Quadratic Equation

POLYNOMIAL "

Algebraic expression containing many terms is called
Polynomial.

e.gdxt+3x3—7x2+5x+3,3x3+x2-3x+5

= 2 3 n—1 n
f(x)=ajtax+ayx +a;x’+...a | x" +ax

where x is a variable, ay,a;,a, .......... a,eC.

Real Polynomial : Let aj, a;,a,.....a, be real
numbers and x is a real variable.
Thenf(x)=a,+a;x+a, x2+....+ a,x"is called
real polynomial of real variable x with real coefficients.
eg. —3x3 —4x2 + 5x — 4, x2— 2x + 1 etc. are real
polynomials.

Complex Polynomial: Ifay,a, ,a,...a, becomplex
numbers and x is a varying complex number, then
fix)=ayta;x+ a2x2 +.....a x"is called a complex
polynomial of complex variable x with complex
coefficients.

eg.- 3x2 — (2+ 4 i) x + (5i-4), x3 —5ix? +
(1+21) x+4 etc. are complex polynomials.

Degree of Polynomial : Highest Power of variable
x in apolynomial is called as a degree of polynomial.
e.g. f(x):a0+a1x+a2x2+a3x3+....anilxn*hranxn isn
degree polynomial.

Quadratic Equation

f(x) = 4x3 + 3x2— 7x + 5 is 3 degree polynomial
f(x) =3x—4 is single degree polynomial or Linear
polynomial.

f(x) =bx is odd Linear polynomial

QUADRATIC EXPRESSION "

A Polynomial of degree two of the form
ax2+bx +c (a#0)is called a quadratic expression

inx.
e.g 3x2+7x+5, x2—7x +3
General form:— fix) =ax>+bx+c

wherea,b,c e C and a=0

QUADRATIC EQAUTIOM'

An equation ax® + bx + ¢ = 0 (where a0, and
a,b,c € R), is called a quadratic equation. Here a, b
and c are called coefficient of the equation. This
equation always has two roots. Let the roots be a
and B.

Roots of a Quadratic Equation

The values of variable x which satisfy the quadratic
equation is called as Roots (also called solutions or
zeros) of a Quadratic Equation.
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SOLUTION OF QUADRATIC EQUATIOM
1. Factorization Method :

Let ax2+bx+c =a(x—o) (x—p)=0

Then x=a and x = [ will satisfy the given
equation.
Hence factorize the equation and equating each to
zero gives roots of equation.
=0=x—-1)(3x+1)=0

1

X =1,—§

e.g. 3x2—2x-1

2. Hindu Method {Sri Dharacharya Method}

(Discriminant Formula) :

By completing the perfect square as

b c
ax2+bx+c=0 :>X2+EX+5=0

2
Adding and substracting (%)

b2 - 4ac
=0

4a

_ -b+vb®—4ac

Which gives, X
2a

Hence the Quadratic equation axZ +bx +c¢=0 (a#
0) has two roots, given by

o= —b++vb? —4ac and p = —b-+b? - 4ac

2a 2a

Note : Every quadratic equation has two and only
two roots.

Solved Examples
Ex.1 The roots of the equation x2 — 2x — 8 = 0
are -
(A)-4,2 (B)4,-2
(C) 4,2 (D)-4,-2

Sol.

Quadratic Equation x2 —2x—8=0

After factorization (x —4) (x+2)=0

=4,-2
Ans.[B]

= X

Ex.2 The roots of the equation x2 — 4x + 1 = 0

are -

A2+ 3 (B)2,4

©)-2+/3 (D) J3 £2
Sol. Herea=1,b=4,c=1

Using Hindu Method

_ 41\/;6—4=2i\/§
Ans.[A]

NATURE OFROOTS g

GV

(B)

In Quadratic equation ax2 + bx + ¢ = 0, the term
b2 —4acis called discriminant of the equation, which
plays an important role in finding the nature of the
roots. It is denoted by A or D.

