CHAPTER

1+(1-8a)z
1—

imaginary number, for all z € C satisfying |z] = 1 and

Rez#1,is

(a) an empty set

The set of all & € R, for which ® = is a purely

(b) equal to R

11
(c) {0} (d) {O,Z,—Z} (Online 2018)

If |z — 3 + 2i] £ 4 then the difference between the greatest
value and the least value of |z| is
(d 213

@ J13 () 44413 (¢) 8
(Online 2018)

1+i\/§)n .
=1,1s :

The least positive integer n for which
p g [1_1, \/5
(© 2

(@) 3 (b) 5 (d 6

(Online 2018)
Let ® be a complex number such that 20 + 1 = z where
1 1 1

z=+=3. If[l —0?>-1 o?|=3k, then k is equal to

1 w? o’
(a) z (b) -1 () 1 (d) —z (2017)
Let z € C, the set of complex numbers. Then the equation,
2|z + 3i] — |z — i] = O represents

8
(a) a circle with radius 3

10
(b) a circle with diameter —.

16
(c) an ellipse with length of major axis 3

16
(d) an ellipse with length of minor axis 9

(Online 2017)
iz=2

The equation Im( +1=0,z€C,z#i represents a

z—i
part of a circle having radius equal to

3 1
(@ 1 (b) 1 (©) 5 d 2
. (Online 2017)
A vl R nich 2+43isin® b ) )
value o or whic 1—2isin0 is purely imaginary is
(a) m/3 (b) w6

(2016)

1 1
(c) sin_l(éj (d) sin l(ﬁj

10.

11.

12.

13.

Complex Numbers

The point represented by 2 + 7 in the Argand plane moves
1 unit eastwards, then 2 units northwards and finally from
there 2\/5 units in the south-westwards direction. Then
its new position in the Argand plane is at the point
represented by

(@ 1+i (b)) 2+2i

© —2-2i (d) -1 —i

(Online 2016)
Let z = 1 + ai be a complex number, a > 0, such that z°
is a real number. Then the sum 1 + z + 22 + ........ +zl s
equal to

(@) 1365V3i (b) —1365V3i

(©) -12504/3i (d) 12504/3i (Online 2016)

A complex number z is said to be unimodular if |z = 1.

Suppose z;, and z, are complex numbers such that

Zl _222

2% is unimodular and z, is not unimodular. Then
172

the point z, lies on a

(a) circle of radius 2. (b) circle of radius \/5 .

(c) straight line parallel to x-axis.

(d) straight line parallel to y-axis. (2015)

The largest value of » for which the region represented by
the set {w € C: |w —4 —i| <r} is contained in the region
represented by the set {z € C : |z - 1| £ |z + i|}, is equal
to

3 5
@ Vi7 © V2 @ V2
(Online 2015)

If z is a non-real complex number, then the minimum value

®) 242

Im 2
of im 2)°
(@) —1 b) -2

is

(c) 4 (d) -5

(Online 2015)
If z is a complex number such that |z| > 2, then the minimum

1
z4+—
value of >

(a) lies in the interval (1, 2)

(b) is strictly greater than

5
but less than —

2

2
o 3
(c) is strictly greater than 5

5
(d) is equal to > (2014)



14. If z is a complex number of unit modulus and argument 0,

I+z
then arg| —— |equals
1+z

(b) 0
2

(a) g—e © n-06 (d) -6 (2013)

15. Ifz# 1 and

is real, then the point represented by the
Z—

complex number z lies

(a) either on the real axis or on a circle not passing through
the origin.

(b) on the imaginary axis.

(c) either on the real axis or on a circle passing through
the origin.

(d) on a circle with centre at the origin. (2012)
16. If o(# 1) is a cube root of unity, and
(1 + )" =4 + Bw. Then (4, B) equals
(@ (1,0) (®) 1, 1)
(¢) (0, 1) (d 1,1 (2011)
17. The number of complex numbers z such that
|z— 1] = |z + 1| = |z — i] equals
(@ o b) 1 (c) 2 (d) = (2010)
4 .
18. If ‘Z—E =2, then the maximum value of | Z | is equal to
(@ 541 (b) 2 © 2442 @ 3+1
(2009)
1
19. The conjugate of a complex number is 1 Then that
complex number is
) g oL
@57 ® 37 © 77 @ 737
(2008)

