VECTOR AND 3-DIMENSIONAL

HINTS & SOLUTIONS

EXERCISE - 1 r
. . .. C

Single Choice 17. Position vector of M = 3
uuu uua uuw = T 1
AC = AB + BC D C Position vector of N = (-c + 2b)

A A ‘ 1 4

=2i-2j+4k - equation of line BC is ¥:b+7»(b—£)
uuu uuu uuw r 1L 1
BD =-AB+ BC A B . equation of line ABisis r=0+pub

=—4i+2]

uuu wiu
Let Angle between AC & BD is 0

AC.BD
—HE——H— = cos O
| AC|| BD]|
o -12 3
= cosO0=—F=7==—[. r T
4\/6\/5_ 10 ~.equation of line MN is %z%JN{%—ZJ
3
= Acute angle between diagonals = cos™! To
1 4
= pu=-2t, 0=+t
A 3 3
bl C i . 1 . b
which gives n= 5 = Position vector of X is 5
E G(1,\‘/3) B T A A I ~ A
13, 5 s 18. a=1+])]&b=21-k
N3 roro_ 4o roLy r
| \60°" . rxa=bxa = (r—b)xa:0
oS> a7 L
A A = r=b+ia .. @
G=(i++3)) o r
similarly r x b=a x b
Let Position vector of P is f)) LT :
= r=a+pb . (ii)
> GP||k Putting the vector a & i) in (i) & (ii) and equating
then P -(G+3) = Ak weget 21—k + A+ ) =1+7+pQi-k
L oA A ,\ = 2+A=1+2p, A=1,p=1
= p=1i+3]+rk A
Point of intersectionis 31 + j — k .
wn
also OP‘:3 20. Equation of plane containing L, and parallel to
= N1+3+)7 =3 x-2  y-1  z+l
= A2=5 Lyis | 1 0 2 =0
L. ) R 1 1 -1
= KZi\/g = p:i+\/§ji\/§k = 2x-3y-z=2
r oA A A 2 2
For positive Z-axis :i+\/§'+\/§k dist: fi igin = —F—=,|—
p p J istance from origin Jia 7

So AP = p-2] =—i+3j+5k
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21. Let the equation of plane be

X z
—+ X +—=
a b ¢
as (a, B3, v) is centroid

1

B(0, 0, b)

Aa, 0, 0)
C(0, 0, c)

I I
22. L.H.S= (@ + b) x A?b).Ac

=24 (& + b) x b).& =Aabc]

RHS.= & x (b + S)b = [3 ¢b]

= MAabc]=-[abc]
= A*=-1 which isnot possible.

23. These forces can be written in terms of vector as

2 k ~ k ~ ~ k A k A
ki, =i+—=3 ki and - —i+—=]
22 NCRNE
k
K k
DM
6\‘ A K

Resultant = ki + (k ++/2 k)}
magnitude = k2 + (k + /2 k)? = ky/4+22

T .
24. Equation of plane is r.n :|_?T

for intercept on x-axis take dot product with 1

2e

= intercept on X-axis = 7
il

o~ =
o

Il

o

Il

o=

o -

Il

o -
G‘P—

1
5. EA=a.axb) =
1
Also |£1><b|:|lc|

r Lo
a||b]|sin90°= f:
la||

28.

30.

r 1 1 1 1
laf =la] = |a|=[|b|=]c|=1

1
|32+ 4b+12¢| = \9a> +16b° + 144> =13

T 1 T
Qlal= b= cl=1}

From P(f, g, h) the foot of perpendicular on plane

yz=(0, g h),
similarly from P(f, g, h) perpendicular to zx = (f,0,h)

