TRIGONOMETRY

5. The rest (ITIrd) side is base.
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Trigonometry is the branch of mathematics in for ZC AC AB BC
which we study of relationships between the sides The trigonometry ratio are

& angles of a triangle. sine of /0, cosine of £6, tangent of /0,

cotangent of £0, secant of £0, cosecant of £0.

Fact: In Greek words :
These ratios are abbreviated as sin 0, cos 0, tan 0,

Tri = three cot 0, sec 0, cosec 6 and the relation with sides

gon = sides

are
D
metron = measure
(H)
The ratio of sides of a right angle triangle (P)
with respect to acute angles are called 0
E F
(B)

"Trigonometric ratios of the angle".

RIGHT ANGLE TRIANGLE sin 0 =P/H = DE/DF
1. A A having one angle equal to 90° is called cos 0 — B/H = EF/DF
right angle A. tan 0 =P/B = DE/EF
2. The sum of other two acute (Less than 90°) cot 0 = B/F = EFDE
angles is 90°. (or both acute angles are sec O =H/B = DF/EF
complementary) cosec 0 =H/P = DF/DE
. Thesi ite to 90°, is called hypot .
3 ‘ .e side opp?s1 ? 0 90°, is called hypotenuse, By above table sin 0 = 1 cos 6= 1 ’
it is longest side in A. cosecO secO

4. The side opposite to given one acute angle is tan 0 = also tan 0 = sinf _ P/H _ P

perpendicular. cotb cos6 B/H B




. we can say ‘‘Trigonometric Ratio’’ represents

ratio between acute angles & sides of triangle.

Ex.1

Sol.

Ex.2

Sol.

% EXAMPLES <
If ABC is right angle triangle, Z/B = 90°,

AB =12 cm, AC = 13 cm then find sin A and
cos C.

Using Pythagoras theorem

A
12 13
B C
BC= VvAC? —AB? =+169-144 =5cm
sin A = BC = >
AC 13
cos C= ﬂ = 2 Ans.
AC 13
If sin A = € in right triangle ABC, then
2

find value of tan A, cosec A, tan B, cosec B.
A

| V2

C 1 B

o sin A= L = E
J2  AB

-~ AC=AB?-BC? = (2k)* - (k)

= V2K’ -k* = Jk* =k

tanA:B_Czk :1
AC
1 2k
cosecCA= ——=—— = \/E
sin A k
tanB:£:£ :1
C
AB 2k
cosecB=————\5
AC k

Ex.3

Sol.

Ex.4

If /B and ZQ are acute angles such that sin
B = sin Q, then prove that /B = £Q.
[NCERT]

Let us consider two right triangles ABC and
PQR where sin B =sin Q.

P
C B R Q
We have sinB= AC
AB
and sin Q = PR
PQ
Then £ = B
AB PQ
Therefore, AC _AB _ k, say (D)
PR PQ

Now, using Pythagoras theorem,

BC = VAB? - AC?
and QR = 4/PQ> - PR>

BC AB? — AC?
So, — =

QR /PQ2-PR?
Jk?PQ? —k*PR?
JPQ? - PR?

_ ky/PQ* —PR? v 0
_W_ ..... ()

From (1) and (2), we have

Then, by using Theorem, AACB ~ APRQ and
therefore, Z/B = £Q.

Consider AACB, right-angled at C, in which
AB = 29 units, BC = 21 units and ZABC =0
(see figure). Determine the value of

(i) cos® 0 +sin’0,



Sol.

Ex.5

Sol.

Note :

(i1) cos’ O — sin’0

A

[NCERT]

C B
21

In AACB, we have

AC= vAB? -BC? = \/(29)2 -1’
= J(29-21(29+21) = ,/(8)(50)
= /400 =20 units

2 2
Now, (i) cos’0 + sin’0 = 20 i 21
29 29
20> +21° _ 400+441 _
297 841
2 2
and (ii) cos’0 —sin0 = | 21| _ [ 20
29 29
_ (21+20)(21-20) _ 41
29° 841"
In A OPQ, right-angled at P, OP = 7 cm and

0Q — PQ =1 cm (see figure). Determine the
values of sin Q and cos Q. [NCERT]

Q

1,

P7cmo

In AOPQ, we have
0Q* = OP? + PQ?
ie (1+PQ)*=0P’+PQ?
ie. 1+PQ*+2PQ=OP’+ PQ*
ie. 1+2PQ="7
ie. PQ=24cmand OQ=1+PQ=25cm

: 7 24
So, sinQ= — andcos Q= —
Q 25 Q 25

The values of sin 0 & cos 0 are always less than
or equal to 1 & greater than or equal to —1.

Sol.

Ex.7

Sol.

Ex.8

e W

Value of tan 6 & cot 0 lie between — oo to + 0.
sin A, cos A, etc. are not product of sin and A.
(sin A)2 # sin A” etc.

Given 15 cot A = 8, find sin A and sec A.

[NCERT]
cotA = L —base.:
15  perpendicular
A
8k 17k
B C

15k

AC = VAB? + BC? = v64k? +225k>

= 4/289k* =17k
sin A = BC _ I3k _ 15
AC 17k 17
secA=£=£=l—7 Ans.
AB 8k 8
. 13
Given sec 0 = E, calculate all other

trigonometric ratios. [NCERT]

.+ sec § = 13 — Hypotenuse
12 Base

perpendicular = 4/(13k)? — (12k)?
= J169-144)k> =5k

. Sk 5
sinf=—=-—=—
13k 13
cos 0= ! =£
secO 13
tan6=£=&=i
B 12k 12
B 12k 12
cotf=—=— ==
P 5k 5
13k 13
cosecf= — = — = —
5k 5

In AABC, right —angled at B, AB = 7 cm and
(AC — BC) =1 cm. Find the values of sin C
and cos C.



Sol. Consider AABC in which ZB =90°, AB=7 cm
and (AC-BC) =1 cm.