20. If |z + 4| < 3, then the maximum value of |z + 1] is

(a) 6 (b) 0 (c) 4 (d) 10 (2007)
o/l 2kn . 2km
21. The value of ;(SIHT-FICOST) is
(@) i b) 1 () -1 (d) —i (20006)

22. If 22+ z + 1 = 0, where z is a complex number, then the

1Y 1Y 1y 1}V
value of (z+fj +(22+—2j +(z3+—J +....+(z“+—6j is
z zZ z° z

(a) 18 (b) 54 (c) 6 (d) 12
(2006)
23. If z, and z, are two non-zero complex numbers such that

|z, + z| = Iz,| + |z,|, then arg z, — arg z, is equal to
(a) —m (b) w2 (c) —m/2 (d 0 (2005)

L © 2 (@ 3 (@
13. @ 14. (b) 15. (0)
25. (d)  26. @)  27. (d)

4. @ 5 @ 6 (b
16.(d) 17. b) 18. (a)
28.(b)  29. (d)  30. (¢)

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

ANSWER KEY

If @ = % and |o| = 1, then z lies on
(a) a circle

(c) a parabola

(b) an ellipse

(d) a straight line (2005)

If the cube roots of unity are 1, ®, ®* then the roots of the
equation (x — 1)+ 8 = 0, are

(@ -1, -1, -1 (b) -1, -1 + 20, -1 - 2e°
() -1,1+ 2w, 1 +20? (d -1,1 -2, 1 —20*(2005)
Let z, ® be complex numbers such that z+im=0

and zw = m. Then arg z equals

(a) 3n/4 (b) m/2 (c) w4 (d) 5m/4(2004)
;2

Ifz=x—iyand z'® = p + ig, then % is equal to
(p™+q~

(a) 2 () -1 (c) 1 (@ -2 (2004)

If |z2-1|= |z + 1, then z lies on

(a) a circle (b) the imaginary axis

(c) the real axis (d) an ellipse (2004)
If (E)x =1, then

(a) x = 2n, where n is any positive integer

(b) x = 4n + 1, where n is any positive integer

(¢) x = 2n + 1, where n is any positive integer

(d) x = 4n, where n is any positive integer (2003)

If z and @ are two non-zero complex numbers such that
lzo| = 1, and Arg(z) — Arg(w) = ©/2, then Zw is equal to

(a) -1 (d) i (c) —i (@ 1
(2003)

Let z, and z, be two roots of the equation Z2+az+b=0,
z being complex further, assume that the origin, z, and z,
form an equilateral triangle, then

(@) a2=2b (b) a?=3b

(c) a?2=4b d) a?=0»b (2003)
z and @ are two nonzero complex number such that
|z|=|w| and Arg z + Arg ® = 7 then z equals

(@ ® (b) (d) — 0 (2002)

If |z—4l<l|z-2l, its solution is given by
(a) Re(z)>0 (b) Re(z) <0
(©) Re() >3 d) Re) > 2 (2002)

The locus of the centre of a circle which touches the circle

-0 © o

|z—z|=a and |z-2z,|=b externally (z, z; & z, are
complex numbers) will be

(a) an ellipse (b) a hyperbola

(c) a circle (d) none of these (2002)
7. d 8 (@ 9. (b)) 10. (@ 1. d) 12. (o)
19. (&) 20. (@ 21. (d) 22. (d) 23. (d) 24. (d)
31. (b) 32. b) 33. (0 34. (b)




. 1+(1-8a)z
1. (c): Given, O=—"—
1-z
For ® to be purely imaginary, ® + ® = 0
1+(1-
ie. ( 80c)z 1+(1-8a)z —0
1-z 1-z

= [1+1-8a)z][1-Z]+[1+(1-8)Z][1-z]=0
= [1-z+(1-80)z—(1-80)zz]+[1-z+(1-8a)Z

_(1_

80))zz]=0

= 2-(z+2)+(1-8a)(z+2)-2(1-8)=0 (- zZ=lz|=1)

= 2-(z+2)+(z+z2)-8u(z+z)—-2+160.=0
= leéa=8a(z+2)

Eitherz+z=2 or a={0}. Butz+Zz=2isnot possible ..

