n

Common difference = LCM of 21t and 85—n :45ﬂ =8n

General solution will be general term of this AP i.e. 2 + (8n)n, n € 1

= x=2(4n+ n,nel

1+sin2x __

Solve the equation (sinx + cosx) =2,when 0 <x< 7.

We know, —/a? 1 b? <asin@+bcos® <va? +b? and —1<sind<1.

(sinx + cosx) admits the maximum value as /2

and (1+ sin 2x) admits the maximum value as 2.
2
Also (\/5) =2.

the equation could hold only when, sinx + cosx= /3 and 1 +sin2x=2

T
Now,  sinx+cosx= .o = COS(X—Z) =1
= x=2nmm+n/4,nel (@i)
T
and 1+sin2x=2 = sin2x:l:sin5
T mm o T .
= 2x:mn+(fl)m5,mel = x:7+(—1) i (i)

s
The value of x in [0, ] satisfying equations (i) and (ii) is x = ry (whenn=0 & m=0)

( )

\ . >4

sin X +cos x = —\/2_ and 1 + sin 2x = 2 also satisfies but as x > 0, this solution is not in domain.
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Ex. Solve forx and y : 12 3
208 %y —y+1/2 <1

1

Sol. Zcoszx 'yz -y+ 1/2 <1 e (i)
1 2 2
1 1
r#x( —J +ﬂJ <1
Y 2 2

Minimum value of 2 cos’x =2

1 (1Y
Minimum value of (y—Ej +[Ej =

1
s / 1.
= Minimum value of 25", [y* —y + > is 1

1 1 2 1 2
= (i) is possible when 2 " x (y - 5) + (Ej =1

1
2

= cos’x=landy=1/2 = cosx=+1 = x=nm wherenel.

Hencex=nm,n el andy=1/2.

X 1
Ex. Find the number of solution(s) of 2cos’ (5) sin’x = x*+ —,0<x<n/2.
X
o X .o 2, 1 ) 2,
Sol. Let y = 2cos 5 sin“x = x+— = y=(1+cosx)sinx and y = x"+ —
X X
when y = (1 + cosx)sin’x = (a number < 2)(a number < 1) = y<2 L. @)
2, | N ,
andwheny=x"+ —=|x-——| +222 = y=2 (ii)
X X

No value of y can be obtained satisfying (i) and (ii), simultaneously

= No real solution of the equation exists.
'd )
\ J

IfL.H.S. of the given trigonometric equation is always less than or equal to k and RHS is always greater than k, then no

solution exists. If both the sides are equal to k for same value of 0, then solution exists and if they are equal for different

values of 0, then solution does not exist.
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INEQUALITIES
Trigonometric Inequations
To solve the trigonometric inequation of the type f(x) < a, or f(x) > a where f(x) is some trigonometric ratio, the

following steps should be taken :

1. Draw the graph of f(x) in an interval length equal to the fundamental period of f(x).

2. Draw the liney=a.

3. Take the portion of the graph for which the inequation is satisfied.

4. To generalize, add nT (n € 1) and take union over the set of integers, where T is the fundamental period of f(x).

Ex. Solve 2 cos?0 +sin 0 < 2, where /2 <0 < 3m/2.

Sol. 2c0s?0+sin0<2 X
or 2(1—sin?0) +sinO <2
or “2sin?0+sin0<0 e e e
or 2sin*O—-sin0>0
or sin0(2sin0—-1)>0
or sinB(sin 6 — 1/2) >0,
which is possible if sin 0 <0 or sin6>1/2. X
From the graph,
sin9>1/2 = n/2<0<51/6
sin@ <0 = n<0<37/2
Hence, the required values of 0 are given by
0 € [n/2, 51/6] U [, 3m/2]
y|
Ex. Sovlesin®+ /3 cos0>1,-n<0<m.
Sol. The given inequation is
sinO+ /3 cos0>1,-n<O0<n
1.3 1 v
= zsm9+7003625 ‘31 y = cos X
1 ! //
= cos(@——jz—zcos— """"""
2
1
=3
X' 5 > X
T T_T
——<p-—<—
- 37 6 3
n n -
—=<0<=
- 6 2
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1. Trigonometric Equation

An equation involving one or more trigonometrical ratios of unknown angles is called a trigonometrical equation.

