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Binomial Expression : ‘

An expression containing two terms, is called
abinomial expression. For example a+b/x, x+ 1/
y, a— y2 etc. are binomial expressions. Expansion
of (x +a) is called Binomial Theorem. Expression
containing three terms is called trinomial.
For example x +y +z. And in general expression
containing more than two terms is called multinomial.

Terminology used in binomial theorem :"
Factorial notation : [n or n! is pronounced as

factorial n and is defined as

| [pn=1)(n-2)......3.2.1
n = ) ;

if neN
ifn=0

Note : n!=n.(n—-1)!; neN

Mathematical meaning of "C_: The term "C
denotes number of combinations of r things choosen

n!

from n distinct things mathematically,"C = CEOTE

neN,reW,0<r<n

n
Note : Other symbols of of "C_are ( rj and C(n, 1).
Properties related to "C :

(1) ncr — 11C117

T

Binomial Theorem

Note : If "C ="C, = Eitherx=y or x+y=n
(11) ncr + 11Cr71 — n+ ICr

o C n-r+1

(m) nCr—1 B r

T n, — E n-1 — n(n ) n-2,
W) Cf o CH r(r—1) Cr—Z

r(r=10r-2)...... 2.1

(v) Ifnandrarerelatively prime, then"C is divisible
by n. But converse is not necessarily true.

>
Statement of binomial theorem : ‘
(a + b)n — nco anbO + ncl an—l bl + nCz an—Z b2 ++
“Cr a" bt +...... + “Cll a’ b"

wheren e N

n
or (a + b)n — Z nCr a" b’
r=0

Note : Ifweputa=1andb=xinthe above binomial
expansion, then

or (1+x)="C +"C x+"C,x*+..+"C x'+..+
nc X2
n

n
or (1+xy= 2 "C X
r=0
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Solved Examples

Ex.1 Expand the following binomials :

Sol. (i)

N
) . 3x

@) (x—3)° ) (1 —TJ
(x=3y="Cx’+°Cx*(-3)'+°C,x* (-3)*+
°C,x* (-3)°

+3C, x (=3)*+°C, (-3)

=x°—15x*+90x> - 270x2 + 405x — 243

4 2
3x? 3x2 3x?

e (el %
3 2 4 2

27 27 81
=]1_—6x2+ —x4_ —
1-6x > X > X

(i)

| 4
Observations : ‘

()

(1)
(1if)

(iv)

The number of terms in the binomial expansion
(a+Db)yis n+1.

The sum of the indices of a and b in each term is n.

The binomial coefficients ("C,, "C,
of the terms equidistant from the beginning and the
end are equal, i.e. "C,="C ,"C ="C_, etc.

{ nCr — nCn_r}

The binomial coefficient can be remembered with
the help of the following pascal’s Triangle (also known
as Meru Prastra provided by Pingla)

Index of The binomial coefficient
the binomial
0 1

: N

10 5 1

Regarding Pascal’s Triangle, we note the following :

(@ Eachrow ofthe triangle begins with 1 and ends with 1.

(b) Any entryin arow is the sum of two entries in the
preceding row, one on the immediate left and

the other on the immediate right.

Solved Examples

Ex.2 : The number of dissimilar terms in the expansion

of (1 -3x+3x2—x%)%1is
(A)21  (B)31 (C) 41
Sol. (1 —3x +3x2—x*)?=[(1 —x)*]* = (1 —x)®

Therefore number of dissimilar terms in the expansion

of (1 -3x +3x2—-x*)¥is 61.

(D) 61

General term : ‘

(r+ 1)"term is called general term and denoted by

r+l°

T. (n—r+l)(zj
T r X

T

Tr+1 = nCr X“_f yf &

Note :