2. (d): Origin (O) lies inside the circle
Greatest value of |z]| = OC + r =J13+4
Least value of |z] = r — 0C=4-13
Required difference =/13 +4—4+/13 =24/13

1+i\/§ !
;. 1+1\/— 1 = 2 -1
—1\/— l—i\/§
2
(1-i3

2\ 2
= -0 =1 1.\/5 = () =
- and 0)2 =_w
2
So, least positive integer value of n is 3.
4., (d): We have, z =1 + 20

ie., i\/§:1+2m w:ﬂ

2

a={0}

1

Then o is a cube root of unity. Also, 1 + ® + w?=0
1 1 1 1 1 1 301 1

Now [1 —0?-1 0?=3k =1 0o o}=3%k=0 o o?=3k

2 7 2

2

1 o o 1 o o 0 o o

3(0? — o) = 3k
k=w’-o=-1-0-0=-1-20=-—
(a): We have, 2z + 3 i| - |z—i =0

e + iy + 3)| = [ + iy —1)| (z=x+iy)

= 2\/x2 +(y+3)2 :\/x2 +(y—1)2

S AR EID =R 1P
= 32 =32 -2y +1-4?% - 24y - 36

L=ul

26 35
= 32+ 32 +260+35=0 =>x2+y2+?y+—=0

This is the equation of circle with radius,

_ 02+[9j2—§ _ [o4 8
3 3 9 3

3

%x/p/éwnwf/w/ws/

6. (b): Letz=x+1iy
o T _ 2
(lx'y 2)()6 iy 1)) PRPPSN ¢ 21)(y+2);x 120
x+i(y-) J\x=i(y-1) x“+(y-1
= 22+ 22-y-1=0=2x+y" - 1Ry -(1/2)=0

1
Centre of circle is ( 8 j

1/0+ ,}
Radius 16 \/; 4

2+3zsm6
7. @:Let &  1-2isin0
_ (2+3isinB)(1+2isinB) (2- 6sin’ 0) +i(7sin 0)
T (1-2isin@)(1+2isin0) 1+ 4sin2 0

As o is to be purely imaginary, we have
1
Re () =0 = 2 = 6sin20 ie sinO=1t—
e (o) sin \/5
8. (a) 5,3)
1, 1)

Final 31
posmon @n

> X
Hence, the final pos1t10n of the point is represented by
1+
9. ) :z=1+ai,z22=1-d>+ 2ai
22 z={1-a®)+2ai}{1+aiy = (1 — @) + 2ai + (1 — d®)ai — 2a°
Pisreal = 2a+ (1 -ad®)a=0
= a3-a*)=0=a=+3 (-a>0)
1+3i)2 -1 (1++/3))2 -
14+/3i-1 V3i

12 12
1 3 b L
1++/3i)? =22 =+ -——i| =2"|cos—+isin—
( ) 2t Cos3 sm3

= 212(cosdn + isindm) = 212
22 -1 4095

l+z+22+ ...+ = T3 —ﬁ
= 4095\/_ = _1365V/3i

z1— 2z,

Now, =

10. (a) : 1% solution : We have, =1

2, — 2z = 2 — 2.z,

(z, — 22,)(z, — 22,) = 2 - 2,2,)(2 - Z,2,)
B 4 5 g + 4z = 0

(R -4} — P (=P -4y =0

(1~ ) (5,2 4) = 0

Thus [z)| = 2 as |z,| # 1 (given)

The point z lies on circle of radius 2.

L ue



lo=pl _,
1=ap|

numbers o and 3 of which | # 1, then |0 =

2" golution : Observe that if two complex

Since Jo. — Bl = [1 — af| = Jo — B2 =[1 - of?
= |of + [BF - 2Re (af) = 1 + [o? [B — 2 Re(ap)
= 1—|of —[B?—[af? BE=0

= (I-jlapHh A -BH=0 As PBl#1 . jou=1

In our case take o0 = z,/2 and P = z,

gives |z,/2| = 1 Iz, = 2

11. (d): Wehave z—- 1| < |z+i]=>x+y=20
The region shaded is of the line

x+y=0 Y
Co-ordinates of centre of circle
-4 -1 =ris 4, 1) (say A)

x+y=0 A4, 1)
The largest value of » would be
the length of L1 from 0
A(4, 1) on the line x + y =0 (0,,1)|\%
4+1| 5
2 2
V2l 2 o Imz’> _ (sin560) sin 50
12. (©): Let z =re (Imz)°  F(sin0)° sin° 0
dz  sin’0-5c0850 — 5sin 50 sin* 0 cos O dz
—= —— Put —=0
do (sin” 0) do

= 5sin*0 (sind cos50 — cose sin50) = 0
= sin® =0 or sin(-40) =

= O=nmt or O=— nn ,where n € Z

As z is non-real complex number.