Equation of plane is

X y Z
f 0 hl=p :%Jrl—ﬁ:o
0 g h £
uu ~ ~ A
AD =-21+2j-k D
ur N .
AC=1+2j+2k C A
UL ~ A
AB =3]+4k B
ik
r um - uar A a A
n, =ADxAC=|-2 2 -1|=61+3]-6k
1 2 2
=3(2"i+]—2f<)
ij k
r uar uar A oA A
n, =ACxAB=[1 2 2[=2i-4j+3k
0 3 4
ik
r r A N ~
In, xny[=32 1 -2[=3(51-10j-10k)
2 4 3

n,|

r
. 5 . |n1><n2
sinf = — sin@ = —+—+—
N29 | n,| | n,|
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VECTOR AND 3-DIMENSIONAL

33. Dr’s of bisector 36. OP LAP
O, (0,0, 0)
i+j+k i+j-k
+
V3 V3
Hence Dr’sare A, A, 0 (A € R)
Equation of bisector

=AM +])

a(a-D+BP-2)+v(y-3)=0
Locus of P(a., B, 7) is
xX2+yr+z22—x—2y—32=0

51. a(x-2)+by-3+6(z—1)=0 ... )
. 5 3 2a—-2b-3c=0
S 4a+0.b+6c=0
A A0
a b ¢
XT‘LY‘Z;Z_gzo Z12-0 -12-12 048
2 e
3. 0-1=20 = a=2+1 T o, = (e

+2=3L = B=3Ar-2
p p Put these values of a, b, ¢ in (i)

3(x—2)+6(y—3)—2(z—1)=0
(1.-2.3) 3x+6y—22-22=0

» |—15—24—16—22|_‘%:11

J9r36+4 |

54. Let the tetrahedron cut x-axis, y-axis and z-axis at

a, b & c respectively.

1 4 T
volume = —[aibjck] (Given)
y=3=—6L = y=—6A+3 6

2A+1-3A+2 -61L+3=5

1
=1 = A=1/7 Then g(abc) =64K> @)
Point on the plane is (2, —H, I—SJ Let centroid be (x,y,,2,)
il 7
N T
Distance = /(o —1)> +(B+2)* +(y —3)° CREe N T n Ty

put in (i) wet get
X,y,z,= 6K’
.. Locus is xyz = 6K?

The required locus is xyz = 6K*
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58. rh=d (i) 65. Equation of plane containing
Lt 1 n x+1 -3 z+2
r=1 +tn (i) ;- y2 = and point (0,7, —7) is
from (i) and (ii) a
rr x+1 y-3 zZ+2
Ll d-1.n
@ +tm)n=d = t:T -3 2 1 |=0
substitute the value of 't' in (ii) -1 -4 >
i q- ¥0rr1 . By solving we get
r=gn+ T n x+y+z=0
1 1
59. axb =2(axb) 68. ~=<=2 G)
2 3
A x(b=2¢) =0 — b-2¢=0ca <y 2
—==—=— g L .. (i)
squaring b? + 4¢? - 4ll)£ = a’a’ 123

2§+3}+5f< §+2}+3f<

1 A A
+4— — =2 =+ a+b= +
16+4—-44.1. 4 o = a=x4 J38 Jia
b=o2t+4h &
W
|®]+|u|=6 >
I I I I %//
60. @-Dbx+OG-cly+c—a)xxy)=0 e e
I § 1 1 bﬁ
As X,y & (xxYy) are non zero, non \\/’gq
/% on
coplanar vectors, then %

= (A)and (B) will be incorrect

a—-b=b-c=c—-a=0 .
Let the dr’s of line L to (1) and (2) be a, b, ¢

= a=b=c

. . \ = 2a+3b+5¢c=0 ... (iii)
Hence AABC is an equilateral triangle. and a+2b+3c=0 (@)
Hence, acute angled triangle.
) a b ¢
63. & is along the vector 4x (axb) T 9-10 5-6 4-3
rir orr! a_b ¢ a_ b ¢
= (a.b)a—(a.a)b = RIS = 1=1- 3

=CDA+j-k)-3(=j Tk ==4i+2j-2k equation of line passing through (0, 0, 0) and is L to the