Suppose a, b, ¢ € R and a # () then

() IfD>0 =
@ IfD=0 =

Roots are Real and unequal

Roots are Real and equal and
each equal to —b/2a
{IfD<0 =
or complex conjugate.

Roots are imaginary and unequal

Suppose a, b, ¢ € Q, a0 then

(1) If D> 0and D is perfect square

= Roots are unequal and Rational

(i) If D > 0 and D is not perfect square

= Roots are irrational and unequal

»
CONJUGATEROOTS _gg

The Irrational and complex roots of a quadratic
equation are always occurs in pairs. Therefore (a,

b, c,eQ)
If

o+if

Other Root

a— B

then

a+ B

One Root
o—if
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Solved Examples
Ex.3 Theroots of the equation x2 _ 2,/2x + 1= 0 are
(A) Imaginary and different
(B) Real and different
(C) Real and equal
(D) Rational and different
Sol. The discriminant of the
(-2v2) ~4(1)(1)=8-4=4>0 and a perfect
square, so roots are real and
different but we can’t say that roots are rational
because coefficients are not rational therefore.
N2 +,(22) -4 ,
a’B: ( ) :2\/§i2:\/§i1thls
2 2
isirrational
.. Theroots are real and different.
Ans. [B]
Ex.4 If the roots of the equation x* +2x+p =0 are
real then the value of p is
(A) p<1 B)p=<2
(C)p<3 (D) None of these
Sol. Herea=1,b=2,c=p
. discriminant = (2)* - 4(1)(p)>0
(since roots are real)
=4—-4p>0 = 4>4p
=p<1
Ans. [A]
Ex.5 Theroots of the quadratic equation

x2—2(a+b)x+2(@%+b?)=0are-
(A) Rational and different
(B) Rational and equal

(C) Irrational and different
(D) Imaginary and different

equation py6

Sol. 1,B=-2(ath), C=2(a’+b?

B2—-4AC=1[2(a+b)]?—4(1) (2a®+2b?)

=4a2 + 4b? + 8ab — 8a2 — 8b?

=—4a2—-4b%+8ab

=—4(a-b)2<0

So roots are imaginary and different.
Ans.[D]

The roots of the equation

(b+c) x2 — (atb+c)x +a=0are (a,b,c Q) -
(A)Real and different

(B) Rational and different

(C) Imaginary and different

(D) Real and equal

The discriminant of the equation is

(atb+c)? —4(b+c) (a)

=aZ+ b2+ ¢ + 2ab + 2bc + 2ca — 4(b+c)a
=a2 + b2 + 2 +2ab + 2bc + 2ca— 4ab — 4 ac
=a?+b%+c2-2ab+2bc—2ca
(a-b—)?>0

So roots are rational and different. Ans.|[B]

Sol.

| 8

SUM AND PRODUCT OFROOTS g

If cand P are the roots of quadratic equation ax2 +
bx +¢ =0, then,

(i) Sum ofRoots

b Coefficient of x
S=0+p=—— = —_—
a Coefficient of x

(i) Product of Roots

constantterm
coefficientof x?
In equation

3x2+4x-5 =0

P=op=C -

e.g.

Sum ofroots S = -

b

Product ofroots P ==

wlo w|s

1. Relation between Roots and Coefficients

If roots of quadratic equation ax?+bx +c=0

(a #0) are o and B then:
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@) (a—B)=y/(a+PB)* —40p = i\/bz;4ac _ if
2
(i) o2 +p? = (a+B)%>-20p = b —Zac
(iii) 0(2—[32=(a+[3)m
_ byb?’—4ac _ D
82 a
i 3 b(b2—3ac)
(v) oc3+[33= (oc+|3) —3af (oc+[3)=_a—3

V) a®=p°= (a—P)°+ 3P ()

(0 +B)* —4op {(a+5)2 —Oﬂﬁ}
_ (b2 —ac)\/b2 —4ac

a3

) o +p* = (o B)P—20B) 2a2p?

