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Properties of triangle
EXERCISE # 1

Questions e .
s Sine & Cosine Rule 2 2 s
— Q.4 If in a triangle ABC, a2 b2 = s!n(A B),
. a“+b sin(A+B)
Q.1 I? a triangle ABC, (a+b+c) (b+c—a)=2Abc then the triangle is -
- (A) Right angled or isosceles
(A)A<0 (B)2>0 (B) Right angled and isosceles
(C)0< x2 < 42 (D)r>4 (C) Equilateral
= b?+c?—a?+ 2bc = Abc Sin(A_B) _ sin?A_sin?B
= 2bc cos A + 2bc = Abc (from cosine rule) sol[a] 2MATE) - ' — ' -
= 2(cosA+1)=A sin(A+B) sin“A+sin“B
s cOS A = % 1 _ sin(A-B) :sin(A:B)sin(,;«—B)
sinC sin“ A+sin“B
But —1<cosA<1
A A . 1 sinC
— A i =sin(A-B - =
=-1<2-1<1=0< 2 <2= 0<i<4 ( )Linc sin2A+sinzB}
Q.2 Let ABC be a triangle such that ZA = 45°, either sin (A-B)=0 = A=B
/B =T75thena+c~/2 is equal to - or sin?A +sin’B = sin’C
(A0 B)b C2b (D)-b — a2+ b2 = c?
a b c
Sol.[C] © = = i is ri i
[C] A ShB SnC = Triangle is right angled or isosceles
= .a =— b _ - ¢ Q.5 In any triangle ABC,
sin45° sin75° sin60° ) . ) . 5 .
a“sin(B-C) b“sin(C-A) c“sin(A-B)
b.2v2 2c . — +— =+ — .
:>a\/_=\/_—=T sinB+sinC sinC+sinA sinA+sinB
3+1 f/_ is equal to -
2b 6b (A)a+b+c (B)a+b-c
=a= , €=
V3+1 J3+1 (C)a—b+c (D)0
Sol.[D] From sine rule we take 1% term
=a+c 2=2—b+%:2b [ ] 2 . 2 A
V3+1 V3+1 :>)dmn Asin(B-C)
| _ sinB+sinC
Q.3 Angles A, B and C of a triangle ABC are in - . .
\/_ N A~ sin Asin(B+C)sin(B-C)
AP.If 2 :Ts , then angle A is equal to - sinB+sinC
c
2 - 22sin A(sin® B—sin? C)
A) = B L () on o) X sinB+sinC
b 4 12 2 = A?sin A (sin B —sin C)
sol.[C] GwmmwB:A+CmdB=i§ similarly we solve remain term and add we get
c 2 = A?[sin A(sinB—sinC) +sin B (sin C —sin A)
b c b c +sinC (sinA-sinB)] =0
T B2 12 sin60°  sin4s?
= £B=60% £C=45° Q.6  The expression
=120°=A+45° = A=75°= %
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(@+b+c)(b+c-a)(c+a-b)(a+b-c)
4b?c?

is equal to -
(A) cos® A (B) sin® A
(C) cosA cosB cosC (D) None of these
E- [(b+c)* —a*][a* - (b—c)’]
4b?c?
[b? +c? —a? +2bc][a% —b? —c? + 2bc]
4b°c?
_ —[(b*+c?-a?)? —4b%c?]
B 4b?c?

2bc

=—[cos’A — 1] =sin’A

Sol.[B]

Sy Projection formula, Napier's Analogy,
Sl & Half-Angled Formulae

Q.7 In a triangle ABC,
a’ cos 2B + b? cos 2A + 2ab cos(A — B) =
(A) &  (B)c? (C)b*>  (D)a*+b?
Sol.[B] a*(2cos’B-1)+ b?(2cos*’A—1)+2ab cos (A—B)
=2(a’cos? B +b?cos’A)—a’—b*+ 2abcos (A — B)
=2(acosB +b cos A)?—a’ —b? + 4ab cos Acos B
+ 2ab cos (A - B)
=2c¢’—a’—b?—2abcosAcosB + 2ab sin A sin B
= 2¢?—a?—b? - 2ab cos (A + B)
=2c®—a’—b?+2abcosC=2c*—c?=¢?

Q.8 If in a triangle ABC, b =J3, ¢ =1 and
B—-C=90°then ZAis -

(A)30° (B)45° (C)75° (D) 15°
Sol.[A] @tan[B_CJ:Eco\(éj
2 b+c 2
= tan 45° = V3-1 cot(éj
V3+1 2
= cot é: \/§+1 =cot 15°
2 J3-1
= % =15°= A=30°

Q.9 If in a triangle ABC, (s — a)(s — b) = s(s — ¢),
then angle C is equal to -

(A)90° (B)45°  (C)30° (D) 60°

Sol.[A] % =1

= tanz[gj =1 = tanE =1
2 2

= — =45° = C=90°

N O

ST Area of Triangle, Solutions of Triangle,
Sl m-n theorem & Ambiguous case

cosA cosB cosC

a b
side a = 2, then area of the triangle is -

Q.10 InaAABC,Iif , and the

Wi @2 © @ (D) V3
Sol[D] © cosA:cosB
a b
2 2 2 2 2 2
b™+c"-a” _a"+C b7 oyp ooy
2abc 2abc
_— cosB  cosC _
similarly = =h=c

soa=b=c=2given
triangle is equilateral so

Area = gazz NE)

Q.11  We are given b, ¢ and sin B such that B is acute
and b <csin B. Then -
(A) No triangle is possible
(B) One triangle is possible
(C) Two triangles are possible
(D) A right angled triangle is possible
Sol.[A] We know that
b c . csin B
——=—— =3sinC=
sinB sinC
giventhatb <csin B
= sin C > 1 which is impossible
= No triangle is possible

Q.12 In the adjacent figure 'P' is any interior point of
the equilateral triangle ABC of side length
2 unit
A
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Sol.

Q.13

Sol.

