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MONOTONICITY

EXERCISE # 1

Question
based on

Q.1

Sol.

Q.2

Sol.

Q.3

Sol.

Q.4

MONOTONIC FUNCTION &
THEIR PROPERTIES

For x > 0, which of the following function is
not monotonic -

(A) x+[x]| (B) eX

(C) log x (D) sin x

[D]

sinx

Function f(x) = log sin X is monotonic

increasing when -
(A) x € (n/2, )
(C)x e (0, m)

[D]

f (x) = log sinx is monotonic
When x e (0, /2)

(B) x € (-n/2, 0)
(D) x € (0, w/2)

Consider the function f(x) = 2()(_—1) ,

(x°—=3x+3)

then

(A) f(x) increase in (0, 2)

(B) f(x) decreases in (oo, 0)

(C) the interval into which the function f(x)
transforms the entire real line is [3, —1]

(D) f' (x) is discontinuous for all x € R

[A]

x? —3x+3—-(x-1)(2x - 3)

Feg= (x? —3x +3)?
_ —x%+2x
(x2—3x+3)2
_  —X(x-2)
(x?=3x+3)?
e, ® .0
0 2

f(x) increase in [0, 2]
f(x) decrease xe [- o, 0] U [2, )

Ifx € [0, 7], then f(X) =X sin X + cos X + cos® X is -
(A) increasing

(B) decreasing

(C) neither increasing nor decreasing
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Sol.

Q5

Sol.

(D) None of these

[C]

X € [0, 7]

f(X) = X sin x + cos x + cos® x

Differentiating w.r.t.x, we get

f'(x) = x cos x + sin X —sin X + 2 cos X (-sin X)
f'(X) = x cos X —sin 2x

Let for x > 0 = f(x) > f(0) (for increasing)
Xsinx+cosX+cos’x>0+1+1

X sin X + COS X + €08 X > 2

i.e. X sin X + cos X + cos® x > 0

It indicates, f(x) is increasing function.

Let for © > x = f(x) > f(n)

i.e. if x>0 = f(x) > f(0) increasing

then it must be © > x = f(x) > f(n) decreasing f(x)
> f(m)

= X sin X+C0S X+C0s* X > T sinm +C0OST +C0S% Tt
= X Sin X +cos X +cos? x>0+ (-1) + 1

= X sin X + c0s X + cos?x > 0

It indicates, f(X) is increasing in both sides. It is
not possible.

Hence, f(x) is neither increasing nor decreasing.
.. Option (C) is correct answer.

If f(x)=x%+4x*+2x + 1is a monotonically
decreasing function of x in the largest
possible interval (-2, —2/3) then -

(A)r=4 B)yr=2
Cr=-1 (D) A has no real value
[A]

fX) =X+ 4%+ Ax+1

Differentiating w.r.t.x, we get

f/() =3 +8x+1+0<0 ... (1)

Also, X € (-2, -2/3)
:>(X+2)(x+§j<0:>x2+2x+§x+%<0

=x*+ §x+i <0
3

3
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Q.6

Sol.

Q.7

Sol.

=3x°+8x+4<0 .. (2)
Comparing equation (1) and (2),
we getA =4

.. Option (A) is correct answer.

Let f (x) = tan~L {$ (X)}, where ¢ (X) is
monotonically increasing for 0 < x < /2. Then
f(x)is -
(A) increasing in (0, ©/2)
(B) decreasing in (0, ©/2)
(C) increasing in (0, n/4) and decreasing in
(/4 /2)
(D) None of these
[A]
f(x) = tan"{o(x)}
d(X) is increasing function for 0 < x < /2
is¢'(x) >0for0<x<m/2

Ly

Fo)=—"
1+¢(x)

= f'(x)>0for0<x<mn/2

.. f(x) is increasing for x (0%)
AY
""""""""""""""" 72
L >X
0 /2
—7/2

Also, from the graph of tan*(x)

f(x) = tan *(¢(x)) increasing in x € (og)

If f(x) = x + cos x — a then

(A) f(x) is an increasing function

(B) f(x) is a decreasing function

(C) f(x) = 0 has one positive roots fora< 1
(D) f(x) = 0 has no positive root fora > 1
[A]

f(x) =x+cosx—a

Differentiating w.r.t. x, we get
f'x)=1-sinx-0

f'(x)=1-sinx

= which is increasingas— 1 <sinx <1

.. Option (A) is correct answer.
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Q.8

Sol.

Q.9

Sol.

2X
2+ X

is

Function f(x) = log (1 + x) -

monotonic increasing when -

(A)x<0 (B)x>0
C)xeR (D) x>-1
[D]
f(x) = log (1 + x) ——2X_

2+X

Differentiating w.r. t. X, we get

f1(x) = 1 12(2+x)-2x.1
1+x (2+x)?

F1(X) = 1[4+ 2x-2x]/ (2 + X)?
1+x

f'(x) = L N
1+x  (2+x)?

- 1, 4

1+Xx  (2+x)?
= 2+x)°>4(1+X)
=4+ X2+ 4x> 4 + 4X
=x*>0
It holds good for x € R —{0}
Because 0 > 0 — non sense
Hence option (D) is correct answer.

The function f (x) = @ is monotonically
X

decreasing on -

(A)(0,1) U (2,0) (B)(0, )

(C) (0, 1) U (2, 0) (D) (-0, )

[A]
f(x) = X1
X2

Xx-1

— ; x21
=) x?

1-x

— ; xxl1

X2

Differentiating above function w.r.t. x, we get

1.x% —(x—1)x 2x

X4

f/(x) =

2 2 2
_ X 2x4 +2x:2x 4x x>1

X X
Since, f(x) is decreasing function, f'(x) <0

2% — x2

<0=(*-2x)>0
X

=>X(Xx-2)>0 =x<0orx>2
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Q.10

Sol.

Q.11

Sol.

=since, x=1 = Xxe (2, )

when x < 1, f(x) =1-x
X2

Differentiating above function w.r.t. x, we get

Frn = DX —(ox)x2x
X4
_ XA -2x+2x? _ x2-2x _ X(x-2)
x4 x* x‘
Since, f(x) is decreasing function, X(XZZ) <0
X

=>X(x-2)<0 =0<x<2
Since, x<1
Hence, option (A) is appropriate answer.

If f(x) = x> — 20x° + 240 X, then f(x) satisfies -
(A) It is monotonically decreasing everywhere
(B) It is monotonically decreasing on (0, )
(C) It is monotonically increasing on (—oo, 0)
(D) It is monotonically increasing everywhere
[D]

f(x) = x> —20x3 + 240x

Differentiating above function w.r.t. x, we get
f/(x) = 5x* — 60x? + 240

=5(x*-12x*+48) >0 forx e R

which is increasing for x € R.

.. Option (D) is correct answer.

f(x) = sin x — a sin 2x — 1/3 sin 3x + 2ax
increases for all X e R if -

(A)a<O0 (B)0<a<1
(Ca=1 (D)a>1
[D]

f(x) =sinx —asin ZX—%sin 3X + 2ax

Differentiating above function w.r.t. x, we get

f'(x) = cos X — 2a cos 2x — cos 3x + 2a

= (cos x — cos 3x) + 2a(1 — cos 2x)

c0s 2x =2 cos’ X —1=1—2sin” x

= 2sin®x =1 - cos 2x

X+3X gin 3X=X 4 23 x 2 sin’ x
2

f(x) = 2 sin 2x. sin x + 4a sin® x

= 4 sin®x (cos X + a)

f'(x) =4sin*x (cos x +a) >0; x € R

Since, sin® x < 1, then it must be

f'(x) =2sin

cosx+a>0;-1<cosx<1
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Q.12

Sol.

Q.13

Sol.

-1+a>0 = a>1

—>a>1
and1+a>0 = a-1

.. Option (D) is correct answer.
Let f(x) be a function such that ;

f' (X) = logys (logs(sinx + a)). If f(x) is decreasing
for all real values of x then -

(A)ae (L 4) (B) a e (4, )
(C)ae (2 3) (D)a e (2, )
[B]

f(x) =log, 5 (logy(sinx +a)) <0;x e R

]

= logs(sin X + a) >%

= logz(sinx+a)>1

= (sinx+a)>3" = (sinx+a)>3
Since, —1<sinx<1
=-1+a>3and1+a>3
—a>4anda>?2

—ae (4, o)anda e (2, )

Most appropriate answer is a € (4, 8)
.. Option (B) is correct answer.

