NUMBER SYSTEMS

From time immemorial human beings have been trying to have a count of their
bel ongings- goods, ornaments, jewels, animals, trees, sheeps/goats, etc. by using various
techniques

- putting scratcheson the ground/stones
- by storing stones- onefor each commaodity kept/taken out.

Thiswastheway of having acount of their bel ongingswithout having any knowledge of
counting.

Oneof thegreatest inventionsin thehistory of civilizationisthe creation of numbers. You
can imaginethe confusion when there were no answersto questions of thetype*“How
many?’, “How much?’ and thelikein the absence of the knowledge of numbers. The
invention of number systemincluding zero and therulesfor combining them hel ped people
to reply questionsof thetype:

() How many applesarethereinthe basket?

(i) How many speskershavebeen invited for addressing themeeting?
(i) What isthe number of toysonthetable?

(iv) How many bags of wheat have beentheyield fromthefield?

Theanswersto al these sStuationsand many moreinvolvethe knowledge of numbersand
operationsonthem. Thispointsout to the need of study of number system anditsextensions
inthecurriculum. Inthislesson, wewill present abrief review of natural numbers, whole
numbersandintegers. We shall then introduce you about rationa and irrationa numbersin
detail. We shdl end thelesson after discussing about real numbers.

e illustrate the extension of system of numbers from natural numbers to real
(rationalsand irrational) numbers
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Number Systems

identify different types of numbers;

express an integer as a rational number;

expressarational number asaterminating or non-terminating repeating decimal,
and vice-versa;

find rational numbers between any two rationals;

represent a rational number on the number line;

cites examples of irrational numbers;

represent ,/2,,/3,+/5 on the number line;

find irrational numbers betwen any two given numbers,

round off rational and irrational numbers to a given number of decimal places,

performthe four fundamental operations of addition, subtraction, multiplication
and division on real numbers.

1.1 EXPECTED BACKGROUND KNOWLEDGE

Basic knowledge about counting numbersand their usein day-to-day life.

1.2 RECALL OF NATURAL NUMBERS, WHOLE NUMBERS
AND INTEGERS

1.2.1 Natural Numbers

Recall that the counting numbers 1, 2, 3, ... constitute the system of natural numbers.
These arethe numberswhichweusein our day-to-day life.

Recall that thereisno greatest natural number, for if 1isadded to any natural number, we
get the next higher natural number, called its successor.

We haved so studied about four-fundamental operationson natural numbers. For, example,
4+ 2=6, again anatural number;

6+ 21 =27, again anatural number;

22—6 =16, again anatural number, but

2—6 isnot defined in natural numbers.

Similarly, 4 x 3= 12, again anatural number

12 x 3=36, again anatural number




12 6
5= 6isanatura number but 7 isnot definedin natural numbers. Thus, wecan say that

) @& additionandmultiplicationof natura numbersagainyield anatural number but

Notes
b) subtraction and division of two natural numbersmay or may not yield anatural
number

ii)  Thenatural numberscan be represented on anumber line as shown below.

Ps ° ° ° Py ° ° Py °

1 2 3 4 5 6 7 8 9.....

iif) Two natural numbers can beadded and multipliedin any order and theresult obtained
isawayssame. Thisdoesnot hold for subtraction and division of natural numbers.

1.2.2WholeNumbers
() Whenanatural number issubtracted fromitself we can not say what istheleft out

number. To removethisdifficulty, the natural numberswere extended by the number
zero (0), to get what is called the system of whole numbers

Thus, thewholenumbersare

Again, likebefore, thereisno greatest whole number.
(i) Thenumber O hasthefollowing properties:
at0=a=0+a
a—0=abut (0—a) isnot defined in whole numbers
ax0=0=0xa
Divison by zero (0) isnot defined.

(iii) Four fundamental operationscan be performed onwholenumbersalso asinthecase
of natura numbers (with restrictionsfor subtraction and division).

(iv) Wholenumberscan a so berepresented on the number lineasfollows:

1.2.3 Integers

While dealing with natural numbersand whole numberswefound that it isnot always
possibleto subtract anumber from another.
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For example, (2—3), (3—7), (9—20) etc. areall not possible in the system of natural
numbersand whole numbers. Thus, it needed another extension of numberswhich allow
such subtractions.

Thus, we extend whole numbersby such numbersas—1 (called negative 1), — 2 (negative
2) and so on such that

1+(-1)=0,2+(2)=0,3+(-3)=0...,99+ (—-99) =0, ...
Thus, we have extended the whol e numbersto another system of numbers, calledintegers.
Theintegersthereforeare

wo—10,—6,-5-4,-3,-2,-1,0,1,2,3,4,5,6,7, ...
1.2.4 Representing I ntegerson the Number Line

We extend the number line used for representing whole numbersto theleft of zero and
mark points—1,—-2,—3,—4, ... suchthat 1and—1, 2and-2, 3and—3 areequidistant
from zero and arein oppositedirectionsof zero. Thus, we havetheinteger number lineas
follows

- e e e e e e e e e
.......... -4 -3 -2 -1 0 1 2 3 4.

We can now easily represent integerson the number line. For example, let usrepresent
—-5,7,—2,—3,4onthenumber line. Inthefigure, thepointsA, B, C, D and E respectively
represent —5, 7,— 2, —3 and 4.
A D C E B
-7 6 5 4 3 -2 -1 0 1 2 3 4 5 6 7 8

Wenote herethat if aninteger a> b, then*a will alwaysbetotheright of ‘b’, otherwise
viseversa

For example, in the above figure 7 > 4, therefore B lies to the right of E. Similarly,
—2>-5, therefore C (- 2) liesto theright of A (-5).

