Sequence & Series

Sequence "

A succession of numbers a,, a,, a,, ..., a, formed
according to some definite rule is called a sequence.

A sequence is a function whose domain is the set N
of natural numbers and range a subset of real
numbers or complex numbers.

The different terms of a sequence are usually denoted
by a,a,,a,,....or by t,,t,,t,,.... The subscript
(always a natural number) denotes the position of
the term in the sequence. The term at the nth place
of asequence. i.e., t, is called the general term of
the sequence.

4

Real sequence : g
A sequence whose range is a subset of R is called
areal sequence.
eg. () 2,5 8 11, v
@) 4,1,—2,—5, e
(i) 3,-9,27, = 81, v

Types of sequence : "
On the basis of the number of terms there are two

types of sequence.

(1) Finite sequences : A sequence is said to be finite if it
has finite number of terms.

(i) Infinite sequences : A sequence is said to be infinite
ifit has infinitely many terms.
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Solved Examples

Ex.1 Write down the sequence whose n™ term is

o 3+ ()"

Ok (i) >

Sol. () Lett,= -
putn=1,2,3,4, ........... we get
8
t=2t,=2t=7,t=4

. 8
so the sequence is 2,2, -, 4, ........

b 3’
. 3+(-1)"
(H)Lettn:T
putn=1,2,3,4, ...
N 24 2 4
so the sequence is 7, g, ooy goeess

Series : "
By adding or subtracting the terms of a sequence,
we get an expression which is called a series.
Ifa,a,a a_is asequence, then the expression

U S IO
a ta ta +... +a 1S a series.
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The sequence which obey the definite rule and its
general term is always expressible in terms of n, is
called progression.

Progression

Arithmetic progression (A.P.) : "

A.P. is a sequence whose successive terms are
obtained by adding a fixed number 'd' to the
preceding terms. This fixed number 'd' is called the
common difference. If a is the first term & d the
common difference, then A.P. can be written as
a,at+d,a+2d,....... ,at+t (n-1)d,....

e.g. —4,-1,2,5 ...........

n term of an A.P. : "
Let 'a' be the first term and 'd' be the common
difference of an A.P., then

t =a+(n-1)d, where d=t —t |

Solved Examples

Ex.2 Ift,ofanA.P.is—61andt, =64, findt .
Sol. Let abe the first term and d be the common difference

sot,=a+53d=-61 ... (1)
and t,=a+3d=64 ... (i1)
equation (1) —(ii) we get
= 50d=-125
__>2
2
=>a= % sO t,= % +9 [—gj =49

Ex.3 Find the number of terms in the sequence
4,12, 20, ........ ,108.

Sol.a=4,d=28 SO
=n=14

108=4+n—1)8

The sum of first n terms of an A.P. :‘=

Ifa is first term and d is common difference, then
sum of'the first n terms of AP is

Sn=%[2a+(n—l)d]

= % [at+/]= nt[n”] , fornisodd. (Where ¢ is the
2

n+1

last term and t[
2

] is the middle term.)

Note : Foranysequence {t }, whose sum of first r terms

isS,r"term,t =S —-S .
r T r r—1

Solved Examples

Ex.4 Find the sum of all natural numbers divisible by
5, but less than 100.

Sol. All those numbers are 5, 10, 15, 20, ........... ,95.
Herea=5, n=19& ¢=95

soS=%(5+95)=950.

Ex.5 Findthe sum ofall the three digit natural numbers
which on division by 7 leaves remainder 3.

Sol. All these numbers are 101, 108, 115, ........ , 997
997=101+(n-1)7
= n=129

50 S = % [101 +997] = 70821,

Ex.6 The sum of n terms of two A.Ps. are in ratio
n+1
4n+ 27

Sol. Leta and a, be the first terms and d, and d, be the
common differences of two A.P.s respectively, then

. Find the ratio of their 11t terms.

n
5[231+(n—1)d1] 741

: -
Sl2az+(n-1dp] AN+

a;+ d,
2 _ Tn+1

= (n—1j " 4n+27
a, + 7 d2

For ratio of 11*" terms

=10 =

n-1
T n=21

@Y 148 _ 4
421)+27 111 3
Ex.7 If sum of n terms of a sequence is given by
S_=2n’+ 3n, find its 50™ term.

soratio of 11t terms is =

Sol. Lett_is n" term of the sequencesot =S —S
=2n’+3n—2(n—1)> —=3(n—1)

e
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Useful Formulae: "
Sum of natural numbers (3 n)

_n(n+1)

In= 5 where, n ¢ N.

Remarks :

(1) The first term and common difference can be zero,
positive or negative (or any complex number.)

@) Ifa,b,careinA.P. =>2b=a+c&ifa,b,c,dare
inAP. = a+d=b+ec.

@) Three numbers in A.P.canbetakenasa-d,a,a+d;

four numbers in A.P. can be takenas a-3d, a-d,

a+d,a+3d;

five numbers in A.P. area-2d,a-d, a,a+d,a+2d;

six terms inA.P. area-5d,a-3d,a-d,a+d,a+

3d, a+5d etc.