The intervals of decrease of the function
f(x) = 3 cos’x + 10 cos’x + 6 cos’x — 3,

0<x<mis-
2n 2n
™[0 ® (%7
T T 27
oz oG5
[B]

f(x) = 3 cos#x + 10 cos3x + 6 cos2x — 3
Differentiating above function w.r.t. x, we get
f'(x) = 12c0s® x (~ sinx) + 30 cos® x(-sinx) + 12
cos X (—sinx) -0

=-6sin x [2 cos® x + 5 cos? X + 2 cos X]
=—6sin x x cos x [2 cos? x + 5 cos X + 2]
f(X) = — 6 sin x. oS X [2 cos? X + 5 c0s X + 2]
=—35sin 2x [2 cos® X + 4 €0S X + €0s X + 2]
=-3sin 2x [2 cos x (cos X + 2) + 1(cos x + 2)]
=-3sin 2x [(cos x + 2) (2 cos x + 1)]

f(x) is decreasing function in x € [0, x]

f'(x) =—3sin2x [(cosx+2) (2cosx +1)] <0
=3sin2x [(cosx +2) (2cosx +1)] >0

Since, sin 2x, (cos x + 2), (2 cos x + 1)

All increasing functions in [0, ]

Hence, (2cosx +1) >0
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Q.14

Sol.

Q.15

Sol.

Q.16

:>cosx>—l :>x>ﬁ
2 3

Also, sin2x >0

=x>T

We choose, x > /2, X > 2r/3 among best option.

Hence, X € (2—; nj is the most appropriate

answer.
.. Option (B) is the correct answer.

4—-X

2-+/x

Let f(x)=1 4 for
16-3x for 4<x<6

for O0<x<4

«—4 Which

of the following properties does f have on the
interval (0, 6) ?
(i) An f(x) exists
(iii) f is monotonic

(i) f is continuous

(A) ionly (B) ii only
(C)iii only (D) none
[B]

f (x) is continuous

The function f(x) = cos x — 2px is monotonically
decreasing for

1 1
(A)p<§ (B)p>§
(C)p<2 (D)p>2
[B]
f'(x)=-sinx—2p<0
0> —sinx

2
bl
2

The length of largest continuous interval in
which function f(x) = 4x — tan 2x is monotonic,
is
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Sol.

Q.17

Sol.

Q.18

Sol.

(A) /2 (B) n/4
(C) /8 (D) /16
[B]

f'(X) = 4 — 2 sec?2x = 2(2 — sec?2x)
for monotonic f ' (x) should not change sign

:,ZXE[_MJ
4 4

xe|-Z | = length= T

8 8 4
The equation e** +x—-2=0has:
(A) one real root (B) two real roots
(C) three real roots (D) infinite real roots
[A]

el=_x+2

N

AN

one real root

The function f(x) = cos (w/x) is increasing in
the interval -
(A) (2n+1,2n),neN

®) (Zn +1’ 2nj
1

(c )(2n+3 2n+1] nen

(D) None of these

[D]
f(x) = cos (n/X)
Differentiating w.r.t. x, we get

f'(x) =—sin EX[__TC)
x (x?

£7(x) = 7 sin (1/X) X = > 0
X2

7sin (n/x)

f/(x) = >0

X

= sin (n/x) will be increasing for 0 <£<%
X

= sin 0 < sin (n/X) < sin /2

>m< X <nr+T:neN

X 2

:>n<£<(2n+1)1;neN
X 2
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2 1

= <x<Z=:neN
(2n+1) n
=>Xe 2 i ineN
2n+1 n

True or False type Questions

Q.19 Inthe interval (1, 2), function
f(x) = 2 [x — 1] +3 |x — 2| is monotonically
increasing.

Sol. False
f(x)=2 x-1|+3]x -2

| |
1 2

f(x)=2(x—1) + 3(2-X)
f(x)=2x-2+6 - 3x
f(x)=4-x

Differentiating w.r.t.x, we get
f'(x)=-1

f’(x) < 0. A decreasing function.
.. Option is false.

Q.20 The function y = is a decreasing

x? —6x—-16
function in R — {-2, 8}.
Sol. True
_ X
X2 —6x—16

Differentiating w.r.t.x, we get
dy _ 1.(x* —6x—16)—x.(2x—6)

dx (x* —6x—16)2

dy _ (x* —6x—16)—2x* +6x

dx (x? —6x—16)>

dy . -x*-16  _  —(x*+16)
dx (x?-6x-16)> (x?—-6x-16)°
x*-6x-16=0

=x*-8x+2x-16=0

=>X(x-8)+2(xx-8)=0

=>x+2)(x-8)=0

=>x=-2,8

Hence, f(x) is decreasing function for x € R
except, x=-2,8

Hence, x e R—{-2, 8}

Therefore, option is true.
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EXERCISE # 2

Only _smgle correct answer type
questions

Q.1

Sol.

Q.2

Sol.

y = log x satisfies for x > 1, the inequality-

(A)x-1>y (B)x*+1>y Q3
Cy>x-1 (D) (x+1) Ix<y

[A]

Check options (x > 1)

f(X)=x-1-\nX Sol.

fr)=1-+
X

f(x) > 1 for [1, o)

J3a-5

1-a

Function f (x) = ( —1] x> — 3x+ log3,

Vv X € R is decreasing function then value of a Q.4
is in the interval of-

3
) [g,wj (B) (=, 1)
© |20 (D) (1, =)
3’ ’ Sol.
[C]
f(x) = ( v3a-5 _1J x> —3x + log 3,
1-a
Differentiating w.r.t.x, we get
£(x) ={V3a‘5 _1J 5x'-3+0
1-a
l-a Q.5
= {V3a_5 _1JX4<3/5;VX eR
1-a
Itmustbe3a-5>0;a=1
Sol.

a>5/3;a=1
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Hence a E, )
3
.. Option (C) is correct answer.

Function f(x) = x'® + sin x — 1 is increasing in
the interval -

(A) (0,1) (B) (—m/2, w/2)
©) (-1, 1) (D) None of these
[A]

f(x) = x*° + sin x -1
Differentiating w.r.t. x, we get
f/(x) =100 x* + cos x — 0
f'(x) = 100 x* + cos x > 0
We have to check for every option
For A :x>0= ¢(x) > ¢(0)
Let ¢(x) = 100x* + cos x
$(0)=0+1 =1

$(x) > 0 = ¢(x) > $(0)
=100 x® +cos x> 1
=100 x* + cos x> 0

The number of solutions of the equation
a™ + g (x) =0, wherea>0, g (x) 0 and g (x)
has minimum value 1/4, is

(A) one (B) two
(C) infinitely many (D) zero
[D]

af+g(x)=0,a>0,9(x) =0
9(X)min = L
4

a®+l=0=a®=_1 fx)=log,[ -1
4 4 4

= Does not exist.

.. Option (D) is correct answer.

Asin X +3cosx
2sin X + 6c0s X
increasing when -

Function f(x) = is monotonic

(A)A<1 B)A>1
C)a<2 D)r>2
[B]
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f(x) = ASin X +3c0sXx
2sin X +6c0sX
Differentiating w.r.t. x, we get
(A cosx —3sinx) (2sin x +6cosx) —
(Asin x +3cosx) (2cosx —6sin x)

f'(x) =
(2sin X +605X)?

Since, f(x) is monotonically increasing function

—-1-2t
o @+tH)? _2t+1
-2t 2t
(1+1%)?
(t>0) given
y'=(+)ve

- () Tin (0, 1)

ie. f'(x)>0 Q.8 Number of roots of the equation x*.e* 1*/= 1 is
= [2A sin x cos x-6sin’x (A) 2 (B) 4 (C)6 (D) infinite
+ 61.cos?X — 18 sin X cos X] Sol. [?] , _ _
_ [2 sin x cos x + 6 cos’x x? = eM~2 (symmetric about y-axis)
— 6 sin” x —18 sinx cos x] > 0 y y
=-6+6L(1)>0 X
A>1
Q6  Given that f is a real valued differentiable A
function such that f(x) - f' (x) < 0, for all real x
I fOHZOWS '_[h"’_‘t T ] Q.9 Number of solution of the equation
(A) ° (x) is increasing function i
(B)  (X) is decreasing function 3tanx +x*=21in (O,Z) is
(C) f(x) is increasing function
(D) f (x) is decreasing function (A)0 (B)1 ©)2 (D)3
Sol. [C]
Sol. [l f(x) =3tanx + x> -2
Let ¢(x) = F(x) (x) = -
Differentiate, w.r.t. x, we get f'(x) = 3sec’ + 3x* +ve in (O,Ej
¢'(X) = 2f(x). f'(x) < 0; x € R 4
It means, ¢(x) is decreasing function for all f(0) =-2, f (1) +ve
x eR. = only 1 root
.. Option (B) is correct answer.
. . Xsin E forx >0
. . . Q.10  Consider the function f(x) = X
Q.7 A function y = f(x) is given by 0 forx=0
X = ! 5 y= 5 forall t> 0 then fis then the number of points in (0, 1) where the
_1+t u NG o derivative f '(x) vanishes, is
(A) increasing in (0, 3/ 2) & decreasing in (A) 0 (B)1 ©)2 (D) infinite
(372, x) Sol. [D]
B) increasing in (0, 1 .
()! g (©.1) fr)=sin® - T cos &
(C) increasing in (0, «) X X X
(D) decreasing in (0, 1) _ T -
sol.  [B] =008~ [ta“ v ;j
_ X /X = 0 at infinite points
1=x Q.11  Number of roots of the function
D) xe(0,1) 1
f(x) = s —3x+sinx is
(x+1)
(A) 0 B)1
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Sol.