Conversely, as4 < 7, therefore4 liesto theleft of 7whichisshowninthefigureasE isto
theleft of B

.. For finding thegreater (or smdler) of thetwo integersaand b, wefollow thefollowing
rue

i)a>b,if aistotheright of b
ii)a<b,if aistotheleft of b
Example1.1: Identify naturd numbers, wholenumbersandintegersfromthefollowing:-

15,22, -6,7,-13,0, 12, - 12, 13, - 31
Solution: Natura numbersare; 7, 12, 13, 15 and 22
wholenumbersare: 0, 7, 12, 13, 15 and 22

Integersare: —31,-13,-12,-6, 0, 7, 12, 13, 15and 22
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Example1l.2: Fromthefollowing, identify thosewhichare(i) not natura numbers(ii) not
wholenumbers

-17,15,23, -6,—-4,0, 16, 18, 22, 31

Solution: 1)—17,—6,—4 and O are not natural numbers Notes

ii)—17,—6,—4 arenot whole numbers
Note: Fromtheabove examples, we can say that

i) al natura numbersarewhole numbersandintegersa so but thevice-versais
not true

i) alwholenumbersareintegersaso

You have studied four fundamental operationsonintegersin earlier classes.
Without repeating them here, we will take some examplesand illustrate them
here

Example1.3: Simplify thefollowing and statewhether theresultisan integer or not
12x4,7+3,18+3,36+7,14% 2,18+ 36, 13 x (-3)
Solution: 12 x 4=48; itisaninteger

-
7+3:§;Itisnotaninteger

18+ 3= 6; Itisaninteger

36 . :

36+7= 7; Itisnot an integer.
14 x 2= 28, Itisaninteger

18 .
18+ 36 = —<; Itisnot aninteger

36
13 x (=3) =—39; Itisaninteger

Example1.4: Usng number line, add thefollowing integers:

H9+(=95 ()(=3Y+(-7)

Solution: B«—5——
Ty 9 -
@) > A

< ® ® o o o o A4 4 4 4 A d A4 A4 & >

-7 654 3 -2-1012 3 45 6 7 8 9

A represents 9 onthenumber line. Going 5 unitstotheleft of A, wereachthepoint
B, which represents4.

L 9+(5)=4

Mathematics Secondary Course




Notes

(i) B=< 7 >A—-3 —

<o @ ® \ 4 ® \ 4 \ 4 @ o>

-10-9 8-7-6 -5 4-3 -2-1012 3 456 7 8 9 10
Starting from zero (0) and going three unitsto theleft of zero, wereach the point

A, whichrepresents—3. FromA going 7 unitsto theleft of A, wereach the point
B which represents—10.

o ((3) +(=7)=-10

1.3 RATIONAL NUMBERS

Consider the situation, when aninteger aisdivided by another non-zerointeger b. The
following casesarise:

(i) When ‘a’ isamultipleof ‘b’
a
Supposea=mb, wheremisanatural number or integer, then — =m

b

(i) When aisnot amultipleof b

a
Inthiscase b isnot an integer, and henceisanew type of number. Such anumber is

cdled arationa number.

Thus, anumber which can be put intheform g ,wherepand gareintegersand g0, is
caledarationa number

N | o
~ R

2 5
Thus, _5’—_8’ areall rational numbers.

1.3.1 Positive and Negative Rational Numbers

() A rationa number g issaid to be a positive rational number if p and g are both

positiveor both negativeintegers

Thus>,2, =3 =8 =12 i vostiverational
Us e~ 5 g’ _5y aedlpostiveraionds

(ii) If theintegesp and qareof different signs, then g issaid to beanegaiverational

number.

Mathematics Secondary Course




-7 6 -12 16

Thus, 55 4 '_3 ared| negaiverationas.

1.3.2 Sandard form of aRational Number

We know that numbersof theform
PP =P agP
a —-q —q q
aredll rationa numbers, where p and g are positiveintegers

We can seethat

—_P:_(EJ—_P_—(—F’)_E p_ (p _-p
-9 -(-9) 9'-ga -(-q) g’

q q

In each of the above cases, we have made the denominator q as positive.

A rationa number E , Wherep and g areintegersand g = 0, inwhich qispositive (or

made positive) and p and g are co-prime (i.e. when they do not have acommon factor
other than 1 and—1) issaid to bein standard form.

2 -2 -5 -3
Thusthe standard form of therational number — is 3 Similarly, 5 and ey are
rationa numbersin standard form.

Note: “A rational number in standard formisasoreferredto as“ arationa number inits
lowest form”. Inthislesson, wewill be using thesetwo termsinterchangably.

18 2
— canbewrittenas < inthestandard form (or thelowest

For example, rational number 7 3

form).

25 -5
Smilarly, a5 ingandardform (orinloweﬂform)cmbewrittenas7 (cancdlingout

5 from both numerator and denominator).

Somel mportant Results
(i) Every natura number isarational number but thevice-versaisnot waystrue.

(i) Every wholenumber andinteger isarationa number but vice-versaisnot waystrue.
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Example 1.5: Which of thefollowing arerational numbersand which arenot?