The r'" term from the end is equal to the (n—r +2)®

n—r+1

term from the begining, i.e. "C X ly

n-r+1

Solved Examples
Ex.3 Find (i) 28" term of (5x + 8y)*

4x 5
11 h -
(1) 7" term of( 5 2xj

e = 30C27 (5X)30‘27 (8y)27
= i (5X)3 . (8y)27

31271
.. 4x 5)°
(i) 7thterm of (?_Zj

Sol. 1) T

~ 9 (4x)* (5)° 10500
316! (5 2x) X3
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Solved Examples Sol.[4] T,="C,ab" =135 ... ()
n 2, n-2 ..
. . T,= Cpab =30 .. (i1)
Ex.4 The 7th term from the end in the expansion of 0
° T,="Cad " =% .. i
(X - —2j is equal to- M 3 (it
X Dividing (i) by (i)
[1] °C42* [izj 21" c,2* "Cpab™" _ 135
0.3 "C,a’b"2 30
[3]- C2x [4] None of these nob 9
Sol.[1] The 7th term from the end = 5th term from N 1)5 2 (iv)
peeiming s 9
2\ 1 —=—(0- . v)
T, (5] ="c,2" &3 2
X X Dividing (i) and (iii)
Ex.5. The ratio of the coefficient of X~ to the term n(n-1)
2 15 2 E = E =9 .
independent of x in (xz +;j is nn-H(n-3)'a 3 = .. (vi)
3.2
(1)12:32 (2)1:32 Eliminating a and b from (v) and (vi)
(3)32:12 4)32:1 = n=5
. . Ex.8 Find the number of rational terms in the expansion
Sol. [2] General term in the expansion is of (914 + 8161000

20,0 (2] i, roxen 2

Coefficient of x ' is °C,2° (r =5)

Coefficient of constant termis "°C,, 2" (r =10)
Ratiois 1:32. ("C,="C,))

Ex.6. The term independent of x in the expansion of

6

9
1
(\/; _WJ is equal to-
9
[2] C,

[4] none of these

[11-C,
3]1°C,

Sol. [1] T, , ="C, ®x)°" (—%}

9 _
6

9—3r]

=’C.(-1) x & 3="C (1) x[ 6

9-3r

Now, =—===0 = 1=3 =—9C3

Ex.7

respectively, then-
[[]n=3
[3]n=7

[2]n=2
[4]n=5

If the second, third and fourth terms in the
expansion of (a + b)" are 135, 30 and 10/3

Sol. The general term in the expansion of (91/ 4,86 )1000 is

1 1000-r 1\
1 1 1000-r r
TrH:lOOOCr {94J (8‘3} =1000(:r 3 2 92

The above term will be rational if exponent of 3 and
2 are integers

00 —r r .
and 3 must be integers

10
It means

The possible set of values of ris {0, 2,4, ......, 1000}
Hence, number of rational terms is 501

15
. . . 1
Ex.9 Findthe coefficient of x*?and x 7 in (X“ - Fj )

Sol. Let (r + 1)" term contains x™

1 r

Tr+1 — 15Cr (X4)15—r (_Fj — 15Cr x60-7r (_ l)r
@) forx**,60—7r=32

= Tr=28 =r=4,s0 5"term.

Ts - lsc4 x3? - 1)4

Hence, coefficient of x*?is 1365
(ii) for x 17, 60 — Tr=— 17

=r=11,s0 12" term.

T12= 15C11 x17 (= D

Hence, coefficient of x 7 is — 1365
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Middle term(s): g
(a) Ifniseven, there is only one middle term, which is

n+2 t ¢
—2 erm.

(b) Ifnisodd, there are two middle terms, which are

n+1 h n+1 h
nr’ LRSI
( > j and( > j terms.

Note : Inanybinomial expansion, the middle term(s) has
greatest binomial coefficient.
In the expansion of (a + b)"

If n No. of greatest Greatest binomial
binomial coefficient
coefficient

Even 1 "C,
Odd 2 nC(n— 1)/2 and nC(n +1)2

(Values of both these coefficients are equal )

Solved Examples
Ex.10 Find the middle term(s) in the expansion of

o2 )
Sol. (i) (1 - g}

Here, n is even, therefore middle term is [

‘I4+2jth

term.
It means T, 1s middle term

9+1 "
2

Here, n is odd therefore, middle terms are [

o (21

It means T, & T, are middle terms

4
a3J 189
a| _189
6

T,=°C, (3a’~* (— 5

a3\ 21
T, =°C,(3a)’ "’ (‘g} =- 15 ab.

Ex.11 Ifthe middle term in the expansion of (Xz + %j
1S 924 x5 ,then n =
[17110
[3]14

[2] 12
[4] None of these

th
Sol. [2] Sincenis eventherefore (g + 1) term is middle

n/2
n 1
term, hence "C, , (x*)"” (;) =924x"

/2

n, 6
= X =x = n=12.

Ex. 12 The greatest coefficient in the expansion of

(1+x)™ is
1.3.5.....(2n -1
R
[3] *C,., [4] None of these

Sol. [1] The greatest coefficient
= the coefficient of the middle term
_1.35..(2n-1)

— 2nC _2”
" n!

