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TANGENT & NORMAL

EXERCISE # 1

Sl Equation of Tangent & Normal Ay oMb
dX an nyn—l
Q.1 If m be the slope of a tangent to the curve .
ey =1 + 4x2, then - (ﬂj __ by [1}
(A)ym<1 (B) Im| < 1 x) at oy
(C)m|>1 (D) None of these dy b a\"t
=X | —
Sol. [B] (dXJ a" (b]
e =1 +4x°
2y = loge (1+ 4x°) _ b b

y= 2 log. (1+4x) b
(dy/dX)|x, oy = i

dy _1 1 I >'¢
2 ="x X 4 x2X = .
dx 2  1+4x? 1+4x2 compare slope of given tangent
dy _ 4x  _ slope =-bl/a
dx  1+4x? Hence, it is valid for all values of n.
1+ 4x* will be positive for x R . option [D] is correct answer.
dy _ _  4x
Hence, f=m=_— z<L for all x SQ Q.3 All the points on the curve y = v/x +sinx at
—m|<1 which the tangents is || to x axis lie on
.. option [B] is correct answer. (A) straight line (B) C'r?le
(C) parabola (D) ellipse
) )" y\" hes OB Sol. [C]
Q.2 The curve (—j + (—j = 2, touches the line
a b y=J/[Xx+sin x]
X +% = 2 at the point (a, b) forn = y
a
(A)1 y=e
(B)2
©3 X
(D) all non zero values of n
Sol. [D]

i + X y =2

a b ' Let point of intersection of tangent y = ¢ and
Differentiating above function w.r.t. x, we get given curve y = \J[x+sinx] is (h, k).
nx"t  npy"? .

T + o7 x dy/dx =0 Then k = ¢ and k = 4/[h +sinh]
ny™? L k*=h+sinh

o Ay === use, sinh=h—h¥31+ h¥/50 — ...

K =h+(h-h¥31+h%50 ............. )
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- ~ (A) (2,-2) (B) (0, 0)
k* =2h = y* = 2x (C) (-1,1) (D) None of these
which is roughly parabola. Sol. [B]

Hence option [C] is correct parabola. X = 3008 6 — C0S%,

Q4 The normal of the curve given by the
equation x = a (sin6 + cos0),

y=3sin0—-sin30

. . . 1 6-1 5
y = a (sinB — cosh) at the point O is- X|o = wa = 3|\/E - = =
(A) (x+y)cosd+ (x—y)sin6=0 W2 222 22
(B) (x +y) cosb + (x—y)sind=a y| =3| 1 _6-1_ 5
(C) (x +Y) cosd — (x—y) sin =0 =ia T W2 o2 2 22
(D) (x +y) cosd — (x —y) sinb = a Differentiating above functions, w.r.t. 6, we get
Sol.  [C] ;
X = a (sind + coso), £:—3sin6+3cosze x sin 0
y = a (sinb — cos0)
Differentiating above functions w.r.t. 6, we get j—g =—3¢0s 0 + 3 cos” 0 x cos 0

o a(cos 6 —sin 0) 2
do dy _dy/do _ 3cos0—3sin”6xcosd

d0  dx/d0  —3sin0+3cos?0xsino

d_ a(cos 6 +sin 0)
do c0s0 —sin? Ox coso

dy/do _ dy _ a(cos0+sin6) —sin@+cos® 0xsin 0

dx/do6 dx a(cos®—sin0)

cosO (1—sin? 6)
dy _ cosf+sin6 ~sinB(1—cos® 0)
dx cosb-sin6

2
slope of normal = —1/ (dy/dx) = cotfx % % __ oo
_ (cosb—sin 0) _ (sin®—cos0) sin” 0
(cosO+sin®)  (sinO+cos0) (dy/dx)|e= wa = — (cotm/ 4)3 =1

Equation of normal Slope of normal = 1

sin 0 —coso

y—a(sin6—cosf)= ——— Equation of normal
sin©+cos6
[x —a (sin 6 + cos 0)] 5 _ ( 5 j
Y- ——=1|x———
. _ sinB—cosO Zﬁ 2\/5
y—a(sin6-cosf)= ————
sin 6+ coso 5 5
— ino + —_ = | X———
_ [x—a(sin cqs (29)] ) (y 2\/§J ( Z\EJ
y(sin © + cos 6) — a(sin” 6 — cos” 0) =
X(sin 6 — cos 6) — a(sin® 6 — cos® ) It satisfies point (0, 0).
= y(sin © + cos 0) = x(sin 6 — cos 0) Hence, option [B] is correct answer.

=((y—X)sin0+ (y+x)cos6=0
=>(X+y)cosO—-(x-y)sin6=0
.. option [C] is correct answer.

Q.6 The normals to the curve x = a (6 + sin 0),
y =a (1 - cos 6) at the points
6=@n+1)w,nelareall-

Q.5 The normal to the curve x = 3 cos 6 — cos6, (A) parallel to x-axis
y = 3 sin 6 —sin® 0 at the point 6 = n/4 passes (B) parallel to y-axis
through the point- (C) parallel to the line y = x
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(D) None of these
Sol. [A] Sol.
X =a (0 +sind)
y =a (1 -cos0)
Differentiating above functions, w.r.t. 6, we get
dx/d6 = a(l+ cose)}
dy/d6 = a(sin®) Question
d d based on
—X:a(1+cose) and & =asin @
do do Q.9
dy _ dy/d6_ asin® _ sinb
dx dx/d®6 a(l+cosf) 1+cosO
dy_ _sihd_ Sol.
dx 1+cos6
0=02n+Dm,nel
_ sin® _
(dy/dx)|9:(2n+1)n - 1+cosO =0
foralloe=(2n+rinn el
Hence, equation of normal must be parallel to
y- axis.
.. option [B] is correct answer.
Q.7 The number of values of ¢ such that the straight
4
line 3x + 4y = ¢ touches the curve X? =X+Yy
is
(A)0 (B)1 ()2 (D) 4
Sol. [B]
4x3
! = A 1
y 2
o 1= 3 Q.10
8x*=1
8 2
C has one value.
Q.8  Thecurvey—e¥ +x =0 has a vertical tangent Sol.
at
(A) @ 1) (B)(0,1)

(©) (1,0 (D) no point
[C]

L_oyeYal

Y= 1-xe¥

1=xe”

0 = Anx + Xy

y —> o at(1,0)

Angle of Intersection of Curves

If the curves y2 = 6x, 9x2 + by? = 16, cut each
other at right angles then the value of b is -

(A) 2 (B)4
(C)9r2 (D) None of these
[C]

y2=6X; 9x2+by2=16
Differentiating above two curves w.r.t.x, we get
2y(dy/dx) = 6 = (dy/dx); = my = 3ly

9 0x% + by?—16)= 0
dx

18x + 2by x (dy/dx), =0

18x _ -9x
= (dy/dx),=my=——= ——
(dy/dx), 2 2y Dby
my xmy=-1
3(1}1
y by
27X~ 1 = 27x = b x 6x
by
:>b:£:g
6 2

Hence, option [C] is correct answer.

If the tangent at P of the curve y* = x° intersect
the curve again at Q and the straight lines
OP, OQ makes angles a, p with the x-axis
where ‘O’ is the origin then tan a/tan § has the
value equal to-

(A) -1 (B) -2
(C)2 (D) V2
[B]

P(t% t°)

Q(t’ t°)
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Q.11

Sol.

tana _ 1y
tanp  t,
tangent at P
3t}
y-t’= —= (x—tr%)

3
Sy-t°= 5 ti(X — %)
It passes through Q
=t -t°= % ti(t” — %)

26,7 + 2t + 2t;t, = 3tyt, + 3t
t2+ tit—2t,°=0
(th—t) (t+2t)=0

t
2 __2
t

The abscissa of the point on the curve
ay? = x3, the normal at which cuts off equal
intercepts from the axes is -

4a 4a
(A)1 B)— (©3 (D) —
3 9
[D]
ayz = X3
Differentiating above function w.r.t.x, we get
2ay x W _ 30
dx
o
dx 2ay
y

P(X1, Y1)

(dy/dx)|, - 3x’12ay,

slope of normal = — = —2ay,/3%,?

(dy/dx)
equation of normal is
_ 2ay;
y*Yl - 3X2 (XﬁXl)

1

Q.12

Sol.

_2ay; 2ay,
—VY, = ——Zax X+ —=
Y—% 32 3%,
Zayzlx+y:y + 2ay,
3X1 3X,

2ay; X +3x2y _ y,.3x, +2ay;

2ay;.X + 3x.2.y = y1(3x.® + 2axy)

X y
(3xg +2ax,)y; , (3%F +28%)y; _

2ay, 2x2
Given condition, i.e. Normals equally
intercepts

(3X{ +28%;).y; _ (3X{ +28%,).y;

2ay, 3x{

2

= 2ay1 = 3X12 =V = &
2a

Also, point P (xy, y;) lie on the equation of the

curve ay;® = x;°

232
3X1 _ .3
a|— | =Xq
2a
9%x9
- x X14 — X13

=
4a

ji xx;=1
4a
:>X1:4a/9

Tangent and normal to the curve

y = 2 sinx + sin2x are drawn at p [x :gj .

The area of the quadrilateral formed by the
tangent the normal and coordinate axes is

(A)n3

sg. units  (B) % sg. units

Ve

© - sg. units (D) None of these

[A]
y=2sinx+sin2xatp= [x:%)

y=2xsinn/3 +sin 2 x /3
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BB _3uB 8b b
= x X2 4N - VY A) — B) —
y=2x"+ > (A) > (B) 3
b
C) — D) None of these
Point p E%:l © 27 ©
Sol. [A]
slope of tangent by? = (x +a) = y = (x + )2 /b
(dy/dx)|p = (2cosx + 2 cos 2X)|, dy _ y = 3 (x+a)"?
=2 /3 + 2 cos 2nt/3 9 2o
TocosT cos em Sub-tangent = ST
= 2[cos /3 + cos 27/3] = lyiy|
1 1 3/2
= {___} =|(x+a) x 2b |= ‘Ex(x+a)
2 2 | Vb 3x+a)¥?| |3
=0 subnormal = SN
H 3/2
Hence, equation of tangent ~yy'|= (x J:/_a) \ = < (x+a)2
y—343/2=0 (x-m/3) R
P(SN) = q(ST)?
—y=343/2 5 , 2
2 —
Equation of normal would be px|(x+a) X%‘ =ax E(X+a)
1
y—3+372= 1 (x-u3) DX | (x+2)%| = q x| % x (x +3)2
0 2b 9
= x=n/3 p_4, (x+a) 2b_8
y q 9 (x+a)? 3 27
p_g8
c s y-34312 q 27
Hence, option [A] is correct answer.
A X Q.14  Forthe curve y = be¥a -
y (A) sub-tangent is constant
x=F (B) sub-normal is constant
.3 (C) Length of tangent is constant
(D) Length of normal is constant
Hence, area of quadrilateral OABC = Sol. [A]
= be”
33 _ 3 . Y .
%x T\/— = Tﬁ square unit. Differentiate w.r.t.x, we get
dy — beX/a 1 _y
ST Length of Tangent, Normal, o " a a
SR Sybtangent & Subnormal y
y' =2
a

Q.13  If the relationship between the subnormal SN y
and sub-tangents ST at any point of the curve Subtangent = ‘7‘ = [a| = a= constant
by2 = (x + a)? is of the form

Subnormal = |y.y'| =

Y|[_ 2
= =|yla
p (SN) = q (ST)? then a= Y a‘ v

= not constant
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Length of tangent =

L o
ax\/1+y2/a‘

= not constant

yx4/1+ y’2
yx4/1+ y2 /a®

= Not constant
.. option [A] is correct answer.

