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THREE-DIMENSIONAL GEOMETRY

1.1

Basic concept

()

(i)

(iii)

Distance formula. Distance between two points A(x;,y4,z;)and B(X,,Y,,2,)is

AB = \/(Xz —xif + 2y f + 22—z -

Section formula. Coordinates of a point P, which divides the join of two given points A(x1,y1,z1)

IXo +mxy ly, +my, 125 +mz,
[+m [+m [+m

and B(x,,Y,,2,) in the ratio I : m internally, are P[ j, and the coordi-

nates of a point Q dividing the join in the ratio I: m externally are Q[lle _$X1 ,|y2| —$y1 ,|22| _$Z1j

Coordinates of the mid-point P of the line segment joining the points A(x,y4,24)and B(x,,y,,z,) are

p| X1t X2 YitYs 21+ 25
2 2 72

Direction cosines of a line:

The direction of line OP is determined by the angles o,B,y which it makes with OX, OY and OZ

respectively. These angles are called the direction angles:and their cosines are called the direction
cosines.
Direction cosines of a line are denoted by |, m, n,

I =cosa, m=cos B, n=cos Y

if we take the opposite direction of OP, then angles
with axes are n-a, =B, n-¥
In this case I=-cos o, m = - cosp, n=-cosY .

Sum of squares of direction cosines of a line is always 1.

24 m?+ n?=1, i.e., cos? o +¢cos?B +cos?y =1. x

¢ (i) < Direction ratios of a line. Numbers proportional to the direction cosines of a line are called

m n
direction ratios of a line. If a, b, c are direction ratios of a line then 376 o

(ii) If a, b, c are.direction ratios of a line, then its direction cosines are

a + b + c

_\/az+b2+cz a \/a2+b2+02 . \/az+b2+cz.

(iii)  Direction ratios of a line AB passing through the points A(x,,y,, z,) and

B(Xx,Y, Z,) are xX,-X,, ¥,-Y,, Z,-Z,.

Projection of a line segment on a given line. The projection of a line segment AB, where the
coordinates of A and B are (x,, y,, z,) and (x,, y,, z,) respectively on the line whose direction
cosines are |, m, n, is (x,-x,)l + (y,- y,)m + (z,- z,)n.

Angles between two lines.
If 6 is the angle between two lines with direction cosines, I,, m,,n, and |,, m,, n,, then,
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1.2

(i) coso=1I1,+m m,+nn,

(ii) sin @ = i\/(m1n2 —Mmony )2 + (n1|2 - n2|1 )2 + (|1m2 — |2m1 )2
: h_om
(iii) If the lines are parallel, then L m, Ny’
(iv) Ifthelines are perpendicular, then LI, + m m,+nn,=0
Concept of line
e Angle between two lines whose direction ratios are a,, b,, ¢, and a,, b,,c,, is
a4as +b1b2 +C4Co

\/a12 + +b12 + C12 \/322 + b22 + C22

cosO=

a b c
(i) 1If lines are perpendicular, then a,a,+ b,b,+ c,c,= 0 (ii) If lines are parallel, then i:i:é_
e Vector equation of a line passing through a point with position vector 3and along direction mis
F =a+Am,\ is a scalar (parameter)
e Cartesian equations (Equations in Symmetric form) of a line passing through point (x, y,, z,,
X _ Y=YV _Z474
b c

X
and having direction ratios a, b, c are
e Vector equation of a line passing through two_ points. with position vectors aand b is
r= é+x(5—é), A is a scalar (parameter)

X=X1 _¥Y=¥1 _ 22

X=Xy Yo—VYq1 Zp-2Zy°

e Equations of a line passing through points (x,, y,,Z,) and (x,, y,, z,) are

A . bib
* Angle g between the two given lines r=3a+2b, and =&, +ub, is given by cos 6 = ¢ 1||§
11102
(i) If lines are perpendicular, then b, b, =0
(i) If lines are parallel then b,xb, =0-0rb, =tb, t is scalar (parameter)
X=X1_Y=¥1_2-2% X=Xy _¥Y=VY¥2 _2-2
i i = = and = = i
e _Angle 6 between the two given lines a, b, c, a, b, c, 5
. aqas + b1b2 +C4Co )
\/312 + b12 +c12 \[822 + b22 + 022

. . . .. . a, b»] Cq

(i) Iflines'are perpendicular, then a,a,+ b,b,+ c,c,=0. (ii) If lines are parallel, then g=g=g.

e Shortest distance between two skew lines is the length of the line segment, which is perpendicular
to the two given lines, If two given lines are 7 =a, + b, and 7 =&, +ub, , then shortest distance is

|(52 —51)- (61 ><52)| _

|byxb, |

If shortest distance is zero, then lines intersect and lines intersect in space if they are coplanar.

Hence above lines are coplanar if (3, _51)(61 XBZ):O .
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1.3

. . - - - X=Xy Y=Yy _2-Z5
Shortest distance ‘d’ between the lines ¢,: 2= X1 =Y Y1_2"21 gnq /,: 2= b 2= 2 s
a, b, C a; 2 C2

a b, Co

d =
\/(b102 - bz‘31)2 +(cia; —c,m,f +(ab, —azb,

Two lines intersect if shortest distance is zero. Lines intersect in space if.they are coplanar.