;5 ;1518 7

3 7 5 6

Notes )
Solution:

-2
(i) —2canbewrittenas B whichisof theform q£ ,q#0. Therefore, —2isarationa

number.

5
(i) 3 isarationa number, asitisof theform q£ ,q#0

-17
(iii) =17 isalso arationa number asitisof theform BN

15 18 -7
(iv) Smilarly, 75 and 3 areall rational numbersaccording to the same argument

Example 1.6: Writethefollowing rational numbersintheir lowest terms:

=24 .12 =21

i)—— i) —— i) —

()192 ( )168 (i) 49
Solution:

- 24 -3x8 -1

O 795 “3xexs 8

1. ) - 24
_§ isthelowest form of therational number 192

12 121
) 68 ~12x14 14

1 12
— isthelowest form of therational number ——

14 168
Lo—21  _ -=3x7 _-3
() g Ix7 7
-3 ) -21
— isthelowest form of therational number 79




1.4 EQUIVALENT FORMS OF A RATIONAL NUMBER

A rationa number can bewritteninan equivaent form by multiplying/dividing thenumerator
and denominator of the given rational number by the same number.

For example
2_2x2_4 2 _2x4_ 8 2x8 _ 16
3 3x2 6 3 3x4 12’ 3x8 24
2 8 Eet ivalent f f therational berE
”6' 12, Y C.areequivalenttormsor therational num 3
Smilaly
3.6_21_27_
8 16 56 72
g 4.8_12 28
ad T a9

3 4
areequivaent formsof 3 and 7 respectively.

Example1.7: Writefiveequivaent formsof thefollowing rationa numbers:
G .. =5
i) — i) —
OF= (i) —

Solution:

3 3x2 6 3 3x4 12 3x(-3) -9

O 17717x2 34’ 17 17x4 68" 17x(-3) —-51

3x8 _ 24 3

17x8 136 17

7 21
X—=——
7 119

3
.. Fiveequivaent formsof 17 are

6 12 -9 24 21

34'68"-51'136'119

Mathematics Secondary Course

Notes




Notes

Number Systems

-5
(i) Asinpart (i), fiveequivaent formsof 9 ae

-10 -15 -20 -60 -35
18 ' 27 ' 36 '108° 63

1.5 RATIONAL NUMBERS ON THE NUMBER LINE

1
We know how to represent integers on the number line. Let ustry to represent 5 onthe

1
number line. Therationa number 5 ispogitiveandwill berepresented totheright of zero.

1 1
AsO< - <1, =

5 > liesbetween O and 1. Dividethedistance OA intwo equal parts. This

1
can bedoneby bisecting OA at P. Let Prepresent — . Smilarly R, themid-point of OA',

2
. 1
representstherationa number 5
A RO P A
L L g @ g @ L *—>
-2 -1 { ol 1 2 3
2
X X
- 4 :
Similarly, 3 can berepresented on the number lineasbelow:
C B’ A O A P B C D

4 4
Asl< 3 <2, therefore 3 liesbetween 1 and 2. Dividethedistance AB in three equal

parts. Let one of thispart beAP

Now g = 1+%=OA+AP=OP
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4
The point Prepresents 3 onthenumber line.

1.6 COMPARISON OF RATIONAL NUMBERS Notes

In order to comparetwo rationa numbers, wefollow any of thefollowing methods:

() If tworationa numbers, to be compared, havethe same denominator, comparetheir
numerators. The number having the greater numerator isthegreater rationa number.

5 9
Thusfor thetwo rationa numbers 17 and 17 with the same positive denominator

17,g>£a59>5
17 17
-9 5

So—=>—
17 17

(if) If tworational numbersare having different denominators, maketheir denominators
equal by taking their equivaent form and then comparethe numeratorsof theresulting
rational numbers. Thenumber having agreater numerator isgreater rationa number.

3 6
For example, to compare two rational numbers 2 and 11" we first make their

denominatorssamein thefollowing manner:

3x11_33 _  Ox7 _42
7x11 77 11x7 77

Asd2>33 22,8563
S 7771 7

(iii) By plotting two given rational numbers on the number linewe seethat therational
number to theright of the other rational number isgrester.

2 3
For example, take 3 and 7 we plot these numbers on the number line asbelow:




Notes

2 3 2 3
O<§<1and 0< Z<1' It means-_ andZ both lie between 0 and 1. By the method

2 3
of dividing alineinto equal number of parts, A represents 3 and B represents 4

AsBistoth 'hth§>g E<§
sBistotherightof A, > 2 or 5 <7

2 3 3.
.. Out of 3 and 22 isthe greater number.

CHECK YOUR PROGRESS 1.1

. |dentify rationa numbersand integersfromthefollowing:

4a__31§1_361E1iaE1_6
4 6 7 -8 7

. Fromthefollowing identify thosewhicharenot :

(i) naturd numbers
(i) wholenumbers
(iii) integers
(iv) rationa numbers
7..-3 5 3 4

- !16!_ 1_1510!_!_ [,
4 7 17 -4 3

. By makingthefallowing rationa numberswith samedenominator, smplify thefollowing

and specify whether theresult in each caseisanatural number, whole number, integer
or arationa number:

0 3+§ (ii)—3+% (iii)—8-13 (iv)12-12

9 1 , 5 o
(V)E_E (VI)ZX? (vii)8+3

. Usethenumber lineto add thefollowing:-

)9+ (=) (i) (-5 +(3) (iii) (=3) + (4)