Q.14

If X5, Xp and X. represent the distance of P from C
the sides BC, CA and AB respectively then
Xa + Xp + X i equal to - 60°
NG
W6 (B)V3 (€)=~ (D)2V3
[B]
A
A 3cm D B
P QIIITTITIrTN 5 Cm ............. >
3 3
A) 5./=—cm B) ,/—cm
(A) \ﬁ (B) .
P
(©) %cm (D) none of these
e Sol. A
A Ne [A] .
Giventhat AB=BC=CA=2
Xa, Xp and X, are the distances of P from the sides -~
BC, CAand AB 0
= area of ABPC = % BC. X, :% 2X3 = Xa
similarly Mt 2cm \g
Area of ACPA = x, and Area of AAPB = x, 5 cm
then the area of AABC Using (m + n) cot ® = n cot B —m cot a
or (AABC) = ar(ABPC)+ar(ACPA) + ar (AAPB) we get
© ABC is equilateral (3 +2) cot (LCDA) = 2 cot 30 — 3 cot 60
ar (AABC) = /3 ®AB=2 N 5
= cot (LCDA) = — = sin (£LCDA) = —
X+ Xp + X = /3 5 27
If two sides a, b and the angle A be such that Apply sine rule in AACD, we get
two triangles are formed, then the sum of the AC = fA‘D
two values of the third side is - sinf sint 5 sin 60
(A) b* — (B) 2b cosA 27
(C) 2b sinA (D)F nceg 2 5 _S\F
: =3 £ 2 -5 /2
’ NEREN A
[B]
_ b?+c?-a?
COSA= — Fill in The Blanks type Questions |
= c’—2bccos A+hb?—a’=0 . . 7
Let ¢, and ¢, be two values of ¢ then Q.15  If one angle of a triangle be 60°, the area 103

ci+c,=2bcos A

In the figure, ABC is triangle in which C = 90°

and AB =5 cm. D is a point on AB such that Sol.

AD = 3 cm and ZACD = 60°. Then the length
of ACis

sg. cm and the perimeter 20 cm, then the
lengths of the sides are ..........

Let A = 60° given A= 10\/§sq. cm. and
a+tb+c=20cm

We know that A =% bc sin A

:%bcsin60°:1oJ§ = bc=40

b?+c’>-a® _ (b+c)®—2bc—a’
2bc 2bc
®b+c=20-a, A=60° bc=40°

®cosA=
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Q.16

Sol.

~1_ (20-a)*-80-a?

T2 80
=40=400-80-40a =>a=7
Oa+b+c=20=>b+c=13
= (b+c)?=169= (b—<)*=169—4bc=b—-c=3
onsolvingwe getbh=8,c=5
sideare 7,8,5

If the sines of the angles of a triangle are in the
ratio 3 : 5 : 7, their cotangents are in the ratio

.............. Q.18
By sine rule we have
a:b:c=3:5:70ra=3k b=5k, c=7k
2 2 2
jcosA:u Sol.
2bc

@A:EbcsinA :>sinA:2—A
2 bc
cosA _ b%+c?-a? _ 65k?

COtA= — =
Sin A 4A 4A

c?+a’-b% _ 33k?

similarly cot B =
4A 4A

a’+b?-c? _ —15k?
4A 4A
s.CcotA:cotB:cotC=65:33:-15

and cot C =

True or False type Questions

Q.17

Sol.

If one side of a triangle is double of another
side and the angles opposite to these differ by
60°, then the triangle is right angled.
Leta=2band A — B = 60° Then by sine rule

2b _ b
sin(60+B) sinB

N sin (§0+ B) —5
sinB

Ve

—cosB+£sin B
2 2

= - =2
sinB

V3 3

= —cotB=—
2 2

= cotB = 4/3= B =30°

and A =90° (True)

If the sides of a triangle are 4m, 5m, 6m then
the smallest angle is half of the greatest angle.

C
5 4
A 6 B
36+25-16 45 3
COSA= —— = —=—
60 60 4
25+16-36 1
cosC= ——=—
40 8
C 1+cosC 3
cos — = ‘/ =—
2 2 4
= A= % True
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amiéE— sinB AE _ sinC (ii)
Only Single Correct Answer type BE sin(x+Yy) EC sinz
Questions . DC _ sinB sin(y+2)
] ] ] L From (i) —= — . - ...(1ii)
Q.1 If in a triangle ABC, sinA = sin°B and BD sinC  sinXx
2 cos?A = 3cos’B, then the A ABC is - . BE _ sinC sin(x+Y) ,
. From (il) —= — . : ...(1v)
(A) right angled (B) obtuse angled EC sinB sin z
. (g) isosceles (D) equilateral 0 DC _ g BE _ y
ol. [']A—'zB _ BD EC
sin ;sm ) "0? Then from (iii) and (iv), we get
2 cos’A=3cos’B ...(i1) ) )
from (i) and (ii) sin(x+y)sin(y+2) _,
2 (1—sin?A) = 3 (1 —sin A) s xsinz
= 2sin"A-3sinA+1=0 Q.3 If the base angles of a triangle are 22%4° and
= (2sinA-1)(sinA-1)=0 112v2°, the height of the triangle is equal to -
A= 1 Csin A=l (A) half the base (B) the base
= SINA=Z orsInA= (C) twice the base (D) four times the base
ButsinA=1 Sol. [A]
= /A =30° A
fmm(DﬁﬁB:%
= /B =45°
and £C =180° — 75° = 105°
AABC is obtuse angled.
Q.2  Points D, E are taken on the side BC of a D
tl‘lang|e ABC SUCh that BD = DE = EC If From Sine rule] we have
ZBAD = x Z/DAE _: y, £ EAC = z, then the BC _ AC 0
value of SN(X+y)sin(y +2) _ sind5°  sin 22%°
sin x sinz AD
(A1 (B)2 (C)4 (D) none Also == sin 67%°
Sol. [C]
= AD = AC cos 22%2°
AD = FC sin 22Y%2° cos 22%° from (i)
in 45°
_, AD=EC  Sind®’
2 sin45°
::AD=18C=£ofM%
2 2
Q.4 In a AABC if median AD is perpendicular to

AD _ sinB AD sinC
@ = - and ——= — Y ...
BD sinx DC sin(y+2)