_ _ _ X2 =X Y2=Y1 Z277%4
Hence, if above lines |, |, intersect or are coplanar, then | a4 b, ci . |=0
az b C2

Distance between parallel lines. If two lines /4,7, are parallel, then they are coplanar.

Let the lines be t =3, +Abandt =2, + pb.

b8, &)

The distance between n parallel lines is |5|

Concept of plane

General equation of a plane in vector form is r,n+d=0,nis a vector normal (perpendicular)

to the plane.
General equation of a plane in.Cartesian form is ax+by+cz+d=0, where a, b, ¢, are direction ratios
of normal (perpendicular) to the plane.

General equation of a plane passing through a point with position vector 3is (F—é)ﬁ =0,

where [ is a vector perpendicular to the plane.

General equation of a plane passing through a point (x,,y,,z,) is :

a(x<xq)+ b(y —y4)+c(z—24) =0, a, b, c are direction ratios of a line perpendicular to the plane.
Intercept form of equation of a plane. General equation of a plane which cuts off intercepts a,

. . . . Xy z
b and.c on x-axis, y-axis and z-axis respectively is §+B+E:1 .

Equation of a_plane in normal form is r.n = p, where jis a unit vector along perpendicular from

origin‘and'p’ is distance of plane from origin. As ‘p’ is positive being distance, R.H.S. is always
positive.

Equation of a plane in normal form is Ix + my+ nz = p, where |, m, n are direction cosines of
perpendicular from origin and ‘p’ is distance of plane from origin. As 'p’ is positive being distance, so
R.H.S. is always positive.

Equation of a plane passing through three non-collinear points. If 3 b, ¢ are the position

vectors of three given non-collinear points, then equation of a plane through three points is given by

(F-3) {b-a)<(c-3)}=0.
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In cartesian form, equation of a plane passing through the points (x,,y,,z,) and (x,, y,,
x-x1 y-y; z-z
z,) is and (X5, Y5, Z,) is X2 —X1 Y2—Y1 Z2-Z4 = 0.
X3 —X1 Y3—Y1 Z3—Z4
- . Ny.Ny
If 6 angle between two planes r.n,+d,=0 and r.n, +d, =0then cos 6 = m

(i)  If planes are perpendicular, then n,.n, =0.

(i)  If planes are parallel, then n,xn, =0 n, =tn,, t is a scalar (parameter).
If 6is angle between two planes a x+b,y+c,z+d,=0 and a,x+b,y+¢,z+d,=0
aa, +bb, +cicy

Then cos 6 = — o,
\/a1 +by" +cy \/a2 +by" +c,

_ . a;_by _¢c
If planes are perpendicular, then a,a,+b,b,+c,c,=0 and if planes are parallel then a, b,
_ o 9 _ m.n
If 0is angle between line r =a+Am and the plane r.n+d=0, then sin 6 = TILIR

If line is parallel to plane, then m.n =0 and if line is perpendicular toplane, the mxn=0orm=tn, t

is scalar (parameter).

X=Xy _y-yi _Z-Z4
a4 B, C1

If 6 is angle between line and the planeax + by +cz+d=0

aa, +bb, +cc,
thensin6 = \/a2+b2+02\/a12+b12+c12 .

If line is parallel.to the plane, then aa, + bb, + cc, = 0 and, if line is perpendicular to the plane,

a_b_c
the a, b, c°
General equation of a plane parallel to the plane Fr.n+d=0isr.n+A=0, where ) is a
constant (parameter) and can be calculated from a given condition.
General equation of a plane parallel to the plane ax +by+cz+d=0is ax +by+cz+ ) =0, where ) is
a constant (parameter) and can be calculated from a given condition.
General equation of a plane passing through the line of the intersection of planes
r.n,+d,=0andr.n, +d, =01is F.(ﬁ1 +kﬁ2) + (d, + Ad,) = 0, where ) is a constant (parameter) and

can be calculated from a given condition.
General equation of a plane passing through the intersection of planes

ax+by+cz+d,=0and a,x+b,y+c,z+d, =0isa;x+byy+cz+d, +k(a2x+b2y+czz+d2)=0

where )\is a constant (parameter and can be calculated) from a given condition.

a.n+d
In]

Distance of a plane r.n+d=0, from a point with position vector a,is

i ) ) |ax1 +by, +cz, +d|
Distance of a plane ax+by+cz+d=0, from a point (x,,y,,z,), is | \/a2 b? 1ol |
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SOLVED PROBLEMS ]

Ex.1
Sol.

Ex.2

Sol.

Ex.3

Sol.

Ex.4

Sol.

Find the direction cosines of y-axis.

y-axis makes 90°, 0°, 90°, angles with x, y and
Z axis respectively.

-. Direction Cosines are cos 90°, cos 0° cos
90%i.e., 0, 1, O.

Find the direction ratios of the line

x+2 _2y-1_3-z
2 3 5 °

ofy-1 1
x+2_ V72 _A(z-3)_x+2 Y75 _z-3
1 3 5 2 3 10

Line is
Direction ratios are 2, 3, -10.

Find the angle between the line

F= (zi— j+ 3R)+/1(3i—}+ 2R)and the plane
F.(f+]'+l?)= 3.

o Bi-je2k)+iek)_3-142_ 4
L N Y £ P RN PN RN 7

Find the direction cosines of the two lines

which are connected by the relations,

{=5m + 3n =0and 7i> + 5m?- 3n’= 0.