C
X cm
(x—1)em
A
7 cm
Let AC=xcm.

Then, BC=(x-1) cm

By Pythagoras theorem, we have :
AB’+BC*=AC* = (7Y + (x— 1)’ =%
= 49+x*-2x+1=x

= 2x=50
= x=25
C
25 cm
24 cm
A
7 cm
AC=25cm, BC=(25-1)cm =24 cm
and AB="7cm.

For T-ratios of ZC, we have
base = BC =24 cm,
perpendicular = AB = 7 cm and
hypotenuse = AC = 25 cm.

Ex.9 If ZA and £ZB are acute angles such that

cos A = cos B, then show that Z/A = /B.
[NCERT]

Sol. ‘. cosA=cosB

AC _ BC

AB AB
A

AC=BC
A is an isosceles A

ZA = /B Proved.

Ex.10 IfcotO= %, evaluate : [NCERT]

.. (I+sinB)(1-sin0O)

2
® (1+cos0)(1 - cos0) (ii) cot” 6

Sol. eot=—= ————— = —

=113k
jno- P B 8
H 113k 113
B 7k 7

cosf=— = — = —

H J113k 113

(1+4sin0)(1—sinO)
(1+ cosB)(1—cos0)

L))

sl

_(113+8)(/113-8)
V113 + D113 -7)

113-64 49
= = — Ans.
113-49 64
2 2
(ii) cot’0 = BY o7k} - % ap.
P 8k 64
Ex.11 If 3 cot A = 4, check whether
2
% = cos’ A — sin’A or not.
1+tan“ A
[NCERT]
Sol. CotA= i Sotan A= 2
3 4
3k
B A
4k

AC = JAB? +BC? = y16k2 +9k>



1-tan® A

= —2= =_ 16
143 1+
4 16
_ 16-9)/16 _ i
(16+9)/16 25
RHS = cos’A — sin’A

_16 9 _ 7
25 25 25
LHS =RHS
Ex.12 In triangle ABC, right-angled at B, if
tan A = % , find the value of : [NCERT]
3
(i) sin A cosC+cosAsinC
(i1) cos A cos C—sin A sinC
Sol. tan A = 1P
3 B
A
V3k
B! m C

SAC= J(WBK)? +(K)? = V3K +k7 =2k

s1nA=E—£=l,

C 2 2

. AB 3k 43
sinC= —=—+=—;
AC 2k 2

A= AB_3k_ 43

AC 2k 2°
COSc:E:L:l

AC 2k 2

Ex.13

Sol.

Ex.14

Sol.

(i) sinAcosC+cosAsinC

ML

—+==1
4 4

(ii) cos A cos C —sin A sin C
()5 G112

In APQR, right-angled at Q, PR + QR = 25 cm
and PQ = 5 cm. Determine the values of

sin P, cos P and tan P. [NCERT]
P
Q R
PR+ QR =25cm
PQ=5cm
Let PR =xcm
L QR=(25-%x)cm
Using Pythagoras theorem
PR”=PQ’ + QR’
x> =5+ (25— x)*
X =25+ 625+ x" - 50x
= 50x =650
=>x=13cm=PR
S~ QR=25-13=12cm.
sin P = Q_R = % = 2
PR 13k 13
cos P = & = & = i
PR 13k 13
tanP=%=%=2 Ans.
PQ 5k 5

Ifsin A = % , find cos A and tan A.

Since sin A = Perpendicular _ % , SO

Hypotenuse



Ex.15

Sol.

We draw a triangle ABC, right angled at B
such that

C

A 4 B
Perpendicular = BC = 3 units,
and, Hypotenuse = AC = 5 units.
By Pythagoras theorem, we have
AC2=AB?+B(?
= 52=AB?+32
= AB2=52_32
= AB2=16 = AB=4
When we consider the t-ratio of ZA, we have
Base = AB = 4, Perpendicular = BC = 3,
Hypotenuse = AC = 5.

Base 4
COSA= ——— = —
Hypotenuse 5
and, tan A = Perpendicular _ 3
Base 4

If cosec A =
trigonometric ratios.

Since cosec A = Hypotenuse = \/E,

Perpendicular 1

\/E , find other five

so we draw a right triangle ABC, right angled
at B such that

Perpendicular = BC = 1 unit. and,

Hypotenuse = AC = V10 units.
By Pythagoras theorem, we have
AC? = AB? + BC?
C

i, |

A B
= (J10)2=AB2+12
= AB2=10-1=9

= AB=.0 =3

Ex.16

Sol.

When we consider the trigonometric ratios of
ZA, we have

Base = AB = 3, Perpendicular = BC = 1, and
Hypotenuse = AC = N
Perpendicular 1

sin A= = ;
Hypotenuse V10
cos A = Base _ 3 :
Hypotenuse /10
tan A = Perpendicular _ l;
Base 3
sec A = Hypotenuse _ \/ﬁ :
Base 3
and cot A = _ Base 3 =3

Perpendicular 1

Iftan A = \/5 —1, show that sinA cosA=

V2
o

Since tan A =

Perpendicular _ \/5 -1 ‘%
l 9

Base
we draw a right triangle ABC, right angled at
B such that Base = AB = 1 and Perpendicular

=BC=+2 - 1.
By Pythagoras theorem, we have
ACZ= AB? + BC?
C

J2-1
A 1 B
= AC2=12+ (V2 -1)°
= AC2=1+2+2-242

= AC2=4-2J2 = AC=4-2y2

. BC V2 -1
Now, sin A = — = ————, and
AC T Jiah
cosA=£=;
AC J4-242
.. sin A cosA = \5_1 X !
Va-242 V4202
W21 2-1 1 2

427 2hWz-) 22 4



sin? 0 = (sin 0)2

cos2 0 = (cos 9)?
tanZ0 = (tan 0)?
cosec? O = (cosec 0)2
sec? O = (sec 0)2

cot? 0 = (cot 0)2

% EXAMPLES <

Ex.17 Ina A ABC right angled at C, if tan A =

-

and tan B = /3 . Show that
sin A cosB+cos AsinB=1.
Sol. Let us draw a AABC, right angled at C in

which tan B = \/g and tan A = %

B
A C
1
Now, tan A = —
V3
B_C = L . tan A e E
AC 3 AC
= BC=xand AC = /3x (i)
And, tan B = \/g
AC_ 3 [ B AC
BC 1 BC

= AC= \/gxandBC=x

From (i) and (ii), we have
BC=x, AC= \/g X

By Pythagoras theorem, we have

AB?=AC2 + BC?