AB, then tan A + 2 tan B is equal to -
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(A)1 (B)3 (©0 (D)2 hen b 4 2 = 3%  a? _
Sol. [C] then +C—T+T—a
B triangle is right triangled, A = 90°
Cc_1
cosB=—==;B=60°and C = 30°
D ? 1 2
X
C4 A Q.6  IfinaAABC, a’cos® A = b* + ¢, then-
iz A)A< L By <A<l
2y 900 ( ) 2 ( ) 4 2
N C)A> % (D)A = g
Given that BD =DC ; Z/DAB =90° Sol. [C]
Draw a perpendicular CN at extend BA Given a2 cos? A = b? + ¢
. _1 - — - 2,2 .2
In ABCN ; DA = ECN =yand AB=AN=z we know that cos A = b“+c”-a

2bc
.. tan A =tan (r — £ZCAN) = —tan (LCAN) - )
a“cos“A-a

= COSA=
__CN_ 2% 2bc
AN Z
a%sin? A
OFCOSA=— ——=—-vVve
:tanA:—% 2bc
—tanA=—-2tan B A>g

=StanA+2tanB=0
Q.7 InaAABC,ifa*+b*+c* = 2¢? (a° + b, then

Q.5  Inatriangle, a® + b? + ¢ = ca +aby/3, then the /C is equal to-
triangle is - (A)60° (B)135° (C)90° (D) 7%5°
(A) equilateral Sol. [B]
(B) right-angled and isosceles a* + b+ ¢ —2a2c% —2b%c2 = 0

(C) right-angled with A = 90°, B = 60°, C = 30°

4 4 4 2.2 2.2 21,2 21,2
= a +b"+c -2a°c”-2b°c” + 2a°h” = 2a’b
(D) None of these

Sol. [C] = (a® +b? - c?)? = 2a%b?
2 2 2 .2 2)2
Writeazza_+3i N a‘+b°-c :l
4 4 2ab 2
then
2 1 1
a? 332 ) =c0sC== =>cosC=+—
T+c2—ca + T—ab\/ngb =0 2 V2
= C=45°135°
2 3 2
= (E_Cj + [_a_b] =0 c -
2 2 Q.8 In AABC, a =5, b =4 and tan E=\/; . The
:c:iandb:@ side cis -
? 2 (A) 6 (B)3 (C)2 (D) None
Sol. [A]
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>, C =B=c ..c0s0 1

®cosC= 0 tan %: % then from (i) )
2 _
1+tan 5 sinfA = L _CC;S B_,
sin“ B
7 —sinA=1 = A=90°
13 1 B=C=45°
=cosC= 1_7 =cosC= 3 triangle is right angled isosceles.
+7
9 Q.11 If A'is the area and 2s the sum of the sides of a
2 p2_ 2 triangle, then-
a’+b?-c
OcosC=""""" @a=5hb=4 s? s?
2ab (A)A< > (B)A> > _
33 33
1_ 25+16—c? §2
= 8 a0 C)A> ﬁ (D) none of these
=c’=36 =Cc=6 Sol.  [A]
. A?=s(s—a)(s—b)(s—c)and2s=a+b+c
o Now A.M. > G.M.
Q9 INaAABC, A= <", b-c=3/3 cmand (s—a)+(5—b)+(5C)
3 = 2
ar(AABC) = # cm? Thenais - >[(s-a) (s—b) (s—0)]"°
3 2 2
S A S
(A) 6+/3 cm (B) 9 cm j[gj ZT:ASm
(C)18cm (D) None of these
Sol.  [B]

Given A=2" h—c=343 &ar (AABC) = 23 gelgg=} One or More Than one correct
3 2 Answer Type Questions

1 . 1 .2 93 .
OA= Ebc sin A = Ebc sm?n= T\/— Q.12 In a AABC, tan A and tan B satisfy the
in-equation V3x* — 4x + V3 < 0. Then-
—bc=18 andb—c= 33 (A) > +b% +ab > ¢?
= b?+c?=27 + 2bc = 27 + 36 = b + ¢* = 63 (B)a’+b*—ab<c?
_ b?4c?-a? (C)a*+b’>¢?
OcosA= ——— (D) none of these
2bc
- a X Sol.  [A B]
jcosﬁz&—a — = \/§X274X+\/§<0
3 2x18 2 36
. a?=63+18=8l=a=9 = (x—V3) (3x-1) <0
1
Q.10 InaAABC, cos B.cos C + sinB. sinC sin A= 1. = 7 <x<+3
Then the triangle is- 3
(A) right-angle isosceles L A<y L ctnB<i3
(B) isosceles whose equal angles are greater 3 33, V3 43
thaﬂ /4 = 30° <tan A< 60° 30°<B<60°
(C) equilateral - 60°<C<120°
(D) none of these 1 1
Sol. [A] =>- = <cosC< =
1-cosB cosC 2 2
sinfA=— -2 2 < ¢ 2 2 .2
2 2ab 2

=1<cosBcosC+sinBsinC
=1<cos(B-C)
=1l=cos(B-C)=B-C=0

= -—ab<a’+b’-c’<ab
=a’+b’—ab<c’anda®+b’+ab>c?
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Q.13

Sol.

Q.14

Sol.

Assertion Reason type Questions

InaAABC,A:%andb:c:Z:S.

Iftana:£,0<a<£ , then-

5 2
(A)B=60°+a (B) C = 60°+ ot
(C)B=60°—0 (D) C = 60°— o
[B, C]

C-B_c-b A

tan =~ _—cot —

2 c+b 2
—tanS=B = Lioraoe = E:tan a given.

= C-B=2aandC+B=180°-60°=120°
Solving we get C = 60° + o, B=60° — a

Ifina AABC,a=6,b=3and cos(A—B):%
then-

(A)C= = (B)A=sin*

2
5
(C)ar (AABC)=9 (D) none of these
[B, C]

A-B _

2 a+b

a-b c_1 .C

tan cot—= —cot—
3 2

1-tan2 A~ B

.. cos(A-B) = B

1+tan?
1-Leorr ©
— tan?
1+=cot®’ =
9 2

:>£— E:l:>C:
5 2

N a

ar(AABC):%ab: %.6.3:9

Also sin A = L: i
V32162 35
. 2
A=sint—
NG

The following questions 15 to 16 consists of two

statements each, printed as Assertion and Reason.

While answering these questions you are to choose

any one of the following four responses.

(A) If both Assertion and Reason are true and the
Reason is correct explanation of the Assertion.