L, 2itj-k lines (i) and (ii) is
Lo T
Vo x_y_z
. (axc) 11 -1
d=7T_T,;
laxc]| rr rl rr
a.a a.b a.c
rtr T rr T
& ik 70. [abcP =|bh bb b
= 1| ==j(-3)+k3=3(G+ r
axc=|1 1 -1|=-j(-3)+k3=3(+K) Ca Cb Ge
-2 1 -1
a:j"‘k 1  cos® cosO
\/E —|cos0 1 cos 0

cos® cosO 1
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VECTOR AND 3-DIMENSIONAL

EXERCISE -2 1 L L r_r Loy
Part # I : Multiple Choice s @axb)xc=Zaxbxc
r.r r.! L
5. a,b,c areunit vector mutually perpendicular to each é.c)b —(b.ch = é.c)b (a.b)

other then angle between 4 + p + ¢ & 4 is given by But bt # 0, Ab#0

r. r (rrr)r

1
0 (£+b+c).a a+b+c).a
cosf = £ = ¥
heb+dll & VR b2+ 3l

al

;}£2+b2+£2
1 (1)
= cos = — =cos!|—7=|=tan!
NG or B=cos Lﬁ) tan™' 2
¥=2Ai—}+3f<+k(i+j+\/5f<)

3 3
cosa=7:>oc:30°, cosB=§:>B:30°,

2
cosy= B =y=45°
By putting the values check options

iy

r ' r .
L =a-b+c .. ()]
r L or ot .
r2:b+c a e (i)
r r r !
L=c+a+b .. (iii)

I =2a-3b+4dc
Ifr = M5 + Ab + AL

then 2% — 3b + 46
:(}‘1_}‘2+}"3) é‘+(}"2_}“1+}“3)i)+(}"1+}“2+}“3)é

= AFA-A=2 ()]
A+A,-h=-3 ... )
IRV Yy (vi)
Solving (iv) (v) & (vi) we get
A=1;0=772; A=-1/2
Now check options
Axb=txd & AxE=bxd
=4 Qxf)—éxézéxa—foxé
1 1 1
= ax(b—C)=(c—b)xd
1 1
= (a=d)x(b—C)=0

= a & ¢ mustbe parallel.

uu uuwm u
14. Vectors AR, AB & C are coplanar
Equation of the required plane

S S

(X’y\’z)‘\(x Y. 2)

B ds
d,, G5 Y
(X2= yzr Zz)

é: d1’|\+d2‘j+d3R

X=X, Y-y, Z-Zz
-X, Y=Y, Z,-%|=0

dl d2 d3

X

X=X, Y-y, Z2-%
or X, =X, Y,=Y, 2,-%,|=0
d, d, d,

16 . Let vector is 8:X1é+k26+k3(éx6) also

T, T~ T . »
v.a uLv.b v(axb)
cosO = T ST A S T . A
bl |uflaxb

Lo _Tr_ T o »

= v.a = v.b = v.(axb)

‘axb‘ |a| ‘b‘ sin90°=1]
= A =A=A =% (let)

b =r@+b+ixb)

7|U| ‘\/ +b2+ a><b +2§.B+2]3.(€1><B)+2(€1><13).ﬁ

. ‘x\/1+1+1‘=1 .

A=%

-

a+b+axb)