Q.12

Sol.

Q.13

Sol.

(©)2 (D) more than 2
[C]
f(x) = ! 5 —3x+sinx =0
(x+1)
! 3 =3X—sinx
(x+1)
1
1
1
1
1
1
I
1
|
1
1
2 roots

Let f: [-1, 2] —» R be differentiable such that
O<f'(t)<lforte[-1,0]and-1<f'(t)<O
fort e [0, 2]. Then

(A)-2<f(2)-f(-1) <1
B)1<f(2)-f(-1)<2
(C)-3<f(2)-f(-1)<0
(D)-2<f(2)-f(-1)<0

[O]

te[-1, 0]

fr(t)= Q-1 ‘1f =) (D)
te[0, 2]

= 1200 i)

H=0<f0)-f(-1)<1
(i) =>-2<f(2)-f(0)<0
add
=-2<f2)-f(-1)<1

Let f'(sinx) <0 & f" (sin x) > 0,
V X € [ogj and g(x) = f(sin x) + f(cos x),
then g(x) is decreasing in-

T T T T T T
@[3 ol3)eF)
[B]

o

g'(x) =f"(sin x) cos x — f ' (cos x) sin x
s fr(sinx) <0
- f'(cosx) <0

Q.14

Sol.

Q.15

Sol.

PN One or more than one correct
answer type questions

Q.16

f"(sinx)>0
" (cosx)>0
g” =f" (sin x) cos’ — f* (sin x) sin x
—f'(cos x) cos x + f " (cos X) sin’x
g"(x) = +ve
For critical point of g(x)
g(x)=0
T

=X= =
4

So, x = % is point of minima

T
gx) 4 (o, Z)
53)
2'2

Which of the following six statements are true
about the cubic polynomial

PX) =23 +x*+3x—-27

(i) It has exactly one positive real root

(ii) It has either one or three negative roots
(iii) It has a root between 0 and 1

(iv) It must have exactly two real roots

(v) It has a negative root between — 2 and -1
(vi) It has no complex roots

(A) only (i), (iii) and (vi)

(B) only (ii), (iii) and (iv)

(C) only (i) and (iii)

(D) only (iii), (iv) and (v)

[C]

P'(X)=6x*+2x+3>0

P 7T

Check options

If logx > X2 thenx
X

(A) (1, ) (B) 12
(C) (-o0, ) (D) (2, )
[A]

Clearly x>1

If f(x) = tan" (sinx + cos x), then f(x) is
increasing in -
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Sol.

T T TC TC
) (‘E’z] ®) (‘Z’ z)

5t 3n n
C)|—, — D) |-2x, ——
© ( 4 2] ® [ " )
[A, B, C]
f(x) = tan * (sin x + cos X)
Differentiating w.r.t. x, we get
F/(x) = L

1+ (sin X +cosx)

(cos x —sin x)

2

fr(x) = COSX —Sin X >0

1+ (sin X +cosx)?

_ (cosx—sinx) >0
2 +sin 2x
—1<sin2x<1=>-1+2<2+sin2x<1+2
= 1<2+sin2x<3
Hence, (cos x —sin x) >0
COS X > sin X
= 1>tanx
=tanx<1
= X< 74

SxeZE Ej
2 4
Since, —w<tanx<ow=>X € | —%. Ej
2 2
.. Options A and B are correct answers.
We have to check options (C) and (D) as well.
For C:
5r 3

42
! 4nl3 !
5n/4 3n/2

cosx —sinx _ cos(n+mn/3)—sin (n+n/3)
2+sin 2x 2+sin 2w+ 2n/3)

—%+«/§/2

2++/312
Option (C) is also correct answer.

>0

ForD: , —3r .
—7n/2 27

cosx —sinx _ cos(-3r) —sin (-3m)
2+sin 2x 2+sin 2(—3m)
_ Cos(2m+ ) +sin (2n + )
2-sin6n

Q.17

Sol.

_-1+0_ 1

2-0 2
Option (D) is not correct answer.
.. Options A, B, C only correct answer.

If h(x) = 3f [X—;] +HB-x) V x e (3, 4),

where f* (X) >0 V x (-3, 4), then h (X) is -

(A) increasing in @AJ

Y

(C) decreasing in (— 3, —g]

(B) increasing in | —

N | w

(D) decreasing in | 0, gj
[A,B,C, D]

h(x) = 3f [%J +f3-x2) Vx e (-3,4),

f'(xX) >0V x (-3, 4)
Differentiating above function w.r.t. X, we get

2
h) =3 | X0 |x 2X 4 £330 x (2
) [3J3+( X%) % (=2x)

= 2x [f'(x—;J—f’G—xz)}

Since, f'(x) is increasing in (-3, 4)
For x > 0, h’(x) would be increasing.
For x < 0, h’'(x) would be decreasing.
For increasing function

x>0= h'(x) >h'(0)

X2 2
St 12— E-x)>0

3

X2

2
St X >3- = X >3-%
3 3

:%xz>3 — X2 > 9/4 = x <-3/2 0r X > 3/2

| s | | |

-3 -3/2 0 3/2 4
Hence, h(x) would be increasing in (3/2, 4)
h(x) would be decreasing in (0, 3/2)
h(x) would be increasing in (-3/2, 0)




Q.18

Sol.

h(x) would be decreasing in (-3, —3/2)
Hence, options (A), (B), (C) and (D) are correct
answers.

If f(x) = (x — 1) |(Xx — 2) (x — 3)| then 'f ' decreases
in-

1 1
A |l2-—,2 B)|2 2 +—
(g2 @[22

1
CO|2+—,
“[ "7
[A C]
When x < 2
f(x) =(x-1) (2-x) (3—x)

3] (D) (3, «0)

| |

2 3
=(x-1) (x-2) (x-3)
= (= x-2x+2) (x—23)
=(x*=3x+2) (x-3)
= (x® =3x% + 2x —3x* + 9x — 6)
= (= 6x° + 11x — 6)
f(x) = (x* - 6x° + 11x — 6)
Differentiating w.r.t. x, we get
f'(x) =3x*-12x+11-0
f/(x) = (3x* —12x + 11)
f'(x)<0
= (3x*-12x +11)<0

We can find roots of above quadratic equation as

follows
A 12++/144-132
2x3
(= 126412
6
1
X=2+ —
J3
Hence, X € [Z—L ZJ
\/51

.. Option (A) is correct answer.

For2<x<3
f(x) = (x-1) (x-2) (3—X)

Q.19

Sol.

Edubull
=[x - 6x*+ 11x — 6]

Differentiating w.r.t. x, we get
f/(x) =—(3x* —12x + 11) <0
= (3*-12x+11)>0
1 1
=>X<2-—o0rx>2+ —
NE V3

Hence, X € (2+i,3J

V3

.. Option (C) is correct answer.
For x> 3,

f(x) = (x-1) (x-2) (x—3)

f(x) = (x* - 6x° + 11x — 6)

f/(x) = (3x* —12x + 11 - 0)
fr(x) <0=3x*-12x+11<0

1 1
2—— <X<2+ —

J3 J3
Since, x> 3

Hence, options (A) and (C) are correct answers.