_ [bz ;ZZach_z :_z
(oo 1)
—( —2ac)\/TaC

a

(viil) o +oB+ p2= (o +B)°—op

(Vll) (X4 _ |34

E 0c2+Bz_ ((x+B)2—20cB
(IX) B (X_ OﬂB - oB
X)) a?p+pa = 0€I3 (o +B)
( )2 ot +B (oc2+[32)2—20c2[32
= B2

0(2 BZ

Solved Examples

Ex.7 If the product of the roots of the quadratic
equation mx2 —2x + (2m—1)=0 is 3 then the
value of mis -
(A1 (B)2
(©)-1 (D)3

2m-1

Sol.  Product of the roots c/a=3 =

~3m-2m=-1 = m=-1
Ans. [C]

Ex.8

Sol.

Ex.9

Sol.

If the equation (k—2)x* — (k—4) x —2 = 0 has
difference of roots as 3 then the value of k is-

(A)1,3 (B)3,3/2
(©) 2,32 (D)3/2,1
(a-B)= (oc+[3)2 40P

k-4 _
Now a+p = Ek—Z;’ off = é

(a—B)=\/(%)2 g

K2 +16-8Kk+8(k—2)

k-2)
Vk? +16 — 8k + 8k — 16
RO (k-2)
= 3k-6 = +k
k =3,3/2
Ans.[B]

If o, B areroots of the equation ax?+bx+c=0
1

then the value of taoi+ b2 + (aB + b)? 1S -
2ac 2ac — b2
(4)° ~ (B)
2ac
(©° (D) -

Since oc,B are the root of the ax? + bx +c
thenao?+ba+c=0
= a(@aatb)+c=0

= (aatb)=—c/o (D)
Similarly
(ap+b)=—c/B .(2)
1 1 1 1
. + = +
" (ao+b)?  (@p+b)? (-c/o)®  (-c/B)’
a? B2 o?+B%_ (a+PB)*-20P
A
27,2 2 _
_ b /a02 2c/a=ba2022ac Ans.[C]
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FORMATION OF AN EQUATION 4 Some examples of symmetric expressions are—
WITH GIVEN ROOTS ‘ () a2 +p? (ii) o +of +p>

A quadratic equation whose roots are o and B is o 11 N

‘ (i) —+— (av) —+=
givenby o B B «
2 2
(x=a)(x-p)-0 ) 0%+ o %] +(2)
2 —_ —_ =
= x?—ax-px+apf=0 (vii) o3 + B3 (viii) o* +p*
x* —(a+B)x+ap=0
=X ~(a+h)x+ap Solved Examples

i.e., x2 _ (Sum of roots)x + Product of roots =0 . .
Ex.10 If o,p are the root of a quadratic equation

1. Transformation of an Eqaution x? —3x + 5 = 0 then the equation whose roots are

If o,B are roots of the equation ax2 + bx + ¢ = 0 then (a2 -3a+ 7) and (Bz -3B+ 7) is

the equation whose roots are
1 (A) x?+4x+1=0 (B) x*-4x-1=0

@) l,; is cx® +bx+a=0 (Replacexbyl) (C) x*-4x+4=0 (D) x? +2x+3=0
o .
X Sol. Since a,p are the roots of equation
(ii) —0,—B is ax® —bx+c =0 (Replace x by —x) x2—3x+5=0
(iii) k+ o,k +B is a(x—k) +b(x—k)+c=0 S0 o -3a+5=0; P*-3p+5=0

{Replacex by (x k) } na?-3a=-5 .. (1)
pP-3B=-5 .. (i1)

(iv) o’ B"(neN) is a(x"") +b(x"")+c =0 o
) (1 ) b Putting the value from (i) and (ii) in (a2 -3a+ 7)
(Replace x by x')
and ([32 ~-3B+ 7)
(V) "B (neN) is a(x") +b(x")+c=0
We get (-5+7)and (-5+7)
(Replace x by x") q .
. 2 and 2 are the roots
(vi) ko, kB is ax®+kbx+k*c =0 . .
. Therequired equation is x2 —4x+4 =0

