CLASS 12

INVERSE TRIGONOMETRIC FUNCTIONS

PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

Properties Of Inverse Trigonometric Functions
Property 1: “-x”
The graphs of sin‘lx, tan—1 X, cosec~1x are symmetric about origin.
Hence we get sin~1 (-x) = - sin~1x
tan—1 (-x) = - tan—1x
cosec™1 (-x) = - cosec~1x.
Also the graphs of cos~1x, sec~1x, cot~1x are symmetric about the point (0, 1/2). From
this, we get
cos™1 (—x) = - cos1x
sec 1 (x) = n-sec~1x

cot™1 (-x) = n - cot~1x.

Property 2: T(T-1)

(1) sin (sin—1 x) = x, -1<x<1
Proof: Let 0 = sin-1x. Thenx € [-1,1] & 0 € [-n/2, n/2].
= sin 6 = x, by meaning of the symbol
= sin (sin-1x) =x

Similar proofs can be carried out to obtain
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(i)  cos (cos~1x)=x,

(ili) tan (tan~1x) =x,

(iv) cot (cot—1x) =x,

(v) sec (sec—1 x)=%X x<-1,x>1
cosec (cosec—1 x) =%, |x|>1

The graph of y = sin (sin~1x) = cos (cos~1x)
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Property 3: T-1(T)
(i)  sin~1(sinx) =x;
(i) cos~1 (cosx) =x;

(iii) tan~1 (tanx)=x ;

(iv) cosec™1 (cosecx) =x;

v) sec‘l(secx)zx; 0O<x<mandx# %

2
(vii) cot~1 (cotx) =x; 0<x<m
Remark :
sin (sin‘lx), cos (cos~1x), ... cot (cot~1x) are aperiodic (non periodic) functions where as
sin~1 (sin x), .., cot=1(cot x) are periodic functions.
3r

Ex.1: Find the value of tan—1 (tan Zj

Sol: - tan~1 (tan x) = x

. T T
if xe (_?, ?J

e )

ZJ (using property 1)

(using property 3)
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Ex.2: Find the value of sin—1 (sin7) and sin~1 (sin (-5)).
Sol: Lety=sin1(sin7)
in-1 (si T
sin~t (sin7) #7 as’/ ¢ L > ZJ
sin-1 (sin 7) = sin-1sin(7-2m)
T

sin"1sin(7-2n) =7-2n (" 7-27n € L—?, J) (using property 3)

Similarly if we have to find sin~1 (sin (-5)) then
Lety = sin~1 (sin - 5)
in-1 (sin -5) % - - L
sin™t (sin-5)#-5 as-5¢ L 5 ZJ
sin! (sin - 5) = -sin-Isin 5 (using property 1)
- sin-1sin 5 = - sin-1sin(5 - 2n)
- sin-1sin(5 - 2n) = - (5 - 2n)
Find the value of cos=1 {sin( - 5)}

cos~1sin(-5) = cos1 (-sin5)

=1 - cos~! (sin5) (using property 1)

=1 - cos~1(cos (g—5))= 7 - cos1 LCIB(%E—@J =m- (%—5) (using property 3)

n_(@—j=s_3_“

2 2
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Property 4: “1/x”
(1) cosec~1(x) =sin-1(1/x), |x|>1
(i) sec-lx=cos™1(1/x), x| >1

-1, - Jar/x), x>0
(ifi)  cot™7x {n+tarr1(]/x), x<0

Property 5: “n/2”

() sinlx+cos~1x=21 —1<x<1

2’

tan—1x + COt_1X=7—t, xeR

2

cosec lx+seclx= T \ >1

2’

Find the value of cosec {oot (Cd‘l%tj} .

cot (cot-1x) =x, VxeR

cot ((Il‘l%rj = B—I (using property 2)

cosec {Cﬂ (Cd‘l%nj} = cosec (3—2;) = 2.