c-

1
i_
7

3
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P A ~ 1 1 1
17. Let§ = xi + y) + 2k s 3a+4b_6c+d  de+3f X
it makes equal angle with . 7 7 7 7
E
1 A A ~ 1 A AL
7 (i -2j+2k), 5 (41 - 3k),j then s, "
cd
X—-2y+2z —-4x -3z \
I ,
4x+5y+3z=0 ..(>I) 4 6
X—5y+2z=0  ..(ii) A
from (i) & (i) . D
x=-2&x=-5y 27. drsofline are3,8,~ 5
r e 1@ A)
a= X(l - g] - k. P
(5,7, 3)
I
g T Aot 7b+<r:
ax(bxc) NA)
L r
rr.! rilr b c
= (a.c)b—(a.b)c = —2 + E (3n + 15,(38)» +29, -5\ +2)
rr 1)1 r o1 )\r dr’sof PQare 34+ 10,80 +22, - 51 +2
= |a.c——=|b—-|a.b+—|c=0 )
2 2 both are perpendidcular
LAl e BA+10)3+(8A+22) 8+ (51 +2)(-5)=0
b= &a.c=—4 e A=-2
a \/E \/5 1.€ .
footis (9, 13, 15), PQ=14
1 1 . .
angle between efl &b _COSJ(_ﬁj _ 34_“ Since (5,7, 3), (9, 13, 15) lies on the plane
9x—4y—-z—-14=0and3x9+8(-4)+(-5)(-1)=0
19. If A, =—1 then arlJ_i), {:J_éi and angle between ~. equation of the required plane is 9x — 4y —z— 14 =0
gXB” gXa iSTC P
(5,7,3)

Z between f and § =360°—(90° +90° +30°) = 150°

b
a Q
, (3n+ 15,81 +29, - 5L + 2)
d
¢ . . X = y+ 1
ro1 7 I 29. Let any point on line = = =z=A
If (axb) . (cxd) =1, then following figure is possible -

v be(1+2X,—1-3A,A)
then £ between E and g =30°

AT =1+ 20— 1) + (-1 =30 +1)2 +2.2

402 +920% +22
= [AN=4 = A=z4
Points (9,—13,4) and (=7,11,—4)
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30.

w
w

Let P =xi+yj+zk 35. (A) 5 xfax @ xb)
1 r 1
Xy z =2 ><[(a.b)zri—(.':rl.zrt)b]:O—él)z(aXb).False
rir 1
then [rbc] =0 = |1 2 -lf=o, B) g,b,g are non-coplanar
1 1 =2
3x+ 0 () v = 0
3x+ty-z= r '
Vb=0f = v@+b+c)=0
rr
rr ve =0
r.a . 2 2x—y+3 \/E
T =+ = —F=— =+,/— '
al 3 J6 3 Butart+b+<r:¢O:>{/:0. i.e. null vector
Ix-y+z=+2 ) which is true
r ! = .
from(1)and 2)x=p2 ; y-z=m6 (C©) a xb & c x d are perpendicular
there fore ~ } = m2i+yj+H(y+6)k 50 (2 x f)) X (€ x a)i 0. False
(A) & (C) are answer i 1 Y L
bxc cxa axb
. The vector parallel to line of intersection of planes is D) a'= abcl’ b'= abc]’ c'= [abo]
! J k X ) X is valid only if 4,b,¢ are non coplanar,
Ll6 4 =S| =-M171+17j+34k) TRRY
1 -5 2
. 36. Volume of prism = Area of base ABC x height
=A"(1+j+2k) (A'isscalar) %
Now angle between the lines or 3= TX h
AA+j+2k).Qi-j+k) T = h=5

cosO =
K'\/gx\/g 2

A,
= 9=§ -h
Bi i <
. any such vector = & (4+b) P '
_x[7i—419j—4k+—2i—3j+2kJ A (0 4 ;
5200) ‘c(0,1,0)
A AA A e W
=39 [71—41—4k+3(—21 —J+2k)] Required point A, should be just above point A
N i.e. line AA is normal to plane ABC and AA = \/E
S P )
9 I: J :| 41. z
A
lcl=5J5 = %\/1+49+4 =56 [ »(9.8.5)
2 1 (1,2,3) "
A
- ‘5 @‘ R e
>y
o0 M
W) 9><5\/€ 15 8 6
= = o —a 4
J54 //
L 15 . o n 5 ~ A n
= C:i? (1—7]+2k):i§ (i—7j+2k) X
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42.

43.

47.