(Replace x by E ) Ans.[C]

: . .1
5 Ex.11 The quadratic equation whose oneroot is 275

(vii) %’E is k’ax® +kbx+c=0 will be

(Replace x by kx) (A) x? +4x-1=0 (B) x* -4x-1=0

(©) x2+4x+1=0 (D) None of these
2. Symmetric Expressions

) 1 E
The symmetric expressions of the roots «, p ofan S0l Givenroot =27 J5 V5-2

equation are those expressions in o and , which So the other root — _ /5 _2. Then sum of the
do not change by interchanging o and B . To find roots = _4, product of the roots = _1

the value of such an expression, we generally express Hence the equationis x2 4+ 4x —1=0

that in terms of o+ and of8. Ans.[A]
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Ex.12

Sol.

Ex.13

Sol.

Ex.14

Sol.

The equation whose roots are 3 and 4 will
be-

(A)x2+7x+12 =0

(B)x2—-7x+12=0

(O)x2—x+12=0

(D)x2+7x—12=0

The quadratic equation is given by

x% — (sum of the roots) x + (product of roots) =0
- The required equation
=x2-(3+4)x+3.4=0

=x2-7x+12=0 Ans. [B]

The quadratic equation with rational coefficients
whose one root is 2 + +/3 s -

(A)x2—4x+1=0 (B)xZ+4x+1=0
(O)x2+4x—1=0 (D)x2+2x+1=0

The required equation is

xX2—{(2+3)+(2-3) } x
+(2+43)(2-43)=0
or  x>—4x+1=0
Ans. [A]

If o,B are roots of the equation
x2 — 5% + 6 = 0 then the equation whose roots
are a+3 and B+3 is-
(A)x2—11x+30=0
(B) (x-3)>-5(x-3)+6=0
(C)Both (1) and (2)
(D) None
Leta+3=x

a =x—3 (Replace x by x —3)
So the required equation is
(x-32-5x3)+6=0 ..(1)
=x2-6x+9-5x+15+6=0

=x2-11x+30=0 .(2)
Ans.[C]

Ex.15

Sol.

If o,Bare roots of the equation 2x2 +x-1=0

then the equation whose roots are 1/ ¢, 1/8 will
be -

(A)x2+x-2=0 (B)x%2+2x—8=0
(C)x2—=x-2=0 (D) None of these
From the given equation

oa+B=_1/2, af= -1/2

The required equation is-

o (e4B) T
L (22 L
) (-1/2 1
- (-1/2) 72 0
= x> —x-2=0 Ans.[C]

Short cut : Replace x by 1/x
= 2(1/x)*+1/x-1=0=x*—=x-2=0

ROOTS UNDER PARTICULAR CASES "

For the quadratic equation ax? +bx +c=0

@) Ifb=0 = roots are of equal
magnitude but of
opposite sign

@@ Ifc=0 = one root is zero other
is—b/a

@) If b=c=0 = both root are zero

() If a=c = roots are reciprocal to
each other

a>0 c<0 )
v) If a<0 c>0 = If Roots are of opposite
signs
....a>0b>0,c>0 .
(vi) If a<0b<0,c<0[ = both roots are negative.
. _a>0,b<0,c>0 o
(vii) If a<0b>0,c<0[™ both roots are positive.

(viii) If sign of a=sign of b # signofc

= Greater root in magnitude is negative.




Quadratic Equation

(ix) Ifsignofb=signofc = signofa

= Greater root in magnitude is positive.
(x) Ifatbtc=0

= oneroot is 1 and second root is c/a.

(xi) Ifa=b=c=0then equation will become an identity
and will be satisfy by every value of x.