. Whichof thefollowing arerationa numbersinlowest term?
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8 5 -3 -6 23 15

127 12" 7 21" 24
6. Whichof thefollowing rational numbersareintegers?
15 -5 13 27 7x3 -6

5'15°5' 9" 14 ' -2
7. Write3rationa numbersequivaent to givenrationa numbers.
2 -5 17

5 6 3
8. Represent thefollowingrationa numberson the number line.
2 31

522
9. Comparethefollowing rationa numbersby (i) changing themto rationa numbersin
equivaent forms(ii) using number line:

2 3 3 7 -2 -1
a) —and — b) —and — c)—and —
()3 4 ()5 9 (© 3 2

3 5 -7 3
d—and— (e)—and—

()7 11 © 6 2

1.7 FOUR FUNDAMENTAL OPERATIONS ON RATIONAL
NUMBERS

1.7.1 Addition of Rational Numbers

(8 Consder theaddition of rationa numbers

oo

r
'q
L

a dg
For example

p r p+r
q

.2 5 2+5 7
(i) S+2 =221
3 3 3 3

3 9 319 12
(i) =+—==——=—=
1717 17 17
and (i) 2422|2159
33) 3 3

3
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r
(b) Consider thetwo rational numbersg and S

P ps rq pPS+rq
-4 - =7

r
q s O g gs

For example,
() §+g _3x3+4x2 _9+8 17
4 3 4x3 12 12
(i) _£+Z _ —4x8+5x7 _35-32_ 3
5 8 5x8 40 40

From the abovetwo cases, we generalisethefollowingrule:

(& Theaddition of two rationa numberswith common denominator istherationa number
with common denominator and numerator asthe sum of the numerators of thetwo
rationa numbers.

(b) Thesumof tworational numberswith different denominatorsisarationa number with
the denominator equal to the product of the denominatorsof two rational numbersand
the numerator equal to sum of the product of the numerator of first rational number
with the denominator of second and the product of numerator of second rational
number and the denominator of thefirst rational number.

L et ustake soneexamples:

Example 1.8: Addthefollowing rationd numbers:

M2and®  GiyE and =S (i) -~ and =
797 17 7 11
e (12,626 8
ution: (|)7 4 7 y
2 6 8
4=
77777
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Example 1.9: Add each of thefollowing rationa numbers:
4
15

3 1 2 3 .5
(|)Zand? (||)?andg (|||)§and—

31
Solution: (i) We have Z+7
_ X7 x4
4x7 Tx4
:2_1+i: 21+4
28 28 28
25
28

_§+1_§Or 3x7+4x1_21+4_25
4 7 28 4x7 28 28
02,3
2+

_2x5 3x7

~ 7x5 Bx7

10 21

=—4+—

35 35

_10+21_31

3% 3H

3_31 r[2><5+3><7_10+21_3_1}
5 35 3 35

35

2
St
7

5 (-4)
(iii) ot 15
_5x15 (—4)x9
9x15  15x9
75 (-36)

T135 135
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_75-36_ 39 3x13_13
135 135 3x45 45
. 5+(—4)_ 13 [5x15+9x(-4) 75-36_ 39 13
"9 15 45 ¥ 9x15 135 135 45
1.7.2 Subtraction of Rational Numbers

@P_r_pr
a g q
(b) pP_r_ps-a
q s as

Example1.10: Smplify thefollowing:

71 032

e 571

_ . 7 1 7-1 6 2x3 3
Solution: (i) ———= =—= =

4 4 4 4 2x2 2
3 2 3x12 2x5

(1) 5 12 5x12 12x5

36 10 36-10

" 60 60 60

26 _13x2 13
T 60 30x2 30

1.7.3 Multiplication and Division of Rational Numbers

r
(i) Multiplication of two rational number (EJ and (gj ,q#0,s#0istherational

r
number % whereqgs#0

product of numerators
~ product of denominators

r
(i) Division of two rational numbers g and S suchthat g+ 0, s#0, istherational

S
number % ,Whereqgr#0
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Pl [r)_P[S
Inotherwords(qJ (Sj qx[rj

Or (First rationa number) x (Reciprocal of the second rational number)

L et usconsider someexamples.
Example1.11: Multiply thefollowing rational numbers:

(i) gandg (ii)gandt—gzj (iii)l—;and(:—é)

3x2 3x2 2

3 2
. . _X—: p—
Solution: 0] 779 7x9 7x3x3 21

2x5 5

o LM

7 2 7x2 14
13 5 13x5 65

B

Example1.12: Smply thefollowing:

ofiHle) ol GG

12
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Solution:

0]

(if)

3

4) \12

= (é}{gj {Reci procal of 7 isE}
4) \7 127

_3x12 3><3><4_§
4x7 >4 7

()

(ﬂ)x( 2 j {Reciprocal of @isi}
16 -105 5 105

B 9% 2 _ 3x3%x2
2x8x3x35 2x8x3x35

_ -3 _ -3
8x35 280

Ee-a
5

(87 « 18 _gx§_29x3x2x9_g
\27) \29) 27 29 9x3x29 1

53




CHECK YOUR PROGRESS 1.2

Addthefollowingrationa numbers:
.3 6 .\ 2 6

i) =, = i) —, ——

® 7 7 ( )15 15
Addthefollowingrationa numbers.
. 3 5 .. 17 5
i) —, = i) —, =
O 2 3 W 7 9
Perform theindicated operations:

033

7 7 5
i) —from i) —from——=
() ( )3 3

15
Smplify:-

15

(i) 2+ 63
2 4 4

-33

.3 -27
b —et
(i) y o~

oo —11
i) —b
11 35 (i) 3 y

-7

1,001 =7, -4
) =hy= i) —by —
()2y4 ()4y5 22

Smplify thefollowing:
A2 7
(')(?gj

. 16 -3 o
Dividethesum of = and 1 by their difference.