T . .

only 0="" s possible.

1
> |z|——‘

2
As [z| = 2 the minimum value of the expression occurs when
Pl =2

_3

Thus |z+- =3 L\ lz1 22

/
min ~
Geometrically |z| = 2 is a circle and |z = 2 ~ 20

is the boundary and exterior of the circle. —

The minimum distance between z and point .~
(-172, 0) is realised at (2, 0) and is 3/2. %
14. (b): Note that 1+z = 1+z

1+z .1

13. (a): 1% solution :

1
z+—
2

—
~

=z

Observe that |z?| =1=zz

is just the argument of z and

Then the arg of the number 11+f

that’s 0. 5 *z
15. (¢):z#1, 271 is real.
If z is a real number, then Y is real.

Letz=x+1iy
(% =y +2xiy) (v =1) = iy)
(x=17+y?
= -+ 2xx-1)=0
= x*+3?-2x)=0 = y=0 orx*+3?-2x=0
z lies on real axis or on a circle passing through origin.

is real

16. (d): (1 + )= (0w =-0"=-0?n
=-’=1+w0=4+Bo given
Hence, on comparison, we have (4, B) = (1, 1).
17. (b) : 1% solution :
|z— 1| = |z + 1| = |z — i| reads that the distance of desired complex
number z is same from three points in the complex plane —1, 1
and i. These points are non-collinear, hence the desired number
is the centre of the (unique) circle passing through these three
non-collinear points.
214 solution :
We resort to definition of modulus.
-1=]z+1 = |z-1f=z+ 1]
= (-Dz-D=>+D(Ez+))
= zZz—z-z+l=zz+z+z+1
= z+4+z =0 (z being purely imaginary)
Thus x =0
Again, |z - 1P =z—-ifP=>x-1)P2+y?=x2+ (- 1)
= 1+32=(y—-1)> (because x = 0)
= 1+)?=3>-2y+1..y=0
Thus, (0, 0) is the desired point.
18. (a): We have for any two complex numbers o and 3

llod = 1Bl < fov — B

o 21- el 4| = 21—

—2Sr—£$2
r

r—iSZ =
r

Set |Z] = r > 0, then

The left inequality gives 2 + 2r — 4 > 0

_2+\/__—1+\/_

The corresponding roots are r=

Thus r>~/5-1 or r<-1-+/5

implies that »> JE -1 (Asr>0) (1)
Again consider the right inequality

-t o 2ia-4<0

p
+
i 2‘“2O=11\/§

The corresponding roots are r= >

Thus 1-v/5<r<1+/5

But 7 > 0, hence r<1++/5 ..(ii)
(i) and (ii) gives 5—1< <5 +1

So, the greatest value is /5 41,

19. (d): z=

i-1
We have z=a

ivin ——1 =- 1 —1
gVIg z=F T T

20. (a) : z lies on or inside the circle with m
centre (—4, 0) and radius 3 units.
Hence maximum distance of z
from (-1, 0) is 6 units.

< 2km 2kn
21. (d): Z (Slnm‘l'lc Sm)

k=1

10
Z:: (SIHTHC szlk—ln) =—i



22. d): 2+z+1=0 =

2 2 2
(z+lj +(22+L2) Fo (26+L6)
z z z

=4 (0+ o) +20+0)P=4-1Y+22)=4+8=12
23. (d) : Let z, = cosb, + i sinf,

z, = cosb, + isin,

z, +z, = (cosO, + cosB)) + i(sinf, + sin6))
Now [z, + z,| = |z | + Iz

z =, m?

:\/(cosel +cos@2)2 +(sin6; +sin62)2 =1+1
= 2(1 + cos(6, — 6,)) = 4 (by squaring)

= cos(0, - 0,)=1=0,-0,=0 (" cos0° =1)
= Argz, — Argz, = 0.

