BINOMIAL THEOREM

- BINOMIAL THEOREM -

BINOMIAL EXPRESSION

Any algebraic expression which contains two dissimilar terms is called Binomial expression.

For example : x —y, xy + l,l—l,;m+3 etc.
x z (x-

Terminology Used in Binomial Theorem

Factorial notation : |n orn! is pronounced as factorial n and is defined as
\ n(n—-1)(n-2)...... 321 ; ifneN
= 1 ; ifn=0

<> n'=n.(n-1)! ; neN

BINOMIAL THEOREM

The formula by which any positive integral power of a Binomial expression can be expanded in the form of a series
isknown as BINOMIAL THEOREM.

r=0
This theorem can be proved by induction.

'd )
( N\ J )
(a) The number of terms in the expansion is ( n+1) i.e. one more than the index.
(b) The sum of the indices of x & y in each term is n.
() The Binomial coefficients of the terms ("C, "C
ie."C ="C__

,-----) equidistant from the beginning and the end are equal.

n
(d) Symbol "C_can also be denoted by ( J ,C(n,r) or A}
r
“*» The coefficient of x* in (1+x)"= "C & thatin (1-x)"= (-1)"."C,

Some Important Expansions :
i A+x)="C,j+"Cx+"Cx*+.... +1C x".

(i) 1-x="C,—"Cx+"Cx + ... + (=) "C xn.

Ex. Expand the following Binomials :

3%
M -3 (i) [I—%J

Sol. (i) (x=3)° =°Cx*+°Cx*(=3)' +°C,x* (- 3)* +°C, x*(-3)’ +°C,x (= 3)* +°C, (- 3)°
=x’—15x*+90x* — 270x*+ 405x — 243

e l_g ' 4 4 —ﬁ 4 _ﬁ 2 4 _ﬁ 3 4 _ﬁ '
(ii) ) =4C,+*C, ) +4C, > +4C, 2 +4C, 2

_1 62+_4 2 6_;’_2 8
TN X Ty X et
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MATHS FOR JEE MAIN & ADVANCED

(183 +7 +3.18.7.25)

Ex. Find the value of —
3°+6.243.2+15.81.4+20.27.8+15.9.16 +6.3.32+ 64

Sol. The numerator is of the form  a*+ b+ 3ab(a+b)=(a+b)’
Where,a=18 andb="7 S N =(18+7)3=(25)}
Denominator can be written as

304°C,.3%.21 +9C,.34 .27 +9C, .37 .27 +9C, 32 24 19, 3.28 +°C2° = (3 +2) =5° = (25)’

Nr_ (@5 _,
Dr (25

Pascal's Triangle

A triangular arrangement of numbers as shown. The numbers give the
coefficients for the expansion of (x + y)" The first row is for n = 0, the
second for n = 1, etc. Each row has 1 as its first and last number. Other 1

1
11
121
331

numbers are generated by adding the two numbers immediately to the 1 ; ?0613 é 1
left and right in the row above. 1 615201561
etc.

IMPORTANT TERMS IN THE BINOMIAL EXPANSION

(a) General Term :