2
Let f be the function f(x) = cos x —[1— X?J then-

(A) f(x) is an increasing function in (0, gj

(B) f(x) is a decreasing function in (—oo, o0)

(C) f(x) is an increasing function in the interval
—o0 < X < 0 and decreasing in the interval
0<Xx<ow

(D) f(x) is a decreasing function in the interval
—o0 < X < 0 and increasing in the interval
0<Xx<ow

[A, D]

2
f = — (1= X_
(X) = cos x [1 5 ]

Differentiating w.r.t. x, we get
f'(x) =—sinx— (O_Z_Xj
2
f'(x) =—sinx + X
f'(xX) =x—sinx
We have to check for every option as follows:
For A: x>0,
For increasing function, f(x) > f(0)




Edubull

Q.20

Sol.

X2
COS X — 1_7 >1-(1-0)

2 2
CosX— |1-2_|>0=cosx>|1-2
2 2

.. Option (A) is correct answer.
For option C:
—o0 < X <0 — increasing

f(x) <f(0) = cos x — (Lﬁj <0
2 Q.21

which is decreasing. Hence wrong.

0 < X < o0 — decreasing

x>0 = f(x) > f(0)

x2 x?
=C0SX—|1-— |20 =cosx—|1-— (=0

2 2

Sol.

Which is increasing. Hence, wrong.
.. Option (C) is not correct answer.
For option D : — o < x <0 — decreasing
X <0 = f(x) < f(0)

X2
= cosx—[1_7]s 0

which is correct. Hence right.
0 < x <o — increasing
x>0 = f(x) > f(0)

X2
=> COS X — 1_7 >0 Sol.

Q.22

Which is increasing. Hence right.
.. Option (D) is correct answer.
.. Options (A) and (D) are correct answers.

If p'(x) > p(x) for all x> 1 and p(1) = 0 then-
(A) e”p(x) is an increasing function
(B) e™ p(x) is a decreasing function
(C) p(x) >0 forall xin (1, o)
(D) p(x) <0 forall xin (1, «)
[A, C]
p'(X) > p(x); forallx>1

p(1)=0
Multiplying both sides by e, we get
e p'(x)>ep(x)
=e7p'(X)-e"p(x)>0

Q.23

= 9 @ ppg)>0
dx

Integrating, we get

e~ p(x) > constant

Putx = 1, e * p(1) > constant

= constant <0

Hence, e p(x) > 0, an increasing function.

Also, p(x) > o
efX

p(x) >0 forall x € (1, »)

.. Options (A) and (C) are correct answers.

Let h(x) = f(x) — {f()}* + {f(x)}* for every real
number ‘x’, then
(A) ‘b’ is increasing whenever ‘f* is increasing
(B) ‘h’ is increasing whenever ‘f” is decreasing
(C) ‘h’ is decreasing whenever ‘f” is decreasing
(D) nothing can be said in general
[A, C]
h'()=f (x)2F()f' (x)+3Ff%(x)f"(x)

=f () {1-2f(x)+3f%>x)}

f(x) 1 f'(x)=0
hx)>0  ht
The function y = 2x _1(x #2)
X—2

(A) is its own inverse
(B) decrease for all values of x
(C) has a graph entirely above x-axis
(D) is bounded for all x
[A, B]
. (x=2)2—-(2x-1)
(x-2)?

- 3
(x-2)?
yy xeR
2x-1
X—2
Xy—-2y=2x-1
2y-1
y-2

fr(x)=

<0

y:

= X=

2x-1
X—2

Let g(x) = 2f (x/2) + f(1 —x) and f ""(x) < 0 in
0<x<1ltheng(x)

(A) decreasing in [0, 2/3]

(B) decreasing in [2/3, 1]

(C) increasing in [0, 2/3]
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Sol.

Q.24

Sol.

(D) increasing in (2/3, 1)
[B.C]

g'(x) =f [gjf'(lx)
f )4

X_1-x

2
X 2X

x
1

2_
2
3

+ —

wilN +

If f(x):a{aIX\sgnx}; g(x):a[a\x\sgnx] fOr a> 0’

a # land x € R — {0}, where {} & [] denote the
fractional part and integral part functions
respectively, then which of the following
statements holds good for the function h(x),
where (Ana) h(x) = (Anf(x) + Ang(x))
(A) ‘h’ is even and increasing V a > 1
(B) ‘h’ is odd and decreasing V 0 <a<1
(C) ‘h’ is even and decreasing V 0<a<1
(D) ‘h’ is odd and increasing V a > 1
[B, D]
Ana. h(x) = \n f(x) + An g(x)
Anah(x)=xrna [asgnx]
h(x)=a*; x>0

=—a*;x<0
h'(x) =a*Ana; x>0

=a*\na;x<0

a>1

-
-_——

increasing
O<axl1

Q.25

Sol.

Assertion - Reason type Questions

Q.26

Sol.

decreasing

Let ¢ (x) = (F(x))° - 3(F(x))” + 4f(x)
+5x + 3sinx +4 cosx V X € R’ then
(A) ¢ is increasing whenever f is increasing
(B) ¢ is increasing whenever f is decreasing
(C) ¢ is decreasing whenever f is decreasing
(D) ¢ is decreasing if f' (x) =-11
[A, D]
000 =f' 00 BF() -6 (x) +4]
+ [5 + (3 cosx — 4sinx)]

>0

(C) cannot be concluded

The following questions 26 to 28 consists of two
statements each, printed as Assertion and
Reason. While answering these questions you
are to choose any one of the following four
responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is
false.

(D) If Assertion is false but Reason is true

Assertion : Let f : R —> R be a function such
that f(x) = x° + x* + 3x + sin x. Then fis one one.
Reason : f(x) neither increasing nor decreasing
function

[C]

Assertion: f:R—> R
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f(x) = x3 + X% + 3x + sin x Hence, assertion is correct option.
For each value of x, f(x) has unique value. Reason :
Hence, f(x) would be one-one function.
’ — 2
. Assertion is correct option. f'(x) =log (x +v1+x°)
Reason : for x>0, f/(x) = log (X + /14 x2 ) > 0

f(x) = x> + X% + 3x + sin X . :
. . Hence, increasing
Differentiating w.r.t. X, we get

f/(x) = 3% + 2x + 3 + COS X Forx <0, f/(x) = log (x +y1+x* ) <0
= (2% +2) + (X% + 2x + 1) + cOS X Hence, decreasing
=2(x* + 1) + (x +1)® + cos X . reason is true.
(since -1 <cosx<1) .. option (A) is correct choice.
') >0 . .
) ) _ . . Column Matching Questions
Hence, it would be increasing function. Reason is false.
.. option (C) is correct answer. Match the entry in Column 1 with the entry in
Column 2.
Q.27  Assertion : The greatest of the numbers
12 A3 U4 pU5 a6 U7 i oli3 Q29 Columnl Column 2
1,277, 3 1'/4- -,5 6 , 177,18 3 3
Reason : x*is increasing for 0 < x < e and (A) x— =— <tan'x (P)xeR
decreasing for x > e 371
Sol. [A] (B) 2x tan™" X Q) x>4
f ) =x" > loge(1 + X%)
oo (1 anx (C) tan x > x + x%/3 (R)x>0
e

1/x

=X 5 (1—Anx)
X

(D)x*-3x*-9x+20>0 (S)X e [ogj for

Sol. A->RB->P,C—>S5D->Q

+ _ 3
(A) x —X? <tan™tx

1
1
e

— — lle
FOmax =T () = Let f(x) = tan x — x + x*/3> 0

Q.28  Assertion : If f(0) = 0, f'(x)= 1 -1+ X2>0
1+x
f(x) = log(x + V1+x? ), then f(x) is positive
vy 1-x% 1+ x%+x?
for all x. f'(x) = > >0
Reason : f(x) is increasing for x > 0 and 1+x
A 4
decreasing for x <O0. fr0= X 50
Sol.  [A] 142
Assertion : f(0) =0 (B) 2x tan"* x > log, (1+ x?)
f'(x) =log (X +v1+x? ) Let f(x) = 2x tan"* x — loge (1 + X% >0
Integrating w.r.t. X, we get Differentiating w.r.t. x, we get
If’(x) dx = Ilog (X +v1+x?) dx f'(x) = x4 2tan x — ! 2x)>0
1+ x? 1+ x?
) = x. log (X +1+x2 ) = V1+x? f/(x)=2tan x>0
f(x) would be positive for all x. which is true for x € R.
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Fill in The Blanks type Questions

Q.30

Sol.

Q.31

Sol.