... 35
i) —>b
( )33 y

8 37
X—=+—
25 15

0.

39
— . Find thenumber.

13
10. A number when multiplied by 3 gives 12

0 3 9
iii) = from
( )7

Notes

(iv)

|
ol w

24
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1.8 DECIMAL REPRESENTATION OF A RATIONAL
NUMBER

Youarefamiliar with thedivision of aninteger by another integer and expressng theresult
asadecimal number. The process of expressing arationa number into decimal formisto
carryout the process of long division using decimal notation.

Let usconsider some examples.

Example 1.13: Represent each one of thefollowing into adecimal number:
L 12 .. =27 . 13
i) — i) — i) —
(i) c (i) = ( )16

Solution: i) Usinglongdivision, weget

24

5)12.0
10 Hence, % =24

2.0
2.0

X
i —5(—1.08
) 25)-27(
25 _
200 Hence, ﬂ =-1.08
25
200

X

0.8125
i) 16)13.0000

_16 Hence, == = 0.8125
16

From the above examples, it can be seen that the division process stops after afinite
number of steps, when the remainder becomes zero and the resulting decimal number has
afinitenumber of decimal places. Such decima sareknown aster minating decimals.

Note: Notethat inthe abovedivision, thedenominatorsof therationa numbershad only
2 or 5or both astheonly primefactors.

. . 12 12x2 24 o
AIternatlver,wecouIdha/ewrlttmE as =2 10 2.4 andsmilarly for theothers
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L et usconsider another example.

Example 14: Writethedecimal representation of each of thefollowing:

(a)

OENENCE Notes

W~

Solution: @ 3)7.00 Heretheremainder 1 repeats.

6 . Thedecimal isnot aterminating decimal

9 g ~2333.. or 23

1.00

0.28571428
(b) 7)2.000
14
60

56 2 oo
10 o= 0.285714

35

50 Note: A bar over adigit or agroup of digits
49 impliesthat digit or that group of digitsstarts
TO repestingitsdlf indefinitely.

7
30

28

20
14

60
56

4

0.454
(© 11)5.00
44
60

55 5 _ oz
50 o-ﬁ— »

Herewhentheremainder is3, thedigit after
that start repeating

Hereaganwhentheremainder is5, thedigits
after 5 gtart repeating

50...
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Fromtheabove, itisclear that in caseswherethe denominator hasfactorsother than 2 or
5, the decimal representation startsrepeating. Such decimalsare called non-terminating

repesting decimals.

Thus, we seefrom examples 1.13 and 1.14 that the decimal representation of arational
numberis

(i) either aterminating decimal (and theremainder iszero after afinite number of steps)
(if) oranon-terminating repesting decimal (wherethedivisonwill never end)

", Thus, arational number iseither aterminating decimal or anon-terminating repeating
decimd

1.8 EXPRESSING DECIMAL EXPANSION OF A RATIONAL
NUMBER IN p/q FORM

Let usexplainit through examples
. . . P
Example1.15: Express(i) 0.48 and (ii) 0.1357in a form

48 12
ion: i)048=—="—
Solution: (@) 100 25

(ii) 0.1375= ]'Bl =E = E
10000 400 80

Example 1.16: Express(i) 0.666... (i) 0.374374...1in g form

Solution: M Let x = 0.666... (A)
. 10 x = 6.666... (B)

2
(B)—(A) gives9x=60r X = 3

i)  Letx=0.374374374.... A)
1000 x = 374.374374374.... (B)
(B) — (A) gives 999 x = 374

(o 374
o == 999




= 0.374374374...= 3ré

999
Theaboveexampleillustratesthat:

Aterminating decimal or a non-terminating recurring decimal representsarational
number

Note: Thenon- terminating recurring decimalslike 0.374374374... arewritten as 9, 374.-
Thebar onthegroup of digits 374 indicatethat the group of digitsrepeatsagainand again.

CHECK YOUR PROGRESS 1.3

1. Represent thefollowing rational numbersinthedecima form:
L 31 .\ 12 L 12 .75 91
i)— i) — i) — iv) — V) —
(Vg ()5 (i V) Mg
2. Represent thefollowing rational numbersinthedecimd form:

L2 .\ D .. 25
(i) 3 (“)7 (HI)E

3. Represent thefollowing decimalsintheform g :

@ (i) 2.3 (i)-312  (ii)-0715  (iv)8.146
() () 0333 (i) 3.22 (iii) —0.315315315...

1.9 RATIONAL NUMBERS BETWEEN TWO RATIONAL

NUMBERS

Isit possibletofind arational number between two given rational numbers. To explore
this, consider thefollowing examples.

