Inverse Trigonometric Functions

Inverse Trigonometric
Functions

INTRODUCTION: _ gl

The student may be familiar about trigonometric

functions viz sin X, cos X, tan X, cosec X, sec X, cot X
with respective domains R, R, R— {(2n+ 1) n/2},
R - {nn}, R — {2n + 1) n/2}, R — {nn} and
respective ranges [—-1, 1], [-1, 1], R, R— (-1, 1),
R — (-1, 1), R. Correspondingly, six inverse
trigonometric functions (also called inverse circular
functions) are defined.

sin'x , cos™'1x , tan"'1x etc. denote angles or real
numbers whose sine is x , whose cosine is X and
whose tangent is x, provided that the answers given
are numerically smallest available. These are also

written as arc sinx, arc cosx etc.
Let sinO =x then O =Arc sin x
—1 <sinB < 1 and sinB = x
-1<x<1
Thus, Arc sinx is defined only when -1 <x <1
Clearly, for every x € [—1, 1], infinite number of

values of Arc sinx will be obtained.
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Thus, sin™'x or arc sinx is the principal value of

the angle whose sine is equal to x.

1e.
(1) sinB=

(i) cosO =x < cos'x=0

X < sin!x=10

(i) tan® = X « tan!'x =0

(iv) cotd =x < cot'x=10

(v) secO =x < sec'x=10

(vi) cosecd =X < cosec'x = 0

If there are two angles one positive & the other
negative having same numerical value, then positive
angle should be taken.
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sin'x : ‘

The symbol sin™'x or arcsinx denotes the angle 6 so
that sin 6 = x. As a direct meaning, sin"'x is not
a function, as it does not satisfy the requirements for
arule to become a function. But by a suitable choice
[-1, 1] as its domain and standardized set [-1/2,

7/2] as its range, then rule sin™ x is a single valued
function.

Thus sin 'x is considered as a function with domain
[-1, 1] and range [-n/2, T/2].

The graph of y=sin'x is as shown below, which is
obtained by taking the mirror image, of the portion
of the graph of y=sin X, from x =—m/2 to x = /2,

onthe liney=x.



Inverse Trigonometric Functions

/2

—/2

y

cos'x : ‘
By following the discussions, similar to above,
we have cos™' x or arccos x as a function with
domain [-1, 1] and range [0, «t].
The graph of y=cos'x is similarly obtained as
the mirror image of the portion of the graph of

y=cos X fromx=0tox =T.
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tan'x: 4
We get tan' x or arctanx as a function with domain
R and range (-n/2, /2).

Graph of y=tan'x
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cosec’'x : ‘
cosec'x or arccosec X is a function with domain
R — (-1, 1) and range [-n/2, ©/2] — {0}.
Graph of y = cosec™'x
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sec'x : "

sec™'x or arcsec x is a function with domain
R — (-1, 1) and range [0, ] — {n/2}.
Graph of y =sec'x

A

4
cot!x: ‘
cot™'x or arccot x is a function with domain R and

range (0, m)
Graph of y =cot'x
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DOMAIN AND RANGE OF INVERSE l'

TRIGONOMETRIC FUNCTIONS

Function Domain Range
-1 n T
sin x  [-1, 1] [‘55}
cos'x [-1,1] [0, 7]
T T
tan ! x  (—o0, ) (_E' E]
COt_l X (—OO, OO) (07 TC)

seclx (o0, —1] U [1,00) U (gn}

cosec'x  (—o0, —1] U [1,00) [_g OJU(O, g]
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Note that :

(a) 1st quadrant is common to all the inverse

functions.

(b) 3rd quadrant is not used in inverse functions.

(c) 4th quadrant is used in the CLOCKWISE

T
DIRECTION i.e. 5

n
(d) sin~! Xlmax = 5

cos ~ X]max

=m and COS_I X]

<y<0.

and sin_1 Xlmin =~

min ~ 0

T
2

Solved Examples

Ex.1 Find the value of tan {cos1 (%j +tan™’ (—

Sol. tan | cos ™’ (1j +tan™’ _ e tan {E +(_
2 3 3

=tan [gj = \/15

Ex.2 Find domain of sin”! (2x%>—1)

Sol. Lety=sin (2x>— 1)

Property 2 : T(T™) 1

(i) sin(sin'x)=x, -1 <x <1

Proof:

Let6=sin'x. Thenx € [-1,1] & 0 € [-n/2, w/2].
= sin 6 =X, by meaning of the symbol

= sin(sin'x)=x

Similar proofs can be carried out to obtain

(i) cos(cos'x)=x, -1<x<1
(i) tan (tan'x)=x, x eR

(iv) cot (cot'x) =x, x €R

(V) sec(sec!'x)=x, x<-1,x>1

(vi) cosec (cosec'x) =x, |x|>1

The graph of y =sin (sin"'x) = cos (cos'x)
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For y tobedefined —1<(2x2-1)<1

=>0<2x’<2 = 0<x*’<1 = xe[-],1].