To Determine a Particular Term in the

Expansion

-

: 17 . :
In the expansion of (XO‘ + —Bj ,ifX" occurs in T,
X

thenris given by
no.—m
o+p

r =

no—r(o+p)=m =

Thus in above expansion if constant term i.e., the
term which is independent of x, occursin T, , then
ris determined by

_ no

Ca+P

no-r(a+p)=0

Solved Examples

Ex.13 The term independent of x in the expansion of

(2) 6th
(4) 8th
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9 n
. 4 , 3 . 1
Sol. Here comparing (g K = 5) with (Xu + x_B) Note : If n—:]l itselfis a natural number, then T =T __ ,
Weget a=2,p=1,n=9 1+;
92) .
r=5_-73 = 6 and both the terms are numerically greatest.

~(6+1)= 7" term is independent of x .

Ex.14 The co-efficient of x* in the expansion of Solved Examples

(x'—1x)" s

(1) 455 (2) 455
(3) 105 (4) None of these
Sol. From above formula

. _15(4)-39 _

4+3

. 15 1.
- The reclulred term =T, = < (x4)12 ( —1/x3)3 So
9

=—455x
- coefficient of X =455

Numerically greatest term in the expansion of
(a+b)y,niN

Binomial expansion of (a +b)"is as follows : —
(@a+b)y="C,ad’+"C, a"'b' +"C,a"*b*> +..+
"C ab +...+"C a’b"

If we put certain values of a and b in RHS, then
each term of binomial expansion will have certain
value. The term having numerically greatest value is
said to be numerically greatest term.

Let T and T, be the r™ and (r + 1)™ terms

respectively
T — nC | an—(r—l) br—l
Tr+l = nCr art br
N T | | "G @ 'b" | n_r41 |b
ow, Tr nCr—1 an—r+1br—1 = r a Sol.
T
Consider -;-—” >1
r
n—r+1 b
)]l !
n+1
n+1 a
— =12 |7 r<q4|2
r b b
n+1
So greatest term willbe T, wherer= |1 + a’
X

[ . ] denotes greatest integer function.

Ex.15 If the sum of the coefficients in expansion of

(1+2x) is 6561, the greatest term in the expansion
1.

for x = 518

(1] 4" 2] 5

2]

Sum of the coefficient in the expansion of (1 +2x)"
= 6561

= (1+2x)" =6561, whenx =1
~3"=6561 = 3"=3' = n=38
r+1

°C, (2x)
NOW, -I-r SCr_1 (2X)r—1

T, 9-r 1
- — = X =—
T r 2

T

r+1

[3] 6th [4] 7th

T _9-r

r

X 2X

>1 :E>1 = 9-r>r :2r<9=>r<4%
r

r

h .
Hence, 5" term is the greatest term.

Ex.16 The greatest term in the expansion of

(1++/2)"2 is -

[1]7th  [2]8th [3] 6th [4] 5th

2]

TrT+1: 12—r+1(\/§)2 1
r

r

r \/§+1 ;
13—r2\/§ = 3> 2
rs(j/—z—ﬁJ = r<13v2 (V2 1)
r<13(2-+2)
r<13(0.586)
r<7.616 = r=7

So, 8th term is greatest.
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Ex.17 Find the numerically greatest term in the

) 1
expansion of (3 —5x)"* when x = 5
Sol. Letrand (r + 1)™ be two consecutive terms in the

expansion of (3 — 5x)"°

Tr+12Tr

ISC 315—r (| _ 5X|)r2 ISCr_l 315—(r—1) (|_ 5X|)r—l
(15)! 3 (15)!

(@5-nirt 3% 1= G-

1
5. 5 (16 —1)>3r

16 —r>3r
4r< 16
r<4
Result :
If (VA+B)" =1+ f, where T and n are positive
integers, n being odd and 0 <f<1, then (1+f) f=k"
where A-B*=k>0and VA-B<1. Ifnisan
even integer, then (1+f) (1-f)=k"

Ex.18 Ifnis positive integer, then prove that the integral

partof (7+4+/3 )" is an odd number.

Let (7T+4J3 )y =1+f

where 1 & f are its integral and fractional parts
respectively.

Itmeans 0<f<1

Sol.

Now, 0<7-443 <1

0<(7-43) <l

Let (7-43r=r
=0<f<1

Adding (1) and (ii)

I+f+7 =T +43 )+ (7-443)

=2["C,7"+"C, 7" 2 (43 P + cccevveee. ]
1+f+{ =even integer

= (f+f' must be an integer)
O0<f+f<2 = f+f=1

1+ 1 =even integer therefore I is an odd integer.

Ex.19 Show that the integer just above (/3 + 1)
is divisible by 2" foralln e N.