The given equation are £=5m + 3n = 0 ...(i)
7124 5m?2-3n?=0

()]

From.(i), we have | = 5m — 3n. substituting

| =5m -3n in (ii), we get

7(5m-3n)?4+5m?-3n?=0 = 6m?-7mn + 2n2=0

= 6m?-3mn-4mn+2n%=10

2
= (3m-2n) (2m-n)=0= m= gn orm :%

2
If m =3 n, then from (i), we obtain I=%n

If m=—, then from (i), we obtain I:—g

NS

Thus, direction ratios of two lines are

n 2 -n n
—,—n,Nn —,—,nie.123,and —112
gzmnand5 g

Ex.5

Sol.

Ex.6

Sol.

Hence, their direction cosines are

1 2 3 -1 1 2
+ + , and +—=,+—,+ —
N RN VRN LY NG

Find the direction cosines of the line

x+2 2y-7
4 6
equation of the line through the point
A (-1, 2,3,) and parallel to the given line.
The equation or the line is given as

, Z =-5, Also, find the vector

X+2 29=7 .
4 6

-5

7

This can be rewritten as X+2 _ 7y _z+5
4 3 0
Its direction cosines are (4,30)

4 3
Hence, its direction cosines are <§,§,0>
[Dividing by /42 32 .02, i.e., by 5]

The vector equation of a line passing through
the point (-1, 2, 3) and parallel to the given
line is

F=—i+2]+3|2+7»(47+3j),7» being a scalar.

Find the angle between the following pairs
of lines:

(i) F=2f—5}+l€+ﬂ(3f+2f+6§) and
F=7f—6[?+y(f+2f+2[?)
(i) F=3i+]‘-2l€+,1(i—]'—2l€) and

~

=2i-}-561€+y(3i—5}—4l€)

We know that if ¥ =a,+Ab,and r=a,+ub, be

two lines, the acute angle 0 between these
lines is given by
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Ex.7

Sol.

(i) Here b, =3i+2j+6k a n d
62:i+2]+2|2

|Bylev32 122 162 =49 =7
and |, |-V +27 422 =9 =3

by.by, =(3)(1)+(2)(2)+(6)(2) =3 +4 +12=19

19 |_19
Thus, cos 0 73| 21

Hence, the required angle between the given

o _I[E
lines is cos 21"

(i)  Here b=i-j-2kand b, = 3i—5j-4k

61| =P + (1) + (-2 =6

o] =8+ (-5 + (-4 =50 =52 and
byb, =(1)(3)+(-1)(-5)+(-2)(-4) =3+5+8=16

’ e—| 16 |_ 16 _ 8
ence, Ccos - |\/€X5\/§| SM 5\/5

Thus, the required.angle between the given

8
. . 4
lines is cos (5\/§J

Find the angle between the following pair
oflines :

x-2 y-1 z+3 X+2 y-4 z+5

() = 5 - 3. 2nd 8 4
Lo X _ Yy _Z x—5_y—2_z—3
(i) 3=%57@d ——="71"="%

(i) The d.r’s. of the first line are (25-3)and
the d.r’s of the second line are (-184). if 0 is

the acute angle between the two lines, then

2x(-1)+5x8+(-3)x4 |
(22 152+ (3P (1P +82 4 42|

cosG=|

Ex.8

Sol.

Ex.9

Sol.

cos 0 =

|-2+40-12| 26

| V3881 | 9y38

26
i . 1
Hence, the required angle is cos [9 ’_SSJ

(i) The d.r’s of the first line are(221) and the

d.r’s of the second liné are (4,18). If gis the

acute between the two lines, then

8+2+8

Voy81

2x4+2x141%8 |

18
22 422 1/a2 2 82|

_3><9:

2
3

2
Hence, the required angle is cos™ (gj .

x-5 +2 z
4 =— and

Show that the lines 5 1

x_¥

z
1= 2" 3 are perpendicular to each other.

The d.r.'s of the first line are (7, -5, 1) and the
d.r’s of the second line are (1,2,3). The two lines
are perpendicularif (7) (1)+(-5) (2)+(1) (3)=0

i.e., 7 - 10 + 3 = 0, which is true.
Hence, the given lines are perpendicular.

Find the coordinates of the point where the
line through the line through the points
A(3,4,1)andB (5, 1, 6) crosses the XY-plane.
The vector equation of the line AB through the
points A (3,4, 1)andB (5, 1, 6) is

F=3i+4j+k+2[(5-8)i+(1-4)]+(6-1)k]

i.e.,

(D)
Let P be the point where the line AB crosses
the XY-plane. Then the position vector of the

F:3i+4]+l2+k(27—3]+5lz)

point P is of the form xi+yj. This point must
satisfy Eq. (1). So,
x"i+y]=3?+4]+|2+A(2?-3]+5R)

Equating the coefficient of base vectors, we have
= x=3+2), y=4-31 and 0 =1+5)
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Ex.10

Sol. The given equations can be rewritten as
x-b y-0 z-d
a1 o e (1) and
x-b'" y-0 z-d
al - 1 - Cl ....... (2)
Lines (1) and (2) will be perpendicular
if aa'+1.1+cc'=0 i.e. aa'+cc'+1= 0. Hence proved.