AB2= (\3x)? +x2

AB? =3x2 + x?

AB? =4x2

AB =2x

When we find the t-rations of ZA, we have

Base = AC = \/E x, Perpendicular = BC = x,

and Hypotenuse = AB = 2x.

...(if)

Uy 4y

Ex.18

Sol.

Ex.19

sinA= — = — = — and
B 2x 2
AC  3x 3
COSA=—="="=
2x 2

When we consider the t-ratios of /B, we have
Base = BC = x, Perpendicular = AC = \/g X,
and Hypotenuse = AB = 2x.

cosB=B—C—i—land
B 2x 2
. AC _ 3x 3
sinB=—=—"=-"=
2x 2
Now,
sinA cosB + cosA sinB = l X l +£ X —3
2 2 2 2
4 4
If seca= i,evaluate Hﬂ.
4 1+tana
Since sec a=w =§,s0 we draw
Base

aright triangle ABC, right angled at B such that
Hypotenuse = AC = 5 units,
Base = AB = 4 units, and Z/BAC = a.

C

A 4 B
By Pythagoras theorem, we have
AC?=AB?+B(?
52=42+B(C?
BC2=52-42=9
BC=+9 =3

Ul

J

BC 3
tano= — = —
AB 4

1
Now, l-tano _ 4 _4 _1
1+tana

IfcotB = % , prove that

tan? B — sin?B = sin*B. sec?B.



Sol.

Ex.20

Sol.

Base 12
— = —, S0 we
Perpendicular 5

draw a right triangle ABC, right angled at C
such that Base = BC = 12 units.
Perpendicular = AC = 5 units.

A

Since cot B =

13

B 12 C
By Pythagoras theorem, we have
AB? =BC? + AC?
= AB2=122+52=169
= AB=+169 =13
sinB=£ = i,tanB= £ -
AB 13 BC 12
and sec B = AB_13
BC 12

Now, LHS = tan?B — sin?B = (tanB)? — (sinB)?
(Y _(s) o252
12 13 144 169

:25(L_Lj :25(169—144j
144 169 144x169
L 25 25x25

144x169  144x169
. 5%x5?

122 x132

and, RHS = sin*B sec’B

= (sin B)* (sec B)?2

s\ 13y
= i x | —
13 12
54
132 x12?
2 <2
= % ....(ii)
137 x12
From (i) and (ii), we have
tanB — sin?B = sin*B sec?B.
In a right triangle ABC, right angled at B, the

ratio of ABto ACis 1 : \/E . Find the values
of

()

2tan A ... 2tanA

— and (i1) —

1+tan” A 1—tan” A
AB 1

We have, AB: AC=1: \/E jie. —=—
AC

72

Ex.21

Sol.

AB=xand AC = \/Ex.
C

A B
By Pythagoras theorem, we have
ACZ?= AB? + B(C?

(V2 x)2=x2+BC?

-
= BC2=2x2-x2=%2
= BC=x
tanA=£=— =1
AB

Now, 2tanfx _ 2><12 =%=1

1+tan” A 1+1 2
Now, 2tan;’k = 2x1 = z, which 1is

1-tan” A 1-1 0
undefined.

In fig. AD = DB and ZB is a right angle.
Determine

(1) sin 0 (i1) cos O
(iii) tan O (iv) sin? © + cos? O
b DI

A |

C
We have,

AB=a

= AD+DB=a [+~ AD=DB]
= AD+AD=a
— 2AD=a = AD= %

Thus, AD = DB = %

By Pythagoras theorem, we have
AC?=AB? + B(?

= b2=a?+B(C?

= BC2=b2-a2 = BC=

Thus, in ABCD, we have

Base = BC = v/b? —a?

2 2
b”-a



and Perpendicular = BD = 2 sin A 0 L ﬁ 1
2 2 | V2]
Applying Pyhthagoras theorem in ABCD, we \/g 1 |
have cos A 1 = | =1 = 0
BC2 + BD? = CD? 2| V2| 2
2 1
2,252 a) _ tan A 0 2 Not
2
2224 3 cot A Not | L 0
= CD?=b2-a’+ 7 defined NE) NG
2 2, .2
— (CD2= 4b” —4a” +a sec A 1 l \/E 2 Not
4 V3 defined
_ \4b% —3a? cosec A Not 2 NG 2 1
= (D= ) defined NE)
Now,
L BD o sin®Twhen0T,0<0<90°
(i) sin6=—
CD e cosO0dwhen®T,0<0<90°
— in0= a/2 _ a e tan 6, cot O are not defined for 6 = 90° & 0
\/4b2 _ 332 \/4b2 _3a2 respectively.
2 e cosec 0, sec O are not defined when 6 = 0 &
BC 90° respectively.
(i) cos 0= — e sin 0 =cos O for only 6 =45°
CD y
V- 2 [b2 _ 42 e - 180°=nx"
= cosO= \/ - = = \/ > -
4b° -3 4b° -3 ¢ ¢
ALLEE L a o o o300=|Z|; 450= |2
2 6 4
(iii) tan 6 = BD o\ o\
: o5 - ]
= tanO= a2 a , and
Vb2 —a?  2yb? -2 % EXAMPLES %
1v) sin“ O + cos X. valuate each of the following in the simplest
(iv) sin? 0 20 Ex.22 Eval h of the following in the simpl
2 2 ) form :
- a 4| 2Vb -a (i) sin 60° cos 30° + cos 60° sin 30°
\/41)2 — 1332 \/4]_—,2 —3a2 (ii) sin 60° cos 45° + cos 60° sin 45°
2 2 2 Sol. (i) sin 60° cos 30° + cos 60° sin 30°
_ a + 4(b° —a”) \/5 \/5 | | 3 X
4b* 32>  4b* -3a° e e T
2 _342 2 2 2 2 4 4
= % =1 (i1) sin 60° cos 45° + cos 60° sin 45°
— I N
)l TRIGONOMETRIC RATIO (T.R.) OF 2 \/E 2 \/E
SOME SPECIFIC ANGLES \/_ \/_
3 1 3+1
The angles 0°, 30°, 45°, 60°, 90° are angles for = \/— + \/— = \/—
which we have values of T.R. W2 W2 22
| /A ‘ 0° ‘ 30° | 45° | 60° 9(° ‘ Ex.23 Evaluate the following expression :