Sol. Let (V3 + 1) = (4 +2y3)y =212+ J3)
=1+ L (1)
where I and f are its integral & fractional parts
respectively
0<f<lI.
Now  0<43-1<1

0<(v3 -D*<1

Let (V3 —1)=(4-243)
=2Q-3yp=Ff. ... (ii)
0<f<l

adding (i) and (ii)

I+ f+f=(/3+ 1)+ (V3 - 1)

=2"[(2+ V3)"+(2-3)7] =2.2°["C, 2" +"C,

202 (3 )2+ ... ]

1+ f+f =2""1k (wherek is a positive integer)
0<f+f<2 = f+f=1
[+1=2""1k.

1+ 1 is the integer just above (13 + 1)* and which
is divisible by 2**!,

Ex20. Show that 9"+ 7 is divisible by 8, wheren is a
positive integer.

Sol.9"+7  =(1+8)+7
=rC,+1C,.8+"C,. 8+ ... +°C 8"+ 7.
=8.C,+8.C,+..... +C, .8 +8.
= 8), where 1 is a positive integer
Hence, 9"+ 7 is divisible by 8.

Ex.21 Whatis the remainder when 5% is divided by 13.

Sol. 5 =55%=5(25)%=526-1)"
=5[¥C,(26)¥ —%C (26)* +.......... +%C,, (26)!
_ 4gc49 (26)0]
=5[%C,(26)*—*C, (26)* +......... +%C, (26)'—1]

=5[%C,(26) —*C (26)* +.......... +%C,, (26)'
—13]+60

=13 (k) + 52 + 8 (where k is a positive integer)
=13(k+4)+8

Hence, remainder is 8.
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Ex.22 Find the last two digits of the number (17)".
Sol. (17)'° =(289)° =(290-1)°
=3C, (290)° - °C, (290)* + ........ +°C, (290)' —
°C, (290)°
=7C, (290)° = °C, . (290)* + ......... °C, (290)* +
5x290-1
=A multiple of 1000 + 1449
Hence, last two digits are 49

Note : We can also conclude that last three digits
are 449.

Ex.23 Which number is larger (1.01)!%%°%° or 10,000 ?
Sol. By Binomial Theorem
(1.01)1000000 = (] + (.01 )!000000
= 1+ 1%000C (0.01) +
other positive terms
= 141000000 x 0.01 +
other positive terms
= 1+10000 + other positive terms
Hence (1.01)!%%% > 10,000

Some standard expansions :"

(i) Consider the expansion

(X + y)n — r;) Cr X yr — nCO Xt y0 + nCl Xn—l y1
F o +C XY F +°C_x"y" ...>1)

(i) Now replacey — —y we get

(x—y)" =Z) "Cr (- D) xTy =7C, X"y’ —°C, x™

'y LA C (X y L ATC (1O yr (i)
(iii) Adding (i) & (ii), we get

x+y)+(x—y)=2["C x"y’+"C,x"? y’+....... ]
(iv) Subtracting (ii) from (i), we get

Ty -x-—yr=2Cx" Ty +"C x"7 y

Binomial Coefficient & Their Properties‘r

In the expansion of (1 + x)";ie (1+x)' = nC0 +
C X+t C.X oot C, X
The coefficients nCO, nCl, nCn of various powers of

x, are called binomial coefficients and they are written
as Cy, C,,C,,.....C

Hence
* (14%)" =Cy+ Cx+ CxC et CX ot
cx . (1)
n(n-1)
Where C,=1, C,=n, C,= ol
nn—1).......... n—r+1
¢ g M0N0 oy

Now, we shall obtain some important expressions
involving binomial coefficients-

*  sum of coefficient : puttingx =1 1in (1), we get
Cy+C +CyFnnnn. +C,=2" .. 2)

*  Sum of coefficients with alternate signs : putting
x=—1in (1)
WegetC —C, +C,—C,+........... =0

*  Sum of coefficients of even and odd terms :
from (3), we have

C,TC,+C +u =C,+C,+C+.......... 4)
i.e. sum of coefficients of even and odd terms are
equal.

from (2) and (4)

= Co+Cyto=C + Cy =2

*  Sum of products of coefficients : Replacing x by
I/xin (1) We get

1Y" c, C C,

(1+;j :CO+71+X—§+ ......... 7+ .............. (5)
Multiplying (1) by (5), we get

2n
Eoc, + Cx + Ox 4
(Co + G + C—22 F e )

X X c
Now, comparing coefficients of x on both the sides,
we get

2n

C,.C.+CC.  +...... +C, C ="C_ |
B 2n!
T+ (=) (6)
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*  Sum of squares of coefficients : puttingr=0 in (6) Sol.