The general term or the (r +1)" term in the expansion of (x + y)"is given by

TrH: n(:r xn r yr
i 4 5Y
Ex. Find (i) 28" term of (5x + 8y)* (ii) 7" term of S ox
S 1 : T 730C 5 30-27 8 27 — ﬂ 5 3 8 27
ol () Ty, =00, (500 T8y = 51507 (597 (8Y)
9
(ii) 7th term of (4—)( —ij
5 2x
T [B)(LEY L (4_x)3 5\ 10500
ot1 = o5 2x) 3160 \5 ) (2x) X
(b) Middle Term :
The middle term(s) in the expansion of (x + y)" is (are) :
(i) Ifnis even, there is only one middle term which is givenby T ., ="C .x w2,y
(ii) If nis odd, there are two middle terms whichare T . & T .
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'd D)
e \ J ™)
Middle term has greatest Binomial coefficient and if there are 2 middle terms their coefficients will be equal.
‘When % ifn is even
= "C, will be maximum
‘When r—*n_1 or i ifn is odd
2 2
= The term containing greatest Binomial coefficient will be middle term in the expansion of (1 +x)"
.
Ex. Find the middle term(s) in the expansion of
){2 14 3 9
(i) @—7;j (i) [}a—%}
5\ 14
Sol. (i) 1- X
2
. . L (1442
Here, n is even, therefore middle term is th term.
It means T is middle term
r e (LX) A0,
8 7 2 16 X
Y
ii 3a——
(ii) [ 5
Here, n is odd therefore, middle terms are (%} h & (%+ lj th
It means T, & T, are middle terms
189
_ a _
Ts = 9C4 (38.)9 4 (—zj = ? (:l17
Y 2
a
T =°C.(3a)’°| — | =— — a".
o= ) { 6} 16
(0) Term Independent of x :
Term independent of x does not contain x ; Hence find the value of r for which the exponent of x is zero.
10
. : x 3
Ex. Find the term independent of x in {\/; + (?ﬂ .
Sol. General term in the expansion is

10-r

r —_— 3r S5-r
10 x)2( 3 2 o =103
C, (5) (sz j ="Cx? . 10— For constant term, 2 =10=>r= 20
B 2 3

which is not an integer. Therefore, there will be no constant term.
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(d) Numerically Greatest Term :

Binomial expansion of (a + b)"is as follows : —

(a+b)y="C a"’+"C a"'b'+"C,a"*b’ +..+°C a""b' +...... +°C a’b"

If we put certain values of a and b in RHS, then each term of Binomial expansion will have certain value. The term
having numerically greatest value is said to be numerically greatest term.

Let T and T be the r'" and (r + 1)" terms respectively

Tr — nCri1 an—(r—l) br—l
Tr+l = nCr a™" b“
N T,| | "C, a""b" | n-r+l |b
ow, Tr - nCF1 an—r+1br—1 r a
T,
Consider >
Tl'
(n -1+ 1} b
—|>1
r a
n+l > a
r )
n+1
rs a
1+| —
b
Case - I When ——— is an integer (say m), then
1+| —
b
@) T, >T, when r<m (r=1,2,3...,m-1)
ie. T,>T,T,>T, ... ,T,.>T, |
(ii) T, =T, when r=m
ie Tm+1 = Tm
(iii) T, <T, when r>m (r=m+1,m+2, ... n)
ie. T ., <T . T  <T ., T, <T,
Conclusion
1 . \ . . . .
When & isan integer, say m, then T and T __, will be numerically greatest terms (both terms are equal in magnitude)
1+ —
b
Case - II
n+l . . .
When ——— is not an integer (Let its integral part be m), then
1+| —
@  T.>T when < 2*1 (t=1,2,3......,m-1,m)
1+ 2
b
ie. T,>T,,T,>T,, e, ,T,.,>T,
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(ii) T, <T, when r > a (r=m+1,m+2, ... n)
1+ —
b
ie. i T T <T i, , T, <T,
Conclusion
n+l . . . . . .
When is not an integer and its integral part is m, then T _ will be the numerically greatest term.
I+| -
'd )
e \ J ™)

(i) Inany Binomial expansion, the middle term(s) has greatest Binomial coefficient.

In the expansion of (a + b)"

n No. of Greatest Binomial Coefficient Greatest Binomial Coefficient
Even 1 'C,,
Odd 2 “C(nf - and “C(n .

(Values of both these coefficients are equal )
(ii) In order to obtain the term having numerically greatest coefficient, put a = b = 1, and proceed
as discussed above.

L J
. . . . 11 1
Ex. Find numerically greatest term in the expansion of (3 — 5x) " when x = 5
Sol. Using n+l —-1<r< ntl
a a
1+|— 1+—
b b
11+1 11+1
3 —-1<r< 3
1+ 1+
—5x =57

Solving we get2 <r <3
r=2,3
So, the greatest terms are T,,, and T, ,.
. Greatest term (when r = 2)
T,="C,3°(-5x)’=553"=T,
From above we say that the value of both greatest terms are equal.