Ex.11 Aline passing through (2,-1,3) and is
perpendicular to the lines
F=f+}—l?+ﬂ(2f—2}'+l?) and
F=2f—]’—3l§+u(i+2}+212) .

Obtain its vector equation.

Sol. The required line passes through (2.-1-3) and
is perpendicular to the lines'which are parallel
to vectors by=2i-2j+k ‘and by=i+2j+2k
respectively. So, it is parallel to the vector
61 X 62 .

- - i j ok . . .
Now, byxb, =2 =2 1/=(-4-2)i+(1-4)j+(4+2)k
1 2 2
= —6i-3]+6k
Thus, the required equation of the line is
F = (2 -5+ 3k)+ A (- 61-3] + 6Kk)

Ex.12 The pointA (4,5,10),B (2,3,4)andC(1,2,-1)
are three vertices of parallelogram ABCD.
Find vector equation for the sides AB, BC
and also find the coordinates of D.

Sol. Let the coordinates of D be (a,B,y), Then the

1 13 23
A=-—— X = — =22
5 5 and VY 5

Hence, the coordinates of the required point
13 23
_!_!0 .

are [5 5 J

Prove that the lines x =ay +b, z=cy +d and

and thus,

x=a'y+b', z=c'y+d' are perpendicular if
aa’+cc’+1=0

p.v. of A, B, C, D referred to the origin are
respectively.

a=4i+5)+10k b =2i + 3] + 4k
c=i+2j-k d=ai+pj-rk
(i) The vector equation of the line AB is

r-a+ib-a)

— (47 + 5] +10k)+ 2~ 27 - 2 -6k

(i) The vector equation of the line BC is
F =B+ (6 —B) =27 + 3]+ 4kt - T - 5K)
(iii) Since ABCD is a parallelogram,
AB =DC D(eB.v) c@12-1)
= b-a=c-d
= d-c-[b-3)
= ({4 2j- k) (2i-2] k)
A(4,5,10) B@3,4)

:3?+4]+5|2
Hence, the coordinates of D are (3, 4, 5).

Ex.13 Find the shortest distance between the

Sol.

x+1 y+1 z+1

7 6 1 and

following lines :

x-3 y-5 z-7
1 -2 1
Comparing the given equation with

X—Xp _Y~-¥2 _2-72
a; b, Co

and

respectively, we have
(X1,y1,z1):(—1,—1,—1); (a1,b1,c1):(7,—6,1)

(Xz,y2,22)=(3,5,7), (82,b2,02)=(1,—2,1)
The shortest distance (S.D.) between the given
lines is given by

X2 =X1 Yo=V¥V1 Z2—Z4
aq b, Gy
as b, C

SD =
\/(b102 —b,cy )2 +(cqaz —cpaq )2 +(ahy — azhy)?
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4 6
7 -6
1 -2

— 00

J(6+22 +(1-7)2 +(-14 +6)°

| 4(-6+2)+6(1-7)+8(-14+86)
B J16+36 + 64
-16-36-64 -116
- - —2429 i
116 ‘ ‘2@ V29 units

Alternative Method
The equation of two given lines are

z+1

e (1)

X+1 y+1
7 -6

and

x-3 y-5 z-7
T T e (2)

The given lines have direction ratios <7, -16, 1>
and <1, -2, 1>. So, they are parallel to the vectors

b, =7i-6j+k and b, =i-2j+k
The given lines pass through the points (-1, -1, -1)
and (3, 5, 7) respectively. So, the p.v. of these

points are
a,=—i—j—k and &, =3i+5j+7k
. S & W
Now, a, —a, = 4i +6j+8k and b1xb2:q _g ]
= (-6+2)i+(1-7)j £(-14+6)k. =—1i —6j—8k

So, 4 [B; x5, | = (-4 + (-6 +(-8)°

=16 +36 +64 = /116 = 24/29

Hence, the shortest distance (S.D.) between
the lines is given by

(51 sz).(éz —51)

SD.= T
[b1xb,)|

(_4i ~6j —8|2).(4i + 6]+ 8|2)
2,29

_‘ 16— 36 — 64‘ ‘ 16| 5 /29 units

Note : Find the shortest distance between the
given lines by vector method (even if equations
given are in cartesian form).

Ex.14 Find the distance between the parallel lines

whose vector equations are

F=i +1+1((21 }+R) and

F=2i+}—l€+ﬂ(4i—2}+2l?)

Sol. The given lines are F=i+]+K(2i—]+R)

and 7 =2i+j-Kepl4i—2j+2k)

ol 4] ko 2pll Sfak) =20+ i-k+vli-]4k),
where v =2u

These two lines pass through the point having
P.V. &,=i+];a,=2i+]-krespectively. Both
these lines are parallel to the vector
b=2i-j+k . Hence, the distance (d) between
the two given parallel lines is given by

d: bX(éE—é»])
B
nave  Bx(a-an)-|2 1 |
W _ — _
e have x(ay —ay) 2 11

=(1-0)i+(1+2)j+(0+ 1)k =i+3]j+k

|Bx (8 ~82)[= VP +32+ 7 =1+9+1=111

b| =22 +(-1)?+1 =4+1+1=16

V11

f\/ﬁunits
J6 V6

Putting these values in (1), we has d= NG
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Ex.15 Find the intercepts cut off by the plane

Sol.