(B) If both Assertion and Reason are true but Reason
is not correct explanation of the Assertion.

(C) If Assertion is true but the Reason is false.

(D) If Assertion is false but Reason is true

Q.15

Sol.

Q.16

Sol.

Assertion (A) : If y* + y + 1, 2y + 1 and
y? — 1 represents lengths of the sides of A, then
y>1.

Reason (R) : If a, b, ¢ be the length of sides of
A,thena+b>c,b+c<ac+a>h.

[C]

We know that in any triangle
atb>c,b+c>ac+a>b

(R) is false.

andy’+y+1+2y+1>y°—
=>3y+3>0=>y>-1 ..()

and y+y+1+y’—1>2y+1

=2y’ —y-1>0

ye(—w;%)u(Lw) . (i)

and

2y+1+y?—1>y?+y+1=y>1 . (i)
from (i), (ii) and (iii) we gety > 1

(A) is true.

Assertion (A) : If a, B, y are the lengths of
internal bisector of the angles A, B and C
respectively of a triangle, then

1 A) 1 B) 1 c)y 1 1 1
—cos| — [+=c0s +=cos ==+=+=
RN
Reason (R) : Since, the length of angle bisectors

b

sec
bc (Aj ca (Bj [Cj
are ——cos| — |, —— cos —
2) c+a a+b 2

SIS
o

B D C

a
Q) 1 bcsin A= l chsinA + 1bocsinA
2 2 2 2 2

A A A A
= 2bc sin — cos — =ca Ssin— + bo sin—
2 2 2 2

= 2bc cos % =a(b +c¢)

A
Cos—- 4 1
= —4 —

o 2b  2c
cosE
similarly —2=i+i

B 2a 2c
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cosC
2 1 1
and =—+—
Y 2a 2b

1 A 1 B 1 cC 1 11
SO —cos —+ — Cc0S —+— COS—=—+—+—
o 2 B 2 v 2 a b c

0 length of bisector is

= Ais true but R is false

Column Matching type Questions

Q.17 In atriangle ABC, AD is perpendicular to BC

and DE is perpendicular to AB.

Column-I Column-11

(A) Area of AADB  (P) (b%/4) sin 2C

(B) Areaof AADC  (Q) (c¥/4) cos’B sin 2B

(C) Areaof AADE  (R) (c¥4) sin 2B

(D) Area of ABDE  (S) (c%/4) sin B sin 2B
Sol. A->R B->P, C>S5 D->Q

A

B D C
(A) Area of AADB = % (AD) (BD)
®ccosB=BD, csinB=AD
1, . B
Area= —c“sinBcosB=— sin2B
2 4
(B) Areaof AADC = %(AD) (DC)
®AD=bsinC,DC=bcosC
1., . b? .
Area = D b“sinCcos C = Tsm 2C
(C) Areaof AADE = %(AE) (ED)

® ED =BD sin B =C sin B cos B
0 (AE)’ = (AD)’ — (ED)* = ¢’ sin’B
= AE =csin’B

Area = %czsinzB sin’B
(D) Area of ABDE = % (ED) (BE)
ED =csin B cos B

(BE)’ = (BD)” - (ED)’
(BE)? = c?cos’B — ¢’ sin’B cos’B

=c?cos’B

BE = ¢ cos’B

Area = % c? cos’B sin2B

Match the following :

Column-1 Column-11

(A) In atriangle ABC, ifaisthe (P)9
arithmetic mean and b, ¢ (b # ¢)
are the two geometric means
between any two positive real

.3 . 3
sin"B+sin” C
numbers then

sin Asin BsinC
is equal to
(B) In a triangle ABC; Q)2
(@® —b%*-c®)tanA+(a® +c®> —b?)tanB
2
is equal to

(C) Inatriangle ABC, if B=30°(R) 1
A
and C = 43 b, then— can
\/_ 45°
be equal to
(D) Ina AABC, (S)0
a b c
if [b ¢ a| =0,then
c ab

>4sinAsinB=
A->Q B->S C->Q, D->P

(A) Let numberare P, Q

13 2/3
then P+Q =a, b=P Q , C=P Q
2 P P
sin®B+sin®C b3 +c?
sin Asin BsinC abc
put the values of a,b,c then we get
2(P+Q)PQ _ ’
(P+Q)PQ
(@ -b%-c?)tanA+(@%+c?>-b?)tanB
2
_ —2bccosAtan A+ 2ac cosBtan B
2
= —bcsinA+acsinB
=—)Aabc+Aabc=0

(C) bsinC=csinB

®c=+3b,B=30°

Ne]

SinC:7 = C=60°
— A = 180° - (90°) = 90°
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A
=
45°
(D) solving we get

=2

(a+b+c)(@®+b’+c?—ab—bc—ca)=0

but a+b+c=#0 (side of A)
—a’+b?+c’—ab-bc—ca=0

= Z[@-bP+b-97+ -2 =0

=a=b=c
A is equilateral
A=B=C=60°

Y sin AsinB=3sin’A=3

~lw

N ©
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EXERCISE # 3

Subjective Type Questions |

Q.1

Sol.

Q.2

Sol.

Q.3

Sol.

In any AABC, prove that

asin (B—C) _ bsin(C—A) _csin (A-B)
b2-c>  cZ-a®  a?-b?
asin(B-C) _ sin Asin(B-C)

b? —c? k (sin® B—sin? C)

)

_ sin(B+C)sin(B-C) _ sin?B-sin’C
k(sin?B-sin?C)  k(sin?B-sin%C)

-1

k
- bsin(C-A) 1 csin(A-B) _1
similarly ———— 2 =—agnd ————~“2=—
Y c?-a? k a?-p? k

Hence proved.

In a triangle ABC, the side c has two values.
Prove that both the values satisfy the equation
(@a+b)* , (b-a)® _ 2a’
1+cosC 1-cosC sinA
Taking L.H.S. we have
(1—cosC)(a+b)? + (L+cosC)(b —a)?
1-cos’C

_ 2(@%+b%)—4abcosC _ 2¢?
sin?C sin?C
Then we get

c Y a \
2 | — :2(_
(smcj sin A

= Hence both values of c satisfy the equation.
Hence proved.