(iv) Middle term: If the number of terms is n, and

n+1

*  nis odd,then( >

th
) term is the middle term.

th th
) n n )
* niseven, then (Ej and (E + 1] terms are middle

terms.

Solved Examples

Ex.8 Thesum ofthree numbersinA.P.is 27 and the
sum of their squares is 293, find them.

Sol. Let the numbers be a—d, a, a+d
so 3a=27 = a=9
Also (a—d)> + a2+ (a+d)*>=293.
3a? +2d*= 293
d>=25 = d=+5
therefore numbers are 4, 9, 14.

Ex9 Ifa,a,a,a,a, are in A.P. with common

5
difference # 0, then find the value of zai ,

i=1
whena, = 2.

Sol. Asa, a,, a,, a, a,

=a2+a4=2a3.

are in A.P., we have a, + a,

5
Hence Zai =10.
i=1

Properties of A.P.: "
(@)
(b)

(¢) Ifeveryterm ofan A.P. is increased or decreased

Ift =an+ b, then the series so formed is an A.P.

If S =an’+bn+c, then series so formed is an A.P.

by the same quantity, the resulting terms will also be
inA.P.
(d) IfeverytermofanA.P.is multiplied or divided by
the same non-zero quantity, the resulting terms will

alsobein A.P.

a are in A.P.

n+ 12" > "2n+1

Ifterms a, a,.....

(e) ,a,a
Then sum of these terms will be equal to (2n+1)a, .
Here total number of terms in the series is (2n+ 1)

and middle termisa_, .

() Inan A.P. the sum of terms equidistant from the
beginning and end is constant and equal to sum of
first and last terms.

Sum and difference of corresponding terms of two
A.P.’swill form a series in A.P.

()

a a._are in A.P. The sum of

Iftermsa,a,...,a, .a,

(h) 1 8y
. an + an+1
these terms will be equal to (2n) 5 , Where

an +an+1
2
() nthtermofaseriesisa =S —S  (n > 2)

=A .M. of middle terms.

Solved Examples

1 1 1
Ex.10 If , ,
b+c’c+a’a+b

b?, c?are also in A.P.
1 1

are in A.P., prove that a2,

Sol. - bic’ cra’ ath are in A.P.
1 1 1 1
= cta b+c a+b c+a
b+c-c-a c+a—-a-b
= (c+a)b+c) - (a+b)(c+a)
b-a c-b
= b+c - a+b
= b?—a’=c¢c?>-b?
= a’,b% c?arein A.P.
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Ex.11 If

b+c-a c+a-b a+b-c

b b b

are in A.P.,

17 1 1 .
then prove that 37 o e also in A.P.

b+tc-a c+a-b a+b-c

Sol. Given s b arcinA.P.
Add 2 to each term
b+c+a c+a+b a+b+c .
= a b are in A.P.

.. 17 1 1 .
divideeachbya+b+c = 25 e mnA.P.

Ex.12 Ifa,b,cinA.P.and

x=%a"y=3b"z=3%c"thenx,yzarein
n=0 n=0 n=0

(1)AP (2)GP
(3)HP (4) None of these
Sol. [3]
Herea, b, cinA.P, given
1 1
Also X =370 =1 0% T 1¢

Ex.13 If

Sol.

Now a, b, c in AP

=1-a,1-b1-c InA.P.

| N

mHP = x,y,zinHP

1 1
:>_! !_
1-a 1-c

-
O

1 .
S are the p, g™, r'" terms respectively

Tl

<N RN

of an A.P. then ab(p-q)+bc(q-r)+ca(r-p)
equals to
(H1
3)0

3]

Let x be the first term and y be the c.d. of
corresponding A.P., then

(2) -1
(4) None of these

%:)(+(p—1)y ..... (1)
%:X.;.(q—‘l)y ..... (2)
%:x+(r—‘|)y ..... (3)

Multiplying (1), (2) and (3) respectively by
abc(q-r),abc(r—p),abc(p—q) and then adding
we get bc(q-r)+ca(r—p)+ab(p-q) =0

Ex.14 Ifthe sum of'the first n terms of a sequence is of
the form apn2 gy Where A, B are constants
independent of n, then the sequence is

(1)anA.P. (2)aGP.

(3)anH.P. (4) None of these

1]

We have, S, = An® +Bn

=S,y =A(n=1) +B(n-1)
=A(n*-2n+1)+B(n~1) = An? - 2An+ A +Bn-B
~a,=85,-S

Sol.

= An’ +Bn—(An’-2An+A +B, -B)
=An’ +Bn—An’+2An-A-Bn+B=2An+B-A
=a,,=2A(n-1)+B-A

Now a, -a,, =2An+B-A-2A(n-1)+B-A
=2A (aconstant)
Hence the sequence is an A.P.