Solved Examples

Ex.16 The roots of the equation x2 —3x —4 =0 are—
(A) Opposite and greater root in magnitude is
positive
(B) Opposite and greater root in magnitude is
negative
(C) Reciprocal to each other
(D) None of these

The roots of the equation x2 —3x —4 = 0 are of
opposite sign and greater root is positive

(-+a>0,b<0,c<0) Ans.[A]

Sol.

Ex.17 The roots of the equation 2x2—3x +2 =0 are -

(A) Negative of each other
(B) Reciprocal to each other

(C) Both roots are zero
(D) None of these

The roots of the equations 2x% —3x +2 =0 are
reciprocal to each other because herea=c

Ans.[B]

Sol.

2
. Xx“—-bx _ k-1
If equation o K has equal and

opposite roots then the value ofk is -
a-b
a-b (B) a+b
a a
21 Z=1
(©) g+ D) 2

Let the roots are oo & — o .

Ex.18

a+b

(A)

Sol.
given equation is
(x2 —bx) (k+1) = (k-1) (ax—c)
= x2 (k+1) —bx(k+1) = ax (k—1) —c (k—1)
= x2 (k+1)-bx (k-1)—ax (k=1)+ ¢ (k—=1)=0

Now sum of roots =0 (v a—a=0)
s bkt +ak-1)=0

_a-b
= k=—— Ans.[B]

Ex.19 The real values of a for which the quadratic
equation  2x*—(a’+8a-1)x+a’-4a=0

possesses roots of opposite signs are given by

(A)a>5 B)o<a<4

©) a>0 D)a>7

The roots of the given equation will be of opposite
signs if they are real and their product is negative,
i.e., Discriminant > ¢ and product of roots <O0.

Sol.

a’-4a
2

:>(a3+8a—1)2—8(az—4a)20and <0

—a’-4a<0
[ a’ —4a<0:(a3 +8a—‘|)2 —8(a2 —4a)20}

=0<a<4 Ans.[B]

>
CONDITION FOR COMMON ROOTS

1.  Only One Rootis Common : Let o.be the common
root of quadratic equations alx2 +b;x+c¢;=0and
a2x2 +byx + ¢, =0then

g aloc2 +batc; =0
a2a2 +batc,=0

By Cramer's rule :
o2 3 o 3 1
—cy bq| |ag —cq| |ar by
—Cy by |ap -Cy| Jaz by
or
o2 o 1

bico —bscy - adsCq —aqCo - asby —asby

_ @01—-a40p 2 _ b4y —bycy

= = , O # 0.
aqbs —asby

asby —asby’
.". The condition for only one Root common is
(¢35~ ¢xa7)* = (byey —bye;)(agby —agby)
2. Both roots are common : Then required conditions
a _b _ G

a, by co

Note: Two different quadratic equation with rational
coefficient cannot have single common root which
is complex or irrational, as imaginary and surd

roots always occur in pair.
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Solved Examples a2 = 7‘_‘31 ” % . %
Ex.20 If one root of the equations x>+ 2x + 3k = 0 and 24V 1%

-0 2 =22+ 7A+1=0  Anps.[C
2x2+3x+ 5k =0 is common then the values ofk 3 3 ns.[C]
is -