(i) tan 60° cosec? 45° + sec? 60° tan 45°



Sol. (i)

(i)

Ex.24

Sol.(i)

(i)

Ex.25

Sol.(i)

(ii) 4cot? 45° — sec? 60° + sin? 60° + cos? 90°.
tan 60° cosec? 45° + sec? 60° tan 45°
tan 60° (cosec 45°)2 + (sec 60°)? tan 45°

=3 x (2)" +(2? %1
=3 x2+4=4+243

4cot? 45° — sec? 60° + sinZ 60° + cos? 90°
= 4(cot 45°)2 — (sec 60°)2
+ (sin 60°)2 + (cos 90°)2

2
=4x(1)2—(z)2+[§J +0

—4-4+3 40=2
4 4

Show that :
(1) 2(cos245° + tan260°) — 6(sin?45° — tan230°) = 6
(ii) 2(cos*60° + sin?30°) — (tan260° + cot? 45°)

+ 3 sec230° = 1

N

2(cos245° + tan?60°) — 6(sin%45° — tan230°)
2 2 2
1 , | |
-2l = 32| -6 —| -|—
((ﬁJ ) ] [(ﬁj %)
:z(l”]_ 6(1_1]:2(ﬂ)_6(E
2 2 3 2 6

—oxl_gxLl_7_1-¢
2 6

2(c0s*60° + sin*30°) — (tan260° + cot245°)
+ 3 sec? 30°

A or-aro(3)

=2 —+— | -3+ 1) +3x —
16 16 3

=2 x l —4+4= l

8 4
Find the value of x in each of the following :
(1) tan 3x = sin 45° cos 45° + sin 30°
(i) cos x = cos 60° cos 30° + sin 60° sin 30°
tan 3x = sin 45° cos 45° + sin 30°

= tan3x=LxL+l
V2o V22
= tanS‘x=l+l
2 2

= tan3x=1

(i)

Ex.26

Sol.(i)

(i)

Ex.27

= tan 3x = tan 45°
= 3x=45°= x=15°
cos x = cos 60° cos 30° + sin 60° sin 30°

= Cosx—lxﬁ—{-ﬁxl
2 2 2 2
= cosx=£+—3
4 4
3
= COSX= —
2
= cos x =cos 30°
= x=30°
If x = 30°, verify that
(1) tan2x=2ta—n§
l—-tan” x

(ii) sin x = ,/—1_°252X

When x = 30°, we have 2x = 60° .
tan 2x = tan 60° = \/E
2tan30°
1—tan® 30°

And, 2tan;( _
l—tan” x

1—tan’ x
When x = 30°, we have 2x = 60°.

.\/l—cos2x :Jl—cos60°
N 2 2

And, sinx = sin30° = %

V1 —cos2x

2
Find the value of 0 in each of the following :
(i) 2 sin 20 =43 (ii) 2 cos 30 = 1

sin x =



Sol.(i) 2sin20= 3

V3

= sin20= —
2

= sin 20 = sin 60°
= 20=60° = 6=30°

(ii) 2 cos36=1

Ex.28

Sol.

Ex.29

Sol.

= cos39=l
2

= cos 30 = cos 60°
= 30=60° = 0=20°
If 6 is an acute angle and sin © = cos 0, find
the value of 2 tan20 + sin20 — 1.
sin ® =cos 0
sin® _ cos©

=

cos0
[Dividing both sides by cos 0]
tand = 1
tanf = tand45° = 0=45°
2 tan20 + sin20 — 1
= 2tan245° + sin?45° — 1

2
1
=2(1)2 — =1
()+(ﬁJ

cosO

=
=

An equilateral triangle is inscribed in a circle
of radius 6 cm. Find its side.

Let ABC be an equilateral triangle inscribed
in a circle of radius 6 cm. Let O be the centre
of the circle.

A

O

T~

~N
3090 N

Then, OA=0B=0C =6 cm.
Let OD be perpendicular from O on side BC.
Then, D is mid-point of BC and OB and OC
are bisectors of /B and ZC respectively.
Z0BD = 30°
In AOBD, right angled at D, we have
Z0BD =30° and OB = 6 cm.

Ex.30

Sol.

Ex.31

Sol.

cos ZOBD = @ = c0s60° = @
OB 6

= BD=6cos 60°=6 x ? =3\/§cm.

= BC=2BD=2(3v3)cm= 643 cm.
Hence, the side of the equilateral triangle is

6\/5 cm.

Using the formula,

sin(A — B) = sinA cosB — cosA sinB, find the
value of sin 15°.