In a triangle, the angles A, B, C are in AP.
-C _ a+c

Show that 2 cos A
\/[a2 —ac+c?]

A, B, Carein AP.

so2B=A+C
ButA+B+C=nr=B=60°and A + C =120°
Now b? = ¢? + a —2ca cos B

b?=c*+a’-ac ®B=60°
From R.H.S. we have

Q.4

Sol.

Q5

a+c _a+c_sinA+sinC

Va2 —ac+c? b sinB
using sine rule

A+C A-C
+ cos

2sin

sinB

2sin 60"cosH
= - =2 coS
sin 60°

L.H.S. Hence proved.

A-C

Find the greatest angle of the triangle whose
sidesare x? +x + 1, 2x + 1, x* 1.
O sides are positive.
=>x-1>0=(x-1) (x+1)>0
Xx>lorx<-1
Butx ¢—1 ® 2x + 1 becomes — ve
Sox>1
Oa=xl+x+1>x+x+1
SxX+x+1>2x+1
=a>b
anda—c=x*+x+1-x*+1>0
= greatest side isa
b? +c?-a’

2bc

SO CoS A =

_ (2x+D)?+(X* -1 - (x* +x+1)°
2(2x +1)(x? 1)

On solving we get

cosA:—% = A=120°

The two adjacent sides of cyclic quadrilateral
are 2 and 5 and the angle between them is 60°.

If the area of the quadrilateral is 4\/§, find the
remaining two sides.
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Sol.

Q.6

Sol.

Q7

LetBC=a,DC=b,BD=c
then from AABD weight
25+4-c?
20
given that area of ABCD = 4\/§

Q.8
cos 60 = =c?=19 ...(1)

Sol.

:%.2.55in60+% .absin120 = 443

=ab=6

from ABCD we have

a?+b?-c?
2ab

=a’+b’=13

from (2) & (3) we get

a=2,b=30ra=3,b=2

cos 120 =
3) Q.9

In any A ABC, prove that
bsecB +csecC _ csecC +asecA
tanB +tanC tanC +tanA Sol.

_asecA +bsecB
tanA +tanB

bsecB+csecC

Taking
tanB+tanC

bcosC+ccosB
sinBcosC +cosCsin B

_ a _a
4 sin (B+C)  sinA
(By projection formula)

csecC+asecA Db
tanC+tanA  sinB
aseCA+ bsecB _ ¢

tanA+tanB  sinC
from sine rule, we have

a _ b _ ¢

sinA sinB sinC

Similarly

and

In any A ABC, prove that, if 6 be any angle,
then b cos6 = ¢ cos(A — 0) +a cos(C + 9).

Edubull
Taking R.H.S. we have

k sin C cos (A —0) + k sin A cos (C + 0)
=Kk [sin C cos A cos 6 + sin C sin Asin 6
+ sin A cos C cos 6 — sin A sin C sin 6]
=k cos 0 [sin C cos A + cos C sin A]
=kcos0sin(A+C)
=kcos®sinB=bcos6

L.H.S. Hence proved.

In any AABC, prove that a(cos B + cos C — 1)

+b(cos C+cos A—1)+c(cos A+cosB-1)=0.

Taking L.H.S. we have

acosB+acosC—-a+bcosC+bcosA-b
+ccosA+ccosB-C

=(acosB +bcosA)+(acosC+ccosA)
+(bcosC+ccosB)—a-b-c

=c+b+a-a-b-c

by projection formula =0

In any AABC, prove that

1 (Aj 1
— fan | — |t ———
(a=b)(a-c) 2 (b—c)(b-a)

Erememe(3) ]
tan | — |+ tan | = | = —.
2 (c-a)(c-bh) 2 A

Taking L.H.S.

G)tanéz wetc.
2 \/ s(s—a)

(s=b)(s—¢) (s—a)(s—c)
s(s—a) s(s—b)
(a-b)(a-c) (b—c)(b-a)

(s—a)(s—h)
. s(s—c)

(c-a)(c—h)

= (s-b)(s-c)(c-b)+(@-c)(s—a)(s—c)
+(b-a)(s—a)(s—h)

(@a—b) (b—-c) (c-a) \/s(s—a) (s—b)(s-c)

On solving we get

_ 1
Js(s—a)(s—b)(s—c)

R.H.S. Hence proved.

1
A
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Q.10 Inany AABC, if 3 tan (%) .tan [%} =1, prove

thata, b, care in A. P. Q.13

Sol. 3tané.tan9: 1
2 2

s(s—a) s(s—c)

“b)(s— —a)(s— Sol.
:3\/(3 b) (s—c) \/(s a)(s-b) _, 0

=3(s-b)=s
= 2s=3b

one triangle we can formed which is right angled

at B.

If a=Dbsin A and ZA is obtuse

(A)1 (B)2
©o (D) Infinite
[C]

If a=bsin A and ZA obtuse.

No any triangle are formed.

Passage-11 (Q. 14 to 16)

=2b=a+c
a, b, carein A.P.

Hence proved.

Passage based objective questions |

Passage-1 (Q. 11 to 13)
In a A ABC two sides a, b and ZA are given.
Then the numbers of triangles that are formed
in the following cases are
On the basis of above passage, answer the
following questions : Sol.

Q.14

Q.11 Ifa<bsinA

(A1 (B) 2

©o0 (D) Infinite
Sol. [C]

From sine rule, we have

sinB = EsinA ...(0)
a

Ifa<bsin A
= sin B > 1 which is impossible.

No triangles are formed.