Property 1 : “—x” 1

The graphs of sin"'x, tan™ x, cosec™'x are symmetric
about origin.
Hence we get sin”! (—x)=—sin'x

tan”! (—x)=—tan'x
cosec! (—x) =—cosec'x.

Also the graphs of cos'x, sec™'x, cot'x are
symmetric about the point (0, 7/2). From this,
we get cos! (—x) =m—cos'x
sec! (x) =m—sec'x

cot! (—x)=m—cot'x.

A

A

The graph of y= cose

4

¢ (cosec™'x) = sec (sec'x)

A
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Property 3 : T-I(T) "

(1) sin™! (sinx)
_{—Z’WHX, xe[2nm—n/2 2nm+7/2)

2n+)n—x xe[@n+N)n—n/2 (2n+)r+n/2],neZ
Proof :
If x € [2nmt — /2, 2nw + /2], then —2nmw + X €
[-n/2, m/2] and sin (—2nm + X) = sin X.
Hence sin™! (sin x) =—2n7n + x for x € [2nmt—7/2,
2nm + w/2].
Proofof 2™ part is left for the students.
Graph of y=sin! (sin x)
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(i1) cos™ (cos x)

X € [2nm, (2n + 1)x]
xel[(2n-1) = 2nn],n el

-2nT+ X,
2nw — X,

Graph of y=cos™ (cos x)
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(iii) tan™! (tan x) =—nn+x,nt— /2 <x <nu+ 7/
2,ne z

Graph of y=tan (tan x)

A
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(iv) cosec™ (cosec x) is similar to sin™ (sin x)

Graph of y=cosec™ (cosec x)

(v) sec! (sec x) is similar to cos™ (cos x)

Graph of y=sec™! (sec x)

A

v

(vii) cot! (cotx)=-nn+x,x € (n,(n+ 1) 1),
nez

Graph of y =cot™ (cot x)

A

v
Remark : sin (sin'x), cos (cos'x), .... cot (cot'x)
are aperiodic (non periodic) functions where as

sin™! (sin x), ..., cot'(cot x) are periodic functions.

Property 4 : “1/x” "

(1) cosec!(x) =sin"'(1/x), [x| =1
Proof : Letcosec' x=0
= 1/x=sinb
= sin!(1/x)=sin"' (sin 0)
=0 (as 0 € [-/2, w/2] — {0})

= cosec'x
(i)sec'x=cos™ (1/x), |x|>1
tan~"(1/x), x>0

(iii) cot'x = {

T+ tan’1(1/x), x<0
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Property 5 : “m/2” 1 Solved Examples
(i)sin'x + cos™'x =g ,—1<x<1 Ex.3 cos~! cos [%[j -
Proof : Let A=sin"'x and B=cos'x 7n 5n
(A) & B) &
= sinA=xandcos B=x .
A B ©) 5 (D) None of these
= sinA=cos
: : Sol -1 [cosﬁj I
= sinA=sin(n/2-B) ol. cos 67" 6
— 7
= A=m2-B,becauseAand v2 B € [-/2, /2] [Because ?n does not lie between 0 and 7]
Now, cos™! (Cos—n) = cos™! {005(2“——)}
Similarly, we can prove 6 6
(“ 7—n=21c—zj = -1 (cosﬁj
(ii) tan*‘x+cot*1x=g, xeR 6 6 ) 8 6
[*- cos(2m — 0) = cos0]
i) cosec™'x +sec!x =2, x‘ >1
) 2 - %" Ans.[B]
Property- 6 Conversion Property " Ex.4 sin {sin! % + cos™! % } =
Letsin! x =y (A) 0 (B) -1
. ©) 2 (D) 1
. . 1 1
-1 11
Sol. sin {sin 5 + cos 5 }
P S L I R 4, T
= Sll’l E . SIn X+ COSs X = E = 1 Ans.[D]
M N 2
B Ex.5 sin! (g) =
= Xx=siny
(3 (3
1 (A) cos ( ) (B) tan ( )
= cosecy = (;) S 5 S
1 (C) cosec™! (E) (D) None of these
= y = cosec”! (;J

]
Sol. We know that sin!x = cosec™! (;J

x = cosec! (1J Hence ° 5
X = sin’! (—) = cosec™! (—) Ans. [C]

S 2
. 1 (1
(i) sin"'x = cosec™! (;J & cosec !x=sin"! (;J

= sin’!