Let A =45° and B = 30°. Then A — B = 15°.
Putting A = 45° and B = 30° in the given
formula, we get

sin(45° — 30°) = sin45° cos30° — cos45° sin30°

. 131 1
or, sin(45°-30°) = — X — — — X —
( )\/5 2 2 2
=£ :>sin15°=£
242 22
Iftan(A+B)=\/§ andtan(A—B):L;
NG)

0°<A+B<90°; A>B, find A and B.
tan (A +B) = /3 =tan 60°

& tan (A —B) = 1/4/3 =tan 30°

A+B=060°
A-B=30°

2A =90° = A =45°
adding (1) & (2)
A+B=60
A-B=30

Sub fact equation (2) from (1)

A+B=60
A-B=30
-+

Ans.

2B =30°
= B =15° Ans.

Note : sin(A + B) =sin A cos B + cos A sin B

sin(A + B) # sin A + sin B.

TRIGONOMETRIC RATIOS OF
COMPLEMENTARY ANGLES




*© We know complementary angles are pair of

angles whose sum is 90°
Like 40°, 50° ; 60°, 30° ; 20°, 70° ; 15°, 75° ; etc,

Formulae :

Ex.32

Sol.

Ex.33

Sol.(i)

sin (90° - 0) = cos 6, cot (90° —0) = tanO

cos (90° —0) =sin 0, sec (90° —0) = cosec 6

tan (90° —0) =cot 6, cosec (90°—0)=sec 6
tan 65°

cot25° "

" 65°+25°=90°

Evaluate

[NCERT]

tan65° _ tan(90°—25°) _ cot25° 1

" cot25° cot25° cot25°

Ans.

Without using trigonometric tables, evaluate
the following :

.. cos 37° ... sin 41° .... sin 30°17
(1) — (i) (i) ————
sin 53° cos 49° cos 59°43
We have
cos 37° _ c0s(90°=53°) _ sin 53° _
sin 53° sin 53° sin 53°

[ cos(90° — B) = sin 0]

(i1) We have,

sin 41°
cos 49°

_ sin(90°-49°) _ cos49° _

- cos49° - cos49°

[+ sin (90° - 0) = cos 0]

(iii) We have,

Ex.34

Sol.(i)

(i)

sin 30°17' _ sin(90°-59°43") _ c0s59°43 _

cos 59°43 c0s859°43 c0s59°43’

Without using trigonometric tables evaluate
the following :

(i) sin? 25° + sin? 65° (ii) cos? 13° —sin277°
We have,

sin225° + sin265° = sin? (90° — 65°) + sinZ65°
= c08265° + sin265° = 1

[+ sin (90° - 0) = cos 0]

We have,

€0s213°- sin277° = c0s2(90° — 77°) — sin?77°
=5sin?77° —sin?77° = 0

Ex.35

Sol.(i)

[ cos (90° — 0) = sin 0]
Without using trigonometric tables, evaluate
the following :
cot 54°  tan 20°

@) + -2
tan 36° cot 70°

(ii) sec 50° sin 40° + cos 40° cosec 50°
We have,
cot 54° + tan 20°
tan 36°  cot 70°
_ cot(90°-36°) 4
tan36° cot(90°-20°)
tan 36° | tan 20°

= + -2=1+1-2=0
tan 36° tan 20°

tan 20°

(i1)) We have,

Ex.36

Sol.(i)

sec50° sind0° + cos40° cosec50°
= sec(90° — 40°) sin40°
+ c0s40° cosec(90° — 40°)
= cosec40° sin40° + cos40°sec40°
sin 40° 4 cos 40°
sin 40°  cos 40°
Express each of the following in terms

of trigonometric ratios of angles between 0°
and 45°%

(1) cosec 69°+ cot 69°

(i1) sin 81°+ tan 81°

(iii) sin 72° + cot 72°

We have,

cosec 69° + cot 69°
= cosec (90° — 21°) + cot (90° — 21°)
=sec 21° +tan 21°
[ cosec (90°— 0) = sec O and

cot (90° — 0) = tan 0]

=1+1=2

(i1)) We have,

sin 81° + tan 81°
= sin (90° — 9°) + tan (90° — 9°)
=08 9° + cot 9°

[ sin (90° — 0) = cos O and
tan (90° — 0) = cot 0]

(iii)) We have,

sin 72° + cot 72°
= sin (90° — 18°) + cot (90° — 18°)



=cos 18°+tan 18°
[ sin (90° — 18°) = cos 18° and
tan (90° — 18°) = cot 18°]

Ex.37 Without using trigonometric tables, evaluate
the following :

sin? 20°+sin? 70°

. sin(90°—0)sin 6

cos” 20°+cos? 70° tan 0
4 c0s(90°—0)cos O
cotO
Sol. $n220q+$n170° . sin(90°-6)sin®
cos” 20°+cos” 70° tan 6
4 c0s(90°—0)cos 6
cotO
:gﬁzmﬂm%%tmﬂ+gm%tmmm
cos? 20°+ cos? (90°—20°) tan 0
N c0s(90°—0)cosH
cotO
_ sin? 20°+cos® 20°  cosOsin® sinBcosO
cos® 20°+sin? 20° sin® cos6
cosO sin O

sin(90°-0) = cos 0 and
c0s(90°-0) = sin O

=%+cos26+sin26=l+l=2

Ex.38 If tan 20 = cot (0 + 6°), where 20 and 0 + 6°
are acute angles, find the value of 6.
Sol. We have,
tan 20 = cot (0 + 6°)
= cot(90°—20) = cot (0 + 6°)
= 90°-20=6+6"= 30=84°
= 06=28°
Ex.39 If A, B, C are the interior angles of a triangle

A

ABC, prove that tan B+C _ cot —

Sol. In AABC, we have
A+B+C=180°
= B+C=180°-A
B+C — 00— A
2 2

= tan (BJFC) =tan (90°—é)
2 2

(B+C) A
= tan =cot —
2 2

Ex.40 Iftan 2A =cot (A — 18°), where 2A is an acute
angle, find the value of A. [NCERT]

Sol. tan 2A = cot (A — 18°)
cot (90° — 2A) = cot (A — 18°)
(" cot (90° — 6) =tan 0)
90°-2A=A-18°

3A=108°

A =36° Ans.
Ex.41 Iftan A = cot B, prove that A + B =90°.
Sol. - tan A =cotB

tan A = tan (90° — B)

A=90°-B

A + B =90°. Proved

Ex.42 If A, B and C are interior angles of a triangle
ABC, then show that

.[B+Cj A
sin = COS;

Sol.  A+B+C=180° (as.p.ofA)
B+C=180°-A

B+C :900_é
2 2

sin| BXC | Z sinf 000 - 2
2 2

sin w =cosé Proved.
2 2

Ex.43 Express sin 67° + cos 75° in terms of
trigonometric ratios of angles between 0°
and 45°.