Length of normal =

Q.15 The length of the tangent to the curve

x=a (0 +sin0),y=a (1- cos 6) at 6 points is
(A)%mng (B) asin 0

(C)2asin®
Sol. [A]

(D) acoso

/| -

sin 6 _ta 0

1+cosd 2
length of tangent

= l, 1+(y)?
y

N a(l—cos0) 0

X Sec —
tan 9 2
2

2sin?0/2
ax
sinB/2

9 cos0/2
cos0/2

= 2asin 9
2

Q.17

Question

Application of derivative as Rate
based on

Measure

Q.16

A particle is moving on a line, where its
position S in meter is a function of time t in
seconds given by S = t3 + at2 + bt + ¢ where
a, b, c are constant. It is known that at t = 1
seconds, the position of the particle is given by
S = 7m. Velocity is 7 m/s and acceleration is
12m/s2. The values of a, b, c are

(A)-3,2,7 (B)3,-2,5

©)3,21 (D) None of these

Sol. [B]

S=t+at?+bt+c

Sol.

At t = 1 second, position = 7m

velocity = 7m/sec.

acceleration = 12m/sec’
Att=1secand S=7m
l+a+b+c=7=a+b+c=6 ...(1)
Differentiate equation, S = t* + at®* + bt + ¢

w.r.t.t, we get
% = velocity, 3t + 2at + b

Att=1sec, V =7m/sec.
3+2a+bh=7=2a+b=4 ..Q2)

Differentiating equation, 3—? =3t +2at+b

w.r.t. t, we get

d% o

o acceleration = 6t + 2a

Att = 1 sec, Acceleration = 12m/sec’
6.(1)+2a=12=2a=6

=a=3

b=4-2a=4-6=-2
froma+b+c=6

3-2+c=6

=Cc=5

.. option [B] is correct answer.

A 13 ft. ladder is leaning against a wall when
its base starts to slide away. At the instant when
the base is 12ft. away from the wall, the base is
moving away from the wall at the rate of
5ft./sec. The rate of which the angle 6 between
the ladder and the ground is changing is

(A) —% rad/sec. (B) —1 rad/sec.

© B rad/sec.
12

[B]

(D) _10 rad/sec.
13
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13
0
«— X
5 ft/sec
cos 6= =
13
. do _ 1 dx
—-sing — = — —
dt 13 dt
doe -1 dx
- — = X —
dt  13sin6 dt
_ -1x13 x5
13x5
=-1
Q.18  Water is poured into an inverted conical vessel
of which the radius of the base is 2m and height
4m, at the rate of 77 litre/minute. The rate at
which the water level is rising at the instant
when the depth is 70 cm is (use T = 22/7)
(A) 10 cm/min (B) 20 cm/min
(C) 40 cm/min (D) None of these
Sol. [B]
h_H
r R
2
V= —n[ﬂ— R] h
H
— TcR_ih3
3H
dv 7R? ,dh
—=—rh*—
dt H dt
77000= 2 L (70)? dn
7 H dt
dn =20 cm/mm
dt
Q.19 A point is moving along the curve y* = 27x.
The interval in which the abscissa changes at
slower rate than ordinate, is
(A) (3,-3) (B) (=0, )
© 1,1 (D) (~e0, =3) U (3, =)
Sol. [C]

= y'<9
= -3<y<3
= 27<y¥<27

= -1<x<1

o[Liii8 Rolle’s Theorem and Lagrange’s
Mean Value Theorem

based on

Q.20

Sol.

Let f(x) = (x —4) (x - 5) (x
(A) ' (x) = 0 has four roots

—6) (x—7) then-

(B) Three roots of f'(x) =0 liein

(4,5 v ((5,6)V(6,7)

(C) The equation f' (x) = 0 has one real root

(D) Three roots of f'(x) =0
(3,4 v (4,5 u(b5,6)
[B]

lie in

f(xX) = (x —4) (x-5) (x—6) (x-7)
=x* 2253 + 179x* —638x + 84

Differentiating f(x) w.r.t. X,

we get

f/(x) = 4x° —66x° + 179 x 2x —638

To make f'(x)=0

= 4x3 66X>+ 179 X 2 X —
= 2x°3 - 33x% + 179x -319
Put x =11/2

638 =0
=0

2x(11/2)° - 33(11/2)% + 179 x 11/2— 319
 11x121-33x121+179x 22— 319x 4

4

_ 1331-3993+3938-1276
4

Hence (x— 11/2) is the root

=0

of above equation.

2x% (x —11/2) —22x (x-11/2) + 58 (x -11/2) = 0

(x-11/2) (2x* —22x + 58) =

0

(x-11/2) (x* ~11x + 29) = 0

11++/ -
X = 121-116 &X=1_1
2x1 2
+
= 11_‘/3 and x = —1
2 2
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= 11+45 _ 11+2.2

=6.5
2 2
and x = 11‘2*/5 = 11‘22'2 Z458&x=1112
Hence option [B] is correct answer.
a, 4  a g
Q21 If +—+ ot +a, =0, then
n+l n n-1 2
the function f(x) = agx" + a;x"1 + a,x"2+ ... + a,
hasin (0,1) is
(A) at least one zero (B) at most one zero
(C) only 3 zeros (D) only 2 zeros
Sol. [A]

a, ,a; , a a
—0 4+ 4+ 72 4 +°0l4g =0
n+l n n-1 2

f(X) = agx" + a; X" + ax"2+ ..+ a,

Integrating w.r.t.x, we get
1 1
Jf(x)dx = J.[aox“ +ax"rax" 2+ a,]dX
0 0

1

agx"™ a;x"  a,x"?

= + + FondagX
n+1 n n-1 0

a a a
=0 4+ 1y 2 4 +4a,=0

n+l n n-1

. . a a a
(Since, we have given — + L + 22+

n+1 n n-1

1
If(x) dx = 0 = f(x) must be zero.
0

f(X) = apx" + apxX™ M+ X+ ... +a,=0
Hence, in (0, 1) if we putx=0
f(0)=0+0+0+....... +0+a,=0
Hence, a,=0

.. at least one constant must be zero.

.. option [A] is correct answer.

Rolle’s theorem in the indicated intervals will
not be valid for which of the following function

Q.22

(A) f(x)=< x
1; x=0

x=0
;XE[*]_,]_]

Sol.

Q.23

Sol.

Q.24

Sol.

1-cosx. x =0

B) g(x)=7 x :X e[-2m, 27]
0; x=0
l—COSX; X %0

(©) h(x)= :X e[-2m, 2]
% yXx=0

(1
(D) k(x) = XS'”(Y} X#0.,
0: x=0

7
el—-——=,—
T 271

Consider the function for x = [-2, 3]

[O]

x°—2x% —5X+6 :x %1
X —1 then
-6 ix=1

f(x) =

(A) f is discontinuous at x = 1 = Rolle’s
theorem is not applicable n [-2, 3]

(B) f(-2) # f(3) = Rolle’s theorem is not
applicable in [-2, 3]

(C) fis not derivable in (-2, 3)
= Rolle’s theorem is not applicable

(D) Rolle’s theorem is applicable as f satisfies
all the conditions and c of Rolle’s theorem is 1/2

[D]
(x-1) (x> -=x—-6) :x=1

f(x)= x—1

-6 yx=1
2x-1=0
=c=1/2

If the function f(x) = 2x* + 3x + 5 satisfies
LMVT at x = 2 on the closed interval [1, a]
then the value of ‘a’ is equal to-

(A)3 (B) 4 €6 (D)1
[A]
fr)= fO=f®
a-1
1= 2a® +3a+5-10
a-1

—1la-11=2a°+3a-5
—=2a°-8a+6=0
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Q.25

Sol.

—a’—4a+3=0
=(@-1)@-3)=0
a=1,3

a=3 (@a=1l)

Consider f(x) = |1-x|; 1 <x <2 and

g(x) = f(x) + b sin gx, 1 < x < 2 then which of

the following is correct?
(A) Rolle's theorem is applicable to both

3
f,gand b=—
g 2
(B) LMVT is not applicable to f and Rolle's
theorem if applicable to g with b =%

(C) LMVT s applicable to f and Rolle's
theorem is applicable to g withb =1

(D) Rolle's theorem is not applicable to both f,
g foranyreal b

[C]

fx)=x-1;1<x<2

g(x):x—1+bsin§x;1£x£2

LMVT applicable to f Rolle's applicable to g if
b=1

True or false type questions |

Q.26

Sol.

Q.27

Any tangent to y = x® + 7x + 5 makes an acute
angle with x-axis.

[True]

y=x5+7x+5

Differentiate w.r.t.x, we get

g—y:5x4+727foraIIXER
X

Hence, g—y: m = tan 0, 0 will be acute with

X
X- axis because 6 either in first quadrant or
third quadrant.
.. option is true.

If the tangent to the curve 2y3 —ax? — x3 = 0 at
the point (a, a) cuts off intercepts o and B
on axes, where o2 + B2 = 162, then value of
a is 30.

Sol.

[False]
2y3—ax?-x3=0
Differentiating above curve w.r.t. X, we get

2 x 3y23—y—2ax -3x*=0
X

dy _ 2ax+3x?
dx 6y2
d_y =—2a2+3a2=£=§
dx (a,a) 63.2 6a2 6
equation of tangent at (a, a)
5
—a==(x-a
y-a=g(x-a)
6y — 6a = 5x —ba
S5x+6y=a=> X 4+ Y -
(-a/5) (al®6)
Here, o. =-a/5; B = a/6
o’ + p? =162
2 2
242 162
25 36
2
6la — 162 = a’ = 162x25% 36
25x% 36 6
a=30

.. option is false.

Fill in the blanks type questions

Q.28

Sol.