Let f(x) =tan x — x— x*/3>0
(C) Differentiating w.r.t. x, we get
f'(x) =sec?x—1-x*>0

which is true only for x € (0, n/2)

The value of a in order that

f(x) = J3sinx — cos X — 2ax + b decreases for
all real values of x is given by................

f(X) = /3 sin X — cos x — 2ax + b

Differentiating w.r.t.x, we get

f'(x) = J/3cosx +sinx—2a<0
:2[§cosx+%sin x}—ZasO

=2 (sin 60° cos x + cos 60° sin x) —2a <0
=2[sin (x+nf3)]<2a=sin(x+nf3)<a—=a=1
a?-1

If f(x) = [az +1] x - 3x + In 2 is a decreasing

function of x in R then the set of possible
values of a (independent of x) is...............

2
=2 1] xa_3x+In2
2

a”+1

Differentiating w.r.t.x, we get

2
f'(x)=(a D w3 _3+0<0
(a?+1)
2
I ) x*<1;xeR
(a? +1)

It must be (a® -1) < 0

So’<l =>-1<a<l




Edubull

EXERCISE # 3

Subjective Type Questions

Q.1 Find the intervals in which the following

function are (i) Increasing (ii) Decreasing
(a) f(x) = x* + 3x* — 105x + 25
(b) f(x) = 2x>—24x + 7
(c) f(x) = A\n(1 - x?)
@ fx)=x-6x*+9x+1;x eR
@ f(x = XX
1+X+X
(f) f(x) =5x** = 3x°% ;x>0
Sol. (a) f(x) = x>+ 3x*— 105 x + 25
Differentiating w.r.t. x, we get
f/(x) = 3x% + 6x 105 + 0
= 3x? + 6x — 105

Increasing function : f '(x) = 3x* + 6x — 105 > 0

= 3 (x*+2x-35)>0

= 3 (x* + 7X-5x —35) > 0

=3 [xX(x+7)-5(x+7)]>0

=3[(x-5) x+7)]>0

= eitherx<—-7o0rx>5

=X e (—o0, - 7) U (5, o)

Decreasing function

f'X)=3(x+7)(x-5)<0

=>-7<x<5 =xe(-7,5
() f' (X)=6x°—24=6(X—2) (X +2)

+ - L+
I

E 2
f(x) T (= o0, —2) U [2, x0)
Y2 2]

. _ —2X _ —2X
(NS = 1-x2  (1+x)1—x)
_ 2X
T (x=D(x+1)

-+ - .+
+—t

10 1
Domain xe (-1, 1)
f(x) T (-1, 0]
{10, 1)
(d)f' (x)=3x*—12x+9=3(x—1) (x—23)

Q.2

+, -  +
1 3
fx) T (= 0, 1] U [3, )
J[1,3]

e)f (x)=(1+x+x%) (2x-1)
fr(x)=2x+2x% +2x> —1-x —x?

—2X =1+ X +2x% —x? — 2x2

1+ x +x%)?
+ ., - , +
11
fx) T (= o0, 1] U [1, «)

-1, 1]
15 15
fix) = 22 2 _ 12302
) f'x 2x 2x

=By _y
- + , =
0 1
f(x) T [0, 1]
J[1, =]

(@ If f(x) = 2 — a2 + 2a + 1) x — 3
monotonically increases for every x € R
then find the range of values of a.

(b) Find the set of all values of the parameter

‘a’ for which the function

f(x) = sin 2x— 8 (a + 1) sin x + (4a’ + 8a— 14) x

increases for all x € R and has no critical

points forall x e R

Sol. (a) f(x) =2ex—ae>x+ (2a+ 1)x -3

Differentiating w.r.t.x, we get
fr(x)=2e"+ae”+(2a+1)-0
for, f'(x)>0
=2e"+ae+(2a+1)>0

= 2e™+ (2a+1)e*+a>0

«_ —(2a+1)i\/(2a+1)2—4x2xa

=€
2x2

N —(2a+1)+vV4a%+1+4a-8a
4




Q3

x_ —(2a+D)tV4a® -da+1

=€
4
— X = —(2a+1)+(2a-1)
4
— X = —2a-1+2a-1 -2a-1-2a+1
4 ’ 4
:>ex=__1,—a
2

= (e’%%) (e"+a)>0

= a >0, because €” is positive for every x e R.

(b) f'(x)=2cos2x—3(a+1)cosx

+4a” + 8a— 14

—=2cos’x—1-4(a+1)cosx+2a’+4a—7>0

= cos’x—2(a+1)cosx + (@a+1)>-5>0
= (cosx—(a+1))*>5
cosx—(a+1)<— .5

or
cosx—(a+1)>— .5
(L)a>cosx—1+ /5

a> .5
(2)a<cosx—1- /5
a<-2-.5

(@) Find the set of all real values of p so that
the function f(x) = (u +1)x° + 2x + 3ux — 7 is
(i) always increasing and
(ii) always decreasing.

(b) Find b if f(x) = sinx — bx + ¢ is always an
increasing or a decreasing function.

Sol. (a) f(x) = (u+ 1)x3+2x2+ 3ux—7

Differentiating w.r.t. X, we get
f () =3+ 1)x*+4x+3u-0
£/ (x) = 3(u + 1)x% + 4x + 3p
(i) for increasing functioni.e. f' (x) >0
=3 (u+1)x*+4x+3u>0
a4 x+ 3 5o

(d+m) 1+p)
recall from quadratic theory
ax’+bx+c>0,a>0=D<0
Herea=3>0,D<0

= B%-4AC<0

2
A —ax3x 3 <o
l+p d+p)

16 74><9u<0
@+p)?  @+p)
= 16-4x9u(1+u) <0
= 9x4u(1+p)-16>0
%A+ -4>0
=9®+9u-4>0

= ~9+/81+16x9
2x9
_ —9+3J9+16
H 2x9
_ —9+15
H 18
_ 24 6
18 ' 18
_ 41
"33

4 1
= |u+— -Z1>0
(“ SM“ 3)
:>Eitheru<—% oru>%

(ii) For decreasing function, f' (x) <0
= 3(u+ 1)x° +4x +3u <0

S+ 4 x+ 3 <
L+w (1+n)
S N VO (I

(L+w) (L+w)
Here,a=-3<0,D>0
= B>~ 4AC>0

2
(‘_4J _4x(-3) x (‘_3“}0
1+p 1+p

16 9x4u

@+p)?  @Q+p)
—16-9x4ux(1+u)>0
—9x4u(l+p)-16<0
=>9%(l+p)-4<0
=9u?+9u-4<0
(u+4/3) (n—1/3) <0
= -43<p<1/3

>0

(b) f(x) =sinx —bx + ¢

Differentiating w.r.t.x, we get

Edubull
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Q4

Sol.

Q5

Sol.

f'"(X)=cosx-b

for increasing function, f’ (x) >0

=cosx—b>0

= cosX>Db, but-1<cosx<1

=>-1>b =>b<-1

For decreasing function,

f'X)<0=cosx-b<0 Q.6
=cosX<b;but-1<cosx<l=1l<b=b>1

Sol.

Show that the function f(x) = x //(x +1) —\n(1 + X)
is an increasing function for x > 1.
() =x/\/(x+1) —An(1+x);x=-1
Differentiating w.r.t.x, we get

1ax+1- x#
f'(X): 2\/X+1_ 1 ;Xi—l

(x+1 1+x
Vxri-— X
A — 2dx+1 1 N
f'() € 7
(x+1) 1+x Q.
oy 2(X+1D) =X 1 .

f'(x) = - (X #-1

24Ux+1 (x+1)  1+X Sol.
fr(x) = (X+2)-2(Jx+1) X £ -1

24x+1 (x+1)
for increasing function, f’(x) >0
je, (X2 —2(Vx+1) >0;x=z-1
2Jx+1 (x+1)

=>(X+2)>2x+1
Squaring both sides, we get
=X+ 4+4x>4(x + 1); but x = -1
=>x>0;x#-1
=x>0;x=-1,Hence, x> -1 Q.8
If ax + (b/x) > c for all positive values of X,
where a, b and c are positive constants, show
that ab > c%/4
f(x)=ax+ (b/X)>c ;x>0
Differentiate w.r.t.x, we get
fr(x)=a-bix-0>0 Sol.