2x + y -z = 5o0n the axes.
The given equation of the plane is

2 1 1
-z = —X+—y-—-—z=1
2X+y-z=5=> 5y 5

5
= L+X+i:1
5'5 5
2

5
Hence, the intercepts on the axes are -, 5 and -5.

Ex.16

Sol.

If O be the origin and the coordinates of P
be (1, 2, -3), then find the equation of the
plane passing through P and perpendicular
to OP.

The position vector of the point Pis 3 = i + 2j - 3k

- e d a ~ ~
N=OP=i+2j-3k
Hence, the vector equation of the plane pass-
ing through P and perpendicular to OP is.given

by (f-a)N=0 or F.N=a.N
= 7.(+2i-3K)=(i+2]-3k).(f+ 2] - 3k)

= F(+2]-3k)=1+4+9-14

which is the required vector equation of the plane.

Ex.17

Sol.

substituting = xi +4j+zk in{(1), we have

(ci+yi+2k). (f+2]-3k)=14 = x+2y-32=14
which is the cartesian equation of the plane.

Find the equation of the plane passing
through (a, b, c) and parallel to the plane

F.(f+f+l?) =2.

The given plane can_be written as
(xT+y]+zl2).(f+]+l2):2 = X+y+z-2=0
Any plane parallel to (1) is x+y+z-k=0
Since it passes through the point (a, b, ¢)

a+b+c-k=0 i.e, k=a+b+c
Substituting this value of k in (2),

we have x+y+z=a+b+c

which is the required equation of the plane.
The vector equation of the plane is

F.(f+]+l2):a+b+c

Ex.18

Sol.

Ex.19

Sol.

Find the vector equation of the line passing
through (1,2,3) and perpendicular to the

plane F.(f+2f—5l?)+9=0.

Since the required line passes through the
point A(1, 2, 3) with position vector

3=1i+2j+3k and is perpendicular to the plane.

F.(T +2j -SR) +9 =0, the vector |+ 2j - 5k is along

a normal to the<given plane. Therefore, the
required line is along the direction of the vector

i+ 2j -5k« Hence, the equation of the line is
F =T+ 2)+ akani + 2] ~5K)

Find the vector equation of the line passing
through (1, 2, 3) and parallel to the planes
F.(f—]’+2l§) =5‘and F.(3f+]'+l?) =6.

Let.the required equation of the line passing
through the point (1,2,3) be

r= ?+2]+3R+x(af+b]+cl2)
The normal vectors of the given two planes
are i—j+2k and 3i+j+k

Since the required line is | ar to the given

planes, the vector aj+bj+ckis Lar to each

of the normal vectors.
(a?+bj+c|2).(?—]+2|2)=o

i.e, a-b+2c=0 and

(ai“+b]+|2).(3?+]+|2)=o

i 2 ==k (say)
-e-,3a+b+c=0:>_1_2‘6_1_1+3_ >ay

— a=-3k, b=5k and c=4k
From (1),we have F =i+ 2]+ 3k + (- 3 + 5] + 4K

where p =2k

which is the required equation of the line.
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Ex.20 Find the cartesian equation of the plane
passing through the points (0, 0, 0) and
(3, -1, 2) and parallel to the line

x-4 y+3 z+1

1 —4 7
Sol. The general equation of a plane is
ax+by+cz+d=0 ..(1)
Since it passes through (0, 0, 0) and (3, -1, 2)
a0+b0+c.0+d=0 ie.,d=0
3a-b+2c+d=0 i.e., 3a-b+2c=0
...(2)
If (1) is parallel to the given line, then normal
to it is perpendicular to the given line.
so, (1)@-@#)M+(7)(c)=0
= a-4b+7c=0 ..(3)
Solving (2) and (3) by cross multiplication; we get
2o % =i, b=-19, c=-11
1 -19 -11 ! /
Hence, the required planeis Ax-19xy— 11z =0
i.e. x-10y-11z=0
which is the cartesian equation of the plane.
Ex.21 If the points (1,1, p) and (-3, 0, 1) be

equidistant from the plane

F.(sf +4j- 121?) +13= 0, then find the value of p.

Sol. let aand b be the position vectors of the points

A (1,1, p) and B (-3, 0, 1) respectively. Then,
a=i+j+pk and b=-3i+k

Distance of A from the plane

‘(i+]+pl2).(3i+4]—12l2)+13‘

2
32442 +(-12)

Ex.22

Sol.

Ex.23

_|3+4-12p+13| |20-12p]

9+16+144 13

Distance of B from the plane

_‘(—3?+R).(3?+4]—12R)+13‘ :‘_9+0_12+13 8
\/32 +42 4 (-12)

N9+16+144 13

Equating the two distances,

7
we have [20-12p|=8 p=1and p==

Find the equation of the plane passing
through the line of intersection of the

pIanesF.(f+]'+l?) -1 and

F.(Zf +3j - I?) +4=0 and parallel to x-axis.

Any plane passing through the intersection of
the given planes is

Fliis k)« a2+ 3]k )]=1-42

= Flae2)i+(em)+(1-ak|=1-4

The d.c.'s of x-axis are <1, 0, 0>
Since the plane (1) is parallel to x-axis, the

normal of the plane is perpendicular to x-axis.