The equation of tangent to the curve
x(x% -1) .
= ———atx=01iS..cccrnnnn.
Y X 12
x(x? -1) (x®-x)

x2—x-12  (x*-x-12)
Differentiating above function w.r.t.x, we get

dy _ (32 -1 (x* —x-12)- (x* -x) (2x-1)

dx (x% —x—12)2
[d—y] = (120 (‘122 0112
dx a+x=0 (-12)
x3 —x
Also,y = atx=0 =0
X*—x-12
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Equation of tangent at (0, 0) isy — 0 =% x -

0)
= X =12y

Q.29 If the normal to the curve y = f(x) at x = 0 be

given by the equation 3x —y + 3 = 0, then the

value of

Iim0 X2[f(x2) — 5 f(4x2) + 4f(7TxD)] Lis..conunnn.
Sol. y =f(x)

3X-y+3=0

=>y=3x+3=1(X)

lim X2 [f(x%) — 5f(4x?) + 4f (7x%)]*

X—

= lim X2[(3%% + 3) — 5(12x% + 3) + 4(21x* +3)] *
X—>

= lim Xx2[3x? + 3 — 60 x* —15 + 84x* + 12] *
x—0
. 24-1 1

=lim x?[27 x| "= —
x—0 27

Q.30  The value of a for which the area of the triangle
included between the axes and any tangent to
the curve x8y = k2 is constant is..............

Sol. Xy=k*
puta=0 =>y=1
Area of triangle not possible.
y
y=1
0 X
Puta=1 =xy=Kk
y
xy =k
X

Here, area of triangle is possible

Hence, a must be 1.
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EXERCISE # 2

Only single correct answer type
guestions

Q.1 The tangent at (t, t2 — t3) on the curve
y = x2 — x3 meets the curve again at Q, then

abscissa of Q must be -

(A) 1+ 2t (B) 12t
(C) -1 -2t (D) 2t -1
Sol.  [B]
y=x2—X3

Let graph of this curve as follows:

P (8-t /
UQ

7y:X27X3

slope of tangent, dy|
dx|p

= 2x -3x*

=2t—3t
Equation of tangent is
y— (2 —t%) = (2t =3t%) (x 1)
y— (1) = (2t-3t) x — (2t -3t) t
y=(2t-3t) x—2 + 3+ — 13
y=(2t-3)x+26 - ...(1)
Solving equation (1) and y = x* —x*
(2t -3t) x + 28 — 2 = x> -
=x3 o+ (2t-3) x+ 22—t =0
Put x =t,
£t +2t-3)t+ (2t -t) =0
tot?+20 -3+ 28 -£2=0
3 -3+ 20 -2t =0

Hence, x =t is the factor of above equation
XEX—t)+X-XX-1)-2F-t) (x-1)=0

[+ x(t-1)— 2 -] (x—-t) =0

. (A-t)£4/A-1)% +4(2t2 1)
2x1

. 1-t+y1+t2 - 2t+8t% — 4t
2x1

« = 1-t+y9t? =6t+1

2x1

(= A-D=-31

2
_1-t+1-3t _1-t-1+3t
X=—"——" " andx=—"——
2
X = 2_24t and x = 2t

S>x=(1-2) &x=t=>x=1-2t

If the tangent at ‘t” on the curve y = 83 —1,
X = 412 + 3 meets the curve again at t' and is
normal to the curve at that point, then value of t
must be -

1 1
(A) + ﬁ (B) £ E
©) % (D) None of these
[C]

y=8t-landx=4t2+3

y +1=8tand (x -3) = 4t*

(y + 1)* = 64t° and (x -3) = 4t
(y +1)* = (4t)° = (x-3)°

= (y +1)*= (x-3)°
—y=(x-3)¥_-1 (D
Let shape of curve is

P() ‘—‘ 90°

Q)

Slope at p(t)

Y _ 242 and X = gt
dt dt

dyldt _ dy _ 5428 = 3¢
dx/dt dx

equation of tangent at p(t)

y —(8t° —1) = 3t (x —(4t° + 3)) ...(2)
point Q [t (t—3)*? —1]

Point Q satisfies equation (2), we get
(t—3)¥2—1-8 + 1= 3t (- 4t* -3)
(t—3)¥2 —8t> = 3tt— 12t — 9t
(t—3)¥2 -8t = 3t —12t> — ot

Power by: VISIONet Info Solution Pvt. Ltd
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Q.3

(t—3)¥2 = 3tt'— 9t -4t

(t—3)%% = 3t(t—3) —4t® ...3)
from (1),
jy S (x— 3)1/2
X
jy _ g X —3)12
X
dy _3 ., 2 _
ix (t 3)"“ = slope of tangent at Q(t')
Also, 3t x = (t’ 3=
(t—3)"2=—2/9 x Y

(t— 3)%2 = (_2/9)° = —8/9 x 81x tis

(t-3) = 4/81x =
t

from (3), we get

B logix Al _yp
9x81 3 81 t?

8 . 1_ 12 - 4x81xt*
9x81 {3 81xt
_ 4x3(1-27t%)
81xt
-8 1 _4x3@-271t%)
9x81 {3 81xt
2

——><—-1 27t
27 2

oo 2xl 1=9
27 t?

1 2

*t— %

L i
V3T V23

If we put, t=

5

as we given in options only t = J_r? holds

good.
Hence, option [C] is correct answer.

The point of intersection of the tangents drawn
to the curve x2y = 1-y at the points where it is
meet by the curve xy = 1-, is given by

(A) (0,-1) (B) (1. 1)

(©)(©,1) (D) None of these

Sol.

Q4

Sol.

[C]

X2y =1-y ..

Xy =1y ...
Solving (1) and (2), we get
X(xy)=1-y

=>x(1-y)=01-y)
=>1-y)x-1)=0
=>x=1y=1

It must satisfy equation of the curve
xy=1-y

1.1=1-¢=0

Iftakex=1,y=0

then1.0-1-0
Iftakex=0andy=1
01=1-1=0

Hence, option [C] is correct answer.
The tangent at any point of the curve

x3 + y3 = 2 cuts off length p, q on the
coordinate axes, the value of p=3/2 + q3/2 =

1
(A) 2-312 B) —=
J2
©) V2 (D) None of these
[B]
x3+y3=2
y
B(0, a)
q C
A (P, D)
¢ X
p
Differentiating w.r.t. x, we get
3x% + 3y% dy/dx = 0
2 2
dyldx = %= [ij
y y
Also, slope of tangent = 9-0__4
0-p p

Hence, — q:x y x,/q/p
y> p

Also equation of tangent is
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Q5

Sol.

X
E+y/q=l:>q><+py=pq

qxy+al/p+py=pq

3/2
y{q—+p}=pq

Jp

3/2 3/2

y( ) = qp**
y=a. p3/2/ 0%+ ¢*?)

q.p3/2
X= 0 qa/z)XVq/p

(s
X = pq3/2/ (p3/2 3/2)
Put values of x, y in equation of curve
XS + y3 -
3 ,9/2 3 ,9/2
P9 +_ 9P -9
(p3/2 q3/2)3 (p3/2 q3/2)3
p q [pa/z 3/2]:
(p3/2+q3/2)
q [p3/2 3/2] =5
(p3/2 q3/2)
e’ _,
(p3/2 3/2)2
3/ (p3/2 + q3/2)2 =2
( 3/2 ) A 1
(p3/2 3/2)2 )
I A
0372432 N
e . 3N 1
q3/2 p ﬁ
1 M
I33/2 q \/E
— p—3/2+ q—3/2 Q.6

Hence, option [B] is correct answer.

The number of points in the rectangle
{(x, y)| -12 < x < 12, -3 <y < 3} which lie on
the curve y = x + sin x and at which the tangent
to the curve is parallel to the x-axis is-

(A)0 (B) 2

(C)4 (D)8

[A]

Sol.

y =X +sinXx
y Yy=Xxgsinx /'y =X
0.3
(=12, 0) — )
S (12,0)
J ©,-3) ;/ =sin x

Points on the curve at which tangents are
parallel to x- axis i.e. slope of tangents at that
points must be zero.

Differentiating above curve w.r.t. X, we get

d—y:1+cosx = d—y:O
dx dx

=1+cosx=0
cosx=-1=cosn
S>x=2nm+n=02n+l)m;n el
putn=0;Xx=mn
n=-1;,x=-x
Whenx=n=y=n+sinn=n
(outside rectangle)
Whenx=—-n=y=-n+sin(-n)=-=
(outside rectangle)
Hence, there is no points on the curve in the
rectangle at which tangents are parallel to
X- axis.

.. option [A] is correct answer.

A curve with equation of the form
y = ax* + bx® + cx + d has zero gradient at the
point (0, 1) and also touches the x-axis at the
point (-1, 0) then the value of x for which the
curve has a negative gradient are

(A)x>-1 (B) x<1
(C)x<-1 (D)-1<x<1
[C]

y' = 4ax® + 3bx* + ¢

c=0
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Q.7

Sol.

QS8

Sol.

Q.9

3b-4a=0

y' <0

4ax® +3bx2+¢ <0
c=0

x*(4ax + 3b) < 0

X2 (x+1)<0

=>Xx+1<0

=>x<-1

The tangent to the curve 3xy* — 2x% = 1 at
(1, 1) meets the curve again at the point. Sol.

16 1 16 1
) (? 5} ®) (‘?‘5}

1 16 1 16
© (5' E] ©) (‘5' Tj
[B]

,_ 3y*-4xy
6xy — 2x°

NG

Ve n=

1
—1=(x-1
y 4( )

check option

The point (s) at each of which the tangents to
the curve y = x> — 3x* — 7x + 6 cut off on the
positive semi axis OX a line segment half the
negative semi axis OY then the coordinates the
point (s) is/are given by
(A) (-1,9)

€ (1,-3)

[B]

Slope =2

Yy =3x"—6x—-7=2

3 -6x-9=0=>x*-2x-3=0
x=3,-1 = (-1, 9) not possible
y=-15,9

Q.10
(B) 3,-15)

(D) None of these

Sol.

A cubic polynomial f(x) = ax® + bx® + cx + d
has a graph which touches the x-axis at 2, has
another x-intercept at —1 and has y-intercept at
-2 as shown. The value of, a + b + ¢ + d equals

A
44
34
24
14
D ‘21\_ VONR

34
_4+1

A-2 B -1 (€O (D)1

[B]

x=0, f{x)=-2, d=-2

x=-1 ; fx)=0

—a+b-c-2=0

—at+tb-c=2

x=2;fx)=0

8a+4b+2c=2

da+2b+c=1

3ax? + 2bx +c=0

atx =2

12a+4b+c=0

2a+2b=2

8a+2b=-1

a=-1/2, b=3/2

= c=0

a+tb+c+d

- 134042
2 2

=-1

A horse runs along a circle with a speed of
20 km/hr. A lantern is at the centre of the
circle. A fence is along the tangent to the circle
at the point at which the horse starts. The speed
with which the shadow of the horse move along
the fence at the moment when it covers 1/8 of
the circle in km/hr is.
(A) 20 (B) 60
[D]

(C)30 (D) 40
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Q.11

Sol.