Ex.15 Ifthe sum ofthe first n even natural numbers is

equal to k times the sum of first n odd natural
numbers, then k is equal to

1 n-1 n+1 n+1
H- @ 6= @
Sol. [4]
Let S, denotes the sum of the first n even natural
numbers

..8,=24+4+6+....ton terms

=g|:2><2+(n—1)><2]['.' a,=2d=2]

Let S, denotes the sum of the first n odd natural
numbers

.8, =1+3+5+....ton terms

=%|:2><1+(n ~1)2] [ a,=1d=2]

+8, =g (2+2m-2)=Z(m)=n" ... @)
Dividing (1) by (2),
i_n(n+1)_n_+1_1+1
Sz_ P n n
Hence s, =(1+1)32 Lk=hntt

n n
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Arithmetic mean (mean or average) (A.M.) : g Ex.17 Insert20 A.M. between 2 and 86.

If three terms are in A.P. then the middle term is
called the A.M. between the other two, soifa, b, ¢
areinA.P,bisA.M.ofa&c.

AM. forany nnumbers a,, a,,..., a, 15;

n - Arithmetic means between two numbers :

If a, b are any two given numbers & a,A |, A,,....,
A ,barein AP, thenA,A,,. A arethe

nA.M.’s betweena & b.

b—a

’ +2(b—a)
n+1

A =a+
n+1

A,=a

n(b—a)
n+1

Note : SumofnA.M.’s inserted between a & b is equal
to n times the single A.M. betweena & b

ie. Y, A =nA, where Ais the single A.M. between

r=1

a&b 1.€. A= a+b

2

Solved Examples

Ex.16 Between two numbers whose sum is %3 ,aneven

number of A.M.s is inserted, the sum of these means
exceeds their number by unity. Find the number of

means.

Sol. Let a and b be two numbers and 2n A.M.s are

inserted between a and b, then

2—2n(a+b)=2n+l.
n[1—3j=2n+1.
6
13
onap 13
{glvena+ 6}

=n=6.

~. Number of means = 12.

Sol. [4] Let the means be x,,Xx,,...,X

Sol. Here 2 is the first term and 86 is the 22™ term of

AP.so8=2+Q21)d = d=4
so the seriesis 2, 6, 10, 14,....... , 82, 86
. required means are 6, 10, 14,...,82.

Ex.18 Ifm arithmetic means are inserted between 1 and

31 so that the ratio of the 7th and (m—1)th means is
5:9, then the value of mis
(H9 )11

3)13 (4) 14

. so that

1 X1, Xgyee Xy, 31 18 an ALP. of (Mm+2) terms.

Now, 31=T,_, =a+(m+1)d=1+(m+1)d

30 : X; _3
~~d—m Given: X, 9
T a+7d 5
CT, a+(m-1d 9

30

:>9a+63d=5a+(5m—5)d=>4.1=(5m—68)m
=2m+2=75m-1020 = 73m =1022
o102,

73

>

Geometric Progression (G.P.) P> |
The sequence {a } in which a = 0 is termed a
geometric progression if there is a numberr » 0

such that an

=r for all n, then r is called common
n-1

ratio.

1. Useful Formulae:

If a=first term, r= common ratio and n is the number
of term, then
(a) n" term denoted by t_is given by
t =ar"!
(b) Sum of first n terms denoted by S_is given by
_a(-r" c a(r" —-1)
n 1-r r—1

1 (or) r>1, (or) S =

S corresponding tor <

a-r/
1-r
where ¢ is the last term in the series.

(¢) Sum ofinfiniteterms (S..)

S_= % (For |r| <I)
Note : Ifr >1 then S_ — .
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Solved Examples

Ex19. Ifthe first term of GP. is 7, its n term is 448 and
sum of first n terms is 889, then find the fifth term of

GP.
Sol. Givena=7
t =ar"'=7(r)" '=448.
= Trm=448r
Also g = ar’ -1 _ 7(r" -1
n r-1 r—1
- 889 = “ = =2

Hence T, = ar* =7(2)* = 112.
Ex.20 The firstterm of an infinite GP. is 1 and any term

is equal to the sum of all the succeeding terms. Find
the series.

Sol. Letthe GP.be 1,1, 12,13, .........

2
. .. 1
given condition= 1= % = =3,
.. 1 1 1
Hence series is 1, D0 g g e ©
1 1 1
Ex.21 LetS=1+E+Z+§+ .......... , find the sum of

(1) first 20 terms of the series

(i) infinite terms of the series.

)

Sol. @) S,, = —_1 =
2
.. 1
@S, =—7 =2
1- -
2

Remarks :
(i) Ifa,b,carein GP.=b’=ac,ingeneralifa,a, a,,

a ,a arein GP,
n—1 n

thenala =aa ,=a,a
n 2" n—

1 3 n—2_ ..........................

(i) Anythree consecutive terms of a GP. can be taken
a
as —,a,ar.
r
(i) Any four consecutive terms of a G.P. can be taken

asi a ar, ar’
r3ara ) .

(iv) If each term of a G.P. be multiplied or divided or
raised to power by the same non-zero quantity,
the resulting sequence is also a G.P..