we get C2+ G2+ Q)+ 4 Clm e R OT Eh e
: putx=3

*  puttingr=1in(6), we get C,+3.C,+32.C,+ e +30.C =4

CC+C G+ G +C,, G = zncn—l (i) I.Method : By Summation

_ % _____ 7 LHS.="C,+2."C,+3.%C, + ......+(n+1).C..
*  puttingr=2in (6), we get X - i(r+1)' "C = ir. "C, 4 inCr

C,C,+C,C,+C,C, +.......... +C,C ="C,, = e =0

B (n+2?!r(]i1—2)! ----- ®) zn;‘MCH +r§"cr T E RS,
*  Differentiating both sides of (1) w.r.t. x, we get RHS

n(1+ X)nfl —C,+2Cx+3 C3x2 _— +nC, anl I1. Method : By Differentiation

Now putting x =1 and x =—1 respectively 1+ ?()n : Cot CI_X FEXH TCx

C, +2C,+3C, *ot1C, =0.2" " ....(9) Multiplying both sides byx,

and C,~2C,+3C ... —0 (10) X(.l +X)“‘=‘C0X+Cl.x2+c2x3+ ........ +Cn X+l

Differentiating both sides

*  adding (2)and (9)
C,+2C,+3C, Fornt " 0C =2 (042) ...(11)
*  Integrating (1) w.r.t. x between the limits O to 1,

(I+x)+xn(l+x)"'=C+2.Cx+3.Cx*+
....... +(@m+1)Cx".
putting x =1, we get

we get,
] ] C,+2C +3.C,+...+(n+1)C =2"+n. 2!
n+1 2 3 n+1
{&} {COX+C1X_+02X_+ ________ ﬁL} C,+2.C,+3.C,+ . T+ 1)C =271 (n+2)
n+1 2 3 n+1 Proved
n+1 . J
- Co+%+%+ ......... . nC:1 _ 2n+;1 (12) @) I Method : By Summation
. .. C
*  Integrating (1) w.r.t. x between the limits -1 to 0, LHS.=C, - % + ?2 - % F o +(=1)r
we get, ]
C r "C
n+11° 2 3 110 n = (-1 r
(+x) = Cox+C1X—+sz—+ ........ +C”X n+1 r=20 S+
n+1 y 3 n+1 Py .
_ 1 Z(_»]) n+1 n+1 nc. = n+1C
_ C1 CZ Cs (_1)n-Cn: 1 - m b r+1 | r+1 r r+1
= C; 2t g T T (13) 0
1
= [PFIC, =" IC +7IC, — +(=1)"
Solved Examples n+1 : 2 }
n+1C
Ex.24 If (1 +x)"=C,+Cx+Cx*+............. +c X", =
th h th t — 1 n+ n+ n+ n
.ens ow tha = 'C,+"IC, =" IC + ... +(-=1)
@ C,+3C +3C,+..... +3"C, =4 1C ot
@@ C,+2C, +3.C, +..... +(n+1)C =2" ' 1““ o
(n+2). = —— =R.H.S., since
n+1
(i) CO—%+%—%+ _____ +(_1)”%=$- {—”” Co+™1Cy—""1Cy 4.4 (1) "”Cm:o}
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IT Method : By Integration
1+x)=C,+Cx+Cx*+.... +C_x".
Integrating both sides, within the limits — 1 to 0.

(1+X)n+1 0
n+1 »

. _0=0-
n+1
C1 C2 n+1 Cn
- — ——=t..... 1) —
{ Cot g vt n+‘|}

C4 52% n Cn = _J__
C0—2+3— .......... +(=1) 1 ne
Proved

Ex25 If C,, C, C,, .ccceeeei. C, are binomial
coefficients then
11 ! b —
nto! (n-1)! (n-2)121 " 01n! isequalto-

n 2n—1
[1]2 21
[3] ol [4] none of these

Sol. [3]
C,+C, +C,+....... +C =
n! n! n! n! 2"

+ + +o = =
(=N (=N (n-1)12! 0ln! n!
(divideitbyn!)

Ex.26 IfC,C,C,..... C, are binomial coefficients,
c, C C, .
then C,+ 71+?2+ ------ n+”1 is equal to-
2n+1 +1 2n+1 _1
(1] n+1 2] n-+1
2n+1
[3] [4] none of these

n+1

Sol. [2]
(1+x)'=C,+Cx+Cx +....4C,x
Integrate it with respect to x

n+1
A" _cox+ X
n+1 3 n+1

Put x =0then, K= L,Nowputx=l
n-+1

n+1
Co+&+& + C, =2 L
2 3 n+1 (n+1)

Ex.27 f(1+x)=C +Cx+Cx+ ... + Cx",
then prove that
(i CS+Cr+Cl+... +C2="C,
@ C,C,+CC,+CC, +.......... +C,_,C,

Sol.