Find the value of tan {Cﬂ”l(lz)}

3

ey (3]

cot™1 (-x) =n-cot-1x,x e R
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M

can be written as

m ()

— l_ .. 1 — 1 —_—
y= tan (01” 3j . cot X = tan if

y=—tan(’[al’rlgj = y=-
Find the value of sin (tarrl
o)
sm(tarrzr = sin S|rT5 =E

Find the value of tan (—%COS* “@j

Let y = tan [}C(SD/—SJ

2 3

Let cos~1 g =0 = 0e (0, ch and cos 0 = g

2

(i) becomes y = tan (—gj

on20 _ Loos0 _ 173 _3-05 _ (3-Bp
2 1+00s0 1+ 3+ 4

tan g =+ (%]

ge(ng =
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from (iii), we get y = tan g = (%J

Property 6 : identities on addition and subtraction:

. . sirrl(x,/l—y2 +y»\/1—x2), x>0 y=>0 & (®+y)<1
. in—1 x + sin—
M sy rc—sirrl(x«/l—y2 +yx/1—x2), x>0 y>0 & X+y?>1

(i) sin~lx-sin~ly = sin‘l(x\/l— Y —yJ1-x ) ;x,y €[0,1]
(iii) cos~1x+ cos~ly = cos—1 (xy—\/l—szl—yz) %,y € [0,1]

as? [xy+V1-x2\1-y? |; O<x<y<l
(iv) cos~1lx-cos~ly =
—aostxy+V1-2 1~y ); O<y<x<1

/2 if xy>0& xy=1
/2 if xy<0& xy=1
tan~1x + tan~1ly = ml(i(——tg}/lj if xy>0 & xy<1

n+tarr1(—x+y

1 ij if xy>0 & xy>1

tan—1x - tan‘ly =tan~1 (MJ >20,y=0

T+xy )

x2+y2S1&x,y20 Ossin—1x+sin—1yﬁg

and x24+y2>1&x,y>0 <sinmlx+sin~ly<n

T
2

I xy>landx,y>0

xy<landx,y>0 :0£tan—1x+tan—1y<2,

T

2< tan—1 x + tan—1 y<m

=
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(iii) Forx<O0 or y<O0 these identities can be used with the help of property “- x”

i.e. change x or y to—xor —y which are positive .

INVERSE TRIGONOMETRIC RATIOS OF MULTIPLE ANGLES

(1) 2sin~1x = sin- 1(2x,/1 2); ) <X<\/:I;2

(i) 2cos~1x = cos~1(2x2 - 1) ; 0<x<1

2x
(iii) 2tan~1x = tan-1 (ﬁfj

_--1(2")_ -11‘X2.1 1
= Sin mz = CoS mz -l <x<

(iv) 3 sin~1x = sin=1(3x - 4x3) ; % X<
(v) 3 cos~1x = cos‘1(4x3 -3x);0<x<

3x— Xj__1<x<1
1) 3 3

1 3 +sm‘11—5 —TE—SlI’l_1 Sa

5 17 &

(vi) 3 tan~ Ix = tan-1 (

Ex.8: Show that sin™

3 15 3% . (15¢_ &%
§>0,1—7>0and(5j +(1—7j— WS>1

13t B (3
sin 5+sm = sin [51289+171

=7c—sin‘1(£5'3 . 1—87+i—£73 . £51j = -sin~1 (%)
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Ex.9: Evaluate cos‘l:l'—2 + sin-1

13

Sol:

4 12 4
§>O, 1—3>0and§ <

1412 1412 /__16 12 —1(6_3j
cos cos e cos {5X13+ 1 = 1 160 cos &

equation (i) can be written as

o (9
g)-r1 (3
9)-ur(g

from equation (ii), we get

63 63
_ -1 (2| _ -1
#=tan (16) tan (16)
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Simplification :

Ex.10: Definey = cos~1 (4x3 - 3x) in terms of cos—1 x when x E‘, 1J
Sol: Let y=cos™1(4x3-3x)

Domain: [-1, 1] and range : [0, «t]

Letcos~1x=6 = 0 €[0,n] andx=cos©
y =cos~1 (4 cos30 -3 cosH)
y = cos~1 (cos 30)
X € E‘,lJ
.30 € [0,x]
.. cos1(cos30) = 36 = 3(cos1x)

Ex.11: Define sin—1 (Z(\fl—xz) in terms of sin~1x when | X| < TJZ-
: — sinod : T _nn
Sol: Putx=sin0;0 e L 4,4J =20 e L 2’2J

. sin—1 (2)(\/1—X2) = sin-1 (sin20) = 20 (using property 3)
- 20 = 2(sin"1x)

Ex.12: Define cos—1 (2 x2—1) in terms of cos~1x when 0 <x<1

T

2

Sol: Putx=cos0;0 e LO,

J = 20 € [0,7]

. cos—1 (2x2 - 1) = cos1(cos20) = 26 (using property 3)

- 20 = 2(cos1x)