Ex.6 Find the value of cosec {cot (cot1 ﬁj} :
Similarly the following results can be obtained 4
Sol. - cot(cot'x)=x, Vx e R

B 1 1
(i) cos~'x = sec™! (—J & sec”!x = cos! (—J _ 43n) _ 3=
X X o.ocot|cot— | = vy

1 1
(iii) tan~'x = cot™! (—J & cot'x = tan™! (—J 4 3n 3
X X cosec cot | cot 17 = cosec [Tﬂ:j =

5
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3
Ex.7 Find the value of tan™' [tan Tnj )

Sol. .+ tan' (tan x)=x
. T T 3n T T
1fxe[2v2j AsTe[zvzj
3n 3 3 n 3n
. -1 | tan— = il -, —
S tan [ 4j¢ 4 S 6[2 2)

graphofy=tan™ (tanx)isas:

. 3
~ from the graph we can see that if g <x<=

then tan™' (tanx)= x—T7
3n 3 T
— t - - X" —_ —
tan™ [ " j 4 Ty
Ex.8 Find the value of sin! (sin7) and sin! (sin (-5)).
Sol. Lety=sin"' (sin 7)

in! (si T
sin”!' (sin7)#7 as7¢{ 2,2}

5n
S2n<T7< >
graph of y=sin" (sinx) isas :

Y

2 b

Zr 5 _

N

From the graph we can see thatif 2n <x < 5—; ,

then

y=sin’(sinx ) canbe writtenas: y=x—21
sin! (sin7)=7-2n

Similarly if we have to find sin™* (sin(—5)) then

3n
— < — < - —
2n 5 >

from the graph of sin™' (sin x), we can say that
sin”! (sin(-5))=2n+(-5) =2n-5

Ex.9 Find the value of cos™ {sin(—5)}
Sol. Lety=cos™ {sin(-5)} =cos™' (-sin5)
=mn—cos! (sin5) (cos! (—x)=m—cos'x, x| <1)

T .
=1 —cos! {COS(E - 5)} .......... (1
T
Note that :— 271 < [E—Sj <-r
graphofcos™ (cosx)isas:
cos™ (cos x)
T
r,f‘ .L\ 4 L q/"\*'
A 3 w2 \oN /;\—/
N S
¥ } } } } ¥ } X
—-2x 3= T 13 7 n 3n 2t 5x 3m
2 2 2 2 2

From the graph we can see that if —-2n <x <—m,
then cos™ (cosx) =x + 27

from the graph cos™! {cos(g — 5)} = [g - 5)

5
+2n = [775 - 5) .. from (i), we get
_ 5n _ 3n
y—n—[7—5j = y=5- 5
Solved Examples
Ex.10 Find the value of tan {cot{%zj}
(-2 .
Sol. Let y=tan {COt (Tj} ........ (1)
 cot!(x)=m—cot'x,x € R
(1) can be written as
y=tan {n —cot 1(%)} y=—tan [cot - %)
cot'x =tan " if x>0

- 13 __3
y tan [tan Ej = y 5

Ex.11 Find the value of sin [tan1 %) )

Sol. sin [tan1 gj =sin [sin1 gj —
4 5

5
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.. _ _ 1| Xty
Ex.12 Find the value of tan (20051 g} (ii) tan”!x + tan~ly = m + tan”! (‘I— xyj’
if x>0,y>0andxy>1
Sol. Let y=t 1cos’1£ i
ol. Let y=tan | 3| e (1) (iii) tan~'x — tan-ly = tan! (1x— yj
+ Xy
Let cos™ E =0 =>0¢ [0 Ej and cos 0 = E (iv) tan~'x + tan~ly + tan~'z
3 2 3

_ tan_l{x+y+z—xyz}

(i) becomes y=tan [gj .......... (ii) 1%y - yz—Zx
2 (vi) sin‘lxisin‘1y=sin‘1[x,/1_y2 ty1-x2 ],
V5 o ifx,y>0and x>+ y2<1.
tanzg _ 1-cos6 _ 3 _ 2~ (vii) sin'x £ sin"ly
2 1+cos0 1 \/5 3+\/§ .
T3 =T — sin[Xy1-y? £y 1_x2 ],
_ (3-4/5)? ifx,y>0and x> +y> > 1.
4 (vii)) cos~!x + cos7ly
0 4 3-5 =cos![xy F1-x2 1-y? ],
tanE_ 2 ......... (111) le’y>0andX2+y2£1.
(ix) cos'x+cosly
0 T 0
5 € [O'Zj = tan >0 =n—cosl[xy F J1_x2 1-y2 ],
: 2 4+ 2
o (3-45 if x,y>0 and x= + y= > 1.
from (iii), we get y=tan - = |~ 5 Xy +1
2 (x) cot'x + cotly =cot™! | yxx