Q.12 Ifa=bsin Aand ZA is acute
(A)1 (B)2
©o (D) Infinite
Sol. [A]
Ifa=Dbsin Aand ZA acute Q.15
then from (i), we get

sinB=1

The internal bisectors of the angle of AABC
meet the sides BC, CA and AB at D, E and F
respectively. Then

On the basis of above passage, answer the
following questions :

The length BE is given by

(A) 2—bccos [Aj (B) be cos (AJ
b+c 2 b+c 2

©) 2ac oS [E} (D) L2 cos [Ej
a+c 2 c+a 2

[C]

Let BE =x
®A=A1+A2
1 . 1 . B 1 . B
= —acsinB=—axsin—+—c¢xsin —
2 2 2 2 2
2accosB
acsin B 2
(a+c)sing a+c

——C0S— + —C0S— + —CO0S

1 A 1 B_1 C
AD "2 BE 2 CF 2
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Sol.

Q.16

Sol.[B]

A Lelil (B) abc
a b ¢
(C)a+b+c (D) ab + bc + ca
[A]
we know that
BE = ﬁcos E,AD: 2—bccosé,
a+c 2 b+c 2
CF= 2D cosE
a+b 2

1 A 1 B 1 C
® — c0S—+ —Cc0S —+ — C0S—
AD 2 BE 2 CF 2
b+c a+c a+b

+ +

2bc 2ac 2ab

2(ab+bc+ca)
2abc

1 1
=+ -4+ =
a C

ol

Area of ABDF is given by

acsin B Aac
) 2(a+b) (B) (@a+b)(b+c)
©) acsin B D) absin C

(@+b)(b+c) (@a+hb)

Area of ABDF = 1 x BD x BF x sin B

BD c
— = — =x(let
5% (let)

BD _ CD

— = —— =X

c b
=BD=cx .. 1)
and CD=bx ... 2

—BD+CD=cx+bx=a (from (1) & (2))
=X (b+tc)=a

=>X= ——

BD=cx= -2 (from (1)
b+c
BD= ¢ (3)
b+c
Similarly,
AR _BF =y (let)
b a
AF=by ... 4)
andBF=ay .. (5)
AF+BF=y(@+b)=c {From (4) & (5))
= y= ¢
a+b
BF =ay = < (from (5)
a+b
BF= -2 ©)
a+b
ar (ABDF) = % x BD x BF sin B
:lx € X sin B
2 b+c a+b
= ﬁ, (A = area of AABC)
(@+b)(b+c)
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EXERCISE #4

Old IIT-JEE Questions

Q.1 In a triangle ABC, ZA = 45° b = 10 cm and
[REE 2000]
(B) a =104/2 cm

c= 10\/5 cm, then -
(A)a=10cm
(C) £C=90°

Sol. [A, C, D]

b=10,c=10~/2 , ZA = 45°

(D) £B = 45°

2 2 2
= COS A= u
2bc
1 _ 100+200-a°
V2 2101042

=a’=100=a=10
Again from sine rule
a _ b _ c
sinA  sinB sinC
310\/5_ 10 _ 1042

1 sinB sinC

:>sinB:i = B =45°

V2
andsinC=1=C=90°
Option A, C, D are correct.

Q.2 If the angles of a triangle are in the ratio
4:1:1, then the ratio of the longest side to the
[1IT 2003]

perimeter is
(A) V3:(2+43)  (B)1:6
(C)1:2+43 (D)2:3

Sol.[A] Here, ratio of anglesare 4:1:1
= 4x+x+x=180°=x=30°
. £>A=120° /B=/C=30°
Thus the ratio of longest side to perimeter

C
30°
a
b
120°
30°
A c B
_ a
"~ a+b+c

Let b=c=x
= a’=b*+c?—2bccos A
= a’=2x"—2x?cos A = 2x*(1 — cos A)

Q.3

Sol.

Q.4

Sol.

= a?=4x*sin’ A2 = a = 2xsin A2
= a:2xsin60°:\/§x
Thus required ratio is

N N

a+b+c  x+x+43x 2+43

In any A ABC having sides a, b, ¢ opposite to
angles A, B, C respectively  [IIT Scr. 2005]

(A) asin ( ) =(b-c0) cos%

B-C

(B)acos — =(b—c)sin

+C

(C)acos — =(b+c)sin B

(D) asin C

w N> N>
(NS

=(b+c) cos%

[A]
b-c A sinB-sinC A
® —cos —= ————cos—
a 2 sin A 2

B+C . B-C
2C0s sin——

= cosé- sin
2sin écos— 2
2 2

B-C

L.H.S. option A is correct.
(B) Clearly B is wrong.

)06 Lcosé
b+c 2

sin A A

sinB+sinC 2
ZcosAsin A
_ PRy A _ sinA
= cos

2sin B+CcosB_C 2 Zcos%

Clearly (C) and (D) are wrong.
Internal angle bisector of ZA of triangle ABC,
meets side BC at D. A line drawn through D
perpendicular to AD intersects the side AC at P
and the side AB at Q. If a, b, ¢ represent the
sides of AABC then [11T-2006]
(A) AD o cosé

b+c 2

4bc . A
(B) PQ b+Csm 5
(C) The triangle APQ is isosceles
(D) AP is HM of b and ¢
[A, B, C, D]
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Q5

Sol.

Q

By geometry in AAPQ, we have
AP = AQ, AAPQ is isosceles
Now ar (AABC) = ar (AABD) + ar(AADC)

:>1bc sin A :lc.(AD) sinA +1 b. (AD)
2 2 2 2

A
sin—
2
2bccosé
= AD =
b+c
A Q.7
Also AD = AP cosz
= AP = 2_bc: H.M. of b and c.
b+c
Again PQ = 2DP=2.AD tan A/2
siné
=PQ=2. 2he cosé. 2
b+c cos>
2 Sol.
=PQ= 4—bcsin g
b+c 2

A straight line through the vertex P of a triangle
POR intersects the side QR at the point S and
the circumcircle of the triangle PQR at the

point T. If S is not the centre of the
circumcircle, then [11T-2008]
(A) i+ i< #
PS ST QSxSR
(B) i+ i> #
PS ST QSxSR
(C) i+ i< i
PS ST QR
o L+ Lyt
PS ST QR
[B, D]

By using A.M > G.M. inequality, we get the
answers

Let ABC and ABC’' be two non-congruent

triangles with sides AB = 4, AC = AC' = 22
and angle B = 30°. The absolute value of the
difference between the areas of these triangles,
i [11T-2009]
A

242

e
AD =45sin30° =2

difference of areas = AACC’
2=2+/2sin0 = 0=45°

side CC’ = 2 (2+/2 cos 45°) = 4

AACC’:%.4.2:4

Let ABC be a triangle such that ~ ACB :%

and let a, b and ¢ denote the lengths of the sides
opposite to A, B and C respectively. The
value(s) of x for whicha=x*+x+1,b=x*—1
andc=2x+ 1lis (are) [11T-2010]