—a-b/x*>0

= a> b/

=x’>bla=x> b/a

Hence, put value of x > \/pb/a inax +b/x>c
=ax Jb/a+bx Ja/b>c
= Jab+ Jab>c

=2Jab>c=.Jab>cl2 = ab>c¥4

Find the intervals in which the function
f(x) = sin (logex) + cos (loge X) is decreasing.
f(x) = sin (log,x) + cos (log, x)
Differentiating w.r.t.x, we get
fr(x) = cos(log, x)  sin(log, x) <0:x>0
X X
— cos(log, x) _ sin (log x)
X X
= tan (logex) > 1; x>0
= 2nt + /4 <logex < 2nm + 57/4; n e |

x>0

= eznm%< X < eznm%”; nel
Let f(x) = 1 — x — x°. Find all real values of
x satisfying the inequality, 1 —f(x) — f 3(x) > f(1—5x)
f'()=-1-3x
f(x) 4
Now,
f(f(x))>f(1-5%)

=1-x-x*<1-5x
=X —4x>0

X(—4)>0

-+, =+
2 0 2

xe(-2,0) U (2,0)

Establish the following inequalities
(@) x*-1>2xAnx>4(x—1) -2z x forx > 1
(b) tan® x + 6 An sec X + 2 cosx + 4 > 6 sec X

for x e (3—75 ZnJ
2

©) x—(x%3) < tanx <x—x*6for0<x <1
(d)x*> (1 +x) [An (L +x)]*forx>0
(@)
(1)x*—1>2x A\ X
f(x)=x*—2xA\nx-1
f'(x)=2x—-2-2\nx-1
=2X—-2\nXxX-3
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frx=2-2
X

_ 2(x-1)
X

f')T;vx>1

f (Xmin=F(1)=0

~f(x)>0

(2)2x\nx>4 (x—1)—-2\n X
F(X)=2XA\nX—4Xx +4—2\n X

f'(x)=2+2)\nx—4—E
X

P =242
X X

2
2

(x+1)

frx) 7T

f (X)min =f (1) =0

~f(x)>0

(b)

f (X) = tan®x + 6 An Secx +2 cos X +4 — 6 secx

f' (X) = 2 tanx . sec? x + 6 tanx — 2 sinx — 6 secx

tan x

_2sinx  6sinx
- COSSX " COSX

- 65sinx
— 2 sinx —

COS™X

2sin x
[1 + 3 cos’ — cos*x — 3 cos X]

cos® x

_ 2sinx (1 cosx)®

COS™X

©) Q) f(X)=tan " x—x+ g

f'(x)= ~1+x2

1+x°2

1-1-x%+x2 +x*
= @ ve

1+x?
f(x)>0

X3

() f(x)=tan x—x+ =

Q.9

Sol.

Q.10

2-2-2x%2+x3
1+x2
= X —ve
1+x°
f(x) <0
(d) f (x) =x° — (1 +x) [An(L + X))

f'(x)=2x -2 An(1 +x) - [An (1 + x)]?

woron 2
f (x)—2—m
_ 2an(1+x) _ 21+x-1-n(l+x)]
1+x 1+x
— 2[x=An(1+X)]
(1+x)

Show that xe* = 2 has one and only one root
between 0 and 1.
f(x)=xe*-2
f'(x)=xe+¢
=e"(x+1)

fox)Tx>-1
f(0)=-2
f()=e-2=0@
Alternate

Graph

2
ef= =
X

_—

Passage based objective questions

Passage | (Question 10 to 12)

Consider the cubic f(x) = 8x® + 4ax? + 2bx + a
wherea, b e R

Fora=1if y =f(x) is strictly increasing vV X € R
then the maximum range of values of b is.

N
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Sol.

Q.11

Sol.

Q.12

Sol.

@ﬂ%@j ©) (o, )
[B]
f(x)=8x%+4x* +2bx + 1
f'(x) = 24x% + 8x + 2b
>0 VvV xeR
D<0
64 -24x8b<0
3b>1

b>£
3

For b =1, if y = f(x) is non monotonic then the
sum of all the integral values of a € [1, 100] is

(A) 4950 (B) 5049
(C) 5050 (D) 5047
[B]

f(x)=8x+4ax’+2x +a

f' () = 24x% + 8ax + 2

Reason whenf'(x) >00r<0
Vv xeR

(1) f'(x)=0
64a°-8x24<0
~J3<a<\3

2 f'(x)<0
64a°—8x24=0
a=++3
.. for non monotonic

acR-[-/3.43]
ae (o, —/3) U (43, )

= % [4+93]
= 5049

If the sum of the base 2 logarithms of the roots
of the cubic f(x) = 0 is 5 then the value of 'a' is

(A) - 64 (B) -8
(C) - 128 (D) — 256
[D]

f(x) = 8x> + 4ax’ + 2bx + a

—a
a = —
By 3

= log, a. + log, B + 1092 ¥ = log 2(%)

—-a) _
'°92(?] =°

a=-8x2°
=256

Passage 11 (Question 13 to 15)

Q.13

Sol.

Let f(x) =An mx (m>0)

9(x) = px
The equation |f(x)| = g(x) has only one solution
for

e

(A)0<p< B)p< =
m

m

e
(C)O<p<-5
m

[D]
f(x)=Anmx(m>0)&(x>0)
g9(x) = px
| An mx | = px

| Anmx |
- — =

X

As, x>0
‘Anmx

@)p>"
e

=P
X

AN mx
X

,_ 1-2nmx
y=—a
X

+ ) —

Let y=

elm

{22
(39 (3

lie on the graph

. AImx _
lim =—
x—0 X

. Anmx
lim
X—>00 X
D.L.H. Hospital rule
lim 1/—X =0

X—>00
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Q.14

Sol.

Q.15

Sol.

™ N\
m e/m
m/e +
1
1
1/m e/m
p>1
e

The equation [f(x)| = g (X) has exactly two
solutions (not necessarily distinct) for

(Wp=" B)p=
e m
©o<p<s & Dyo<p<™
m €
[A]
m
p:_
e

The equation |f(x)| = g(x) has exactly three
solutions for

(A)p=2 (B)0<p<
©0<p< = D)p< =
m m
[B]
0<p<m
e

Passage 111 (Question 16 to 18)

Q.16

Sol.

Let here define two functions
f(x) = sin " (sin x) + cos * (cos X); 0 < X < 27
g(x):ex 0<x<2n

Find the value of x such that f(x) is increases-

A 0.7 ® [of]
©) [Oﬂ (D) None of these
[C]

, COoS X sin X
fr(x)= +—
[cosx| |sin x|
s 3n

xz0, = n,=—2n
2 2

Vi) — o - T
f(X)—Z,XG(O,EJ

:O;Xe[g,nj

f(x)T{O,E}
Q.17 Find the value of x such that f(g(x)) is
decreases-
(A) (0, ) (B) (o,gj

(©) [m n,xn%“} (D) None of these
Sol. [C]
f () g (x)
«| cose*  sine*

‘coseX ‘sme X

e’e 71',,3—7[
2

Xe {Mn,m%}

Q.18 Find the total length of interval of x such that
f(x) is neither increases nor decreases-

(A) /2 (B) n/4
C)n (D) None of these
Sol. [C]

f(x) 4

R
=>Xe|—,n|lu|—2x

2 2

. Total path==
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EXERCISE # 4

Old HT-JEE Questions

Q.1

Sol.

Q.2

Sol.

Let f (x) = x €™ then f (x) is-
[T Scr. 2001]
(A) Increasing on [-1/2, 1]
(B) Decreasing on R
(C) Increasing on R
(D) Decreasing on [-1/2, 1]

[A]
f(x) = x.
=X. e(X—Xz)

Differentiating w. r. t. X, we get
fr(x) = 165X + x o0 (1-2x)
= 01+ x—2x]

fr(x) = — ) [2x% x —1]

PUL2XE—x—1=0= x= LEVIT4x2
2x2
Lo 1%3
4
x=1,-1/2

LX) =~ (x— 1) (x + 1/2)

| |
-Vve 12 +ve 1 -—Vve

Hence, f'(x) > 0 for x e {_% 1}
.. Option (A) is correct answer.

Let -1 < p < 1. Show that the equation
4x* — 3x — p = 0 has a unique root in the
interval [1/2, 1] and identify it. [11T 2001]

Giventhat—1<p<1.
Consider f(x) = 4x*-3x—p=0

Now, f (%j:l—§p=lp£0as(1Sp)

Alsof(1)=4-3-p=1-p=0 as(p<l)

.. f(x) has at least one real root between [1/2,1].
Also f' (x) = 12x*—3>0o0n [1/2, 1]

= fisincreasing on [1/2, 1]

= f has only one real root between [1/2, 1]

To find the root, we observe f(x) contains
4x® — 3x which is multiple angle formula of
cos 360 of we put x = cos 6.