Rtan0=y

= R sec?0 (d—ej - dy
dt dt

2, _ dy

= (Rw)secO=—
dt

= Y o_y sec?0
dt

=20 x sec? =~
4

=20 x 2 =40 km/hr.

If the tangent at P on the curve x™M y"h = gm*n
meets the coordinate axes at A and B then AP: PB =

(A)m:n (B)n:m
(C)-m:n (D)—n :m
[B]
xm yn = am+n
Taking log both sides, we get
y
B
P (a, b)
A
0 X

mlogx+nlogy=(m+n)loga
Differentiating above equation w.r.t. X, we get
m n_ dy_

—x1+—x ==0

X y dx

3d_v:ﬂxz:ﬂx(xj
dx X n n X

dy _-m _ b
=== —X —
dx n a

Hence, equation of tangent at p (a, b) is
y-b= ﬂx E(X,a)
n a

nay —abn = — mbx + abm
= mbx + nay = ab (m +n)

= X y =
ab(m+n) ab(m+n)
mb na
X + y _
ab(m+n) ab(m+n)
mb na

X y —
= a(m+n) * b(m+n)
m n
A P(a, b) B
(m+n) b(m +n)
[a mm n ‘0} {O, mn+n }

am+n)  pB+ AP X0

a=
(AP +BP)
— AP +BP=pB x MM
m

0xpPB+2MEM  pp

b=
AP +BP
— AP+BP = [”””j XAP
Hence, AP x (m”'j: PB x [m”‘j
n m

R M

BP m
AP:BP=n:m

.. option [B] is correct answer.

Q.12 Thecurve x +y —An(Xx +y) =2x + 5 has a
vertical tangent at the point (o, ). Then o + 3
is equal to-

(A)-1 B)1 ©2 (D) -2

Sol. [B]

-1
, X+
e
1-—
X+y

1= L

X+y
at+tf=1

Q.13  Thecurves4x’+ 9y’ =72 & X*~y*=5at (3, 2)
(A) touch each other  (B) cut orthogonally
(C) intersect at 45° (D) intersect at 60°

Sol. [B]
8x+18yy' =0
y' = ﬂ

18y
y’ = __8(3) = _2
G927 182) ~ 3
2X—-2y.y' =0
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Q.14

Sol.

Q.15

Sol.

,_ X
y ==
y
y' = E
(3.2 2
mim, = -1

A monkey is attempting to climb a rope that is
not securely fastened. If he pulls himself up x
meters at once then the rope slips x* meters
down. How many meter at a time must he pull
himself up to climb with as few pulls as
possible?

Q.16

1 1 1 3
(A)ﬁ (B)ﬁ (C)E (D)Z
[B]

d=x-x°

d@) g ge-p=x= L

dx J3

A curve is represented by the equations,

x = sec’t and y = cot t where t is a parameter. If Sol.
the tangent at the point P on the curve where

t = n/4 meets the curve again at the point Q

then |PQ] is equal to-

543 55 245 35
A B C D
(A) ) (B) 5 ©) 3 (D) )
[D]
17
,_ —cosec’d _ cot’® Q
2sec’t tant 2
y' :_1
() =~
1
y—1:—5(x—2) Sol.

=>2y-2=-X+2
=2y+x-4=0
2cott+sec’t—4=0
2 i ittant-4=0
tant
—2+tan’t—3tant=0
—tan’t—3tant+2=0
= (tant—1) (tan’t +tant—2) = 0
= (tant—1) (tan’t + 2tan t—tan t— 2) = 0
= (tant—1)*(tant+2) =0
= tant=-2

1+tan’t=5
sec’t = x

y-cost-f1
2

P2, 1), Q(S, -%)

PQ= g+g :E
4 2

_ 35

2

The x-intercept of the tangent at any arbitrary

point of the curve iz + % = 1is proportional to-
X"y

(A) square of the abscissa of the point of
tangency

(B) square root of the abscissa of the point of
tangency

(C) cube of the abscissa of the point of
tangency

(D) cube root of the abscissa of the point of
tangency

[C]

ax+by?=1

equation of tangent

axx; S+ byy, *=1

X intercept =

x
o X,

At any two points of the curve represented
parametrically by x = a(2 cos t — cos 2t);

y = a (2 sin t — sin 2t) the tangents are parallel
to the axis of x corresponding to the values of
the parameter t differing from each other by-

(A)2n/3 (B)3n/4 (C)n/2 (D) /3
[A]

a(2cost —2cos2t)

a(=2sint+2sin 2t)

cost—cos2t=0

cos2t—cost=0

= 2cost—cost—1=0
—2c0st—2cost+cost—1=0

= (2cost+1)(cost-1)=0

/| —

cost=1, cost= —%

t:2_
3

exclude the point where denominator of y'
becomes zero

t=0
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Q.18

Sol.

Q.19

Sol.

IRy One or more than one correct
answer type questions

Q.20

Sol.

2+x3, ifx<1

Consider the function f(x) = . ;
3X, ifx>1

then

(A) f is continuous on [-1, 2] but is not
differentiable on (-1, 2)

(B) Mean value theorem is not applicable for
the function on [-1, 2]

(C) Mean value theorem is applicable on
[-1, 2] and the value of c =1

(D) Mean value theorem is applicable on

J5

[-1, 2] and the value of c is = N

Q.21

[D]

Continuous & diff. V x e R

Rolle's theorem not applicable Sol.
f(-1) = (-2)

LMVT

w | o
w| &

3x°

(]
1
I+

Let f(x) =1 + x™ (x —1)" where m, n € N. Then

in (0, 1) the equation f'(x) = 0 has

(A) no root (B) at least one root

(C) at most one root (D) exactly one root

D] Q.22
f(0)=1,f(1)=1

f'(xX) = 0 must have at least one root in (0, 1)

f/(x) = x™ L m(x — 1)" +nx"(x — 1)**

=x" "} x = 1)"*[(m + n)x — n]

x=0,1, [ Sol.
m+n

The angle at which the curve y=Ke"

intersects the y-axis is-

(A) tan *k? (B) cot™(k?)

(C) sin ‘1(\/1_4} (D) sec‘l(\/1+ k4)
1+k

[C]

y' = k2.2

Y00 =K

angle with y-axis

I 0=I tan'i?
2 2

=cot* k’=sin*

1
Vi+k?

Which of the following pairs(s) of curve is/are
orthogonal.

(A)xy=a’; X -y’ =b’

(B)y =ax;x*+y*=c?

(C) both

(D) None

[A, B, C]

(A)xy'+y=0

y

y’:__
X

2x-2yy'=0
L_X
y'=—
y
6 =90°
(B) curve passes through centre of circle
(becomes diameter)

If 5Jr%:l is a tangent to the curve x = Kt,
a
y:%,K>0then:
(A)a>0,b>0 (B)a>0,b<0
(C)a<0,b>0 (D)a<0,b<0
[D]
xy = k?
y+xy' =0
y':_l
X

Y—y=—X(X—x)
X

XY —xy = -yX + xy
XY +yX = 2xy
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Q.23

Sol.

Q.24

Sol.

Q.25

Sol.

X, Y same sign
x>0, y>0
or x<0, y<0

Equation of a tangent to the curve y cot x = y°

tan x at the point where the abscissa is T s

(A)dx+2y=m+2
(C)x=0

(B) 4x —2y = +2
(D)y=0

2yy’ = 2 cot X (— cosec’X)
—cotxcosec?x
y

Y (i) = £ 2, 00

U

For the curve represented parametrically by the
equations, x =2 Ancott+1 & y=tant+cott
(A) tangent at t = n/4 is parallel to x-axis
(B) normal at t = «t /4 is parallel to y-axis
(C) tangent at t = n/4 is parallel to the line y = x
(D) tangent and normal intersect at the point (2, 1)
[A B]
y' = sec’t — cosec’t

_ —2cosec’t

cot t

(y,)(n/4) =0

Consider the curve f(x) =x*?, then-
(A) the equation of tangent at (0, 0) isx =0
(B) The equation of normal (0, 0)isy =0
(C) normal to the curve does not exist at (0, 0)
(D) f(x) and its inverse meet at exactly 3 points
[D]

1

0=

f, f* meet at three points.

Q.26

Sol.

Q.27

Sol.

Q.28

If y = f(x) be the equation of a parabola (axis
parallel to the y-axis) which is touched by the
line y = x at the point where x = 1, then-

(A) (0) = 21(0)

B)f'(1)=1

©f(o)y+f'Q)+f"(0)2=1

(D) 2f(0) =1-f'(0)

[A, B, C, D]

f(x)=y=ax’+bx+c

yp=2a+b=1=1(1)

atb+c=1

f(0)=c

f'(0)=b

f'(c)=2a

@ +F(0) +f(0) =1

2a+b=1
f'(0)+f(0)=1
a=c

f(0) _

'Y

The families of curves defined by the equations
y = ax, X2+ y2 = b2 are perpendicular for -

(A)a=3,b=4 (B)a=-2,b=5
(C)a=3,b=3 (D)a=3,b=2
[AB,C,D]

y=ax, x2+y?=h?
y =ax = (dy/dx);=a

dy
X2+y2:b2:>2Xx1+2yxd_x:0

(d_yj (d_yj e ax_
dx ), \dx Z_T_K__
Foralla,b e R

Hence, all options are correct answers.

Which of the following functions do not
satisfy conditions of Rolle’s Theorem-

X s T
(A) exsin x, [0, 2}

(B) (x + 1)2 (2x — 3)5, [_ 1 g}
©)sin|x|, [r, 2n]
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Sol.

.1 T T
(D) sin ;,[—E, E}
[A, D]
We have to check for every option
For A : f(x) = e*sin x in [0, n/2]
f(b) = f(n/2) = ™ sin n/2 = e™. 1 = ™2
f(a) = f(0) =e%sin0=1.0=0
since, f(b) = f(a)

.. [A] is correct answer.

Assertion-Reason type questions |

Q.29

Sol.

The following questions 29 to 35 consists of

two statements each, printed as Assertion

and Reason. While answering these questions
you are to choose any one of the following
four responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is
false.

(D) If Assertion is false but Reason is true

2 2

y

Assertion: If the curves X—2+— =1 and
a

4

y3 = 16x intersect at right angles, then a2 is
equal to 4/3.
Reason: If two curves cut each other

orthogonally, then product of slopes of tangent
at point of intersection is equal to —1.
[C]

2 2

X y _ 3_
—_+Z _=landy’ = 16x
a2+4 y

Differentiating above two curves w.r.t.x , we

get

2_X+Qx ﬂ:o

a2 4 dx
(d_YJ —m = X4
dx J; a? 2y

Q.30

Sol.