A) ~(2++3) (B) 1+43
(C) 2++3 (D)4+/3

In a triangle all sides are positive.
A

B a C

..c>0

=x2-1>0

=>x<-lorx>1 .. (D)
b>0

=2Xx+1>0

:>x>—% ..... 2

from(1) & (2) x>1 ... 3)
Now, a—b

SxP+x+1-2x-1

= X¥—x= x(x-1)

as,x>1 (from(3))
X(x-1)>0
=a>b

Also a-b=x+2>0
" ais the greatest side.
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= Ais the largest angle.
b? +c?-a?
2bc

(X2 -D)? + (2x+1)2 - (X2 +x+1)?
- 2(x% ~1)(2x +1)

D2+ (2X+1+ X2+ X+ D) (@x +1-x% —x 1)

B 2(x2 ~)(2x +1)
(X% -1)2+ (Bx+2+x%)(x—x?)
- 2(x2 —1)(2x +1)
(X217 + (—x) (X% +3x+2)(x-1)
- 2(x% —1)(2x +1)
_ (=D + () (X +D)(x+2)(x 1)

COSA=

2(2x +1)
_ (=) -(q)(x+2)
2(2x +1)
_xP-1-xP-ox o —(2x+) _ 1
2(2x+1) 2(2x+1) 2
1
CosA=—=
2
A=120° =B =30°
/B =/C=30°
b =c
X¥*-1=2x+1 = X -2x-2=0
= x=1+4/3
& x=1- \/_ Neglect using (3)

Q.8 Two parallel chords of a circle of radius 2 are at a

distance /3 + 1 apart If the chords subtend at
the center, angles of E and , where k > 0,

then the value of [K] is
[Note : [K] denotes the largest integer less than

or equal to K] [11T-2010]
Sol.[3] In AOMB
OM =2 cos —— (1)
2k
P N
2 /K
/2
A M B
In AONQ,

Q.9

Sol.

ON =2 cos E ..... @)
1) +(2)
OM+ON=2 cos£+cosl
k 2k
ﬁ” =2 0053—7T cosl
2 4k k
ﬁ” cos E cos
4 4k 4k
\/§+1 X 1 = cos 2 cos
22 2 k 4k
comparing
T T
C0S — =C0S —
4k 12
T _ = k=3
4k 12
[K]=3

Let POR be a triangle of area A witha=2,b = %

and ¢ = g , Where a, b and c are the lengths of the

sides of the triangle opposite to the angles at P, Q

and R respectively. Then M equals
2sin P +sin 2P

[11T-2012]

of2fo(2)

3 45
(A) n (B) A

[C]
p
c b
R

Q a

a=2

b=7/2} =>s=4

c=5/2

2sinP —2sin PcosP _ 1-cosP
2sinP +2sinPcosP  1+cosP

42——_J_ tan? —
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) (1)(3] (9) (3
{/(s—b)(s—w}: 2)\2) _ 3 (ﬁj(a)
s(s—a) 4(2) 32
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EXERCISE #5

Q.1

Sol.

Q.2

Sol.

ABCD is a trapezium such that AB, DC are
parallel and BC is perpendicular to them.
Ifangle ADB=60,BC=p &CD=q.

(p*>+q?)sin6

Show that AB = -
pcos0+qsin 0
9 o
p
n—(6+0) o
B

Let £ BDC = o= £ DBA

SOLDAB=n—(9+a)andtan0L=B

q
Now from AABD
AB BD _ AD
sin®@ sin(n—(60+a)) sina
AB BD
sin@  sin(0+a)
BDsin 0
sin(0+a)
2 .
. AB= BD “sin© i Q.3

BD sin 6cosa + BD cosfsin o
O from right triangle DCB, we have
BD?=p®+ ¢ p =BD sin a, q = BD cos a
put these values in (i), we get
o (p? +9%)sin 6
pcosb+qsin O

Hence proved.
Sol.

The perpendicular AD to the base of a triangle
ABC divides it into segments such that BD, CD
and AD are in the ratio of 2, 3, and 6; prove
that the vertical angle of the triangle is 45°.

2k 3k
B 5 C

Let /BAD=0and ZDAC=a=A=0+a
GivenBD:CD: AD=2:3:6

= BD =2k, CD = 3k, AD = 6k

from right triangle ADB, we have

tan 0 = 2_k: l
6k 3
and from AADC, we have
3k 1
tanog= —= =
6k 2
®tan (0 +a) = tan A= AnoFtana
1-tanOtana
=tanA=1
A =45°

Hence proved.

ABC is a triangle. D is the middle point of BC.
If AD is perpendicular to AC, then prove that

2(c? —a?
cos A .cosczg.
ac

® Median AD perpendicular to AC
Draw a perpendicular on extended AC
suchthat AE=AC=b

From property of triangle

If AD =y then BE =2y
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Q4

Sol.

@cosC:L: 2_b
al2 a

s.cos(n—A)= E:>cosA:,E
C c

2
:cosA.cosC:—ﬁ ... (1)
ac
in ABEA and ADAC, we have
2 Q.5
4y +b?=c’and y* + b = aT
On subtracting, we get Sol.
a®—c?

3b*=a’-c* = b=

2.2
so from (i) cos A. cos C = 2c”-a7)
3ac

Hence proved.

Two sides of a triangle are of lengths V6 and 4
and the angle opposite to smaller sides is 30°.
How many such triangles are possible? Find the

lengths of their third side and area. [REE 98]
A Q.6
J6 4
Sol.
30° Q.7
B 3 C
4 _ 6
sinB  sin30°
. 2 2 Sol.
=>sinB=—=,|—
J6 3

= /B have two values which is supplementary
so that two triangle are possible.