Ifa,a,a,.... andb,b,b,........ are two G.P’s

with common ratio r, and r, respectively, then the
sequence ab, ‘azbz, ab,, is also a G.P.
with commonratior, r,.

v)

i) Ifa,a,a,..... are in G.P. where each a. > 0, then
loga ,loga,loga.,,.......... are in A.P. and its converse
is also true.

Solved Examples

Ex.22 Find three numbers in G.P. having sum 19 and
product 216.

Sol. Let the three numbers be % ,a,ar

1 :
soa{;+1+r}=l9 ....... 0)
and a’=216 = a==6
so from (i) 6r> — 13r + 6 = 0.

3 2
=175

Hence the three numbers are 4, 6, 9.
Ex.23 Find the product of 11 terms in G.P. whose 6™

termis 5.
Sol. Using the property
2,8, =a,8,,= 8,8 = v =a =25

Hence product of terms = 5"

Ex.24 Using G.P. express 0.3 and 1.23 as % form.

Sol. Let x=0.3 =0.3333 .............
=0.3+0.03+0.003 +0.0003 + .............
3 3 3 3

10 T 700 T 7000 T 70000

|
J-

Let y =123 =1.233333
=12+0.03+0.003 +0.0003 + .............

3 3 3
=1.2+?+F+F+ ............

1 1 1
3
_ 102 _ A3
1.2+1_i 1.2+ 30 30
10
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Ex.25 Evaluate 7+77+777+........... upto n terms.
Sol. Let S =T7+77+777+.......... upto n terms.

=g[9+99+999+ ....... ]

= S [10- 1)+ (10~ 1)+ (10°~ 1)

F o, +upto n terms]

zg [10+ 10>+ 103+ ........... +10"—n]
7

10(10"-1)
ok 3 e

7
= 57 [107°1=9n—10]

Geometric mean (G)
(1) G=.ab wherea,b are two positive numbers.

i) G=(aa,... a )'"is geometric mean of n positive
numbersa,a,a,,...... a.

*  n GM’s between two given numbers
If in between two numbers ‘a’ and ‘b’, we have to
insertnGM G, G,...... G, thena, G, G, ..... G,,
b will be in GP. The series consist of (n+2) terms
and the last term is b and first term is a.

N arn+2—1 — b

1
(&)
= I=|—
a

G =ar, G,=ar ... G =ar" orG =b/r

Note : Product of n GM’s inserted between ‘a’and ‘b’
is equal to n power of the single GM between
‘a’and ‘b’

ie. [ 16 =(Gy where G= yap
r=1

Solved Examples
Ex.26 Insert4 G.M.sbetween 2 and 486.

A

Sol. Common ratio of the series is given by r = (gj ™

=(243)° =3
Hence four GM.s are 6, 18, 54, 162.

Ex.27 Ifx,y,zarein GP. and g* = p¥ = ¢* then

(1) log, a =log, c (2) log,b=1log, c
(3) log, a =log, b (4) None of these

Sol. [3]

X,y,zarein GP. = y? = xz
We have, a* =b’ =c” = A(say)
= xloga = ylogb = zlogc =logA

X = logh ~ logh . log2
loga’” logb’ logc

putting X, y, z in (i), we get

log\ ’ _ logX logh
logb loga logc

(log b)2 =loga.logc or

log, b =log, c = log,a =log.b

Ex.28 Ifa,b,c,darein G.P.,, then

(a3 +b° )71 ,(b3 +c )71 ,(03 +d )71 are in
(1)A.P. (2)GP.
(3)H.P. (4) None of these

Sol. [2]

Let b—ar,c =ar? and 4 = gr®. Then,
11 11
a’+b’ a3(1+r3)’b3+c3 a3r3(1+r3) and

1 1

c+d® a3r3(1+r3)

Clearly, (a® +b° )71 (0° +¢? )71 and (c® +d° )71 are in

) .1
G.P. with common ration =

Ex29 If r > 1 and x=a+?+r%+ ..... to oo,
y=b—9+£2— ..... to ~ and z=c+%+£4+....t00o,
rr ror
thenﬁ=
z
ab ac
Oh~ @
bc
3) Py (4) None of these
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Sol. [1]
. 1 § R AT
S1ncer>1,F<1 = 1_1 r_1
;
Similarly, y = b___ B g
1 1) r+1
r
c cr?
2=t e (1)
e
2
axy= AT bro_abr )

=1 rel  P—1
xy _abr® r’-1_ab

z -1 c* ¢

Dividing (2) by (1), we get

Harmonic Progression (H.P.)"
A sequence is said to be a harmonic progression, if
and only if the reciprocal of its terms form an
arithmetic progression.

For example: <er..... form a H.P. because 2,

111

Ifa, b, care in H.P., then 2b'c forms anA.P.