3 6
Example 1.17: Find arational number between 2 and =

1/3 6
Solution: Let ustry tofind the number E(ngj

Mathematics Secondary Course

Notes




Notes

Number Systems

_1[15+ 24) 39
2

20 ) 40
N 3_3x10_30
W 27 4x10 40
d 6_6x8_48
ad 57 5x8 40
Obvioud 30 < 39 < 8
'OBY 20 40" 10
.39, . . 3 6
ie 0 isarational number between therational numbers 2 and 5
3 39 6
- —=0.75 —=0975 and ==1.2
Note: 2 0 5
».0.75<0.975<1.2
3. _6
o 2w "5
.. Thiscan bedoneby either way:

(i) reducing each of thegiven rationa number with acommon base and then taking
their average

or (i) by finding thedecimal expansionsof thetwo given rational numbersand then
takingtheir average.

Thequestion now arises, “ How many rationa s can befound between two givenrational s?
Congder thefollowing examples.

1 3
Example 1.18: Find 3rational numbers between — and 2

2
Solution: | —=Xx8_38
ution: 2 2x8 16
. 834 1
N AT x4 16
8_9 10 11_12
As

16 16 16 16 16




.. Wehavebeen abletofind 3 rational numbers

E,Eandgbetweenland§
16 16 16 2 4

Notes
Infact, we can find any number of rational sbetween two given numbers.

50__ 50
2x50 100

gan 5

3 3x25_ 75
4 4x25 100

50 51 52 53 72 73 74 75 _
< < < << < < < <... (i)
100 100 100 100 100 100 100 100

As

1 3
.. wehave been abletofind 24 rational numbersbetween 5 and 1 asgivenin
(i) above.
We can continueinthisway further.

Note: From the aboveitisclear that between any two rational s an infinite number of
rationalscan befound.

CHECK YOUR PROGRESS 1.4

1. Findarationa number betweenthefollowingrationa numbers:
.3 4 . oy 3 1
i)—and— ii)5and 6 iii)——and=
() and_ (i) (i)~ and _

2. Findtworationa numbersbetween thefollowing rational numbers:

2 1 . 2 1
i) —— and = ——and - =
) 3 an > (i) 3 4

3. Find5rationa numbersbetween thefollowing rationa numbers:
() 0.27 and 0.30 (i) 7.31and 7.35
(iii) 20.75and 26.80 (iv) 1.001 and 1.002
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1.10 IRRATIONAL NUMBERS

We have seen that the decimal expansion of arational number iseither terminating orisa
non-terminating and repeating deimal.

Aretheredecima swhich arenather terminating nor non-terminating but repesting decimal s?
Consder thefollowing decimal:

0.10 100 1000 10000 1...... )

You can seethat thisdecimal hasadefinite pattern and it can be written indefinitely, and
thereisno block of digitswhichisrepeating. Thus, itisan exampleof anon-terminating
and non-repesting decimal. A similar decimal isgiven asunder:

0.12345678910111213..... (i)

Canyouwritethenext group of digitsin (i) and (ii)? Thenext six digitsin (i) are 000001...
andin (ii) they are141516...

Suchdecimalsasin (i) and (ii) represent irrational numbers.

Thus, a decimal expansion which is neither terminating nor is repeating represents
anirrational number.

1.11 INADEQUACY OF RATIONAL NUMBERS

Canwemeasureall thelengthsintermsof rationa numbers? Canwemeasureal weights

intermsof rational numbers?
A B

L et usexaminethefollowing Situation:
Consider asquareABCD, each of whosesidesis 1 unit.
Neturaly thediagona BD isof length /2 units. /2 units

oneunit

It canbeprovedthat /2 isnot arational number, asthere

isnorationd, whosesquareis2, [ Proof isbeyond the scope
of thislesson]. D oneunit C

We concludethat we can not exactly measurethelengthsof dl line-segmentsusing rationds,
intermsof agivenunit of length. Thus, therational numbersareinadequateto measureall
lengthsintermsof agiven unit. Thisinadequacy necessitatesthe extension of rational
numberstoirrationas(which arenot rationa)

We havea so read that corresponding to every rationa number, there correspondsapoint
onthenumber line. Consider the converse of thisstatement:

Given apoint on the number line, will it always correspond to arational number? The
answer tothisquestionisaso“No”. For clarifying this, wetakethefollowing example.

Onthenumber linetakepoints O, A, B, Cand D representing rationa 0, 1, 2,—1 and -2
respectively. At A draw AA’ L to OA suchthat AA” = 1 unit




N

Notes

D B

] ] ]

[ [
—2 2

- OA’ = /12 +12 = /2 units. Taking O ascentreand radius OA’, if wedraw an arc, we
reach the point P, which representsthe number /2 .

As [2 isirrational, we concludethat there are points on the number line (like P) which
arenot represented by arationa number. Similarly, we can show that we can have points

like /3, 24/3, 52 etc, which arenot represented by rationals.

.. Thenumber line, congisting of pointscorresponding to rationa numbers, hasgapsonit.
Therefore, thenumber lineconsistsof pointscorresponding torationa numbersandirrationdl
numbershboth.

We havethus extended the system of rational numbersto includeirrational numbersalso.
Thesystem containing rationalsand irrationalsboth iscalled the Real Number System.

Thesystem of numbersconsisting of al rational and irrational numbersiscaledthesystem
of real numbers.

CHECK YOUR PROGRESS 1.5

1. Writethefirg threedigitsof the decimal representation of thefollowing:

V2,43, 45
2. Represent thefollowing numbersonthereal number line:
(i) % (i) 1++/2 (iii) %

1.12 FINDING IRRATIONAL NUMBER BETWEEN TWO
GIVEN NUMBERS

Let usillustrate the process of finding anirrational number between two given numbers
withthehelp of examples.