Ex.13 Find the value of cos (2cos™'x + sin'x)

1
whenx = ¢ Solved Examples
1
Sol. cos [2 cos™' % +sin”! %j Ex.14 tan! [Zj + tan~! [éj =
1 3 1 . 3
= cos [cos1é+sin1%+cos1 %) (A) E‘[an‘1 [Ej (B) Esm‘l[gj
3 1
=Cos [g+ cos ! %) =—sin (cos(%} ....... (1) (C) tan”! [Ej (D) tan”! [Ej
5
1 2
(1) 2R ) a1 [2) = a1 49
5 5 - Sol. tan™" | |+ tan™"| g | = tan 12
49
' (7 (1
IDENTITIES FOR SUM & DIFFERENCE = tan 34~ tan 5 Ans.[D]
OF INVERSE TRIGONOMETRIC Ex.15 The value of
FUNCTIONS

1 1
tan!(1) + cos™! (_EJ + sin”! (_EJ is equal to-

. X+
(i) tan~'x + tan"!y = tan™! ( Y J ,

1-xy = SK

) 5 B) 3

if x>0,y>0andxy<1 3 131
© 5 D) 5
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1 1
Sol. tan~!(1) + cot™! (_EJ + sin! (_EJ

m, 2t n_m_ m_3n

4 3 6 4 2 4

Ex.16 The number of solution of the equation

tan~!(x — 1) + tanx + tan"!(x + 1) = tan"! 3x is-

(A) 1 (B) 2

©) 3 (D) 4

The given equation can be written as

tan'(x — 1) + tan"!(x + 1) = tan"! 3x —tan"!x

o X=Tex+1t
1—(x=N(x+1)

2x 2x
2 2 113 = x+3x3=2x —x

= 4x3-x=0 = x(4x2-1)=0

Ans.[C]

Sol.

= tan tan

3

Ans.[C]

1
= = 4+ —
= x=0,x 2

INVERSE TRIGONOMETRIC RATIOS

OFMULTIPLE ANGLES "
(i) 2sin'x =sin!(2x [y _42), if-1<x<1
(ii) 2cos 'x = cos!(2x2 - 1), if-1<x<1

2
(iii) 2tan~'x = tan™! (1 X2 J
- X

_ _1( 2x ): . 1- X2
sin™' | 72 cos |z

(iv) 3 sin"'x = sin"!1(3x — 4x3)

(v) 3 cos !x = cos™!(4x3 — 3x)

3x-x°
(vi) 3 tan~'x = tan™! [1_3)(2 ]

Solved Examples
Ex.17 cos™! [::—gj + 2 tan™! [%j -
140
(A) (B) cos! [Ej
©) (D) None of these

15 1
Sol. cos™! [1—) + 2 tan’! [gj

Ml N3

15
_ 1] = -1 25
cos [17j +  cos —Y

18], (12
= COS 17 COS 13

cos ! | 18,12 [ i (15Y" | _(12)
17 13 17 13

_ (140
= COS ™" | 5n1 Ans.[B]

Ex.18 The value of

. 1 .
sin(2 tan™! E) + cos (tan”! 2/2) is—

6 7
(A) 75 B) 35
©) % (D) None of these

Sol. Let tan‘lé = a and tan™! /2 = B. Then tana

1
3 and tanf} = 2,/2, so that

. 1
sin (2 tan™! 3) *cos (tan!2/2)

1
= sin 2o + cosP = 2tan<2x 5
1+tan® o \/‘I+tan B
1

23 1 2 9 1
ST 370 3

140 1+8

301 14
= — 4+ — = — R

53 15 Ans.[C]

|
MISCELLENEOUS RESULTS g |

(i) tan™! [ﬁ} =sin”! (g)
P e Sk S DAY £

(11) tan aa? — 3x2) 3 tan a
Ve

(1) tan Viex2 —1-x2 |~

n 1
_+_
4 2

(iv) sin”! (x) = cos™! (mj = tan! [x/1i(7 ]
) 2] = o 2]

— cot-1
= cot [ »

V1-x2
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() coslx = Sin_l( 1_X2) =tan_1[\/1;7]
= cot™ [ 11( J— sec IGJ =cosec” [ sz
() tan”x = s [\/EJ = cos™ [

= cot™! (%) = sec l(m)

><
N
~—

= -1
cosec [ <