Ex. If n is positive integer, then prove that the integral part of (7 + 4+/3 )" is an odd number.

Sol.  Let T+4LBy=1+f (i)
where | & f are its integral and fractional parts respectively.
It means 0 <f<1

Now, 0<7-4.3<1
0<(7-43)<1
Let (T-43)y=t" (i)
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= 0<f<l1
Adding (i) and (ii)
[+f+f =(T+4B3)Y+(T-4)
=2[C,7"+"C, 7" 2 (43 P+ oo ]
[+f+f" =eveninteger = (f+ f' must be an integer)
0<f+f’'<2 = f+1=1
I+ 1=even integer
therefore I is an odd integer.

Ex. What is the remainder when 5% is divided by 13.
Sol.  5%9=55%=5(25=5(26—1)%

=5[¥C,(26)* -¥C, (26)* +.......... +¥C,(26)' -¥C,, (26)°]
=5[¥C,(26)" =¥C, (26)* +........... +%C, (26)' 1]
=5[¥C,(26)*"-*C,(26)* +.......... +%C,,(26)'=13]+60
=13 (k) + 52 + 8 (where k is a positive integer)

=13 (k+4)+8

Hence, remainder is 8.

Some Standard Expansions

(i) Consider the expansion
x+y)r= Z "C, xmy =1C X"y +C XMy +C XY +°C x"y"
r=0
(ii) Now replace y —> — y we get

(X _ y)n — Z l”lCr (7 l)r x0T yr = nCO xn y0 - n(:1 Xn—l yl + ..+ n(:r (71)rxn—r yr + ”.+nCn (7 l)n X0 yn
r=0
(iii) Adding (i) & (ii), we get
(x+y)+(x-y)=2["Cx"y"+"C,x"* y’+......... ]
(iv) Subtracting (ii) from (i), we get
(x+y)—(x-y)=2["Cx" 'y +"C;x" " y’+....... ]

PROPERTIES OF BINOMIAL COEFFICIENTS

(14+x)=C,+Cx +Cx* +CxX H..o. #Cx" = Y "Cr" sneN ()

r=0
where C,C ,C,,............ C, are called combinatorial (Binomial) coefficients.
(@ The sum of all the Binomial coefficients is 2".
Putx =1, in (i) we get

n

C,+C,+C,+ . +C=2" = »."C,=0 e
r=0
(V)] Putx=—1 in (i) we get
C,—C,+CyCrnnn, +C =0 = Z; (-)""C, =0 ..(iii)

(i)
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Ex.
Sol.

Aliter

Ex.

Sol.

(©) The sum of the Binomial coefficients at odd position is equal to the sum of the Binomial coefficients at

even position and each is equal to 2™,
From (ii) & (iii), C,+C,+C, +........... =C +C,+CH.... =2t

(d) nCr+ nCFl: nJrl(:r

"C, n-r+l

© " B
® ne M- 1 _nn-lao, R _n(n-Dmn-2)...(n—r+l)
S O E = 1)(F —2) oo 1
n r+1 n+l
(3] C, =aal TCh
Prove that: *C +*C +....... +19C ,=*C,,
LHS =1C +"C +"C F . +2C,
= "C,+"C, +1C, * ... +3C,,
= RC, +1C  Fonn. +2C,,
= BC, +5C, +n. =C,
and so on.
LHS=*C
LHS = coefficient of x'%in {(1 +x)"*+ (1 +x)" +............... (1+x)>}
1 +x}° -1
; 10 ; 1 +x)° —{
= coefficient of x'° in [( ) l+x—1

[+ -(1+x)"° ]

= coefficient of x'° in m
= coefficientofx" in [ (1+x)* —(1+x)" | =2C, ~0=2%C
Prove that :
0) C,+2C,+3C,+......+nC =n. 2"
C c, 2"