Sol. +23=90-67 & 15=90-75
*. sin 67° + cos 75°
=sin (90 — 23)° + cos (90 — 15)°
=cos 23° +sin 15°. Ans.

[NCERT]

TRIGONOMETRIC IDENTITIES

(1) tan 6= 519
cos0

(linear)

(2) sin’B+cos’0=1
(3) 1+tan’B=sec’0
(4) 1+cot’>0=cosec’d

squareidentites

< EXAMPLES <

Ex.44 Prove the following trigonometric identities :
(i) (1 —sin?0) sec20 =1



(ii) cos20 (1 + tan20) = 1
Sol.(i) We have,
LHS = (1 — sin?0) sec?0 = cos20 sec20
[+ 1 —sin20 = cos?0]

=cos29.( ! ) -+ secO= !
cos’ 0 cos0

=1=RHS

(ii) We have,
LHS = cos20 (1 + tan20)
= c0s%0 . sec?0

[~ 1+ tan20 = sec?0]

=cos29.( ! ) -+ sech = !
cos’ 0 cos6

Ex.45 Prove the following trigonometric identities :

sin 6
= cosecO + cot O

1-cos0
... tan©+sin6 secO+1
(i) — =
tan© —sin 0 secO—1
Sol.(i) We have,

LHS = sin O o (1+cos)
(1-cos®)  (1+cosH)
[Multiplying numerator and

denominator by (1 + cos0)]
_ sinB(1+cosB) _ sinB(1 + cosH)
1—cos’0 sin’ 0

[ 1 —cos20 =sinZ0]

1+ cos0 _ 1 N cos0

sin O sin 0 sin O
= cosecO + cotd =RHS

[ ,1 = cosecH and cos® = cote}
sin© sin

(ii) We have,
tan O + sin 6

LHS = -
tan0O —sin O

1n9+sine sin@( ! +1]
0 _ cosO

—sin0 sin@( ! —lj
cos0 cos0

Ex.46 Prove the following identities :

(i) (sin® + cosecB)? + (cosO + secH)?
=7 + tan?0 + cot?0
(ii) (sin® + secB)? + (cosO + cosech)?
= (1 + sech cosech)?
(iii) sec*0 — sec?0 = tan*0 + tan20
Sol.(i) We have,
LHS = (sin@ + cosecO)? + (cosO + sech)?
= (sin20 + cosec20 + 2sind cosecO)
(cos20 + sec20 + 2cosH sech)

= [sin29+cose029+25m6. ,1 j
sin©

1
+ (cos2 0 +sec’ 0+ 2cosH. ]
cos

= (sin20 + cosec?0 + 2) + (cos20 + sec20 + 2)
= sin20 + cos20 + cosec? 0 + sec20 + 4
=1+ (1 +cot?0) + (1 + tan20) + 4
[ cosec?0 = 1 + cot20, sec?0 = 1 + tanZ0]
=7 + tan20 + cot?0 = RHS.
(ii) We have,
LHS = (sin 0 + sec 0)? + (cos 0 + cosecO)?

1Y 1Y
=[sin6+ j +(cose+ - J
cosO sin 6

. 1 2sin 0
= sin20 t— cos20
cos“® cosH

N 1 4 2cos0O

sin0  sin®

1 1
= (sin0 + cos20) +( + —) +
cos’® sin’@

2(sm6 . cos@]

cosO sin0
.2 2
= (sin20 + cos20) + sin”0+cos”0
sin® Ocos’ 0
N 2(sin” 0 + cos’ 0)
sin©cos 0O
=1+ ! + 2

sin?0cos?’®  sinBcosO

2
= [1 + ;j = (1 + sech cosecO)?=RHS
sinBcosO

(iii) We have, LHS = sec*0 — sec?0



Ex.47

Sol.(i)

(i)

=sec?0 (sec20 — 1) = (1 + tan20) (1 + tan20 — 1)
[~ sec?0 =1 + tan20]

= (1 + tan?0) tan20 = tan?0 + tan*0 = RHS.

Prove the following identities :

(i) cos*A —cos? A =sin* A —sinZ A

(ii) cot* A — 1 =cosec* A — 2cosec? A

(iii) sin® A + cos® A = 1 — 3sin? A cos2 A.

We have,

LHS = cos*A — cos?A = cos?A (cos?A — 1)
=—cos? A (1 —cos? A) = — cos?A sinZA
=—(1 —sin? A) sin? A =—sin? A +sin* A
=sin* A —sin? A = RHS

We have,

LHS = cot*A — 1 = (cosec?A — 1)2 -1

[+ cot?A = cosec?A —1

. cot?A = (cosec?A — 1)?]
= cosec*A —2 cosec?A + 11

= cosec?A — 2 cosec?A = RHS

(iii) We have,

Ex.48

Sol.(i)

LHS = sin®A + cos®A = (sin? A)3 + (cos? A)?

= (sin? A + cos? A) {(sin? A)? + (cos? A)?
—sin? A cos? A)}

[+ a3+ Db3=(a+b)(a2—ab+b?)]