(i)

— 2n, 2n,
Cn—20r Cn+2

(i) 1.C2+3.C2+5.C2+........ +@n+1).
C2.=2n 2-1C_+2C

(I1+x)=C,+Cx+Cx*+...... +C x" ... (1)
x+1)=Cx"+Cx"'+Cx" >+ ...+ C x°..(ii)
Multiplying (i) and (ii)

(C,+Cx+Cx*+ ..., +Cx") (Cx"+Cx!
......... +Cx%=(1+x)™
Comparing coefficient of X",
Cl+Cr+C+ ... +C2=>C

From the product of (i) and (ii) comparing
coefficients of x"~2 or x"* 2 both sides,
CC,+CC +CC, +.... +C ,C =»C_ _
or *C__ ..

I Method : By Summation

LHS. =1.C?+3.C2+5.C>+ ... +(@2n+1)C2.

3 (c,

2

= i(2r+1)ﬂcr2 = iZ.r L("C) +
r=0 r=0

r=0
=2 > .n."IC_,"C +>C,
r=1
(1 +x)"“=“C0+“C1er“C2 X2t i, "C_ x"
.......... (1)
x+ 1y t=rIC x" '+ IC XM 2+ +
IC X0 (i1)

Multiplying (i) and (ii) and comparing coeffcients
of x™.

"IC, . "C T IC L C +01C
— 2n— IC

C.

i n71Cr71 . nCr — 2n— ICn

r=0

Hence, required summationis 2n.*'C_+2C_
=R.H.S.
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II Method : By Differentiation

(1+x)"=C,+Cx*+Cx*+Cx°+............. +
C, x>

Multiplying both sides by x
x(1+x)=Cx+Cx*+Cx°+........... +C x>,

Differentiating both sides
x.n(l+x?) " 2x+(1+x*)"=C,+3.Cx*+5.
C,xt+ ... +(@2n+1)C x>

Multiplying (i) & (ii)
(C,+3Cx*+5Cx* + ...
(C,x+Cx™ 2+ ...

=2nx* (1 +x?) '+ (1 +x?)»

comparing coefficient of x*,

C2+3C2+5C2+ .t 2n+1)C2= 2n .
2n—1Cn_1 + 2nCn'
C2+3C2+5C + ot 2n+1)C2= 2n .

2IC_+>C . Proved
Ex.28 The value of
3°C,~8'C,+13°C,~18"C, +......+ntermsis -

[1]0 [2]3"
[3]5" [4] none of these
Sol. [1]

3°c,-8"'C,+13"C,-18"C, +
3(°C,—-"C,+"'C,-"Cy+ ) -5(C,27C,+
3°Cy . )

= 3(0)-5(0)=0

Ex.29 If C_ stands for nCr, then the value of

22 28 w2
2C0—7C1+? C,+ ... + (-1) ni1)
is equal to-

[1]0,ifnis even [2]0,ifnis odd

1 ... 1 ...
[3] m,lfﬂls even [4] 7 ,ifnis odd

Sol.

2] (1+x)'=C,+Cx+Cx + ...t C,x

n+1 2 3 n+1
w:COX+C1X—+C2X—+....+Cn X
n+1 2 3 n+1
_1 n+1_1
Putx=-2 L
n+1
22 23 _2 n+l
=-2C,+C,—-C,—+..... +Cn( )
2 3 (n+1)

Ifnisodd, then L.H.S.=0.

Ex.30 Find the summation of the following series —

Sol.

@

(if)

y +1 +2
@ "C_+™IC_+m32C + ... +C_
(i) "C,+2.™C, +3."™C, + ... +n.'C,
I Method : Using property, "C_+'C_ =""'C.
+1 +2
"C_+mIC +m2C 4. +1C_
= m+1Cm+1 +m+1 Cm + ITH’ZCHI + .............. + nClTl

{ mCm = m+1C1n+1}

= T +C
m
— mt3 — — nt+l
MIC F s +rC_="C_ +"C_="C__
IT Method
+1 +2
nC_+™IC +72C 4 +°C_