(1) (1+21)+0(1+321)+0(1-2)=0

A= ——

1+20 =0 >

= =

Hence, the equation of the plane is
Fl-tje3k)=3
2° 2

Find the equation of the plane which contains
the line of intersection of the planes

r. (—]+3R)=6

F.(i+2}+3l€)—4 -0, F.(2i+]'—12)+5 -0,
and which is perpendicular to the plane

F.(5i+3}—612)+8=o.
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Sol. Any plane passing through the intersection of the

given planes is F.[(?+2]+3|2)+x(2?+]—R)]:4—5>»

e, 7.1+ 20)+ 2+ 2)j+ (3-2K|=4-50.

The d.r’s of the normal of the plane are <5, 3,-6>

Since plane (1) is perpendicular to the plane
7.(5i+3j—6k)+8=0, (5)(1+2%)+3(2+%)-6(3-2)=0

= 5+10L+6+31-18+6A=0

i
19

Hence, the required equation of the plane is

= 190.=7 i.e.,
F (337 +45] + 50k ) = 41
In cartesian from, the equation of the plane is

33x+45y +50z =41

Ex.24 Find the distance between the two parallel

planes: 2x +3y +4z=4and 4x + 6y + 82 =12
Sol.

The vector equations of the given‘planes are
F(21+3]+4k)=4 and 7.(47+6]+8K)=12

Let a be the p.v. of any point on the plane
F(21+3]+4k)=4. Then a (2i48] + 4k)= 4

= a.[4i+6]+8k)=8

Now, the length of the perpendicular from
3107 (47 6]+ 8K)=12 is

_‘é.(4f+6]+8|2)—12‘: i

B 116

2
= ——units
V42 162 1 82 V16 +36 + 64

Ex.25 Find the point where the line

x-1 y-2 z+3
2 -3 4

meets the plane2x +4y—-z=1.

Sol. The general point on the given line is
(20 +1-3%+2, 41-3)

If this point is to lie on the given plane
2x +4y -z =1, then

220 +1)+4(- 3% +2)—- (41 =3)=1

= 4rA+2-121.+8-4r+3=1 = 121 =12 = A =1

Hence the required point is

(2x1+1-3x1+24x1-3), i.e., (3, -1,1).

Ex.26 Find the distance of the of point (2, 3, 4)

x-4 y+§ z+1
3 6 2

measured along the line

form.the plane 3x+2y +2z+5=0.

Sol. Equation of the line through (2, 3, 4) and

Xx-2 y-3 z-4
3 6 2

parallel to the given line is

Any point on this line is (31 +2, 61 +3, 21 +4).
If this point ,lies on the given plane, then

3(3A+2)+2(61+3)+2(21+4)+5=0

= 250 +25=0 = A=-1
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EXERCISE - | I UNSOLVED PROBLEMS ]

Q.1

Q.2
Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Thus the point where the line meets the plane is (-1, -3, 2).
The required distance = Distance between (2, 3, 4) and (-1, -3, 2)

—J@+1P+(3+3P +(4-2P =+/9+36+4 =7 units.

Find the value of k, so that the line F=(2-31)i+(1+k\)j+2k is perpendicular to the line
F=(kn+20)i+(3-20)]+ 1+ 20k -
Find the point where the line joining the point (1,2,3) and (3,-1,2) intersects the XY-plane.

Find the point of intersection of the lines
F=(h=1)i+(-32-2)j+(-2r-3)k and 7=(n-3)i+(2u-1)j+(n-2)k.
y+1 1-z

x=1
Find the foot of the perpendicular drawn from the origin to the line o 3 o Also, find the

image of the origin in this line.

) . . 2x-1 y+1 z-2 =
Find the distance of the line 5 3 - 5 from the origin.

Show that the lines 7 = (3| +J+2k)+ x(4| -j-k ) and t _( ?+2]+I2)+ H(si—sj) intersect.

Show that the lines F:(T+]+12)+x(2f_]_212) and F:(Zi—]+l§)+p(f—]+2l§) are skew lines.

. x=1.y+1 z-1 x-3 y+2 z-3
Show that the lines 5 — U and 3 _p 3 are coplanar.
. , . x-1_1-y
Find_the shortest distance between the lines T=T,Z=2 and 2x-1=3y+1=z

Find the shortest distance between the lines 7 = (2]+3|2)+ H(hzﬁ) and 7 =(i+k)+A(2j—k)

Find the coordinates of the foot of the perpendicular drawn from the point (1,2,1) to the line joining
(1,4,6) and (5,4, 4).

x-1 y-2 z-3
1 2 3

Find the equation of a line passing through (2,-1,-3) and perpendicular to the lines

X+1 y+2 z-1
2 2 1

and

1 -3
Find the equation of a line passing through the point (1,2,-3) and perpendicular to the line % =Y.z .

A plane meets the coordinate axes in A, B and C. If the centroid of AABC is (1,2,-2), find the equation
of the plane.
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Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Find the shortest distance bet the lines X -Y*1_2z x+1_y-2_2-3
N e snortes IStance petween e lines 2 3 2 an 2 3 2

If 2i—j+k is normal vector to a plane and the distance of the plane from the origin is 5,6 , find the

equation of the plane both in vector and Cartesian form.
Find the distance of the plane passing through the points (1,1,2,), (2,1,-1) and (-1,1,-2) from the origin.

Find the point of intersection of the line passing through the points (-1, 2,<1) and (3,1,3) with the
plane2x -y +z-2=0.