1. Some Useful Formulae & Properties:
(a) Ifa,bare first two terms of an H.P. then

1
t =
o 1 1
2 ) Lot
a +Hn )( b a j
(b) There is no formula for sum of a H.P.
(¢) Harmonic mean H of any two numbers a and b is
given by

2 2ab
H= e where a, b are two non—zero
L a+b
a b
numbers.
n n
AlsoH= 1 7 1
— o — -
a, a a, 73

the harmonic mean of n non-zero numbers a , a,,

Agpenne

(d) Ifterms are given in H.P. then the terms could be
picked up in the following way

*  For three terms
1 1 1

a-d a a+d
For four terms
1 1 1 1
a-3d a-d a+d a+3d
*  For five terms

1 1 1 1 1
a-2d a-d’a’a+d a+2d

Note : In general, if we are to take (2r+ 1) terms in H.P.
we take them as

...............

(e) Harmonical Mean (H.M.)

Ifthree or more than three terms are in H.P, then all
the numbers lying between first and last term are
called Harmonical Means between them. i.e.

The H.M. between two given quantities aand b is H
sothata, H, b are in H.P.

*  nH.M’s between two given numbers

To find n HM’s between a and b we first findn AM’s
between 1/a and 1/b then their reciprocals will be
required HM’s

Solved Examples

Ex.30 If p™, g™ and r* terms of H.P. are u, v, w
respectively, then the value of the expression

(q-r)vw +(r—p)wu+(p-q)uv is

(D1 2)0 32 -
Sol. [2]

Let H.P. be

1 1 1

—+ + +.....

a a+d a+2d

T B R

"7 a+(p-1)d’  a+(q-1)d’  a+(r-1)d
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1 1 1
“)d=— “)d=— “)d=—
=a+(p-1)d u,a+(q )d V,a+(r )d w

= (g-r){a+(p-1)d}+(r-p){a+(q-1)d}

Ex.31 IfH,H,H,,...H, benharmonic means between

H1+a+Hn+b_
aand b then H—a H, b

(1o
Sol. [3]

2)n 3)2n @)1

_ ab(n+1)
Here ™ =410 ) Z(b-a)

o ab(n+1)
H =
Similarly H, p—

H, +a+Hn +b
Hence —H1 _a —Hn b

_ab(n+1)

bn+a

(interchange a and b)

_ (2n+1)b+a+(2n+1)a+b

b-a a-b
2nb+b+a-2na-a-b
= =2n
b-a
a,a, a,-+a, a, —a,
= = 3
Ex.32 If aa, a-+a, (a1 —aJ then a,,a,,a,,a,
are in
(1)A.P. 2)GP.
(3)H.P. (4) None of these
Sol. [3]
M:M’ so L S N or
a,a, a,a, a, a, a, a,

S S B |
PP (1)

1 1 1 1

1 1
Clearly, (Dand() > 3 "3 “a "2 ~a a
1 1 1

SO a'a,'a, are in A.P.

Ex.33 If m® term of H.P. is n, while n® term is m,
find its (m + n)™ term.

Sol. GivenT_=nor q =n; where aisthe first

a+(m-1)
term and d is the common difference of the
corresponding A.P.

1

soa+t(m—-1)d= o

1 m-n
=+ _1 = _ =
and a+(n—-1)d = (m—n)d p—
1 1 -1 1
ord=— so P )
mn n mn mn
_ 1 _ mn
Hence T(m*ﬂ)_ a+(m+n-10)d  1+m+n-1
_ _mn
m+n’

2 2
Ex.34 Insert4 H.M between 3 and 13

Sol. Let 'd' be the common difference of corresponding
A.P.

13 3
sod=2 2 =1,
5

1 3 5 2

H, _E+1_E or H1—5
1 3 7 2
_=—+ = — = —
H, ~2 7272 oo H=7
1 3 9 2

= — + = — = —
H, ~ 2 3 5 or H, 9
1 3 11 2
_=_+ _ = —,
He 2 7473 or H=4

Ex.35 If p™, q™, r™ terms of an H.P. be a, b, ¢
respectively, prove that
(@—nbc+(r—p)ac+(p—q)ab=0

Let 'x' be the first term and 'd' be the common
difference of the corresponding A.P..

Sol.

SO%=X+@—1M ........... (i)
%=X+(q—bd .......... (ii)
%=X+@—Dd .......... (ii)
(i)-(i) = abp-qd=b-a ... (iv)

(i)-(i) = bc(q—r)d=c-b......... (v)
()-1) = ac(r—-p)d=a-c........ (vi)
(iv) + (v) +(vi) gives
bc(q—-r)+ac(r—p)+ab(p—q)=0.
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[

|

(1) If A, G H are respectively A.M., GM., H.M.
between a & b both being positive, then G>=AH
(i.e.A,G Harein GP.)and A>G >H.

Relation between means :

Solved Examples
Ex.36 The A.M. of two numbers exceeds the GM. by

% and the GM. exceeds the H.M. by % ; find the
numbers.

Sol. Let the numbers be a and b, now using the relation

G’=AH

3 6 3 9
—le+il[6-2|=z+=>g_2
(3] (o8- 5 a3

=G=6
1.e.ab =36
also a+b=15

Hence the two numbers are 3 and 12.

AM. =2 GM. = H.M.