2. Solution of Trigonometric Equation
A value of the unknown angle which satisfies the given equation is called a trigonometric equation.
(a) Principle Solution :- The solution of the trigonometric equation lying in the interval [0, 27].

(b) General Solution :- Since all the trigonometric functions are many one & periodic, hence there are infinite values
of © for which trigonometric functions have the same value. All such possible values of 6 for which the given
trigonometric function is satisfied is given by a general formula. Such a general formula is called general solutions
of trigonometric equation.

3. General Solutions of Some Trigonometric Equations
@) Ifsin6=0, then 0 =nn,n ¢ I (setof integers)
T
(V)] Ifcos 6=0, then 0=2n+1) En el
(©) Iftan6=0, then O=nm,nel
()] Ifsin®=sina, then 0=nn +(—1)"a where ae[%n,g} ,nel
(e) If cos O =cos a, then 0=2nt +a,necl, ael0,n]
® Iftan O =tan o, then O=nnt+o,nelac (%,EJ
. s b
© Ifsin6=1, then 9:2nn+5:(4n+1)5,nel
(h) Ifcos0=1 then 0=2nm,n el
) Ifsin?@=sin?a or cos?@=cos?a or tan’@=tan’c, then O=nm +o,n e |
)] Forn e Isinnt=0 and cosnn=(-1)",ne I

sin (nt+0)=(—1)"sin0
cos (nmt+0)=(—1)"cosO

k) cosnt=(-1)",nel

\ . . nm ot n-1 nn
()] If nis an odd integer then sin Y (—1) 2 cos (_1) 2 €08 —- = 0

n-1

n-1
(m) sin (%+OJ =(-1)2 cos0, cos (%+OJ =(-1)2 sin®
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General Solution of Equation acos® + bsin0

Consider,asin®+bcos6=c ... @)

sin 0 + b cosO= ¢

. a -
b Va2 + b2 Va® +b’
equation (i) has the solution only if [c| < /32 + 12

= cos ¢, sing & ¢p=tan"' b
a

a b
let Va?+b? Jal+b?

c
by introducing this auxiliary argument ¢ , equation (i) reduces to sin (0+¢) = ——
y g ry arg ¢ , equation (i) (0+4) = =F

Now this equation can be solved easily.
General Solution of Equation of Form

a, sin"x + a,sin™'x cosx + a,sin"2 X cos’x + ......... +a cos™x =0
IV PR a_are real numbers
Such an equation is solved by dividing equation by cos"x.

Important Tips

(a) For equations of the type sin @ =k or cos 8 =k, one must check that | k| < 1.
(b) Avoid squaring the equations, if possible, because it may leads to extraneous solutions.

(¢) Do not cancel the common variable factor from the two sides of the equations which are in a products because
we may loose some solutions.

(d) The answer should not contain such values of 6, which make any of the terms undefined or infinite.
(e) Check that denominators is not zero at any stage while solving equations.

s
(f) (i) Iftan 6 or sec 0 is involved in the equations, 6 should not be odd multiple of B

(ii) If cot O or cosec O is involved in the equation, 6 should not be integral multiple of © or 0.

(g) Iftwo different trigonometric ratios such as tan 0 and sec 0 are involved then after solving we cannot apply the
usual formulae for general solution because periodicity of the functions are not same.

(h) If L.H.S of the given trigonometric equation is always greater than k, then no solution exists. If both the sides
are equal to k for s ame value of 0, then solution exists and if they are equal for different value of 0, then solution
does not exist.
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