={(sin? A)? + (cos? A)? + 2 sin? A cos? A
—sin? A cos? A}

=[(sin? A + cos? A)2—3 sin? A cos? A]

= 1-3 sin? A cos? A = RHS

Prove the following identities :

sin’A N cos’A _ 1

cos’A  sin’A  sin’Acos’A

(@) -2

.2
(i) —SOSA | SITA A T cosA
1—tanA SinA — cosA

(1+5in0)% + (1—sin0)> :2(1+sin29]

(iii)

cos’0 1-sin’0

We have,
sin’A

cos’A

N cos’A _ sin® A +cos’A
sin’A sin? Acos’A

[on taking LCM]

LHS =

(i)

(sin? A)? + (cos® A)* +2sin” Acos® A
—2sin? Acos® A
sin? Acos? A
(sin® A +cos® A)? —2sin® Acos® A
sin” A cos® A
1-2sin* Acos® A
sin® Acos® A

= % —2=RHS

sin“ Acos” A

We have,

sin? A
sin A —cosA
sin? A

sin A —cosA

cosA

LHS = +
1-tan A

COsA
sin A

1
cosA

sin? A

sin A —cosA

COSA
COSA —sin A

COsA
cos® A
cosA —sin A

cos® A
 cosA-sinA
cos® A —sin? A

cosA —sin A

_ (cosA+sinA)(cosA —sinA)

cosA —sin A
=cos A +sin A = RHS

sin? A
sin A —cosA
sin? A

COSA —sin A

(iii) We have,

Ex.49

Sol.(i)

S-— (1+5sin 0)* + (1—sin0)’
cos® 0
_ (1+2sin@+sin” 0) + (1—2sin 6 +sin” )
- cos” 0
_2+2sin’0 _2(1+sin’0) _ 2(1+sin26]

LH

cos’ 0 1-sin%0 1-sin0

= RHS.

Prove the following identities :
(i) 2 (sin® O + cos® 0) —3(sin* O + cos* 0) + 1 =0
(ii) (sin8 O — cos80) =

(sin? @ — cos2 0) (1 — 2sin? O cos20)
We have,
LHS = 2(sin® 0 + cos® 0) —3(sin* 0 + cos* 0) + 1



(i)

Ex.50

Sol.

=2 [(sin? 0)3 + (cos? 0)3]
—[3 (sin? 0)% + (cos? 0)2] + 1
=2[(sin? 0 + cos? 0) {(sin? 0)? + (cos? 0)?
— sin20 cos? 0)]}
— 3[(sin? 0)2+ (cos? 0)2 + 2 sin? O cos? O
—2sin% 0 cos2 0] + 1
=2[(sin? 0)% + (cos? 0)2 + 2 sin% O cosZ O
—3 sin2 0 cos2 0]
—3 [(sin? 0 + cos2 0)2—2 sin2 0 cos2 0] + 1
= 2[(sin% 0 + cos? 0)2— 3 sin? O cos? 0]
-3 [1-2sin20 cos?0] + 1
=2 (1 -3 sin?0 cos?0) — 3(1 —2 sin? O cos20) + 1
=2 —65in? 0 cos20 —3 + 6 sin?0 cos20 + 1
=0=RHS
We have,
LHS = sin® 0 — cos® 0 = (sin* 0)2 — (cos* 0)?
= (sin* 0 — cos* 0) (sin* O + cos* 0)
= (sin2 0 — cos? 0) (sin? O + cos? 0)
(sin* 0 + cos* 0)
= (sin2 0 — cos? 0){(sin? 0)2 + (cos? 0)2
+25in?2 0 cos?0 — 2 sin? O cos? 0}
= (sin2 O — cos? 0) {(sin? O + cos? 0)2
—2sin2 0 cos? 0}
= (sin20 — c0s20) (1 — 2 sin20 cos20) = RHS
If (secA + tanA)(secB + tanB)(secC + tanC)
= (secA —tanA)(secB — tanB)(secC — tanC)
prove that each of the side is equal to £1.
We have,
(secA + tanA)(secB + tanB)(secC + tanC)
= (secA — tanA)(secB — tanB)(secC — tanC)
Multiplying both sides by
(secA —tanA)(secB — tanB)(secC — tanC) we get

(secA + tanA) (secB + tanB) (secC + tanC)
(secA —tanA) (secB — tanB) (secC — tanC)

= (secA —tanA)? (secB — tanB)? (secC — tanC)?
= (sec?A —tanA)(sec?B — tan?B) (sec2C — tan?C)
= (secA — tanA)2(secB — tanB)?(secC — tanC)?
= 1 =[(secA — tanA)(secB — tanB) (secC —tanC)?
= (secA —tanA)(secB — tanB)(secC — tanC) =1
Similarly, multiplying both sides by

(secA + tanA)(secB + tanB)(secC + tanC),
we get

(secA + tanA)(secB + tanB)(secC + tanC) = +1

Ex.51

Sol.

Ex.52

Sol.

Ex.53

Sol.

If tanO + sin® = m and tanO — sin® = n, show

that m? —n? = 4,/mn .
We have,
LHS = m? — n? = (tan0 + sin0)? — (tanO — sinO)?
= 4tan0 sin® [-+(a+ b)2—(a—Db)? =4ab]
And, RHS = 4+/mn
=4 \/ (tan 6 + sin 0)(tan 6 — sin 0)

=4+/tan’ 0 —sin* 0

sin’ 0
20

=4 —sin?0

COosS

_ 4\/Sin2 0 —sin’ 0cos’ 0

cos’ 0
_ 4\/sin2 0(1—cos” 0) _ 4\/sin4 0
cos’ 0 cos’ 0
.2 .
—450°0 4o S0 4 inotano
cos0 cos6

Thus we have
LHS =RHS, i.e. m?2 —n2=4+mn

If cosO + sind = \/E cosO, show that

cos0 — sind = /2 sind.
We have,
cos + sin = /2 cosd
(cosB + sinB)? = 2 cos20
€0s20 + sin?0 + 2 cosOsin® = 2 cos20
€0s20 — 2¢0s0 sinO = sinZ0
c0s20 — 2c0s0sind + sin?0 = 2sin20
(cosB — sinB)2 = 2sin20
= cos —sind = /2 sin®
If sin® + cos® = p and secO + cosec = q,
show that q(p2 —1) =2p
We have,
LHS =q(p? - 1)
= (secO + cosecO) [(sind + cos0)? — 1]

R

:( 1 + .1 j {sin?0 + cos?0 + 2sinBcosd — 1}
cos® sin

= (M) [1+2 sinf cosd — 1)
cosOsin O
_ (sin6+cos6

- ) (2 sinB cosO)
cos0Osin O



Ex.54

Sol.