Q.31

3_ 2dy _ dy) _ 16
=lex=>3y"=>=16= | — | = —
y y dx (dsz 3y?

Since, above two curves intersect orthogonally,

we follow as (d_y] X (d_yj =-1
dx); \dx ),

—4x 16

o X =1

aty 3y

L S T
3y a? 3x
—a=+2/43

.. assertion is not true. Reason is true.
.. option [D] is correct answer.

Assertion: The slope of the normal at the point
with abscissa x = -2 of the graph of the
function f(x) = |x2 — ||| is 1/3.

Reason : At x = -2, the slope of tangent (j—ij

of the curve is —3 and a normal is perpendicular
to the tangent.

[A]

f(x) = ‘x2—|x|‘

_ ) oxEx) x2—|x|=0
—(x®=|x]) ; x®<|x]not possible

f(x) = % = [x|; x* > |X|
_|x?=x ; x?<o0orx>1butx>0
X24+X x2<0

We take only y = f(x) = x* + x; x < 0

d—y:2x+1

dx

dy =4+1=-3
dXy_»

whenx=-2,y=4-2=2

Slope of normal is 1/3.

Assertion is true. Reason also true.
Hence, option [A] is correct answer.

Assertion: The ratio of length of tangent to
length of normal is proportional to the ordinate
of the point of tangency at the curve y* = 4ax.
Reason: Length of normal and tangent to a
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Sol.
Q.32

Sol.
Q.33

Sol.

Q.34

Sol.

Q.35

Sol.

and

curve y = f(x) is ‘y\/1+ m?

where m = dy/ dx.
[Al

yV1l+m?
m

Assertion : The product of the ordinates of the
point of tangency to the curve (1 + x%) y = 2 — x,
where the tangent makes equal intercept with
coordinate axes is equal to 1

Reason : Slope of straight line making equal
intercept with coordinate axis is equal to 1

[C]

Assertion : The quadratic equation

10x° — 28x + 17 = 0 has at least one root in [1, 2]
Reason : f(x) = e'™ (x — 1) (x — 2) satisfies

all the conditions for Rolle’s theorem in [1, 2]
[A]

Reason :

f(x) = e'™(x - 1) (x - 2)

f(1) =1(2)

l<a<?2

f(o) = '™ 10(¢* - 3x + 2) + &' ¥(2x-3) =0

= e'®[10x° — 28x + 17] = 0

10x*—28x +17=0

x{x}+1, 0<x<1
2—-{x}, 1<x<2
where {x} : fractional part function of x.
Assertion : Rolle's Theorem is not applicable
f(x) in [0, 2]

Reason : f(0) = f(2)

[Al

If both Assertion and Reason are true and the
Reason is correct explanation of the Assertion

Consider function f(x) = {

1 if x>0
Consider the function f(x)= 4 0 if x=0
-1 if x<0

Assertion : x = 0 is not the critical point on the
graph of y = f(x).

Reason : f(x) is discontinuous at x = 0.

[A]

Column Matching type questions

Q.36

Column 1 Column 11

Sol.

(A) The angle of intersection (P)O
of y? = 4x and x* = 4y is 90°

&tan‘ltmj then |m + n| is
n

equal to (m and n are co-prime) (Q) 1/2
(B) The area of triangle formed

by normal at the point (1, 0)

on the curve x = ™" with

axes is

(C) The angle between curve (R) 7
xX’y=1andy ="
(D) The length of sub-tangentat  (S) 3

any point on the curve
y = be*® is equal to
(A)->R; B)—>Q; (C)>P;(D)—>S
(A) x* = 64x
x (x*—64) =0
x=0;4

(m+n)=7
(B) 1=e""Ycosy.y
. 1
e cosy
Ya@won=1
y=-x+1
y+x=1

Area:% x1x1=

© @11
2xy + Xy’ =0

N |-

y = 0 (2)=(-2)
0=0°

b x/3
D)y = —e
D)y 3

bex/3

l = =3
y' 7ex/3

w| T
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Q.37

Sol.

Column 1 Column 11
(A) The slope of the curve (P) a—b=-6
2y* =ax’ + b at
(1,1) is-1, then
(B) If(a, b)bethepoint (Q)a—-b=7/2

on the curve 9y* = x
where normal to the
curve makes equal
intercepts with the
axes, then
(C) Ifthetangent ata point (R)a—b=4/3
(1, 2) on the curve

y:ax2+bx+% be

parallel to the normal
at (-2, 2) on the curve
y=x2+6x + 10, then

(D) Ifthetangenttothe curve (S)a—-b=3
xy+ax+by=0at(1,1)
is inclined at an angle
tan ' 2 with x-axis, then

(A)—>P; (B)>R; (C)—>Q; (D)—>S
(A) 4dyy =2ax

(B) 18y.y'=3x’

C) y=2x+6
Y22=-2
normal = -1/2
y =2ax+b
2a+hbh=-1/2 (1)
3
a+b-—§ ....(2)

Solving (1) & (2)

Q.38

Sol.

(D)xy' +y+a+by =0

= _y_a
b+ x

y

-l-a _

1+b
-1-a=2+2b
a+2b=-3 ...(1)
atb=-1 ...(2)
Solving (1) & (2)
b=-2,a=1
a-b=3

Column 11

(P) (0, 1)

Column 1

(A) The equation
x log x =3 —x has
at least one root in

(B) If27a+9b+3c+d=0,
Then the equation
4ax® + 3bx* +2cx +d = 0
has at least one root in

©) Ifc=+3 &f(x):x+§ ®) (0, 3)

Q) (1,3)

then interval in which
LMVT is applicable for f(x) is

(D) Ifc:% &)= 2x2  (S) (-1, 1)

then interval in which

LMVT is applicable for f(x) is
(A)—>Q,R; B)»R; (C)>Q;(D)—>P,S
(B) d(x) = ax* + bx® + ox? + dx

= x(ax® + bx? + cx + d)

©) ) =x+ L
X

F=1- —
X
in interval (1, 3)
1
N
3 2 3
(D) f'(x) =2-2x
f'c)=1
1.3)
=11
11
1+2+1 _,
2
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EXERCISE # 3

Subjective Type Questions |

Q.1

Sol.

Show that the normal at the point (3t, 4/t) of the
curve xy = 12 cuts the curve again at the point

16

whose parameter t, is given by t;= - o©

(3t, 41t)
xy =12

X. d—y+y.1=0:> y__
dx dx

dy|  _ -4t 4
dX|gparry 3t 3t

slope of normal = 3t%/4
Equation of normal

3t?
T (X —3t)

y_

3t?

o
4 4
4
t

y_

_3t? off

4 4
_ (3t 3
y= e X + (4/t - 9t°/4) ... (D
solving equation (1) and xy = 12, we get

2
2. ("%J + (41t - 964

X 47t 4

12 _ 3t’x+16-9t*
X 4t

12 x 4t = 3t x* + 16x — 9t*.x
12x 4t = 3% + x (16 -9t
= 3%+ (16 -9 + 4)x — 48t =0

- —(16-9+4)+ /(16 -9t*) +12x 48t*

6t
s —16)++256+81t° ~18x16t* +12x48t*
6t°
L (9t*-16) +/81t° — 256 +18x16t*
6t
L (9t*-16) +81t8 + 256+18x16t*
6t

Q.2

Sol.

= (9t* —16) +/(9t* +16)2

6t
« = (9t* —16) £ (9t* +16)
6t
positive sign
4 4
_ ot 166+39t +16 - 3t
t

negative sign
« = (9t* —16) — (9t* +16)

6t°
=32 16
6t 3td
16
putx=3t; =-——
TS

=1t = —;—63 Hence proved.
t

Prove that the
_ (1+3x?)
" B+xY)

y =1, intersect at the origin.
_ 1+3x?
T 34x2

_ 1+3x°

 34x2

3+x°=1+3x

2= 2%

=x'=1

tangents to the curve

drawn at the points for which

y=1

=>x=x1

Hence, points (+1, 1) and (-1, 1) would be
points of tangent

dy _ 6x(3+x%)—(1+3x%) (2x)

dx (3+x%)?

dy _18x+6x° —2x—6x°

dx (3+x%)?

d_y _ 16x

dx  (3+x%)?

[d_yj = E =1
dx @ 16

Equation of tangent
y-1=1(x-1)
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Q3

sol. (i)

=>y=X
d_y = 7E =-1
dX| 1y 16
-y
dX|(_11)
Equation of tangent at (-1, 1)
y-1=-1(xx+1)
=—x-1
y =X

Hence, solving y = x and y = —x, we will get
point of intersection (0, 0).

Find the angle of intersection of the curves,
2 2

. Xy
i) X2—y2=5and —+Z—=1.
() y TR

(if) y=sinxandy=cos x (0 <x < m).

(iii) y2 = 2% andy = sin x
T

(iv) y* = 4xand x* +y* =5

2yt

x2—y2=5and X Y =

18 8
We have to first find point of intersection of
above two curves

2 2
=y’ +5and X+ X =1
18

y2+5
18
4y? +20+9y? _
72 -
= 13y° +20=72
— 13y* =52
=>y=%2
Puty=+2=x*=4+5=9
X =9
=>Xx=%3
Puty=-2=x"=4+5=9
—=x*=9

2
+y_:1
8

1

= X=1%3
Hence, point of intersection would be as follows:
3.2),(3,2) (3 -2),(3-2
Differentiate above two equations w.r.t. x, we
get

(i)

dy_x

2X -2y % d—y=O:
dx dx vy

Hence, angle of intersection
m, —m,
1+mym,

V.2
2 3
1.3,2
23

tan 6 =

tan 6 = =

= 0=n/2
y=sinxandy=cos X (0 <x < n)

We have to first find out point of intersection,
Y =sin X = oS X

tan x =1, tan n/4

x=nn+7/4;n e Integer in0 < x <,

only X = /4

Differentiating above two equations w.r.t.x, we

get

Yo osx= Y = cosX|, _ =L
dx x|, x=nld) ~ [
d_y =—sinx=> d_y = 7i

dx dx x=n/4 '\/E

Hence, angle of intersection can be found out

as follows:
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Q4

Sol.

m; —Mp
1+mym,

tan 0 =

1 1

2
_ V2 V2 ~/_ =42 |
1-— hd

2 2
0=tan* (2+2)

If p and g be the intercepts on the axes by the

tangent at any point on the curve (x/a)23+ (y/h)23=1

2 2

show that p—2+g—2 =1
a

(X/a)2/3 + (y/b)2/3 =1

Differentiating above curve w.r.t. X, we get

2 2/31 2 2/31

1 3" 1 3 Y — o
a2/3 b2/3 d_x -
2 1 1 2.1 1
§x b2/3 le(dy/dx)—— gx 23 Y13
dy _ 213 13
™ =—(b/a)™ (y/x1)