Q.3

Sol.

Q.4

Sol.

.. Let the reg. root be cos 6 then,
4c0s°0—3cos0—p=0

=c0s30=p=30=cos'p=0= % cos* (p)
. ; 1
. Root is cos [gcos (p))
The length of a longest interval in which the

function 3 sin x — 4 sin® x is increasing, is -
[IIT Scr. 2002]

(A) /3 (B) n/2
(C) 3n/2 (D)«
[A]

Let f(x) = 3 sin x — 4 sin® x = sin 3x
Differentiating w. r. t. x, we get
f'(x)=cos3xx3>0
= cos3x>0
— 2N+ /2 < 3x < 2nm + 37”
where, n e integer
S M Ty M, T

6 3 2
Hence, length of longest interval

.. Option (A) is correct answer.

Using the result 2(1 — cos x) < X%, x = 0. Prove

that sin (tan x) > x, for ¥V x € (0, n/4).
[1IT 2003]

Let f(x) = sin (tan x) —x

Differentiating w.r.t.x, we get

f'(x) = cos (tan x) x sec? — 1

= cos (tan x) x (1 + tan’x) -1

= tanx cos (tan X) + cos (tan x) —1

f(x) = tan®x cos (tan x) — (1 — cos (tan x))

using the relation,

2(1—cos x) < x*

f'(x) > tan® x cos (tan x) — % tan’x
f'(x) > tan® x [cos (tan x) — 1/2]
Again using, 2(1 — cos x) < x*

X2
= 1—7<cosx




Edubull

Q5

Sol.

Q.6

Sol.

2
—1_ tan“ x

< cos (tan x)

2
fr) > tan?x |1 B°X 1
2 2

f'(x) > tan® x F_ tan’ X}
2 2

= f’'(x) >0 for x e (0, n/4)

Let x >0 = f(x) > f(0)

= sin (tan x) — x > sin (tan 0) — 0

= sin (tan x) - x>0

= sin (tan x) > x. for x € (0, n/4)

Hence, proved.

If f(x) is differentiable and strictly increasing

2
function, then the value of lim 1) =T(x) is-
0 f(x)-f(0)
[11T 2004]
(A)1 (B)0 ©-1 (D)2
[C]
Since, f(x) is differentiable function i.e.
im f(0—h)-f(0)
h—-0 —h

= lim FO+M-TO) _ ¢/
h—0 h

Then lim M
x>0 £(x)~F(0)

[%form, apply L—H Rule,we getj

f'(x?)x 2x —f'(X)
x>0 f'(x)-0
_ 200)xf'(0)-f'(0) _ 0-f'(0) _
f'(0)-0 f'(0)
.. Option (C) is correct answer.

Prove that :
sin X + 2x > M,VXE [0, E}
i 2
(Justify the inequality, if any used)
[11T 2004]

SinX+2XZM,VXe {0, E}
b4 4

(3x? +3x)
T

Let f(x) = sin x + 2x —

Differentiating w. r. t. X, we get

(6x+3)
e

f'(X)=cosx+2-—

f'(x) = (cos x — 6x/x) + (2 - E]

T

|
0 /6 /4

Putx=0,f'(X)|lx=0=(1-0) + 2—E = 3—E

s s

f(h=0= 3 (1-1}0
T

, 6 3
Putx =", ¢ (X)|x:n/e:[cosg——x%)+ , 3

b T
= {§_1]+2_ §:+ve

Y
=T'(X)|x=mws>0
Put X = 1t/4, f'(X)|x= wa

= COSE_EXE +2_§
4 n 4 T

21+ \/En - 6\/5
2\/575

_ n(2+v2)-612
2\/§n

3.14x3.41-6x1.41

2\/575

= ' (X)=2a>0

0

.. T'(x) is increasing function in x € [0, %}

Letx > 0 = f(x) > f(0)

(3x2 +3X)
T

=sin X+ 2X — >0+0-0
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Q7

Sol.

Q38

Sol.

2
(Bx"+3x) 0
s

Ssinx+2x > XEHD oy o {0%}
T

sin X + 2x —

Hence, proved.

f is a set of polynomial of degree <2 ; f(0) = 0;
f(1) = 1; f'(x) > 0; x e [0, 1] then set f =
[11T 2005]
(A) ¢
(B)ax +(1-a)x’; aeR
(C)ax +(1-a)x*; 0<a<w
(D)ax +(1-a)x*; 0<a<2
[O]

Let f(x) = ax® + bx + ¢
f0)=0=0+0+c=c=0
fl)=1=a+b+c=a+b=1
f'(x)=2ax+b+0>0

= 2ax + (1-a) >0 forx e [0, 1] = x> &=L
2a
Whenx:0,0>a__1
2a
=a<l
whenx=1,1> a_—l
2a

=2a>a-1 =a>-1

Then, f(x) =ax’+ (1 -a) xfor—1<a<1
orf(x)=(1—a)x*+axfor0<l-a<2
.. Option (D) is correct answer.

Let the function g : (- o, ®©) —> (__ —) be

given by g(u) = 2 tan* (e") - g . Then g is-

[T 2008]
(A) even and is strictly increasing in (0, «)
(B) odd and is strictly decreasing in (—oo, o)
(C) odd and is strictly increasing in (—oo, o)
(D) neither even nor odd, but is strictly increasing

in (o0, )
[C]
g! (U) - Zeu >0
1+e2!

So g(u) increases

Now g(-u) =2 tan* (e") - g

=o2tant(L|_T
e 2

- T louy| (T
2(2 tan " (e )J (2]

—2tante'=—g(u)

o Nl;‘

= g(u) is odd increasing.

Q.9 The number of
X' 4+ 12 +x-1=0is

Sol.[2] Letf(x)=x*—4x*+12x* +x—1
Let a, B, v, 6 are the root of equation.

afyd = -1 so the equation has at least two

real roots. ()
f'(x) = 4x* —12x* + 24x + 1
fU(X) = 12x% — 24x + 24 = 12((x + 1)* + 1)
so f'(x) >0 so f'(x) = 0 has only one real roots so
f(x) = 0 has at most two real roots. ....(ih)
from (i) & (ii)
f(x) = 0 has exactly two real roots.

distinct real roots of
[11T 2011]

Q.10 Maitch the statements given in Column-1 with
the intervals/union of intervals given in

Column-II.
[T 2011]
Column-I
(A) The set
{Re[z—lzzj; z is a complex number, |z|=1,z ;til}
1-z
is
(B) The domain of the function

X—2
o =sin 2C " s
1_ 32(X*1)
1 tano 1

(C) If f(0)=|-tan®0 1  tan@|, then the
-1 —tano 1

set{f(e):0$9<g} is

(D) If f(x)=x%2(3x-10),x>0, then f(x) is
increasing in
Column-11
(P) (=0, -1) U (1, )
(Q) (=,0) U (0, x)
(R) [2, =)
(S) (o0, -1] U [1, )
(T) (7 @, O] o [21 OO)
Sol. [A>s;Bo>t;Co>r;D-or]
(A) Letz=cosO+isin6
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2iz 2i(cos+isin 0)
S0 = — =—C0seco
1—-7z2 1-c0s20—isin 20
voz@n+1) X
2
S0
2iz
Re 5 =—cosecH e (—wo,— U[], )
1-z
X—2 X
(B) 8><32 2~ 8X32
1-3¥ 93
Let3*=t

X
S0 f(x) = sin”? 8X32 _sin 1( Bt 2)
932 9t

8t <1 on solving
9-t2

X € (=, 0] U[2, o) uU{l}
(C) () = 2 sec®d

s0 f(0) €[2, «)
(D) f(x) = 3x°% — 10x*2
157/x (x_2)

2

So f(x) is increasing for f '(x) > 0
X € [2, )

-1<

f(x) =
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EXERCISE # 5

Q.1

Sol.

Q.2

Sol.

Let f and g be increasing and decreasing

functions, respectively from [0, «) to [0, «).