(i) C0+Q+—2+ ......... +—E =
2 3 n+1 n+1

@) LHS.= Z r."C, = z rLoe

r=l1 =l T

=n.2"!
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Aliter : (Using method of differentiation)
(1+x)"="C +"C x+"Cx*+...... FICX (A)
Differentiating (A), we get
n(l1+x)"'=C +2Cx+3Cx°+...... +n.Cx"

Putx=1,

C, +2C, +3C5 +.o.... +n.C, =n.2""

o C 1 &Gn+ly,
()  LHS.=Y —-=—>""rc

or+tl o n+ligr+l

r

1 nnl _ 1 n+l n+l n+l _L v
:m; *Cm_m[ C+"™Cy et +C"+1J*n+1[2n+ 1]

Aliter : (Using method of integration)
Integrating (A), we get

1+ n+l C 2 C 3 C n+l
({+x) +C:C0x+1—x+2—x+ ........ 4ot (where C is a constant)
n+l 2 3 n+l
Putx=0, t, C=—
utx we ge Tl
n+l 2 3 n+l
M:C()qu S S
n+l 2 3 n+l
Put x=1, we get
n+l
C0+Q+&+ ....... G 2 !
2 3 n+l n+l
Putx=-1, we get
c-a+&% L
2 3 n+l1
. nm
Ex. Prove that C, - C, + C,—........ :2“/2s1n7.
Sol. Consider the expansion (1+x)"=C +C x+C x*+...... +C x"

putting x =—1 in (i) we get

(1-i)'=C,~C,i—C,*+ C,i+C, + . (-1)°C, "

or on/2 {ws(—%jﬂsin(—%ﬂ =(C,—C,+C,—...... )—i(C,-C,+C,—...... )

nn
Equating the imaginary part in (ii) we get C, = C, + C,—........ =2 sinT .
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Ex If(1+x)"=C,+Cx+C,x +....+ Cx" then prove that T X (Ci+cj)2 = (n—1)"C +2™

0<i<j<n

Sol.  LHS I X (C+C,)

0<i<j<n
=(C,+C)’+(Cy+ C,)’ ...t (C,+ C )+ (C, + C,)’+(C, + C,)* +....
+(C,+C,)’+(C,+C)*+(C,+C)*+... +(C,+C ) +..+(C_,+C)

=n(Cy +C} +C5 +...+C;)+2 = I CC,

0<i<j<n

e 2n!
=nC_+2. {22 =3 n,n,} = nC+2"-"C =(n-1)."C +2" =RHS.

Multinomial Theorem

n
Using Binomial theorem, we have (x +2)"=»_."C,x""a",ne N
r=0

. . n! R R 7
The general term in the above expansion ———————. X' X7’ X3 .....x}]
nlnnl..n!

The number of terms in the above expansion is equal to the number of non-negative integral solution of the
equationr, +1,+ ....... + 1= n because each solution of this equation gives a term in the above expansion. The

number of such solutions is **7'C, ,
Particular Cases

n! o
xVySZ

i  (xtytz'= X

ras+i=n"T Lsle!

The above expansion has ""*7'C, | =""’C, terms

1

n!
p.q9.r,,s
ii x+ty+z+tu)= Z T yeu
@ &y )= e Pl LS

There are ™ 'C, ,="7>C, terms in the above expansion.
4-1 3

Ex. Find the coefficient of a>b*c*d in the expansion of (a — b — ¢ + d)!°

10)!
i (@) (D)7 (-¢)° (@)

1j+1y+13+14 =10 L ! T,

Sol. (a—b-c+d)® =

we want to get a’ b’ ¢* d this implies that r =2,r,=3,r,=4,1,=1

10)!

coeff. ofa’b’c*d is 21314111

(~1)* (-1)* =— 12600
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Ex Find the total number of terms in the expansion of (1 + x +y)!? and coefficient of x?y.
Sol. Total number of terms = '"*"'C,  ="C,=66
Coefficient of x%y* = o 2520
2Ix3!x 5!