(A)1,2 (B)0,-1 Ex.23 If x21x-1=0 and 2x2_x+k=0 have a
O 1,3 (D) None of these common root then
Sol.  Since one rootis common, let the root is o. (A) K2 —7k+1=0 (B) K2 4+ 7k +1=0
2
SEL SN ©) k2 +7k-1=0 (D) k2 -7k -1=0
10k — 9k 6k-5k 3-4
o2 -k () Sol.  Letthe commonrootis o then
« =k (2) of +a-1=0
a2 =K? 20° —a+k=0
= K=—k=k2+k=0 By cross multiplication
= k(kk+1)=0 o« 1
= k=0and k=-1 Ans. [B] k-1 —2-k -1-2
Ex.21 If the equations 2x? + x + k = 0 and o k=1 _1-k 24k
x2 +x/2 —1 =0 have 2 common roots then the -3 3 3
value ofk is-
2
(A1 (B)3 [_2;") -S4 120 Ans.[B]
©-1 (D)2
Sol.  Since the given equation have two roots in _
common so from the condition QUADRATIC EXPRESSION ‘
a,  _ b _ ¢ The expression ax? + bx + c is said to be a real
az b, C2 quadratic expression in x. Where a, b and c are real
2 1 K ax0. Lety=ax>+bx+c
= 3 TazT o
b D
k =-2 Ans.[D] =y=a [x+_j -2
2a) 4a°
Ex.22 Ifx2+x—-1=0and 2x2—x+A=0havea
common root then — D b \2
(A)A2—Th+1=0 (B)I2+TA—1=0 = (“Taj:a(“z_aj ~~~~~ (1)
COA+Th+1=0 D)A2-Tr—-1=0 X
Sol.  Letthe common root is o then where D =b*—4ac

Zta—1=0 Equation (1) represents a parabola with vertex at

2 _
200 —a+tA=0 A[— l,—Rj , and axis of this parabola is parallel
B ltinlicati 2a 4a
y cross multiplication
o2 & 1 to y axis anditis x =—b/2a.

A—1 —2-A -1-2
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OF QUADRATIC EXPRESSION
(i If a>0, then the quadratic expression

GREATESTAND LEAST VALUE I'

y = ax® +bx + ¢ has no greatest value but it has least

-b? b
at x=-——
2a

value

(i) If a<o, then the quadratic expression

y = ax® + bx + ¢ hasno least value but it has greatest

—b? b
value atx=-—
2a
Solved Examples

Ex.24 Therange of the values of xz)i 2 forall real value

ofxis

—1 1 -1 1
(A)7Sys§ (B)ISysZ
©) Jey< % (D) None of these

Sol. Lety= 214
=x’y-x+4y=0
Now, xeR=B?-4AC>0=1-4y.4y >0
= (4y-1)(4y+1)<0
eyl Ans.[B]

L SYsy .

Ex.25 If the roots of the quadratic equation
x* —4x -log, a =0 arereal, then the least value
ofais

1
(A) 81 B) 51
1
©) o4 (D) None of these
Sol.  Since theroots of the given equation are real.

Discriminant =2 0 =16+4log,a>0

:>Iogaa2—4:a23*‘:a2%

o1
Hence, the least value of ais -

81 Ans.[B]

Ex.26 The minimum value of the expression
4x2 +2x + 1 is-

(A)1/4 B)1/2
(C)3/4 D)1
Sol.  Since a=4 > 0 therefore its minimum value is
_AAM-(2° _16-4_12_3
4(4) 16 16 4
Ans.[C]
Ex.27 The maximum value of 5 +20 x —4x2 for all real
value of x 1s-
(A)10 (B)20
(©)25 (D) 30
Sol.  Since a=-—4 <0 therefore its maximum value is
_ 4(-4)(5)—(20)° _ -80-400 _ —480 _ 30
4(-4) —16 -16
Ans.[P]

FEW GRAPHS OF QUADRATIC
EXPRESSION
@ y=x*(@a=1,b=0,c=0)
Vertex (0, 0)
Axis of the parabolax =0

This parabola opens in upward direction.

y=—x>+2x+1(a=-1,b=2,c=1)
vertex (1,2)

(if)

Axis of the parabolax =1

This parabola opens downward.

Note: If a> 0, shape of parabola is upward.