Ex.55

Sol.

Ex.56

Sol.

= 2(sinB + cosB) = 2p = RHS
p’ -1
p2 +1

= sin0.

If secO + tanO = p, show that

We have,
P—1 _ (secH+tan0)’ -1
(secO+ tan0)? +1

LHs = 2
p-+1
sec’ 0+ tan” 0+ 2secOtan O —1
sec’ 0+ tan” 0+ 2secOtan 0 +1
(sec’ 0 —1) + tan” 0+ 2sec O tan O
sec” 0+ 2secOtan O + (1+ tan? 0)

tan” 0 + tan” O + 2secOtan O
sec’ 0+ 2secOtan O +sec’ O
2tan” 0+ 2 tan Osec®

2sec’ 0+ 2secOtan®
2tan 0 (tan 6 + secO)
2secO(secH + tan 0)
tan® _  sin0

=sinO = RHS

secO cosOsecO

[f COSO _ 4 cosa
cosf sinf3
(m? +n?)cos?P = n2.

LHS = (m? + n2)cos?p
2 2
cos“a cos”a
=l =t cos’ B
cos"B sin"f
coso cosa
vom= and n =——
[ cosf sinf3 }

_ cos” asin’ B+ cos® a.cos? B cos® B
cos” Bsin’ B

=n show that

1
= cos? o) ————— |cos*P
2 c 2
cos” Bsin” 3
cos” o cosa )’
=— = - =n2=RHS
sin“ B sin 3

If acos® + bsin® = m and asin® — bcosO = n,
prove that a2 + b2 =m?2 + n2.
We have,
RHS = m? + n?
= (acosB + bsind)? + (asind — bcosh)?
= (a%c0s?0 + b2sin20 + 2ab cosOsin0)
+ (a2 sin20 + b2cos20 — 2ab sinBcosO)
= a2(cos20 + sin20) + b2(sin20 + cos20)

Ex.57

Sol.

Ex.58

Sol.

Ex.59
Sol.

Ex.60

Sol.

Ex.61

Sol.

=a2+b2=LHS.
If acosO — bsind = c, prove that

asin® + bcosd = ++/a’ +b? —¢?
We have,
(acosO — bsind)? + (asind + bcosO)?
= (a2c0s20 + b2sin20 — 2ab sinOcos0)

+ (a%sin20 + b2c0s20 + 2absinOcos0)
= a2(cos20 + sin20) + b2(sin0 + cos20)
=324 p2

= ¢2 + (asin® + bcos0)? = a2 + b?
[ acosB —bsind = ¢]
= (asin® + bcos0)? = a2 + b2 — ¢2

— asin® + bcosd = ya’ +b* —c? .
Prove that :
(1 —sind® + cos0)2 = 2(1 + cosO)(1 — sinb)
(1 —sind + cos0)?
=1 +sin?0 + cos20 — 2sin® + 2cosO — 2sinBcosd
=2 — 2sin® + 2cosb — 2sinBcosO
=2 (1—-5inB) + 2 cosO (1 — sind)
=2(1 —sinB)(1 + cosB) = RHS
If sin® + sin?0 = 1, prove that cos20 + cos*0 = 1.
We have,
sind + sin?0 = 1
= sin® =1—sin?0
= sinO = cos20
Now, cos20 + cos*0 = cos20 + (cos20)?2
= ¢0s20 + sin20 = 1

Prove that :

sin@—cos® sinO+cosO 2

sinB+cos® sinO-cos® 2sin’0—1

We have,

LHS = sinO—cos® sinB+cos0O
sin®+cos® sinB—cosO

(sin® — cos0)* + (sin 0 + cos 0)*
(sin O + cos 0)(sin O — cos 0)
2(sin? O+ cos? 0)
sin” @ —cos” O
[ (a+Db)2+ (a—b)2=2(a2 + b?)]

B 2
sin 0 — (1 —sin’ 0)

-2
(2sin’0-1)

Express the ratios cos A, tan A and sec A in
terms of sin A.
Since cos’A + sin’A = 1, therefore,



cos’A=1- sinzA, i.e.,cos A=+41-sin’ A

This gives
cos A= +1-sin’* A (Why ?)
Hence,
tan A = sin A
cosA
and
sec A= ! !

cosA \/l—sin2 A '

Ex.62 Prove that sinf—cosO+1 _ !

sinO+cos@—1 secO—tan®’
using the identity sec’0 = 1 + tan’0.
Sol. LHS = sinO-cosO+1 tanO—1+secO

sin@+cosO—1 tan@+1—secO
_ (tanB+secB) -1

(tan© —secB) +1
{(tan O + secO) — 1} (tan O — sec 0)
{(tan© —secB) + 1} (tan O — sec 0)
_ (tan> 0 —sec” 0) — (tan 6 — sec 0)
{tan® —sec O + 1} (tan 0 — secO)

_ —1—tan 6 +secB

(tan© —secO + 1) (tan O — sec0)
_ -1 B 1
" tan@-sec® secO—tanf’

which is the RHS of the identity, we are
required to prove.