BINOMIAL THEOREM FOR NEGATIVE OR FRACTIONAL INDICES

nin-1)  nnr-1)(n-2) |
o X+ 3 X't

Ifne Q,then (1 +x)"=1+nx+ oo provided |x | <1.

{ )
e 1 J

N\

(i) When the index n is a positive integer the number of terms in the expansion of ( 1+ x)" is finite i.e. (n+1) & the
coefficient of successive terms are : "C,"C,"C,, ....... "C,

(i) When the index is other than a positive integer such as negative integer or fraction, the number of terms
in the expansion of (1+ x)" is infinite and the symbol "C_cannot be used to denote the coefficient of the
general term.

(iii) Following expansion should be remembered (|x| < 1).
(@ (A+x)'=1-x+x2—-x>+x*-... © b)) A-x)"'=1+x+x>+x*+x*+... o
(©) (1+x)2=1-2x+3x*—4x3+.... © d (Q-x)?=1+2x+3x>+4x*+ ...

e

3/ 2 3 w v
®H (A-x"=1+3x+6x*+10x’+.....+ o Xt

(iv) The expansions in ascending powers of x are only valid if x is ‘small’. If x is large i.e. | x [>1 then we may find

L it convenient to expand in powers of 1/x, which then will be small. )

(e) (I+x)*=1-3x+6x*—10x*+.....

Approximations

-1 -1)(n-2
(1+X)“:1+nx+n(f2 ) x>+ n(n 1;(;1 ) X

If x <1, the terms of the above expansion go on decreasing and if x be very small, a stage may be reached when we

may neglect the terms containing higher powers of x in the expansion. Thus, if x be so small that its square and
higher powers may be neglected then (1 + x)"= 1 + nx, approximately.
This is an approximate value of (1 +x)"

Ex. Prove that the coefficient of x" in (1 —x)™is *"'C,
Sol. (r + 1) term in the expansion of (1 — x)™ can be written as
T - —n(-n—1)(-n-2).....(-n—r+1) (=x)"
r+l r '
— 1y n(n+1)(n +2); ..... (n+r-1) (—x) = n(n +1)(n+2r)'. ..... (n+r-1) "
(n=D!'n(n+D....(n+r-10)
= X
(n-D!r!
. B GESE))
Hence, coefficient of x*is ————— ="IC Proved
(n—-1)!r! '
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Sol.

If x is so small such that its square and higher powers may be neglected then find the approximate value of
(1 _3x)1/2 + (1 _ x)5/3

1/2

(4+x)
(1=3x)" +(1—x)** l—§x+l—5—x -1/2
x S S T l(z_ﬁxj(nzj _ 1(2_£_ij 0 LN | N
1/2 - 1/2 - - - - =
(4+x) 2(1 x) 2 6 2 4 6 8 12 24
J’_f
4

EXPONENTIAL SERIES

@
(b)

©

@

©

Sol.

e is an irrational number lying between 2.7 & 2.8. Its value correct upto 10 places of decimal is 2.7182818284.

Logarithms to the base ‘e’ are known as the Napierian system, so named after Napier, their inventor. They are also

called Natural Logarithm.

2 3 n
e =1+ %+ B + % S SR oo ; where X may be any real or complex number & e = Lim (1 + —j
o2 3! n— n

2x+3

Find the coefficient of x* in the expansion of e*** as a series in powers of x.

2 8
X

. . roqe X X XN
In the exponential series e*=1+ TR TIET +...