And if a <0, shape of parabola is downward.
Values of x where curve crosses x-axis will be roots
of the equation ax? + bx + ¢ =0 as y=0 on these
points. If a curve is above x-axis for all x, then it
means that it does not intersect x-axis or we can say
equation ax? + bx + ¢ = 0 have imaginary roots.
This gives rise to following cases:
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Cases: LOCATION OFROOTS
Let f(x) =ax*+bx + ¢ wherea, b, ¢, ¢ R (a0). (Intervalin which roots lie)
For some value of x, f(x) may be positive, negative In some problems we want the roots of the equation
or zero. This gives rise to the following cases: ax? +bx +c =0 tolieinagiveninterval. For this we
() a>0andb?—dac<0 impose conditions on a, b and c. Since a = 0, we
< f(x)>0, vxeR cantakef(x):x2+9x+3.
In this case whole of the parabola lies above the x - a @
axis. (i) Ifboth theroots are positive i.e., they lie in (0,),
(i) a>0andb?—4ac=0 < f(x) >0, v x e R then the sum of the roots as well as the product of
i . the roots must be positive.
In this case whole of the parabola lies above the x-
axis except at one point where it touches the x — o+ B= _g >Oand of = C . 0 with b —4ac > 0.
a
axis. The point is —3,0 . - . . .
2a Similarly, if both the roots are negative i.e. they lie in
(—o0,0) then the sum of the roots must be negative
oo > 2 >
(iii) a>0and b’ —4ac>0 and the product of the roots must be positive.
Let f(x) = 0 have two real roots o and 3
(say o < B) i.e.a+[3=—9<0anda[3=£>owithb2—4a020
a a
then f(x) >0, VX € (— oo, ) U (B, o0)
a P Both the roots are of the same sign ifa and ¢ are of
and f(x) <0, Vx e (a,B) same sign. Now if b has the same sign that of a, both
(iv) a<0and b>— dac < 0 roots are negative or else both roots are positive.
o f(x)<0, Vx e R If a and c are of opposite sign both roots are of
In this case whole of the parabola lies below the x— opposite sign.
axis. (i) Boththeroots are greater than given number k if the
) a<0andb’—4ac=0 following three conditions are satisfied
o fix) <0, Vx e R D0, —%>kandf(k)>0.
In this case whole of the parabola lies below the x—
axis, except at one point
a>0
where it touches the x—axis. (where o< )
The point is (_E,o]. o —bla B -
2a X' X
(vi) a<0and b’>—4ac>0

Let f(x) = 0 have two real roots o and 8 (a0 < ).

Then f(x) <0, VX € (— o0, &) U (B, o0)and f(x)
>0, Vx e (a,p)




Quadratic Equation
(iii) Both the roots will be less than a given numberk if  (vi) A given number k will lie between the roots if

the following conditions are satisfied: f(k)<0,D>0.

b
D=0, —£<k and f(k)>0 (where o< B)

a>0 (Where o< B)
o k B R
; X' : X
y o -biza B/ if(k) f(k)
Kk Nl X

In particular, the roots of the equation will be of

(iv) Boththeroots will lie in the given interval (k;.k; ) if opposite signs if 0 lies between the roots = f(0) < 0.
the following conditions are satisfied:

Solved Examples

D20, Kk, <_%<k2 and f(k,)>0, f(k,)>0 Ex.28 If f(x) is a quadratic expression which
is positive for all real values of x and
g(x)=1(x)+{'(x) + f"(x), then for any real value
of x-

(A)g(x)<0 B)g((x)>0
©)gx)=0 (D) g(x) =0

Sol.  Letf(x)=ax?+bx +c, then
g(x)=(ax?+bx+c)+2ax+b+2a

(v) Exactly one oftheroot lies in the given interval (k, .k, ) =ax?+ (b+2a)x +(c+b+2a)

(where a<B &k, <k,)

if1(k,)f(k,) <0 N f(xz > 0(, ‘;herefore b2—4ac<0anda>0.
ow for g(x),
Discriminant = (b+2a)? — 4a (ct+b+ 2a)
=b2 —dac—4a% <0
B (--b%? —4ac <0, —4a% < 0)
Therefore signs of g(x) and aare same i.e. g(x) >
f(k,) > 0 & (k) < 0 0. Ans.[B]

Ex.29 Forreal values ofx, 2x2 + 5x — 3 >0, if-
(A)x<-2 B)x>0
OC)x>1 (D) None of these

Sol.  Discriminant b>—4ac=25+24=49>0

k, X = Roots are real.