Example1.19: Find anirrational number between 2 and 3.
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Solution: Consider thenumber \/2x 3

Weknow that /6 approximately equals2.45.

.. Itliesbetween 2 and 3and itisanirrationa number.

Example 1.20: Find anirrational number lying between /3 and 2.

\@+2
2

Solution: Consider the number

1 % 1732

J3+2
2

=1.866

~1.866 liesbetwen /3 (= 1.732) and 2

J3+2
2

~. Therequiredirrationa numberis

CHECK YOUR PROGRESS 1.6

1. Findanirrationa number between thefollowing pairsof numbers

(i) 2and 4 (i) 3 and3 (iii) y2 and /3

2. Canyoudatethenumber of irrationa sbetween 1 and 27l llustratewith threeexamples.

1.13 ROUNDING OFF NUMBERS TO A GIVEN NUMBER
OF DECIMAL PLACES

Itissometimes convenient to writethe gpproximate value of areal number upto adesired
number of decimal places. Let usillustrateit by examples.

Example 1.21: Express 2.71832 approximately by rounding it off to two places of
decimals.

Solution: Welook up at thethird place after thedecimal point. Inthiscaseit 8, whichis
morethan 5. So the approximate value of 2.71832, upto two placesof decimal is2.72.

Example 1.22: Find the gpproximatevaue of 12.78962 correct upto 3 placesof decimals.
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Solution: Thefourth place of decimalsis6 (morethan 5) soweadd 1 to thethird placeto
get the approximate value of 12.78962 correct upto three places of decimalsas 12.790.

Thus, we observethat to round off anumber to some given number of places, weobserve
thenext digitinthedecimal part of the number and proceed asbelow

(i) Ifthedigitislessthan5, weignoreit and statethe answer without it.

(i) If thedigitis5or morethan 5, we add 1 to the preceeding digit to get the required
number upto desired number of decimal places.

CHECK YOUR PROGRESS 1.7

1. Wiritetheapproximatevalue of thefollowing correct upto 3 place of decimals.
(o.77777 (i) 7.3259 (i) 1.0118
(iv) 3.1428 (v) 1.1413

LET USSUM UP

e Recdl of naturd numbers, whole numbers, integerswith four fundamental operations
isdone.

e Representation of aboveon the number line.

e Extensionof integerstorationa numbers- A rationa number isanumber which can
be put intheform p/q, where p and g areintegersand g+ 0.

e When gismade positiveand p and g have no other common factor, then arational
number issaid to bein standard form or lowest form.

e Tworationa numbersare said to be the equivaent form of the number if standard
formsof thetwo are same.

e Therationa numberscan berepresented onthe number line.
e Corresponding to arationa number, there existsaunique point on the number line.
e Therational numberscan be compared by

¢ reducing them with the same denominator and comparing their numerators.

e whenrepresented onthe number line, the greater rational number liesto theright
of theother.

Notes
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Asinintegers, four fundamental operations can be performed on rational numbers
aso.

Thedecimd representation of arational number iseither terminating or non-terminating
repesting.
Thereexist infinitely many rationa numbersbetween two rationa numbers.

Thereare pointsother than those representing rational son the number line. That shows
inadequacy of system of rationa numbers.

The sytem of rational numbersisextended toreal numbers.

Rationalsand irrational stogether congtitute the system of real numbers.

We can dwaysfind anirrationa number between two given numbers.

Thedecima representation of anirrational number isnon-terminating non repesting.

We can find the approximate value of arational or anirrational number upto agiven
number of decimals.

TERMINAL EXERCISE

. Fromthefollowing pick out:

(i) naturd numbers
(if) integerswhicharenot natura numbers
(iii) rationalswhich arenot natural numbers

(iv) irrational numbers

6 -3 3 11
-317,—-,—,0-32,—,—,v2,2++/3
7 8 14 6 V22443

. Writethefollowing integersasrational numbers.

(i -14 (i) 13 (iiHo (iv)2
w1 (vi)—1 (vii)—25
. Expressthefollowingrationdsinlowest terms:
614 17 13
821153 '273
. Expressthefollowingrationasin decimal form:
11 ... 8 ... 14 .15 98
i)— i) — i) — iv)— V)—
()80 ()25 ( )8 ()6 ()35




15 N 4 ..,115 . 17 126
vi)=— vii)—— viii )=— iX)— == X) ——
()7 ()6 ( )11 ()13 ()36
5. Repremﬁthefollwingdecimdsinapform: Notes
(i) 2.4 (i))—032 (iii) 8.14 (i) 322
(v) 0.415415415...

6. Findarationa number betwen thefollowing rationa numbers:

N3 7 .. ... 4 1
(|)Zand§ (ii)—2and -3 (|||)—gand§

7. Findthreerationa numbersbetween thefollowing rationa numbers:

3 -3
()Zad—=  (i)027and028  (iii)132and 134

8. Writetherational numbers corresponding to thepointsO, P, Q, R, Sand T on the
number lineinthefollowingfigure:
R sO p Q T

A RN N U O

b4 3 2 21 o 12 44 5 & 7 8 o
9. Findthesum of thefollowing rationa numbers:

(V)1_8 ,_Z

o] ©
wIlN

10. Findthe product of thefollowingrationds:

N3 7 .19 2 ...15 —14
V53 Wss W75

11. Writeanirrational number between thefollowing pairsof numbers:

(i)1and3 (ii) /3 and3 (jii) \/2 and /5 (iv) —y2and /2
12. How many rational numbersand irrational numberslie betweenthenumbers2 and 7?
13. Find the approximate va ue of thefollowing numberscorrect to 2 placesof decimals.
(i) 0.338 (i) 3.924 (iiii) 3.14159 (iv) 3.1428
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14. Writetheva ueof following correct upto 3 placesof decimals:

Q) % (i) 242 (iii)17326  (iv)0.9999..