Leta,a,a,, ... a_be n positive real numbers,

then we define their

aj;+a,+ag +...... +
n

AM.=
GM. =(a,a,a,

It can be shown that

AM. > GM. > H.M. and equality holds at either
placesiff
a, =a

2=a3= .............. =an

Solved Examples

Ex.37 Ifa,b, ¢c>0, prove that % + % + % >3

Sol. Using the relation A.M. > GM. we have

b c asf@bcp 2,0.°.3
3 (b c aj :>b c a

Ex.38 Ifx,y,z are positive, then prove that (x +y + z)

111
Xy z >9
Sol. Using the relation A.M. > H.M.
X+y+2z

3 21
X

3

11
+—+—

y z

1 1 1
= (x+ty+tz) (;+§+EJ >9

Ex.39 Ifa>0vieNsuchthat [ [a =1, thenprove

that (1+a) (1 +a) (1 +a) ..(1+a)>2"
Using A.M. > GM.

1+a122\/;
l+a, > 2\/5

Sol.

l+a > 2@

= (1+a)(1+2) .. (1+a)

As a,a a, ...

Hence (1 +a)(l+a) ... (I+a)=>2"
Ex.40 Ifn>0,prove that2">1 +n42""
Sol. Using the relation A.M. > GM. on the numbers 1,2,

22,23 , 2™ we have
2 n-1
142427 42 o (19 9203 . 21yl
n
Equality does not hold as all the numbers are not
equal.
1
"4 (-0 o
>nl2
~ 21
(n-1) (n-1)

=2 1>n22 = 22>]+n2 2

Ex.41 Find the greatest value of xyz for positive value
of X, y, z subject to the condition xy + yz + zx = 12.
Sol. Using the relation A.M. > GM.
Xy + Yz + zX
3
= Xyz<8

> (x2y? 223 = 4>(xyz)?3
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Ex. 42 If a, b, ¢ are in H.P. and they are distinct and
positive, then prove that a" + c">2b"

Sol. Let a™ and c" be two numbers

a"+c"

then > (a ¢")'2

a"+c">2 (ac)”? (1)
Also GM.>H.M.
ie. Jac >b, (ac)?>b" ... (ii)

hence from (1) and (ii), we get a" + c">2b"
Ex.43 Ifa,b and c are distinct positive real numbers

and a2 +b? +¢? =1, then ab +bc +ca 18

(1) lessthan 1 (2)equalto 1

(3) greater than 1 (4) any real number
Sol. [1]

Since a and b are unequal, a’ +b" > va’b?

(A.M.> GM. for unequal numbers)
=a’ +b’ > 2ab

Similarly p? + ¢? > 2bc and ¢? +a? > 2ca
Hence 2(a” +b* +¢*) > 2(ab+bc +ca)

= ab+bc+ca<1

Ex.44 a, b, c are three positive numbers and gpc? has

1
the greatest value 61" Then

(a=b=tc=2  (a=b=to=1

(3)a=b=c =% (4) None of these
Sol. [2]

a+b+—+— 2

cC C
T2 [ipe e o afbre, Jabe
4 - 2°2 4 4

. (a+b+c)4 S abc?

4° 4

1
or abc? Sa(a+b+c)4

1
-, the greatest value of abc® = a(a +b+c)’
Also for the greatest value of abc? the numbers have

) c
tobe equal,i.e., a=b= 5

) 1
Also, given the greatest value = 54 Soa+b+c=1

Arithmetic-Geometric Series "

The series whose each term is formed by multiplying
corresponding terms of an A.P. and G.P. is called
the Arithmetic—geometric series.

For example —

¥ 142X H4AXPH X3 F e,
*at(@tdr+@t2d)ri+.........

1. Summation of n terms of Arithmetic—Geometric
Series :
LetS=a+(@+dyr+(a+2dr’+........

() t =[a+(n-1)d].r!

(@ S =a+@+dr+(at+2dr+..... +
[a+(n—1)d]r!

Multiply by ‘r’ and rewrite the series in following

way.

S =ar+ (a+dr*+ (a+2d)r’ + ... +

[a+(n—-2)d]r '+ [a+ (n—1)d]r

On subtraction,

S(I-r=a+d@+r+ ... +rh) —

[a+ (n—1)d]r

%rr) “[a+(n—DdlL.e

a dr(1-r"")
- + —_—
1-r (1-r)

or, S (1-r)=a+

_la+(-0d

or,S = 1

2. Summation of Infinite Terms Series :

S=a+t(@at+dr+@+2d)r?+ ..o o
rS=ar+t@+d)r’+ ., o
On subtraction
S(I-r)=a+d@+r?+r3+. ... )

- a dr
S Ty
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Solved Examples

Ex.45 If (v termofaseries is (2r+1)2™, then sum of
its infinite terms is
(1)10 2)8 3)5 40

Sol. [3]
Here T, =(2r+1)2"
.. Series is: 1{3 + S + T’ +oee }

2 2 2°

Obviously the series in the bracket is Arithmetic-
Geometrical Series. Therefore by the formula

) . 4 10
Ex.46 Find the sum of the series 1+€+5—2 +5—3
+ o to n terms.
4 7 10 3n-2 )
Sol. LetS=1 + 5 + 52 + 5 + ... e (1)
[1) _ ] 4 7 -5
5)S= 5 Tzt st o
3n-2 .
[ (1)
»H—(@)=
P T B
5 - 5 52 53 ------- 5n,1 - 5n
n-1
3 1_(1j
4 _ S S 3n-2
5 S =1+ 1 -~
1— —
3 3 1 3n-2
= 4+ — — — X —
! 4 4 5" 5"
7 12n+7 35 (12n+7)
T4 45" S =% " 16.5™

Ex.47 Evaluate | +2x+3x?+4x*+......... upto infinity,
where | x | < 1.