The above series can be obtained by writing the
coefficient of x™in

(14 %)™+ (1+ %)™+ +(1+x)"
Let S=(1+x)"+ (1 +X)™ oo +(1+x)
~ (‘I+x)m[(‘l+x)n*m+1 —‘I] A = ()"

X X
= coefficient of x™ in (1+:)n+1 — (1+Xx)"‘ =r1C
+ O =" 1Cerl
"C,+2."C+ 3."C, F +n.>'C,

The above series can be obatined by writing the
coefficient of x* in

(L% +2 . (1+X)T 43, (1+X)"2+ oo, +
n.(1+x)™!
Let S=(1+x)y+2.(1+x)" +3.(1+x)2+

........... +n (1 +x)!
(1+%)S= (1+x)™ +2 (1 +X)2 + oo +
-1 A+x)> +n(l+x)>  ..(i)




Binomial Theorem

Subtracting (i) from (i)

—xS=(1+x)"+ (1 +x)"" +(1+x)"2+ .
+ (1 +x)™! —n(1 +x)™

(1+x)" l(1 +x)" - 1J

= —n (1 +x)™
- (1+%)
_ 2n n 2n
g= (1+x) 2+(1+x) n n(1+ x)
X X
x*:S (coefficient of x* in S)
_ 2n n 2n
3 (1+x) 2+(1+x) n n(1+ x)
X X
Hence, required summation of the series is —"C, +

"C,+n.>*C,
Ex31 Thevalueof "C,+"'C,+""Cy+ ...+ "C, is-

[1] 24n [2] 24n—2

[3] 22n—1 n 24n—2 [4] 22n—1 (_1)n+ 24n—2
Sol. [4]
(1 4 X)4n j 4nCO 4 4nc1 < + 4nC2X2 n 4nC3X3 4 4nC4X4
Foeet C X
Putx=1 and x=-1, then adding.
4n-1  4n 4n 4n 4n .
2" =T, + G, +C, e 1, i)
Now put, x =1
(1+ "="c,+"c,i-"c,-"Ci+"C, ot
C4n

Compare real and imaginary part, we get
n 2n _ 4n
D @2y =G
4n
TGy
Adding (i) and (i1), we get
4n 4n

= C,t C+... +4nc4n=(_l)n (2)2n71+24
Ex.32 aC,+(a+b)C,+(a+2b)C,+....... +(a+nb)

n—2

C, is equal to-
[1] (2a+nb) 2" [2] (2a+nb)2""
[3] (na +2b) 2" [4] (na+2b) 2"
Sol. [2]
a(Cy+C,+Cyt . +C,) +b(C, +2C, +
...... +'C))

2a+nb
2

=a2"+b.n2" ' =2" [ j —(2a+nb)2""

Multinomial theorem : "

As we know the Binomial Theorem —

n

(xHyp=2re ey =y

Xn—r T
— = (n—r)tr! y
puttingn—r=r ,r=r,
nl
therefore, (x +y)" = Z ool X" .y
r+r =n 1+ 12r

Total number of terms in the expansion of (x +y)"is

equal to number of non-negative integral solution of
— : nt+2-1 — nt+l —

r+r,=nie "C,_ ="C =n+l

In the same fashion we can write the multinomial

theorem

n!

Ir,! |
o SERP RN

Here total number of terms in the expansion of
(X, X, F +x,)"is equal to number of non-
negative integral solution of r, +r, +........ +r =n
: +He1

Le. "<IC

Solved Examples
Ex.33 Find the coefficient of a>b’c*d in the expansion
of(a—b—c+d)"?°
(10)!
Sol.(a — b — ¢ + d)!° Wﬂmzmm
(@)" (-b)* (-¢)" (d)*
we want to get a’ b’ ¢* d this implies that r = 2,
r,=3,r,=4r,=1
(10)!
2031411

- coeff. of a2 b3 c*d is

=—-12600

1)’ (=1)*
7 11
Ex.34 Inthe expansion of (1 + X+ —j , find the term
X
independent of x.

11 r3
Sol. [1+x+1j _ (A (x) (Zj
X X

The exponent 11 is to be divided among the base

(an!
rd rylrg!

r+ry+r3=11

. 7.
variables 1, x and L n such a way so that we

get x".
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Therefore, possible set of values of (r , 1, 1,) are
(11,0,0), (9,1, 1),(7,2,2),(5,3,3),(3,4,4),
(1,5,5)

Hence the required term is

1)1 (11)! (11)!

(1)!
any M *eqm 7'+ 72121 7+ 53131 7
(11)! (11)!

T34 s 7

a2 AN 41 (11)!