Notes
15. Smplify thefollowing asirrational numbers. Thefirst oneisdonefor you.

(i) 124/3+5V3-7+/3=/3[12+5-7]=104/3
(i) 32 -28+742

(ii)) 3v2x 24/3x56

(V) [(VBx3v2)x 6/2] + 36v2

ANSWERS TO CHECK YOUR PROGRESS

1. Integers: 4,—36,—6

iondl Numbers: 4, ==, =,=36,— =57 ="
7 3 5 3 4
i __’__1_1510'—1__,__
2.0 =377 177473
7 3 5 3 4
(il) __1__1_15a—1__!__
4 7 17 4 3
~_f 35 3 4
W) =2~ 7177273
(iv) All arerationa numbers.
16 .1 : ,
3. (|)§,rat|ond (||)—§,rat|onal (iii) =21, integer and rational
(iv) zero, wholenumber, integer and rational ) 4,All

10 8
(vi) 5 rationd  (vii) 3 rationa
4. (i)2 (ii)—8 @)1
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5-6 23
> 777 "J27
6. —10,5,2,_—6 Notes
5 9 -2
2_4_6_8 5 10 15 20 17_34_51_68
05 0 5 20 W s e W3 T 9T
8 () 25, () <2 4 1
-1 Ow 2 5
S
2
9 (a)§>g (b)—>§ (c —1,-2 ( 5.3
' 4 3 2 3 1 7
3.7
®5>%
12
9 .4 1 1
1 @) 7 (")_E ("I)E (IV)E
19 ... 188 11
2. () —= (i) — (|||)——
6
. 93 149
3. (l)—48 (H)E
4. (i) 5 (in-4 (i) 6
5. (i) 20 (in-1
N2 9 9
6. (i) n (i) 35 (iii) y




Notes

7. ()2

1
8 ()3

o 2
- 35

10§
"4

13
1. (1)0.3875

2. () 06
.23
3 @0) 5,

1
OO 5

14

.25
1 (I)z

2. (i)0.2and0.3

Number Systems

.. 35 ... 10

(")E (|||)—§

(iH7

(i) 0.48 (ii)15
(i) 0.714285 (i) 2.27
.. 18 ... 143
(i) ~os (iii) ~ %500
. 113 ... 35
(||)§ (|||)—1—ll
. ... —O
(i)5.5 (D) En
(i) —0.30,—-0.35

3. (i) 0.271, 0.275, O, 281, 0.285, 0.291
(i) 7.315, 7.320 7.325, 7.330, 7.331
(i) 21.75, 22.75, 23.75, 24.75, 25.75
(iv) 1.0011, 1.0012, 1.0013, 1.0014, 1.0015

Note: Can be other answers as well.

15

1. 1414, 1.732, 2.236

(iv) 6.25 (V) 1.4

~ 4073
(iv) 500




(v) 1.141

2..0) 212 X
o] 1
0.707
R
0 1 22414 3
V312
(i) T ; .
0 1 2
1.6
. y . V2+4/3
1 ()5 (i) 3+1 (i) ;[
2. Infinitdy meny:
1.0001, 1.0002, ....., 1.0010, 1.0011,....., 1.0020, 1.0021, .....
1.7
1. ()0.778 (Y7326 (ii)1012  (iv)3.143
ANASWERS TO TERMINAL EXERCISE
1. Naturd: 17,

Integers but not natural numbers, -3, 0, —32

6 -3 3
i _31_1_101_321_
Rationa sbut not natural numbers: 78 1
Irrationalsbut not rationals: /2, 2++/3
, @1 13 0 2
. () 1 (i) 1 ("I)l (iv)
1 -1 . —25
V) I Vi) < (vii)
, 3211
4’3" 9’21

11

6

2
1

Notes
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4. (i)0.1375 (1)0.32 (i) .75 (iv)25 (v)2.8

(vi) 2.142857 (i) 1166 (iii)1045  (IX) —1.307692 (x)35
Notes 12 .. -8 ... 407 107 415

5. (|)€ (“)E (|||)E (|v)§ (v)@
.13 ..

6. (I)E (in—-25 (iii) zero

7. (i) 0.50,0.25,0.00 (i) 0.271,0.274,0.277 (i) 1.325.1.33,1.335

8. ()R:-38 (ii)S:=05  (iii))0:000 (iv)S—033 (V) Q:35
(Vi)T: 766
. 4 2 o 44 .37 59

9. (')_E (||)—§ (HI)E (IV)E (V)E
7 .. 38

10. (i) 5 (i) I (iii)—6

11. (i) 4/3 (ii)1+ /3 (i) /3 (iv) g

12. Infinitey many

13.()0.34  (ii)3.92 (i 3.14 (iv)3.14

14.()0.75  (i)3414  (ii)1733  (iv)1.000

15. (ii)6/2 (i) 180 (iv) 2