Sol.Let S =1+2x+3x2+4x3+..... ... (1)
xS = X+2x2+3x3+ .. (ii)
)->)= (I1-x)S=1+x+x>2+x>+ ...

1

or S =W

Ex.48 Evaluate: 1 +(1+b)r+(1+b+b*)r’+......
to infinite terms for | br|<1.

Sol. LetS =1+(1+byr+(1+b+b)r2+.. ..»0)

S=r+(1+b)r*+........ ... (i1)
(1) - (1)
= (1-rS=1+br+b**+br’+....
= 5= W-bn-n
Ex.49 1422+322+4.2°%+....+100.2% equals
(1) 99.2'™ (2) 100.2°
(3) 1+99.2'° (4) none of these
Sol. [3]
Let $=1+22+322+4.2°+...+100.2° ....(1)

—28=2422243.2°4+...499.2% 1100.2' ... (2)
Subtracting (1) from (2) we get
-S =(1+2+22 +2° 4. +299)-1oo.21°°

:>S=10021°°—&
) 2-1
=100.2"° _2'%° 41
=1+99.2'%
Results :
@ > (axb)=3 a+ b.
r=1 r=1 r=1

i) > ka=k3 a.

i) D> k=k+k+k+... n times = nk;

where k is a constant.
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Method of difference for finding n" term : g™

. L n (n+1)

() >, r=1+2+3+..... +n == Letu,u,u,........ be a sequence, such that u,—u,,
e (VR | N is either an A.P. or a G.P. then nth

. termu_of this sequence is obtained as follows
— 124924+ 132 2 _ :

V) ;rz 124+22+32+ ... +n S=u +tu,tu,+.... FU e, (9
n (ot @ntD) S= 1‘1'1+u2+ ........ :.+un_l T U e (11)
== e (1)—(11) = u=u-"+@-u)t@-u)t

, L e +(u—-u )
vi) > B=13+23+33+...... + n3 =% Where the series (u, —u,) +(u, —u,) + .......... +
r=1 (u,—u_)is
either in A.P. or in GP. then we can find u .
Solved Examples )
Ex.50 Find the sum of the series to n terms whose So sum of series S = 2., Y

r=1

general termis 2n + 1.

Note : The above method can be generalised as follows :
Sol. S ==T =3(2n+1)

Letu,u,u,...... be a given sequence.
=23in+xl The first differences are A u, A u, A u,, ........

1712717227173
2(n+1)n
= —( ) +n=n%*+2n r

where Au =u,—u,Au,=u,—u, etc.
2 The second differencesare A u,Au,Au, ....... ,

12
2712 72722 T2
where Au =Au,—Au,Au=Au—Au, efc.

This process is continued untill the k™ differences
AU, , AU, ... are obtained, where the k*

Sol. ZTK = Zkz + ZZK differences are all equal or they form a GP with
k=1 k=1 k=1 common ratio different from 1.

Ex.51 T, =k*+2%, then find DT

k=1

S n(n+1)(2n+1) 22" —1) Case - 1 : The k™ differences are all equal.
=T 6 o In this case the n term, u_is given by
u =an‘+an“'+...+a , wherea,
_n(n+1)(2n+1) Loy a,....,a_are calculated by using first
6 'k+ 1" terms of the sequence.
J Case - 2 : The k™ differences are in GP with
Ex.52 Find the value of the expression Z 1 commonratior (r= 1)
=1 The n™ term is given by
Sol. ii . zii ; u=ar"'+an'+an3+. .. +a
i=1j=1k=1

1
-

1
-
=

1
-

i

i=1j=1

Solved Examples

i (i+1) 1 iiz“Lii Ex.53 Findthesumton-terms3+7+13+21+.........
2 |~ " Sol. Let S=3+7+13+21+........ +T (1)

i=1 i=

1 {n(n+‘l)(2n+‘l)+n(n+‘l)
2

} )—(@i) = T,=3+4+6+8+..... +(T,-T,,)
6 2

=3+ 0 8+ (n-22)
= _ — n2
n(n+1)(n+2) 3+(n—1)(n+2) n’+n+1
— 6 - Hence S=Y(@+n+1) =¥Xn’+3¥n+3X1

_ n(n+1)(2n+1) n n(n+1) =" (n2+3n+5)
3

6 2

_n(n+1)

—T [21’1+1+3]=
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Sol. LetS=1+4+10+22+......... +T (1)
S=  1+4+10+....... +T +T ... (i1)
H—-@) =T =1+@+6+12+..... +
Tn_Tn—l)

2" 1
oo (53)
T =3.2"" -2
So S=XT =3x2""' -32

2" -1
=3. (2-1} ~2n =32"-2n-3

Difference Method "
LetT, T, T,
then

T are the terms of sequence,

@) If(T,—T),(T,=T) e
in A.P. then, the sum of the such series may be
obtained by using summation formulae in nth term,
(i) If (T,-T),(T,-T)

found in GP. then the sum of the such series may be

(T,—T )are

n

obtained by using summation formulae ofa GP.