Now
2, n2 2
cosC = u
2ab
V3 _a’+16-6
2 2.4.a

—a’—44/3a+10=0

4nf3 £+/48 - 40

it givesa =
g 2

:>a:2\/§i\/§

area = %ab sin 30
=243242

If in a triangle ABC, 3 sin A = 6 sin B
= 24/3sin C, then the angle Ais ..... [REE 96]
[D]

GivenSSinA:6sinB:2\/§sinC

SnA_ 2 sinB_ 1

sinB 1 sinC 43

=sinA:sinB:sinC=a:b:c
:2:1:\/5

—a=2k b=k c=+3k

_b?+c®-a® _ k%+3k?-4k?
COS A= =
2bc 24/3K?

cosA=0
A=90°
If the angles of a triangle are 30° and 45° and

the included side is (\/§ + 1) cms, then the
area of the triangle is ................ [11T-1988]

If in a triangle ABC,
2c0sA cosB 2cosC a b
+ + = —
a b c

[11T-1993]

“be  ca
then the value of the angle A is .............

2(b2+c2—a2)+ a’+c? —b?

2abc 2abc
. 2@*+b%-c?) _ a®+b?
2abc abc
=20?+c?-a’+a’+b*-c?)+a’+c?—b’
=2a’ + 2b?

= 4b? —b? + a® + ¢? = 2a% + 2b*
=b’+c’=a"; A=90°
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oF:

Sol.

Q.9

Sol.

Q.10

Sol.

S+s—a+Ss—-b+s-c

In a triangle ABC, AD is the altitude from A.

Given b > ¢, £C = 23° and AD = 2abc >
b -c
thenZB=......... [11T-1994]
We have AD =bsin C
. abc
given AD =
b2 —c?
abc . sinC a
" =bsinC=> ——=
b? —c? c  b%-c?
sinA _  a ®sinC_sinA
e b e a
2 2
=SsinA= Za > :sinA:%
b -c sin“B-sin“C
=sSinA= sin A

sin(B + C)sin(B - C)
=sin(B-C)=1=B-C=90°
= B=90°+C=90°+23°=113°

If A denotes the area of any triangle and s its
2

- s
semi perimeter, prove that A < T

Using A.M. > G.M.

; > 46— a)s b))

4s—(a+b+c) JA
— ¥ =~ Y5 JA
4

43;25>\/X

%>JZ

2 SZ

S
— >A=> A< —
4 4

The base of a triangle is divided into three
equal parts. If ty, t, t3 be the tangents of the
angles subtended by these parts at the opposite
vertex, prove that

i+i i+i =4 1+i2
t, )t t t;

Let BP =PQ =QC =x
Also,
tp=tano,t,=tan B, tz3=tany

Q.11

Sol.

0
B 5 ) C
Apply m: n theorem in AABC we get
(2x+x)cot@=2xcot (a+ B)—Xxcoty ... Q)
Also
Apply m : n Theorem in AAPC
(x+x)cot@=xcotp—xcoty ... (2)
Divide (1) by (2)
2cot(o+p) —coty

cotp—coty

4(cotacotpf-1
3cotp—3coty= w
coto +cotp

3 cot’p — cot B cot y + 3 cot o cot B — cot o cot y
=4cotacotp—4

4 + 4 cot?p = cot?p + cot o cot B + cot a cot y
+ cot B coty

4(1 + cot®) = (cot B + cot ) (cot B + cot y)

4 1+i = i_i_i i_i_i
t5 t, L)\t t
If in a triangle ABC, 0 is the angle determined

by cos6 = (a—b)/c, prove that
(a+b)sin6

3
2

—2coty

1
cos—(A-B)= ————— and
2 24/ab
1 csin®
cos—(A+B)=
2 24/ab
®cos 0= % (given)
On squaring
2 2
c0s2 0 = a +b2 2ab
c
2,12 _
17(;0529: 1-— (MJ
c

2ab—(a? +b% —c?)
CZ

sin0 = 2ab(1 —zcosC)

c

sin? 0 =
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= ﬂ = ﬂ«/l—cosc
Jb  c

_ ﬁ(ﬁsin (2:)

c
N sin® _ sinC/2
2:/ab c
(a+b)sine _ [a+bj
= =
2./ab c

(sin A+sinB

S

sinC

. C
in—
2

jsin% [use sine rule]

. (A+B A
Zsm( 5 jco{

-B). C
Sin —
2) 2

. C C
2sin—Cco0sS—
2 2

-~
Cos

2
Also from (1)
csing

2./ab

Bj Provi

. C (
=sin — =cos
2

Q.12

A+B

ed.

j Proved.

Given B = 30° ¢ = 150 and b = 504/3, prove

that of the two triangles which satisfy the data,
one will be isosceles and the other right angled.
Find the greater value of the third side. Would

the solution have been

ambiguous had the

values been B=30° c=150and b=757?
Sol.  Given:/B=30°b=50y3,c=150

using sine rule,

b c
sinB sinC
50v3 150
1/2 sinC
sinC = ?

ZC =60°0r 120°

If £/C =60°

then ZA =90°

= triangle is right angled
and if, £C =120°

then /A=30°=/B=a=b
= triangle is isosceles

when, ZA =90°, £C =60°
using sine rule,

c a
sinC sinA
150
— =a
NEYE:
—a= 1003

IfB=30°C=150andb=75
then, using sine rule,
b c

sinB sinC
75 150
1/2 sinC
sinC=1
= C=90°
.. only one triangle is possible.
= This would not be an ambiguous solution.
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ANSWER KEY
EXERCISE #1

QNo.| 1| 2| 3| 45|67 |8|9]10]11]|12]| 13| 14
Ans. |C| C|C|A|D|B|B|J]A]JA|D|A|B|B|A

15. 5,7,8 16.65:33:-15 17. True 18. True

EXERCISE # 2

PART-A

QNo.| 1 2 3 4 5 6 7 8 9 110 11
Ans. B C A C cC| C BlA|[B|A]|A

Q.No. | 12 13 14
Ans. AB | BC B,C

PART-C
Q.No.[ 15 [ 16
Ans.| C | C
PART-D
17.A—->R, B>P, C»S D>Q 18 A—>Q, B>»S, C—>Q, D>P
EXERCISE # 3
4.120° 5.2&3 11. (C) 12. (A) 13.(C) 14.(C) 15. (A) 16. (B)
EXERCISE # 4
Q.No. 1 2 | 3 4 5
Ans. | ACD| A | A |ABCD| BD
6. 4 7. (B) 8.3 9.(C)
EXERCISE #5
. . o J3+1 .
4. Two triangles are possible, 2J3+4/2 5. 90 6. — Sq. units 7. 90° 8. 113°
12. 100+/3, No
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