Let h(x) = f(g(x)). If h(0)= 0 then h(x) —h(1) is-
[11T-1987]

(B) always negative

(D) strictly increasing

(A) always zero

(C) always positive

[A]

Since g is decreasing in [0, o)

.. For x>y >0,g9(x) <g(y) ...(D

Also g(x), g(y) e [0, =) and f is increasing
from [0, «) to [0, )

. For  g(x), 9(y) € [0, »)

s.t. 9(x) <g(y)
= f(9(x)) < f(g(y)) where x > y
= h(x) < h(y)

= h s decreasing function from [0, <)
~ h(x)<h(0),v x>0
But h(0) = 0 (given)
h(X)<0 V x>0 ....(2)
h(xX) >0, vx=>0 ....3)
Also
[as h(x) € [0, )]
From (2) and (3) we get
h(x)=0,V x>0

Hence, h(x)-h(1)=0-0=0 Vx>0

The function f defined by f(x) = (x + 2)e X is
[T 94]

(A) Decreasing for all x

(B) Decreasing in (o0, —1) and increasing (-1, o)

(C) Increasing for all x

(D) Decreasing in (-1, o) and increasing in
(o0, 1)

[D]

f(x) = (x + 2)e™*

Differentiating w. r. t. X, we get

f'x)=1.e"+(x+2)e*(-1)

=g - (x+2)e”

=e*[1-x-2]

fr(x) =e™ [x-1]

f'x)=—(1+x)e™

If(1+x)>0ie.x>-1

f'(x)<0

Q.3

Sol.

i.e. It decreases for (-1, o)
If(l+x)<0ie.x<-1

=f'x)>0

i.e. It increases for (—oo, —1)

Hence, f(x) decreases for (-1, «) and increases
for (—o, —-1).

.. Option (D) is correct answer.

Function f(x) = log(z +x) is decreasing in
log(e + x)
the interval - [1IT 95]
(A) (0, ) (B) (0, )
(C) (~o0, 0) (D) No where
[B]
f(x) = log, (T +Xx)
log. (e +X)

Differentiating w. r. t. X, we get

Jog,(e+X) =+ log, (m+X)
f’(x):n+x (e+x)
(log, (e +x))*

(e+x)log,(e+x)—(n+Xx)log, (m+X)
(n+x)(e+x)(log, (e +x))?

Since, f'(x) <0

<0

N (e+x)log,(e+x)—(n+x)log, (m+X)
(n+x)(e+x)(log, (e +x))?

N log, (e + x)(e*x) —log, (n+ x)(’”x)
(n+x)(e +x)(log, (e + x))?

<0

= log, (e+x)©™ < log, (m+x) ™™

= taking antilog both sides, we get

= (+ X)) > (e +x)€

Sincen>e

=>mn+X>e+X

Hence, above inequality only holds good for +ve
values of x i.e. x € (0, «)

.. Option (B) is correct statement.
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Q.4

Sol.

Q5

Sol.

xe™ X<

» 3 ;where'a'is
X+ax“—x°,x>0

Letf (x) = {
positive constant. Find the interval in which
f' (X) is increasing. [HIT 96]

- ax , X<0
f(x) = ;
+ax2—x3, x>0

Differentiating above function w. r. t. x, we get
ax aX L.
fr(x) = 1le™ +xe“a; x<0
1+2ax—3x?%; x>0

Fr(x) = { e®(xa+1); x<0
(1+2ax—3x?); x>0
Augain differentiating w.r.t. X, we get
frr(x) = {ea".a.(xa+l)+eax.a; X<0
2a—6X; x>0

aX [,2 .
fr(x) = e¥(a°x+2a); x<0
2a—-6X; x>0

Since, f'(x) is increasing function i.e. f"(x) > 0
e™ (a’x +2a)>0;x<0
e will be positive for x <0
s (a®x+2a)>0forx<0
=X 2 forx<0
a
Also, 2a—6x >0 forx>0
= 6x<2aforx>0
=>x<a3forx>0

-2

&
a 3

Hence, required interval is X £_3 ij

l

a 3

If f(x) = smix and g(x) = ta% , Where

0 < x <1, then in this interval - [T 97]
(A) Both f(x) and g(x) are increasing functions
(B) Both f(x) and g(x) are decreasing function
(C) f(x) is an increasing function

(D) g(x) is an increasing function

[C]

f(x)—_and g(x) = ;0<x<1
nx

Differentiating above functions w. r. t. X, we get
Sin X — X COSX
(sinx)?

f1(x) = 1.sin X — X.COSX _

(sinx)?

Q6

Sol.

Q7

Since, (sin x)° is positive for 0 < x < 1
Let h(x) = sin X — X cos X
Differentiating w.r.t.x, we get
h'(x) = cos x — (cos X + X (- sinx))
= €0S X — COS X + X Sin X
h'(x) =xsinx>0for0<x<1
=f'(x)>0for0<x<1
= f(x) is increasing function in0 < x < 1;
9=

tan x
Differentiating w. r. t. X, we get

1.tan x — X.sec? x
gx)=——= " =
(tan x)?

g(x) = tanx — x.szc X
(tanx)
since, (tan x)> + ve for0 <x <1
Let ¢(x) = tan x — x. sec® X
Differentiating w. r. t. X, we get
o'(X) = sec? x —[1.sec? + X. 2 sec x. tan x sec x]
= sec? x — sec’ x — 2x sec® x tan x
o'(X) = — 2x sec’ x. tan x
d’(X)<0for0<x<1=g(X)<0for0<x<1
= g(x) is decreasing function for 0 <x <1
.. Option (C) is correct answer.

The function f(x) = sin* x + cos* x increases if-

[T Sc. 99]
T 3n
A)0<x< — B) — <x< —
(A) g ( )4 g
© = <x<> (@ Tex<T
[B]

f(x) = sin’x + cos’x

Differentiating w. r. t. X, we get

f/(x) = 4 sin® x cos x + 4 cos® x (= sin x)
= 4 sin x cos x [sin® — cos?x]

=2 sin 2x (- cos 2x)

f'(xX) =—sin 4x

Since, f'(x) >0 =-sin4x>0
=s8iN4x<0 > n<4x<2n

=4 <x< a2

.. option (B) is correct answer.

Consider the following statement S and R -
[II'T Sc. 2000]
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Sol.

QS8

Sol.

S : Both sin x and cos x are decreasing

function in the interval (g nj

R : If a differentiable function decreases in an
interval (a, b), then its derivative also decreases
in (a, b)

Which of the following is true ?

(A) Both S and R are wrong

(B) Both S and R are correct, but R is not the
correct explanation for S

(C) S is correct and R is the correct explanation
for S

(D) S is correct and R is wrong

[D]

Hence, from graph, we observe that, sin x and cos

x are decreasing functions in (g nj . Hence, S'is

correct answer.

........ sin X
Ccos X—/
|

f f ¥ 4 —>»X
—m/2 0 n2. m W2 2n

~o -

If any differentiable function increases or
decreases in an interval (a, b), then its derivative
will gets reversed i.e. Derivative must be
decreases or increases in an interval (a, b).

Hence, R is not correct answer.

.. Option (D) is correct answer.

If 0 < x < 1 prove that y = x\n x — (x*/2) +
(1/2) is a function such that d®y/dx? > 0.
Deduce that xAnx > (x%/2) — (1/2).
y'=1+AX-X

y"= 171 >0 asxe(0, 1) Hence Proved
X

also it means

y' T

y'®)<y'(1)=0
=Sy (x4
=>yXx>y(@)=0
=>y(X) >0 Vxe(0,1)

2
= X\nx> X?_% Vv xe (0, 1)

Hence Proved

Passage (Question 9 to 10)

Q.9

Answer the questions on the basis of the
function given below :

f:(0, 0) > [_ggj be defined as,

f(x) = arc tan(An x)

The above function can be classified as -
(A) injective but not surjective

(B) Surjective but not injective

(C) neither injective nor surjective

(D) both injective as well as surjective

Sol.[D] f(x) =tan" (An x)

Q.10

frpg=2 8
X 1+ (n)?
also Rs € (—m/2, ©/2)
So (D) is true

>0 V xe(0,0) injective

The graph of y = f(x) is best represented as -

>0 V xe(0,0) injective

On the basis of Range and domain of f (x) the
correct graph is (C).
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2. (a0 (b)a<—(2+ 5)ora>+5
3. @@)u=13 (i)p<-4/3
(b)Increasing if b < -1 and decreasing if b > 1
6 [62nrc+rc/4 eZnn+51'c/4] neZz
7. (-2,0)U (2, )
QNo. [ 10| 11|12 ) 13| 14| 15| 16 | 17 | 18
Ans, C B D D| A B C C C

EXERCISE # 4




1. (A) 3.(A) 5.(C) 7.(D) 8.(C) 9.2
10 A»>S;B>T;C>R;D->R
EXERCISE # 5
1.(A) 2.(D) 3.(B) 4.[-2/a,al3] 5.(C) 6. (B) 7. (D)
9.(D) 10. (C)