Solved Examples
Ex.55 Sum of the series
3+7+14+24+37 +...10 terms, is

(1)560 (2) 570
(3)580 (4) None of these
Sol. [2]

Here the given series isnotA.P., GP., or H.P.
Let S=3+7+14+24+37+....+T,
S= 3+47+14+24+.....+T,

after subtracting
0=3+4+7+10+13+.....—T,

AP.

T =3+( _
2

n

-8, = %[32n2 —-Zn+ 4n}

Sol.

:1{3n(n+1)(2n+1)_n(n+1)
6 2

+ 4n}

+40}

Putting n =10

1110x11x21 10x11
S1o:_ -
2 2 2

1140

= 1115555 +40] = 1140 _ 579
2 2

Ex.56 Find the sum of n-terms of the series 1.2 +2.3

Let T, be the general term of the series

SoT =r(r+1).

To express t = f(r) — f(r—1) multiply and divide t by
[(r+2)—(r—1)]

soT = % (t+ 1) [(r+2)—(r=1)]

=S I+ D+~ =D+ D],

Let f(1) % r(r+1)(r+2)

= [£(r) — f(r— 1)].

soT
r

Now S =2 T =T +T,+T,+

r=1

1

3 01.2.3-0]

1
312.3.4-1.2.3]

1
5[3.4.5—2.3.4]

n

3 In@+1) (n+2)— (a - Dn (a-+ 1]

. S= %n(n+l)(n+2)

Hence sum of series is f(n) — f(0).
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1
Ex.57 Sum to n terms of the series A x)(+2x%)

1 1
1+ 2x)(1+ 3x) * (1+ 3x)(1+ 4x) *
Sol. Let T be the general term of the series
_ 1
T (1) +(r+1)x)

(A+(r+1x)—(1+rx)
1+ rx)(1+ (r + 1)x)

1

1
SoT =

rox

1

B 1 B 1
x | 1+rx  1+(r+1)x

T =f(r)—f(r+ 1)
fS=ST =T +T,+T,+ .o +T

1 1 1
T ox [ 14x 1+ (n+1x

n
- (1+x)1+ (n+1)x]
5
Ex.58 Sum tonterms of the series 1237234
6
+ 3 4.5 F o,
__ r+3
Sol. LetT = r(r+1)(r+2)
T (r+)(r+2) + r(r+1)(r+2)
_{;_;} 3|1 1
Tlr+1 o r+2 +E rr+1) (r+1(r+2)
_{l_L} 3|1
S=12"n:2 o2 (n+1)(n+2)
_é _1 {‘I+ 3 }—é ;
) 2n+0)] 4 2(n+1)(n+2)

[2n+ 5]

Ex.59 Find the nth term and the sum of n term of the
series 2+ 12+36+80+150+252+ ..........

Sol. Let S =2 + 12 + 36 + 80 + 150 + 252 +
................ +T

Tn—l + Tn

()—(i)=>T =2+10+24+44 +70 + 102 +

T = 2+10+24+44+70+102+ ....... +
(Tn—l_Tn—2) + (Tn - Tn—l)
(i)~ (iv) = T —T  =2+8+ 14 +20 + 26

g [4+@n-1)6]=n[3n-1] =T -T  =3n’-n
- general term of given series is X (T~ T_))
=Y (3n’—n)=n’+n
Hence sum of'this series is
S=Yn*+3¥n?
n(n+12  n(n+1)(2n+1)
+ _
4 6
_n(n+1)
12
=%n(n+ 1)(n+2)Gn+1)
Ex.60 Find the general term and sum of n terms of the
series9+16+29+54+103 + .........

(3n>+7n +2)

Sol. Let S=9+16+29+54+ 103 + ..o +
T . (1)
S= 9+16+29+54+103+......... +T +T
........... (i1)
H—-@)=>T =9+7+13+25+49+ ..............
+(T-T,) (iii)
T = 9+7+13+25+49+ ........... +
(T T )+(T-T ) (iv)
(i) — (iv) = T - T , =9 + (-2) +
6+12+24+......., =7+6[2"2-1]=6(2)"%+ 1.
(n—2)terms
- General termis T = 6(2)*' +n+2
Alsosum S=3XT
=6X2""+¥n+>2
n— n(n+1
=6. (22_11) + (2 ) +2n
—6(2 - 1)+ MO