X (X1,Y1)

Hence, equation of tangent at point (X1, Y1)

y -y =—(b/ 3)2/3 (yd/ X1)1/3 (x—xq)

1/3 1/3

223 xU3y _ g2y, xH3= _ p2ByU3y 4 2y I3

b2 yi/3X+a2/3 X}/sy a2 y X1/3+ b, Yils
1/3 1/3 23 2/3, W23 ,2/3
=Xy @7y b))
X +
13 1/3,.2/3,,2/3 , n2/3,2/3
X1 yr @7y T +bTUX)
p2/3y13
1
y =
3173 5213y, 2/3 213,213
X1 yr (a +b77x1)
a2/3X%/3
X
1/3 2/3 2/3 TN
(a +b77X1)

b2/3

Q5

Sol.

y -1
173,213,213 , 2/3,2/3
y1 “@7yrT +bTX)

a2/3

Hence,

1/3( 2/3 2/3+b2/3 2/3)

a
p= p2/3

1/3,,.2/3,,2/3 | n2/3,,2/3
_ Y1 @y T +bTXT)
q= a2/3

X2/3 213 213, 2/3\2
_ +
27 q2p43 (@ yl b™x,

QD |T

2 213,,213,,2/3 | 112/3,2/312
- N @y T +bX)

bZ b4a4/3

z 2/3 2/3
X
_ (az/s 23y 1/3)2 [ 1 N Y1 }

o

N

m|'c
N

b 2b4/3 2b4/3

213,213 | 213213
SRCENELN: [b +a”y; ]

/3
_ (aZ
2b2

(a2/3b2/3)3 a2b2

a’p? a%p?

p N
2

Hence, =1 proved.
a’

Prove that If the tangent at any point of the
curve x23 +y23 = 23 meets the axes of
coordinates in A and B then locus of mid point
of AB is a circle.
equation of tangent

1/3 + yy —1/3 /3
A= (aZISXlIS O)
B= (O a2/3 1/3)

h: a /3X11/3
2
/
k: a‘2/3)()/113
2
4h%  4k% _
— + — =
a a
2
2 2 a
Sax +y =|—
circle
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Q.6

Sol.

Show that in the curve y =a An (x2— a2), sum
of the length of tangent & sub-tangent varies
as the product of coordinates of the point of
contact.

y = ann (x° — &)

Differentiate above curve w.r.t.x, we get

dy _ a _ 2 _ .,
T T X XE =
dx  (x“-a“) (x“—-a“)
2
2ax
R
y x? —a?
2,2
:1+4a—x
(X2 —a?)?

x* +a* —2a°x? +4a°x?
(X2 _a2)2

x4 +a* +2a%x?
(X2 _a2)2

2
x? +a’?
x? —a?

2 2
2 _ X" +a
J1+y'© = >

x? —a?

Sum of tangent and sub-tangent

= %x,lhy'z
e

x? +a? .
x? —a’

yx(x? —a?)| [x? +a? +x% —a?|
2ax || x?-a? |

+

A
y!

y
=| 2ax

x? —a?

= LXZX

2ax

2

— XY

a

Q7

Sol.

Q8

Sol.

Hence, length of tangent and sub-tangent

oc |Xy|. proved.

An edge of variable cube is increasing at the
rate of 3 cm/s. How fast is the volume of the

cube increasing when the edge is 10 cm long.
Volume of cube,

V = Xxyz

Putx=y=z

V=x

Differentiate above equation

AY

z
w.r.t. time, we get
ﬂ =] 3X2 X d_X

dt dt
dx _ 3cm

—=——,x=10cm
sec

Given,
dt

3cm
sec

W _ 3% 100 cm? x
dt

% =900 cm®/sec. Ans.

The top of a ladder 13 m long is resting against
a vertical wall, when a ladder begins to slide.
When the foot of the ladder is 5m from the
wall, it is sliding at the rate of 2 m/s. How fast
then the top sliding downwards.

X2 +y? = (13)* = 169

AY
A
Va
y =12m 13m
Vg
0 X =5m B X

Differentiating above curve w.r.t. time, we get
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Sol. 16x2 + 9y2 = 400
2xd—X + 2yd—y =0 ° X y
dt dt Differentiate above curve w.r.t. X, we get
dy _ _dx
Yaur~ Na 16x 2x+9x 2y ¥ =
dx
- Vam Ve dy _ A6x2x _ 16 x
d 9x2 9
Vas X Ve X xzy y
As given condition 16x_ 9y
5 9 y 16x
Va = BT x 2 m/sec.
= (16x)° = (9y)*
-5
Vaz = m/sec. Now, solving 16x* + 9y? = 400
8ly? 2 _
Q.9 Sand is pouring_ from a pipe at the rate of 16 +9y” =400
12 cc/s. The falling sand forms a cone on the
ground in such a way that the height of the = 81y” + 16 x 9y* = 400 x 16
cone is always 1/6 th of the radius of the base. )
How fast is the height of the sand cone = 9y” (9 +16) =400 x 16
increasing when the height is 4 cm .
dy 2= 400x16
Sol. T = 12 cc/sec. y 9x 25
1 _ 20x4 _ 16
h:gr:rZGh y 3x5 3

2
V = volume of cone 16x% + 9 x [%} =400

L ey xh )
3 16x% = 400 — 256 = 144

127h® X>=9=x=4+3

Differentiating equation of V = 12xth® ) .
geq N Hence, required point (3%}

w.r.t. time, we get

Q.11 If a, b are two real number with a < b, show

dv dh

12 x3hix— that a real number ¢ can be found between a
t & and b such that 3c2=b?+ab +a%2.a, b &c
satisfy the function f (x) = x3.
— (dhidty = x 1 tisty tlon f ()
dt  36mxh? Sol. Givena,b e R;a<hb
f(a) = a°
L W~ f(c) = ¢’
dt  36mx4x4 f(b) = b*
dh 1 From Lagrange's Mean Value Theorem, we get
— =—— per sec.
T Fo= fO=fE@
b-a
Q.10 At what point of (Ist quadrant) the ellipse _b*-ad = @+ab+b)
16x2 + 9y2 = 400 does the ordinate decrease at " p-a
the same rate at which the abscissa increases? Also, f(x) = x3
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Differentiating w.r.t. x, we get Passage based objective questions |
£/(x) = 3x

f'(c)=3c’=a’+ b’ +ab
Hence, ¢ must be between a and b

Passage | (Question 15 to 17)
Consider the function

i.e.a<c, <b; proved. f(x) = f(1) - xf " (2) + £ (3) such that (0) = 2
Q.12 Verify Rolle's Theorem for f(x) = (x — ay® Q.15  The values of f'(1) is-
x (x —b)"on [a, b]; m, n being positive integer. (A)O (B)1
Sol.  f(x) = (x—a)™(x—h)" on [a, b]; €)2 (D)1
m, n being positive integer Sol. [A]
fla)=(a—-a)" (@a—b)"=0 f(x) = X*f(1) — xF'(2) + f)3)
f())=(b—-2a)" (b—b)"=0 '(3) =2
According to Rolle's theorem Now, f(x) = 2x f(1) - F(2)
(i) f(xX) must be continuousina<x<b £(x) = 2f(1)
(i) f(x) must be differentiable ina<x<b f()) =1
(i) #(c) = 1OT@ - 90 2)=2
_ b—a. b-a f(x) = X —2x + 2
Then there exist a point x = c such thata<c <b. f(1) =0
Differentiating above function w.r.t x, we get
f(x)=m (x—a)™* (x—b)" + (x-a)™. n(x —b)"* Q.16  Equation of tangent to y= f(x) at x = 3 is-
X
:(H)m(x—b)“{ m 0 } (A)y=x-7 (B) y=—-7
X—a X-Db 4
m n (Cy=4x-7 (D) none of these
f(c)=fc)| —+——| =
(c) (C)L_a%—b} 0 Sol. [C]
f'(x) =2x -2
SN, (because f(c) = 0) =4
c-a c-b
f(3) =5
= l = _L (3, 5)
ccaor y—5=4(x—3)
= l = L y= 4x — 7
c-a —c
m_c-a Q.17  The angle of intersection of y = f(x) and
=~ boc y = 2™ is-
Since, m and n, both are +ve integers then A) tan‘l(gj (B) tan‘l[ ﬂj
(c—a) and (b — ¢) must be +ve or —ve at a time. 4 3
Since,a<c<b. (©)0 (D) none of these
It verify Rolle's mean value Theorem. Sol. [D]
Q.13  f(x) and g(x) are differentiable functions for X* = 2x + 2 = 2
0 < x < 2 such that f(0) = 5, g(0) = 0, f(2) = 8, x=0y=202)
g(2) = 1. Show that there exists a number c V1)e.2 = —22
satisfying 0 < c < 2 and f'(c) = 3g'(c) (V) n = 4" = 4
4+2
Q.14 Show that exactly two real values of x satisfy tan 6 = 18

the equation X* = X sin X + COS X.

0=tan? (Ej
=

Passage Il (Question 18 to 20)
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Q.18

Sol.

Q.19

Sol.

Let y = f(x) be a differentiable function which
satisfies f '(x) = f4(x) and f (0) = —% . The graph

of the differentiable function y = g(x) contains
the point (0, 2) and has the property that for
each number ‘P’, the line tangent to y = g(x) at
(P, g(P)) intersects x-axis at P + 2.

If the tangent is drawn to the curve y = f(x) at a
point where it cross the y-axis then its equation is-
(A)x—4y=2 B)x+7y=2
(C)x+4y+2=0 (D) none of these
[Al
f'(x)=f"(x)

=f(x)

&=y

dx
3_[3—)2/ :Idx

1
== =X+¢C
y

c=2
=X+ 1 +2=0
y
atx=0,y=-1/2
Y
Y"—l
(x +2)?
y 1
(0-1/2) = 4
1
=(x
4()
X
=2

The function y = g(x) is given by-
-x/2

(A) B)e”
(C) 2.6 (D)e?+2
[C]

Q.20

Sol.

(P.a(P))

(P+2,0)

y—9(p) =9'(p) (x—p)
y=0

_g(p) - 2

ap) PP

—-g(p) = 29'(p)

dy

d

X
_,[dy
—Idx—ZJ.&
= X+Cc=2\ny
cC=2\n2

-y = 2=

:>—szan
2
y:2e”"2

The number of point intersection of y = f(x)

and y = g(x)
(A) 4 (B)0

[D]

(€)2 (D)1

one intersection point

Passage 111 (Question 21 to 23)

Q.21

Let f(x) be differentiable at every value of x
and suppose that f(1) = 1, that f '(x) < 0 on
X € (o0, 1) and that f '(xX) > 0 on x € (1, ).
Suppose g(x) be differentiable on [a, b] and that
f(a) = g(a) and f(b) = g(b).