3
24. (d) : Given o = 332_1, ol = |3z| i|1|
3|3Z—i| = 3|Z|
:|3(x)+i(3y—l)| = |3(x+iy)| (. z=x+iy)

= (3x)*+ By — 1) =9(x* + y*) = 6y — 1 = 0 which is straight line.
25. (d) :1* solution : (By making the equation from the given roots)
Let us consider x = -1, -1, -1
. Required equation from given roots is
x+Dx+DHx+1)=0
(x + 1) = 0 which does not match with the given equation
(x— 1P+ 8=0s0x=-1, -1, -1 cannot be the proper choice.
Again consider x = -1, -1 + 2m, -1 —20?
. Required equation from given roots is
= x+Dx +1-20)x+1+20°)=0
= @+ DK +1P+x+DH2w - 2m) —40’] =0
= X+ DE+1)P?+2x+ D -—w)—-4]=0
> E+DP+20c+ D@ -w)—4x+1)=0
which cannot be expressed in the form of given equation
(x = 1)> + 8 = 0. Now consider the roots x, = -1, 1 — 20, 1 — 20’
(i =1, 2, 3) and the equation with these roots is given by
x> — (sum of the roots)x* + x(Product of roots taken two at a time)
— Product of roots taken all at a time = 0
Now sum of roots x, +x, +x, = -1 +1-20+1-2w*=3
Product of roots taken two at a time

= -1+20-1+2w*+ 1+ 2w+ ) +40° =3
Product of roots taken all at a time = (—1)[(1 — 20)(1 — 20?)] = -7
. Required equation is x* — 3x> + 3x + 7 =10
=>xX-3x2+3x-1+8=0= (x— 1)+ 8 =0 which matched
with given equation.
2" solution : (by taking cross checking)
As(x—1P7+8=0 ()
and x = —1 satisfies (x — 1)) + 8 = 0
ie.(2))+8=0 = 0=0
Similarly for 1 — 2®w we have (x — 1> + 8 = 0
>(01-20-11+8=0
= (20w +8=0 =-8+8=0 and for 1 — 2w’
we have (1 —20* -1 +8=0= -8 +(8)=0=0=0
v —1,1-2m, 1 — 2w? are roots of (x — 1)* + 8 = 0 and on
the other hand the other roots does not satisfy the equation
(x-1¥+8=0.

26. (a): z+io =0
= Z=-i0 =2z=iw= 0=-iz. arg (-iz?) ==
= arg (—i) + 2arg (z)= 7
= 2arg(z) = + w2 = 3n/2 = arg(z) = 3n/4
27. @ : 2P =p+ig
= x-iy=@+ig =x-iy=p -3pg+iGp’q - ¢°)
= x=p - 3pg* and y = -(3p’q — ¢°)
Zop o3¢ and L= Gp - @) (%)
p q x Y
Adding the equations of (*) we get ; ;= 2 + ¢%)
28. b): 22— 1|=R+1 oA
= Letz=x+1iy §
= -1DP+y=w+y)+1 g
= 2x=0 o
= x=0 §
= z lies on imaginary axis. !
For real axis y = 0

3] -
= 5 =1

1
||

, 1+iY
29. (d) : Given 1— =1
—1i
=>if=1 = ~=(@G"
=x=4n,ne I
30. (©): |zo|=1=|z]|w|=1 So |z|=

(1)
Again Arg(z)— Arg (o) = %

z z|. 2.
= = |£li =|z]*i from (1

z 2P from (1)
z - - 1 ,
—=ZZl = ZMOM=—=—1.
® i

31. (b) : As z;, z, are roots of 22 + az + b =0
: Tz =-a,ziz,= b
Agam 0, z,, z, are vertices of an equilateral triangle
02+212+22—Ozl+zzz+220—0 0
2 2
2tz =g

= (z + zz)2 = 3zz,
a? =3b E o
32. (b):Letlz=|w =r ' ’

. z=re™ and w = re® where a + f = 7 (given)

Now z = ref® = pl@ =P = peit . ¢ = _ poif = _H

33. () :z—-4|<|z-2

or la — 4 + ib| < |(a — 2) + ib| by taking z = a+tib

= (a- 47>+ b <(a-2?+ b

= Batda<-16+4=4a>12=a>3 = Re(z) >3

34. (b)
e;,,‘
z2z3 -2y ,=(@+r)—(b+7)

= a—b= a constant, which represent a hyperbola

Since, A hyperbola is the locus of a point which moves in such
a way that the difference of its distances from two fixed points
(foci) is always constant.

==
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