=19 - T 7iar- 2121 T s1e
6! ant 8l AN (10)!
3131 7+ 3181 - 2141 7t Ar101 - 5151 1

=1+1C,.2C,. 7'+ "IC,.*C,. T2+ IC, . °C, .
741G, . 5C, . T* +1C,, . C, . T°

5
=1+ >."Cy .2C_. T
r=1

Binomial Theorem for any Index "

When n is a negative integer or a fraction then the

expansion of a binomial is possible only when
(1) Its first term is 1, and

(i1) Its second term is numerically less than 1.
Thus whenn ¢N and |x|< 1, then it states

(1+x)'=1+nx+
n(n—1) X2+n(n—l)(n—Z) N
2! 3!

+1’1(1’1—1)(I'1—I'+1) < 4
r!

1. General Term :

n(n-1)(n-2)......... (n—r+1)xr
r!

* T

r+1 =

Note :

(1) In this expansion the coefficient of different terms
can not be expressed as nCO, nCl, nC2 ...... because n

is not a positive integer.

(i) Inthis case there are infinite terms in the expansion.

2.  Some Important Expansions :
If [x|<1andneQbutne N, then
(@ (1+x)'=1+nx+

b) (1-x)'=1-—nx+

n(n-1) , nm-DHn-2) 5
21 3!

(©)(1-x)"=1+nx+

n(n +1) N n(n+1)(n+2) G
2! 3!
+n(n+1) ..... ' (n+r-1) K
r:

d (1+x)"=1-nx+
n(n+1) , nnh+hH(n+2) ,
o X" - 3 X7+ ...
+n(n+1) ..... ' (n+r-1)
r!

(—x) +.....

Byputtingn=1, 2, 3 in the above results (c) and (d),
we get the following results-

* (1=x) =1 +X+AX AKX F e FX o

Generalterm T | = X

* (1+x)71=1—x+x2—x3+ ...... (—x) + ......
General term T_, | = (-x)’

£ (1-%) = 14+2X 43X +4X + o A @+ )X + ...
Generalterm T, ., =(r+ 1) X

¥ (14%x) =1 -2X+3% —4X + e+ (r + 1)

(—=x) +.....
Generalterm T = (r+ 1) (=)

(1 -x) =1+3x+6x + 10x + ... +
(r+1)(r+2)xr .
2!
General term _ (T +N(r+2)
2!
(14 x)°=1-3x+6X — 10X + o, +
w(—x)r F e
2!
General term = " +1)2('r +2) (—x)'
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Solved Examples

Ex.35 Ifxisverylarge and n is a negative integer or a
proper fraction, then an approximate value of

1+x) .
Ve is equal to-

[0+ 211+ 2
1
311+ [4]n[1+;j
1Y . n_nn=-n(1Y
Sol. 2] [1+;] —1+X+ 15 [Xj Fovern

but as x is very large terms therefore after 2nd term

other terms can be ignored.

(1 _ 3X)1/2 + (1 _ X)5/3
V4 -x

a+bx for small values of x, then (a,b) =

Ex.36 If is approximately equal to

1 1,§ 2 _5
[11] 15, 2] (12,
(22 a(2-2
3127 [4] |27
SOl. [2] (1_3X)1/2 +(1/2X)5/3
21—’1
4

{w1 (—3x)+1[ 1j1(—3x)2+ ..... } + {‘I+5(—x)+521(—x)2+ ..... }

2 2 2)2 3 332
- 10 x) 1 N1 xY
T+ == = —= |=| = | oo
2\ 4) 2\ 2)2\ 4
1—Ex+£x2— .........
12 144 35
= 1 :1—24x+ ......
1-X_ 22
2 8
Neglecting higher powers of x, then
35 35
+bx=1-— =1,b=——".
atbx=1 X = a I,b o4

Ex.37 Provethat the coefficient of x"in (1 —x)™is™'C._

Sol. (r + 1)™ term in the expansion of (1 — x)™ can be

written as

= (1) n(n+1)( n+2r)i ..... (n+r-1) (=X
_nin+1)(n+2).....(n+r-1)
B r! X
(n=Nnn+1.....(n+r-1)
- (n—1Nir! X
(n+r-1)!

Hence, coefficient of X" is ="1C Proved

(n=1)r!
Ex.38 Ifx is so small such that its square and higher
powers may be neglected, then find the value of
(1-3x)"2 +(1-x)*"3
(4+x)"?

3
(=32 +a-xpe xS

(4+x)1/2

Sol.

_1 [2-2 j [1-% =l[2-1-E j

2 6 8 2 4 6
X 19 41

ey Xl