Tangents to f(x) & g(x) are parallel at -
(A) least one point between a & b

(B) most one point between a & b

(C) exactly one point betweena & b
(D) no point between a & b
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Sol.

Q.22

Sol.

Q.23

Sol.

[Al
From Rolle's theorem

ie. £(c)= w = 0= f(b) = f(a)

Also g'9)= L= - 0 ) = g2

Hence, tangents to f(x) and g(x) must be
parallel at least one point between a and b.
.. option [A] is correct answer.

If it is known that f " (x) > g"'(x) throughout the
interval [a, b], then the tangents to f(x) & g(x)
are parallel at -

(A) least once in betweena & b

(B) most once in between a & b

(C) exactly once in betweena & b

(D) no where in betweena & b

[C]

£'(x) > 9"(x)

then tangent to f(x) and g(x) must be parallel at
exactly once in between a and b.

.. option [C] is correct answer.

The equation f (x) = 0 has-

(A) at least one real root

(B) at most one real root

(C) exactly one real root

(D) no real root

[B]

f(x)=0

i.e. f(x) must have at most real roots
i.e. at least two real roots.

.. option [B] is correct answer.

Passage 1V (Question 24 to 26)

Q.24

The baseball diamond is a square 90ft. on a
side. A player runs from first base to second
base at a rate of 16ft. /sec.

Home Third base

0,

{49
First base — Second base

At what rate is the player's distance from third

base changing when the player is 30ft from first

base?

30 32
A) — ft/sec B) —— ft/sec
N s ® -3

Sol.

Q.25

Sol.

Q.26

Sol.

30 32
(C) —— ft/sec (D) — ft/sec

V13 J13
[B]

y 90
X 90 — x

y = 4/90% + (90 — x)?
a _ !
dt  2./902 + (90 — x)?

dx

X—2(90-x) —
( )OIt
—60

TS V902 + 6072

=——— ft/sec

V13

At what rate the angle 0, is changing when the
player is at 30ft from first base?

x 16

8 —4
(A) —— rad/sec (B) rad/sec
65 65+/13
(©) A rad/sec (D) 4 rad/sec
65 65+/13
[A]
tan 0, = 0 —x
= sec’0,. a0, _ _i(d_xj
dt 90\ dt
2
de, _ cos"6, % 16
dt 90
_ -90x90x10 _ 8
= ———— =—— rad/sec

90 x11700 65

If the player slides into second base at the rate
of 15 ft/sec. then at what rate the angle 6,
changing as the player touches second base?

(A) —lrad/sec (B) 8 rad/sec
6 65

(C) - 8 rad/sec
65

[O]

(D) % rad/sec
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EXERCISE # 4

Old II'T-JEE Questions |

Q.1

Sol.

Q.2

The point (s) on the curve y3 + 3x2 = 12y where
the tangent is vertical, is (are)

[IIT Sc 2002]
4 1 Sol.
(A) (iﬁ,—Zj (B) [i ?1J

(©) (0,0) (D) [i%zj
D]
y? +3x% = 12y

Differentiating above curve w.r.t. X, we get

3y? x dy elegd_y
dx dx

6x= W =123y
dx

o ox

dx  3(4-y?)

Use, given condition, slope of tangent is oo
dy _ 6X

(1)

S>y=%2
Wheny =2 = 3x* =12y — y*
3x*=24-8
=16 Q3
4

*7

wheny = — 2 = 3x% = —24 — 8 = —ve (rejected)

X =

. : 4
Hence, required points | +—, 2
[ E j
. option (D) is correct answer. Sol.

According to mean value theorem in the
interval x € [0, 1] which of the following does
not follow- [T Sc 2003]

1

(A) f(x):E—x X<

(B) f(x) :sinTx iX#0
=1 ;X=0

(C) f(x) = x x|

(D) f(x) = |x|

[A]
There is only one function in option (a) whose

critical pt. % € (0, 1) for the rest of the parts

critical pt. 0 ¢ (0, 1). It can be easily seen that
functions in options (b), (c) and (d) are
continuous on [0, 1] and differentiable in (0, 1).

2
ol
——X X2
2
1

Here f ’(—] =-1landf’'(1/2") =-2 [l_lj =
2 2 2

Now for f(x) =

0
of [gj # (12

... fis not differentiable at 1/2 € (0, 1)
. LMV is not applicable for this function is [0, 1]

Let f(x) = x> log x for x >0 & f (0) = 0, follows
roll's theorem for [0, 1] then o is-

[11T Sc 2004]
(B)-1
(D) 2

(A) -2
(€0
[C]
f(x) = x* log x for x> 0
f(0)=0
f(1)=(1)*log1=0
f(1)=f(0)=0
According to Rolle's theorem
f(c) = f(1)-f(0) _ 0-0
1-0 1
Differentiate f(x) = x”. log x w.r.t. X, we get

=0
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Q4

Sol.

Q5

f/(x) = ax** log x + X L
X
=a. x*log x + x* 1
f'(c)=2c*log c+ c* =0
=c**[a.logc+1]=0
—a.logc+1=0

logc

Puta=-2=logc=-1/a=

N |-

— c= e > 1 (rejected)
Puta=-1=logc=1= c=e>(rejected)
Puta=0=logc=0=c=¢e"=1

Puta:% =logc=—2=c=e?’<1

For any two distinct real numbers x;, & X,,
y = f(x) is satisfying the condition,

[f(x,) — f(X,)] < (X;—X,)% Find the equation of
the tangent at the point (1, 2) to the curve
y = f(X). [11T 2005]

Given that, | f(X1) — f(X2) | < (X1 — X2)%, V¥ Xq, X2 €
R
Let x; = x + h and x, = x then we get
| f(x + h) —f(x) | < h?
= |f(x+h)—fx)|<|h[

‘f(x+h)—f(x) <|h]
h

Taking limit as h — 0 on both sides we get
lim f(x+h)—=f(x)
h—0 h
= [f"X)|<éd=>F"(x)=0
= f(x) is a constant function. Let f(x) =k i.e.,y =
k
As f(x) passes through (1,2) >y =2

. Equation of tangent at (1, 2) is

y-2=0(x-1)ie,y=2

< & (a small +ve number)

If f(x) is twice differentiable and f(a) = 0, f (b) = 2,
f(c)=-1,f(d) =2, f(e) =0, wherea<b<c<d <e

then find the minimum number of zeroes of

Sol.

g(x) = {f'()3 + {f"(x) f(x)} in [a, €] is?
[11T 2006]

90 = di (F (9 F) = = h(x)
X dx

f(x) /\ ; /\

ab\?/(.je

f(x) =0 = 4 roots
f'(x) =0 = 3roots

= h(x) =0 = 7 roots

= g(x) = 0 = 6 roots (min)
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EXERCISE # 5

Q.1

Sol.

Find all the tangents to the curve
y = C0S(X +Y), —2n < X < 27, that are parallel to
the line x + 2y = 0. [11T-1985]
Equation of given curve is

y=cos(Xx+y),-2n<x<2n
Differentiating with respect to X,

dy . dy
=2 =_ +v). |1+ =
dx sin (x+) { dx}

= [1+sin (x+y)]j—§ =—sin(x +vy)

Loy sinx+y) 1)
dx 1+sin(x+Yy)

Since the tangent to given curve is parallel to
Xx+2y=0

-sin(x+y) 1
1+sin(x+y) 2

[For parallel line my = m,]

- 2sin (x+y)=1+sin(x +y)
= sin(x+y)=1
Thus, cos(x+y)=0

Using eg. of curve and above result,
weget,y=0

= sinx=1=>x=nn+(-1)"n2,neZ

= X=m/2, -3n/2

which belong to the interval [-2x, 27]

Thus the pts on curve at which tangents are
parallel to given line are (n/2, 0) and (—3n/2, 0)
The equation of tangent at (n/2, 0) is

y—O:—% X—m2)=>2y=—x+n/2

=2X+4y-n=0

The equation of tangent at (-3n/2, 0) is
y-0=— %(x+37t/2)

= 2y=-X-3n/2=2x+4y-3n=0
Thus the required equations of tangent are
2x+4y—n=0and 2x + 4y + 3x = 0.

Q.2

Sol.

Q.3

Sol.

If the line ax + by + ¢ = 0 is a normal to the

curve xy =1, then [11T-1986]
(A)a>0,b>0 (B)a>0,b<0
(C)a<0,b>0 (D)a<0,b<0
[B,C]

Here,xy=1=y= 1 ord—y =—i2.

X dx X
Thus, slope of normal = x* (which is always
positive) and it is given ax + by + ¢ = 0 is

a
normal whose slope = — M

a

:>—3>O or <0,
b b

.. aand b are of opposite sign.

Find the equation of the normal to the curve
y = (1 + X)Y + sin"1 (sin2x) at x = 0.

[11T-1993]
The given curve is y = (1 + x)” + sin * (sin® X)
Hereatx=0, y=(1+0)’ +sin*(0)
= y=1
.. Pt. at which normal has been drawn is (0, 1).
For slope of normal we need to find :_y and

X

for that we consider the curve as

_ dy du dv
y=u+vos = =—+—
dx dx dx
where u=(1+x)’ ()
and v = sin"* (sin® X) ...(ii)

Taking log on both sides of equation (i) we get
logu=ylog (1 +x)

LA Y L pgaen. Y
udx 1+x dx
du

= @+x)| Y +log(r+x) Y
1+Xx dx

—X =
Also v =sin" (sin?x)
dv 1

— =——— . 2sinXCcos X
dX  \1-sinx
dv_ 2sinx

dX  \1+sin?x
Thus we get, & = @+ x)2| Y +1og(1+ ) Y
dx 1+X dx

2sin x

V1+sin? x

+
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Q.4

Sol.

= [1-(@+x)log (L+x)] & =y + 1!

+ 2sin X
V1+sin? x
yL+x)Y 1t 2sin x

N dy _ V1+sin®x
dx 1-(1+x)Y log(1+x)

dy

=1 .. Slope of normal = -1
dx| o, 1y

.. Equation of normal to given curve at (0, 1) is
y—-1=-1(x-0)
= Xx+y=1

Tangent at a point P, {other than (0, 0)} on the
curve y = x® meets the curve again at P,. The
tangent at P, meets the curve at P3, and so on.
Show that the abscissa of P;, Py, Ps, ..... , P,

form a GP. Also find the ratio [area
(APlPZPg)]/[area (AP2P3P4)] [l |T-1993]
The given curveis  y=x° (i)

Letthe pt. Py be (¢, t), t=0
Then slope of tangent at P; is = :—i = (3%%)y ==
3t
.. Equation of tangent at Py is
y—t2 =3t (x—t)
= y=3t’x—2t
= 3tx-y-2t=0 (2)
Now this tangent meets the curve again at P,
which can be obtained by solving (1) and (2)
ie, 3tx-x—2t=0
or X} -3t +2t2=0
(X—t)(x+2t)=0=>x=—2t
as x =tis for Py
9 y=-8t
Hence pt P, is (- 2t, -8t°) = (t,, t3) say.
Similarly we can find that tangent at P, meets
the curve again at P (2t;, 8t3) i.e., (4t, 64t).
Similarly P, = (— 8t, — 512t and so on.
We observe that abscissa of pts. Py, P, Ps, ......
are t, — 2t, 4t, .... which form a GP with
common ratio — 2. Also ordinates of these pts.
r, - 8t 64t ... also form a GP with
common ratio — 8.