D>0

f(k,) <0 & f(k,) > 0 = The given expression is positive for those real
values of X for which x ¢ (—3, 1/2), because a =
2>0.

= x> 1istrue. Ans.|[C]




Quadratic Equation

THEORY OF EQUATIONS "

(@ Ifp(x)=ax"+ta x"'+..+a (a,a,a

DO IO KO
€ Randa_# 0)thenp(x)=0has exactlyn roots.
(real/complex)

(i) Imaginary roots always occur in conjugate pairs. If
B0 and a + i is a root of p(x), then a. — if} is
alsoaroot.

(iii) A polynomial equation in x of odd degree has at
least one real root (moreover it has odd no. of real
roots).

(iv) Ifx,,.....,x_are theroots of p(x) = 0, then p(x) can
be written in the form p(x) =a (x —x,)...(x =X ).

(v) Ifaisarootofp(x)=0,then (x— a)isa factor of
p(x) and vice - versa.

(vi) Ifx,,.....x_aretheroots of p(x) = a x"+ ... +a,=
0,a #0.

n a
Then ¥ X, = —
i=1
1 an
a
I oxx;=—"2,
I<igj<
i<j<n a’n
a

0
X, X, X =(=1) a -

n

(vii) If equation f(x)=a x"+a_x"'+..+ax+a,=0
has more than n distinct roots then f(x) is identically
ZEro.

(viii) If p(a) and p(b) (a<b) are of opposite sign, then
p(x) =0 has odd number of real roots in (a, b), i.e.
it has at least one real root in (a, b) and if p(a) and
p(b) are of same sign then p(x)=0has even number
of real roots in (a, b).

(ix) If coefficients of p(x) (polynomial in x written in
descending order) have ‘m’ changes in signs, then
p(x) =0 have at the most ‘m’ positive real roots and
if p(—x) have ‘t’ changes in sign, then p(x) = 0 have
at most ‘t’ negative real roots. By this we can find
maximum number of real roots.

Some Important Points
(i) Everyequation of n" degree (nx 1) has exactlyn

roots and if the equation has more than n roots, it is

an identity.
(ii)

If roots of quadratic equations a,x* +b,x+c, =0

and a,x* +b,x+c, =0 are in the same ratio

b? ac
i _(11 = _(12 thel’l — = =
(I.e. B1 J bg 82C2

2

(i) If one root is k times the other root of quadratic

(k+1) b
k " ac

equation a,x* +b,x +¢, =0 then

QUADRATIC EXPRESSION IN ¢

TWO VARIABLE ‘

The general form of a quadratic expression in two
variables X, y is

ax*+ 2hxy +by? + 2gx + 2fy + ¢
The condition that this expression may be resolved
into two linear rational factors is

|abc + 2fgh - af? —bg? —ch® =0
or

ahg
hbf
gfec

A = =0

Example : For what value of m the expression y* +
2xy +2x +my— 3 can be resolved into two rational
factors?

Sol. Herea=0,b=1,c=-3
h=1,g=1,g=m/2
0 1 1
So A=0=[1 1 m/2|=0
1 m/2 -3
= (m/2+3)+(m/2-1)=0
>m+2=0

> m=-2




Quadratic Equation

Solved Examples 0o 2 2
Ex.30 For what value of m the expression SoA=0 = 2 1 mi2_
y2 +4xy + 4x + my— 2 can be resolved into 2 m/iZ =2
two rational factors- N 2(4+m) +2 (m=2)=0
(A1 (B)-1 =  4m+4=0
©2 (D)2

= m=-1 Ans. [B]
Sol. Herea=0,b=1,c=-2

h=2,g=2,f=m/2