2, (2x)  @2x) |

Hence e*? =¢’. > =¢° {1 +

1! 2! 3!
22
Thus, the coefficient of x* in the expansion of e>* is e* . N =2¢e*
LOGARITHMIC SERIES
2 3 4 2 3 4
(a) .n(l+x):x_x—+x—_x—+ _______ o0, Where—1 <x<1 (b) 0n(1—x):-x—x——x——x—+ ....... o0,
) 2 3 4
where—1 < x< 1
X 1‘%+§_l+ ------- wo=1n2 % e™=x; forallx>0 <« ®n2=0.693 <* ®n10=2.303
Ex. If a, B are the roots of the equation x* — px + q = 0, prove that
2 2 3 3
tog, (1 px -+ ) = (ot B St S
S | R h h d d ux Q,ZXZ +a3x3 . B 2X2 +[33X3
. = - — e X — — e
) ight hand side 5 3 > 3
=log (1 +ax)+log (1 +Bx) =log, (1+(a+B)x+apx?) =log, (1 +px +qgx?) = Left hand side.

Here, we have used the facts o + f = p and af§ = q. We know this from the given roots of the quadratic equation.
We have also assumed that that both | a.x | <1 and | Bx | < 1.
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(@

(b)

(©

n

Ifx,y € Randandn e N, then: (x+y)"="Cx"+C x"ly +"C x"2 y2 + . +"Cx"Ty +..+C y" = ).

r=0

Important Terms in the Binomial Expansion

General term : The general terms or the ( r + 1)th term in the expansion of (x + y)n is given by
T, = “Cr x"y"

r

Middle Term

The middle term (s) is the expansion of (x +y)"is (are) :

(i) If n is even , there is only one middle terms which is given by T "C . .x"2, y"2

&T|

m22" Szt

(ii) If n is odd, there are two middle terms which are T'

(n+1)2 (n+1)2]+1

Term Independent of x
Term independent of x contains no x ; Hence find the value of r for which the exponent of x is zero.

If (\/X+B)“ =1+ f, where I & n are positive integers & 0 < £< 1, then
(a) +1f).f=K" ifnisodd &A-B>=K>0
(b) 1+ (1 -f)=k"ifniseven & VA —B<0

Some Results on Binomial Coefficients
(a) “CX:“CY = X=y or X ty=n
(b) °C_, +"C =""IC,

c, . .cC c, 2"-1
Cyt =+ +. V=
©@G+773 n+l n+l
-1) "C 1
(d) CO—&+&+& ...... +()—“=—
2 3 4 n+1 n+1
(e) C,+C, +CyF.n. =C =2"
(f) C,+C,+Cy+........=C + C,+ Cy + ... =2
(2n)!
(2) G +C P2+ C o +C2=2C =

(h) C,C.+C,C ,+C,.C,*.... +C C = m

Remenber : 2n)!=2"n![1.3.5......... (2n-1)]

n C Xnﬂ‘},r

T
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Note

Greatest Coefficient & Greatest Term in Expansion of ( x + a)"

(a) Ifnis even greatest coefficient is "C_,

n n
n-1 n+l

or
2

If n is odd greatest coefficient is

(b) For greatest term :

. n+1 .
T, &T,,, if ;—/—1Is an integer
—|+1
a
Greatest term =
.. n+1 . .
T,, if s noninteger and € (q,q+1),q el
—+1
a

Binomial Theorem for Negative or Fractional Indices

n(n—l) 5 n(n—l)(n—Z) R

Ifn e Q,then(1+x)"=1+nx + X+ x°+

2! 3!

() A-x)"=1+x+x2+x+.....0
(i) (1+x)"'=1-x+x>+x3+....0
(i) (1=%) 2= 1+ 2%+ 32+ 43+ .......00

(V) (1 +x)2=1-2x+3x>—4x>+...... 0

Exponential Series

oo provided [x| < 1

X zox? . 1Y
(a) e*=1+ F+;+¥+ ---------- % ; where x may be any real or complex number & e = ];LIOI(} 1+H
X x? x’
(b)aX:1+ﬁ1na+Eln2a+§1n3a + o0, wherea>0

Logarithmic Series

x> x* x*
(a) 1n(1+X):X77+?+T +..... 0, where—1<x < 1

—_
)
~
—_—
=
—_
—
|
>
N

24
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