Q5

Sol.

Q.6

Sol.

1t t3
1 -2t -8t
Now, Ar (APlPZ p3) _ 1 4t 64t3
Ar (AP,P;P,) 1 -2t -8t
1 4t -—e64tt
1 -8t —512t3
1 1 1
tY1 -2 -8
1 4 64 1 .
= =— §(. units
1 1 1| 64
(-2)(-8)t*]1 -2 -8
1 4 -64

The curve y = ax3 + bx2 + cx + 5, touches the
x-axis at P(-2, 0) and cuts the y-axis at a point
Q, where its gradient is 3. Find a, b, c.

[11T-1994]
Given that y = ax® + bx? + cx + 5 touches the
x-axis at P (- 2, 0)

= [ﬂj = 0and P (- 2, 0) lies on
X=-2

dx
curve
= 3ax?+2bx+c]y-_,=0
—  12a-4b+c=0 .. )

and -8a+4b-2c+5=0 vre(2)
[® (-2, 0) lies on curve]
Also the curve cuts the y-axis at Q

-, for x=0,y=5
3 Q(0,5)
At Q gradient of the curve is 3
- W =3 = 3ax? + 2bX + Clyeo = 3
dx|,_g
= c=3 . 3)

Solving (1), (2) and (3), we get
:—l,b:—E andc=3.
2 4

Let C be the curve y3 —3xy + 2 = 0. If H is the
set of points on the curve C where the tangent
is horizontal and V is the set of the point on the
curve C where the tangent is vertical then
[11T-1994]
The given curve is C:y*—3xy +2=0
Differentiating it with respect to x, we get
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Q7

Sol.

A A VL A VR AR A
—-X+y

dx dx dx

. slope of tangent to C at pt (Xy, Y1) is
dy 'y Q.8

dx  —x +yf
. dy _ _
For horizontal tangent X O=vy;:=0
X

Fory;=0in C, we get no value of x;
. there is no pt. on C at which tangent is

horizontal “H=¢ Sol
For vertical tangent gi =5 Tt y; =0
=X = Y12
FromC, y?-3y; +2=0=>yl =1=y, =1
=>x=1

.. There is only one pt. (1, 1) at which vertical
can be drawn

S V={@d 1)}

If the normal to the curve y = f(x) at the point
(3, 4) makes an angle 3n/4 with the positive

x-axis, then f'(3) = [T Sc 2000]
3
() -1 B~
4
© 3 (D)1
[D]

tan 3n/4) =m=-1
Lety = ax? + bx

:_y =2ax+bf,, =1=6a+b
Xl(3.9) ’
Also, 4=9a+3b

92 + 3b = 4

18 + _3b = _3 ma=- 1
—9a = 1 S

b:1+2:§
3 3
1 5
fX)=y=—=X"+=X
W) =y=-gx*3
f’(x):—gx+E

2 .5
FE)=- 2+2=321
®)=-3%373

.. option (D) is correct answer.

A filter paper in the form of a right circular
cone has diameter of its base equal to 8cm. and
depth 6 cm. Water is flowing out through the
bottom of the cone at the rate of 50 cc/min.
Find the rate at which the level of water is
falling when the height of the water is 3cm.
Given

d—v = 50cc/min.
dt

Volume of cone, V = %nrzh

Differentiating above expression w.r.t, time, we
get
dv _4n x 3h2 x dnh

da 27 dt
dh_dv, 27
dt  dt  4mx3h?
dh 50x 27
dt 4nx3x(3)2
_ 50x27

T 4nx3x9

dh 25 .
— =—cm/min.
dt 2n
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Q.9

Sol.

Q.10

Sol.

Q.11

Let f be continuous on [a, b] and assume the

second derivative f " exists on (a, b). Suppose

that the graph of f and the segment joining the

point (a, f(a)) and (b, f(b)) intersect at a point Sol.
{Xo, T(X0)} where a < Xy < b. Show that there

exists a point ¢ € (a, b) suchthat f"(c) =0

(b, f(b))
(a f(a)) |
:
?
Xx=a X=Xo X=b
Q.12
(a, f(a))
or N\ A G f0)
i Sol.
!
X=a X=X X=D
Let g(x) = f(x) — f(xo)
g '(x) = 0 has two roots (at least)
Hence g ”(x) = 0 has at least 1 root
so f"(c) for ce(a, b)
Hence proved
For what value of a, m and b does the function 13
3; x=0
f(x) = {—-x?+3x+a; O0<x<1 satisfy the

mx + b; 1<x<2

hypothesis of the mean value theorem for the Sol.
interval [0, 2].

For mean value theorem function should be
continuous and differentiable in the given
interval

for continuityatx =0 atx=1
f(0h=a=3 f(l)=a+2=f1")=b+m
b+m=5

for differentiability at x = 1
f'1)=-2+3&f'1Y=m
m=1=b=4
soa=3,m=1,b=4

Assume that f is continuous on [a, b], a > b and
differentiable on an open interval (a, b). Show

that if fi—a): @ then there exist Xy € (a, b)
such that Xq T '(Xo) = f(Xo).
Let g(x) = e

X

g(x) is continuous in [a, b]

differentiable in (a, b)

g(@ = g(b) hence Rolle's theorem can be

applicable

50 g '(xg) = 0 for xpe(a, b)

Xof'(Xg) = (o)
X2

Hence proved

=0 = Xof '(X()) —f (Xo) =0

Let f be continuous on [a, b] and differentiable
on (a, b). If f(a) = a and f(b) = b, show that
there exist distinct ¢, ¢, in (a, b) such that
f'(c) +f'(c) =2

Let g(x) = f(xX) — x Rolle's theorm can be
applicable to g(x)

9(@)=0,9(b) =0

g'(c) =f'(c)-1=0 cie(ah)
g'(c)=f'(cx)-1=0 coe(ah)

sof'(c) +f'(c) =1

Hence proved

Let a > 0 and f be continuous in [-a, a].
Suppose that f '(x) exists and f '(x) < 1 for all
X € (-4, a). If f(a) = a and f(-a) = —a, show that
f(0) =0.
g(x) = f(x) - x
g'X)=f'X)-1=>g'X)<00r=0

g(x) ¥ or continuous
also g(a) = g(-a) =  not applicable
s0 g(x) is continuous = also g(a) = 0
s0g(0)=0=1f(0)=0
Hence prove

Passage (Question 14 to 16)

Given the continuous function
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Q.14
Sol.[C]

Q.15

Sol.[D]

Q.16

x> +10x+8, x<-2
y=f(x) = Jax® +bx+c, —2<x<0, a=0
x2 42X, x>0

If a line L touches the graph of y = f(x) at three
points then-

The gradient of the line 'L" is equal to-
(A)1 (B)2 (C)4 (D)6
Function is continuous

atx =-2

atx=0
c=0
—-8=4a-2b+c

so 2a=b-4 & c¢=0

Slope of line = w (by LMVT)
= § =4
2

The value of (a+ b + ¢) is equal to-

(A) 52 (B)5 (C) 6 (D)7

Function is continuous
atx =-2
atx=0

c=0

8=4a-2b+c

so 2a=bh-4 & ¢=0
Equation of line
for curve y = x* + 2x
y'=2Xx+2=4=x=1=y=3
tangent touches at (1, 3)
equation of tangenty —3 =4 (x — 1)
=>y=4x-1
also for 1™ curve
y=ax’+bx+0
4x — 1= ax’ + bx
ax+(b-4)x+1=0
=D=0=(b-4)=4a=4a°=4a
=az0=>a=1,50 b=6
a+tb+c=7

If y = f(x) is differentiable at x = 0 then the
value of b
(A)is-1 (B)is2

(C)is4 (D) can't be determined

Sol.[B] Function is continuous

atx =-2
atx=0
c=0
-8=4a-2b+c
so 2a=b-4 & c¢=0
Differentiability at x =0
f'(0)=2a(0)+b
£'(0") =2(0) + 2
=>b=2




ANSWER KEY

EXERCISE # 1

QNo. | 1 2 3 4 5 6 7 8 9 (10] 11 ] 12| 13

Ans. B|D|C|C|BJA|B|C|C|[B|D]|]A]|A
QNo. | 14 115 [ 16 | 17 | 18 [ 19 | 20 | 21 | 22 | 23 [ 24 | 25
Ans. AJA|B|B|B|lC[BfA|D|]DJ]A]C

26. True  27. False 28.x =12y 29.-1/3 30.a=1

EXERCISE # 2

(PART-A)

N
w

Q.No. 1 4 5 10
Ans. B C C B A C B B B D

QNo. | 11 [ 12 | 13 ] 14 [ 15 ] 16 | 17 | 18 | 19
Ans. B B B B D C A B D

o
~
©
©

(PART-B)

Q.No. 20 21 22 23 24 25 26 27 28
Ans. BC |[ABC| AD|ABD| AB | ABD | AB,C,D | ABCD AD
(PART-C)

Q.No. 29 30 | 31 32 33 34 35
AnNs. C A A C A A A

(PART-D)
36.(A)—>R; B)—>Q; (C)—>P;(D)—>S
37.(A)>P; B)»R; (C)—>Q; (D)—>S 38.(A)>Q,R; B)—»R; (C)—>Q;(D)—>P,S

EXERCISE # 3

(3) (i) 6 = 90° (i) =tanl (2 v2) (iii) /4, cot () (iv) tan '3
5 1
(7) 900 cc/sec. (8) 5 m/sec 9 a8 cm/sec (10) (3, 16/3)
_ mb+na
(12) c= m+n

QNo. | 15| 16| 17 | 18 [ 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
Ans. A C D A C D A C D B A D




EXERCISE # 4

(1) D (2) A 3D @y=2 (5)6
EXERCISE # 5
(1)x+2y:gandx+2y:—3—n (2)B, C (3) x+y=1 (4)1:16
(5) a:—l ,b:—E ,c=3 (6) ¢, {1, 1} (7)D (8)§cm/min
2 4 21
(10)a=3,b=4,m=1 (14) C (15) D (16) B