Find the point if intersection of the line 7 = (2i+2]+l2)+ x(zf—]+|2) and the plane F_(T_]_R):s_
Find the equations of the line of intersection of the planes 2x+y-z-1=0 and x+2y+z-2=0.
Find the image of the point (-2, -1, 3) in the plane F_(T+2]_R):2.

Find the equation of a plane passing through the points (1,2,-1), (2,1;2) and (3,-1,1).

Find the equation of a plane passing through the origin and perpendicular to the planes F.(?—2]+R): 3
and F.(2?+]—|2) =5,

-2 -3
Find the equation of a plane passing through the point (2,-1,1) and parallel to the lines X3 = yT =z

X+1 y+2 z+3
2 3 4

and

Find the equation of a plane passing through the point (3,-1,2) and passing though the intersection of
the planes x+y-2z+1=0and 2x-y+3z-5=0.

Find theequation of a plane containing the line of intersection of the planex -y -z-1=0
and x + y + 2z - 4= 0, and perpendicular to the plane 2x-y-3z-5=0.

x—1 +1 z-2
Find the equation of a plane containing the point (2,-1,-3) and the line 5 = y_2 =73
. . . ) x-1 y-1 x-4 z+1
Find the equation of a plane containing the lines 3 =——,z=-1 and 5 :T’y =0.

Find the equation of a plane containing the points (3,4,2) and (7,0,6), and perpendicular to the plane
2x -5y =15,

Find the vector equation of the following plane in the scalar-product form : 7 = (i - ])+ x(? +j+ R)+ M(i ~2j+ 3|2).
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EXERCISE - 1l I BOARD PROBLEMS ]

Q.1

Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Find the vector equation of a line passing through the point, whose position vector is and perpendicu-

lar to the plane F-(6i—3]+5l2)+2:0. Also find the point of intersection of this line and the plane.

Find the vector equation of the plane passing through the intersection of the planes

-2 -7j+4k)=3 and 7-(3i-5j+4k)+11=0 and passing through the point (-2, 1, 3).

Show that the line L, whose vector equation is 7 = 2i —2j+ 3k + A(i — j + 4k) parallel to the

plane n, whose vector equation is 7.(i+5j+k)=5 and find the distance between them.

Find the distance of the point (2, 3, 4) from the plane 3x + 2y + 2z + 5 = 0 measured

L X+3 y-2 z
parallel to the line 3 "8 2

Find the vector equation of the line passing through the point A(2, -1, 1) and parallel to
the line joining the points B(-1, 4, 1) and C(1, 2, 2). Also find the cartesian equations
of the line.

-1 y+1  z-1 x=2 y-1 'z+

nd 1dntintrt
3—2—5a4—3—_200esec

Show that the lines X

each other.
Find the shortest distance between the lines whose vector equations are

Fo(-t)i+(t=2)j+(3-2tk and F=(s+1)i+(2s~1)]+(2s+1k

Find the equation of the plane passing through the point (1, 1, 1) and perpendicular to
each of the following planesx + 2y + 3z = 7 and 2x - 3y + 4z = 0.

Find the foot of the perpendicular from the point (0,2,3) on the line ng = y2—1 = Z;4 .
Find the'equation of the plane through the point (1, 1, 1) and perpendicular to each of
the following planes :

X+ 2y +3z=7and2x -3y + 4z =0.
Find the length of the perpendicular drawn from the point (2, 3, 7)
to the plane 3x -y —z = 7. Also find the coordinates of the foot of the perpendicular.
Find the point where the line joining the points (1, 3, 4) and (-3, 5, 2) intersects

the plane r.(2i+j+k)+3=0. Is this point equidistant from the given points ?

. x-1 y-2 z-3 x—4
Show that the lines > =3 =2 and 5

y-1 .
= T = Z intersect.

Also find the point of intersection.

The vector equation of two lines are 7 =i+ 2]+ 3k +A(i - 3] + 2K)

and T =4i+5]+6k+p(2i +3j+k). Find the shortest distance between the above lines.
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Q.15 Find the equation of the plane passing through the line of intersection of the
planes x - 2y + z = 1 and 2x + y + z = 8 and parallel to the line with direction
ratios, 1, 2, 1. Also find the perpendicular distance of the point P(1, 3, 2) from this plane.

Q.16 Find the vector and Cartesian forms of the equation of the plane containing the lines
T =i+2]—4k+A(2i + 3] +6k) and T =3i+3] -5k + u(-2i + 3j + 8Kk)
Q.17 Find the equation of the line passing through the point P(4, 6, 2) and the point of

—1 1
intersection of the line XT = % = % and planex +y -z = 8.

Q.18 Find the equation of the plane passing through the intersection

of the planes F-(2i +j+3k)=7. -(2i+5j+3k)=9 and the point (2, 1, 3).

Q.19 Find the equation of the plane which is perpendicular to the plane 5x + 3y + 6z + 8 =0
and which contains the line of intersection of the planes x + 2y + 3z -4 =0
and2x+y-z+5=0.

Q.20 Find the distance between the point P(6, 5, 9) and the plane determined by
the points A(3, -1, 2) B(5, 2, 4) and C(-1, -1, 6).

Q.21 Find the distance of the point (1, -2, 3) fromthe plane x - y + z = 5 measured parallel to

e XY _ 2
thellne2 =3 5

Q.22 Find the coordinates of the image of the point (1, 3, 4) in the plane2x -y +z + 3 =0.

Q.23 From the point P(1, 2, 4), a perpendicular is drawn on.the plane 2x + y - 2z + 3 = 0.
Find its equation and the length. Also find the coordinates of the foot of the perpendicular.

Q.24 Find the equation of the plane passing through the points (3, 4, 1) and (0, 1, 0)

+3° y-3 z-2
A W B

X
and parallel to the line

Q.25 Find the equation of the plane passing through the point (-1, -1, 2) and perpendicular to
each of'the planes 2x + 3y = 3z=2and5x -4y +z =6
+3 y-1_z-5 x+1 y-2 z-5

g X _ .
Q.26 Show that the lines 3 5 and " 2 5

are coplanar.

Also find the equation.of the plane containing the lines

Q.27 Find the equation.of the plane determined by the points A(3, -1, 2), B(5, 2, 4)
and C(-1, =1, 6). Also find the distance of the point P(6, 5, 9) from the plane.
Q.28 Find the equation of the plane passing through the point (-1, 3, 2)
and perpendicular to each of the planex + 2y + 3z=5and 3x + 3y + z= 0.
X+2 y+1 z—

3
Q.29 Find the point on the line 3 -2 T 3 at a distance of 5 units from

the point P(1, 3, 3).

Q.30 Find the coordinates of the foot of the perpendicular and the perpendicular distance of
the point P(3, 2, 1) from the plane 2x -y + z + 1 = 0. Find also, the image of the point
in the plane.
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Q.31

Q.32

Q.33.

Q.34

Q.34

Q.35

Find the shortest distance between the following lines whose vector equations are :

F=(1-t)i+(t-2)j+(B -2tk and F=(s+1)i +(2s-1)j-(2s + 1)k
Find the equation of the plane passing through the line of intersection of the planes F_(? + 3 + |2) =1

and 7.(2i +3j-k)+ 4 = 0 and parallel to x-axis.

Find the coodinates of the point where the line through the points A(3, 4, 1) and B(5, 1), 6) crosses
the XY-plane.

x-1 y-2 z-3 and x-1_y-2_12z-3

If the lines 3 "ok~ 2 K 1 5

are perpendicular, find the value of k and

hence find the equation of plane containing these lines.

Show that the lines
r=3i+2j —4k+){i+2j+2k}
r=5i-2j +p[3i+2j+6kJ

are intersecting . Hence find their point of intersection.

OR
Find the vector equation of the plane through the points (2, 1, -1) and (-1, 3, 4) and perpendicular to
the plane x - 2y + 4z = 10.

Find the equation of the plane passing through the line of intersection of the planes r .(i+ 3 jj— 6=0

— N N N
and r: (3 | ZE 4"] = 0, whose perpendicular distance from origin is unity.

OR

Find the vector equation of the line passing through the point (1, 2, 3) and parallewl to the planes

?.(i—j—sz=5and?.[3i+j+kJ=6_
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[ Answers
EXERCISE - 1 (UNSOLVED PROBLEMS)

4 11226 28 (22 -52 56 W0
1.—§ 2.(7,-7,0) 3.(-2,1,-1) . [17, 17 117), [17’ 17 117] o8 units

1 10 _ x-2 y+1 z+3 z+3
8. —\/ﬁ 10. _\/E units11. (3, 4, 5) 12. 7 - 5 - 3 13.y~2=—-;x=1

253 ) (s A -

14.2x +y-2z-6=00  15.,[7° units  16.7[2i-j+k)=302x-y+2-30=0 17. 1

15 19 15
18. (EEEJ 19.(8,-1,4) 20.x=1-y=1z 21.(1,5,00 22. 7x+4y-z-16=0
23. x+3y+5z=0 24. x-2y+z-5=0 25. 13x+10y-19z2+9=0 26. 11x+y+7z2-29=0
27. 10x+13y+2z-1=0 28. 3x+9y-2z-14=0 29. 5x+2y-3z-17=0

30. (51— 2]-3k)=7
EXERCISE — 2 (BOARD PROBLEMS)

e e . . . . (76 -108 -34 ny . p . 10 ) )
1. v =2i-3j-5k+1(6i—3j+5k); 35’ 35 ' 7 2. r.(15i—47j+28k)-7=0 3. Eumts 4. 7 units

X-2 <y+1 "z
R e Y

. 8
5. i =2 - j+k+A(2 —2]+K)j 7. g units 8.17x + 2y -7z=12 9.(2,3,-1)

3
10. 17x 4+ 2y -7z = 12 11. V11 units ; (5, 2,6) 12.(-5,6, 1) ; No 13.(-1, -1, -1) 14. Jig units
22 ..
15.9x -8y +72 21 =0; for 16.3x + 14y + 62+ 49 =0; 7.(31+14]-6k)+49=0

6
19.51x + 15y - 50z +173 = 0 20. E units 21. 1 unit 22.(-3,5,2) 23.9x + 17y + 23z =20

x-4 y-6 z-2

24, 1 1 >

N A 6
25.2x - 13y +3z=0o0r r.(2i-13j+3k)=0 27.3x-4y + 3z-19=0; E units

28. 7x -8y +3z+25=0 29.(-2,-1,3)or(4,3,7) 30.(-1,4,-1) 5.x-2y+z=0

8
31. 29 32.y-3z+6=0 33. (13/5,23/5,0) 34. 22x-19y-52+31=0
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