Hence, edge length of the parallelopiped

x,—x,[=8
|y2*y1|:6
lz,—z|=2
ik
2 3 —1|=16-1)-j@d+)+k(=2-3)
1 -1 2
= 51-5j-5k
90-6) 10+10-5
COS — =17
5¢3.3
/2i-2ik
2i +3] -k
[

sin® = % = 0=sin" (%} =cot (+/2)

Equation of bisector of plane

2x—-y+2z+3
V22 417 422

3x-2y+6z+8
V9 +4+36

==

2x-y+2z+3 +(3x—2y+6z+ 8)
3 - 7
= 14x-Ty+14z+21=+(9x—6y+ 18z +24)

= 5x-y—-4z=3 and
23x—13y+322z+45=0

Let normal vector n, perpendicular to plane determining
iLj+kis

n=ix(+j)=k

similarly n, = (1 —j)x (i - K=i+j+k

0 . 1 1
Now vector parallel to intersection of plane =n, xn,

Angle between A(—j+1) and (i—2j+2k)
M-+ DGA-2)+2k) 1
k\Ex3 \/2_
3w

0-F o g-n-Z_3F
= 4 o1 4 4

cosO =

Part #11 : Assertion & Reason

Statement-I Equation of plane is

F—8)bx&)=0 b (1)

T=a+ Ml) + Hé satisfies above equation

Hence True

Statement-II is also true & explain statement I
Statement - I

A@) & B()

IBLK . IL;E <0, then locus of P is sphere having diameter

b

)
r
a—b

2

TE -
volume:§7t :g|g_lr9|2.|£_i,|

T 1 1
- @ +b* —2ab) |5 _ |
Hence true.

Statement - I1 : Diameter of sphere subtend acute angle
at point P then point P moves out side the sphere having

radiusr.

1
—((b&d]h—[bCAa]d)+ (d & b]e—[d &¢I b)
= (ll)xf:)x(g ><(11) + (axg)x(gxi))
— (dxB)x(bxe) — (Axh)x(bx )= 0

Let the coordinates of A, B, C, D be A(1, 0, 0),
B(1, 1, 0), C(0, 1, 0) and D(0, 0, 0)

so that coordinates of A, B, C, are

A (1,0,1),B,(1,1,1),C (0, 1,1) & D (0,0, 1)

The coordinates of midpoint of B A is

1 1
P(L ? 1) and that of Blcl is Q(E’ 1, lj

2
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10.

13.

14.

Equation of the plane PBQ is 2x + 2y + z =4

Its distance from D(0, 0, 0) is 3

So Statement-1 is false and Statement-2 is clearly true.

A(@)

B(b) C(c)
= ah+bb + c
- a+b+c
1)k
r P
plane P, is L to a=[1 -1 —I}=2i+j+k
1 0 2
: i)k
and plane Py is Lto b=[1 0 -2/=-2i-j-k
2 -1 3

= arl|| ll) = P, & P, are parallel

A A

also L is parallel to c-io j-k

also a.6=0 & b.c=0

but it is not essential that if P; & P, are parallel to L
then P, & P, must be parallel.

So Statement-II is not a correct explanation of Statement-I.
Statement - I

zl’b:

A T P

j&c=1+4]
4 f, linearly dependent

& b are linearly independent
Hence true.

Statement - 11 :

arl & i) are linearly dependent
d = tb

then ¢ = Aa + ub which is linearly dependent.

1.

2. (A

EXERCISE -3

Part # I : Matrix Match Type

(A) IfP is a point inside the triangle such that
area(APAB + APBC + APCA)
=area (AABC)
Then P is centroid.

uua uuw uua

(B) V = PA + PB + PC

ol

r r ! r r

0=a-p+b-p+c-
r

+C . /
which is centroid.

T
It a +
p =

W | o -

(© P = BC)PA + (CAPB + (AB)PC = 0

a(@ — p)+bB - p)+ cff —p) = 0

1
_a&+b[3+cyr/

r
:)p
a+b+c

—

C(v) b
which is incentre.

(D) From fig.

B C

PA - CB =0
PB.AC =0
= P is orthocentre.

Vector parallel to line of intersection of the
planeis (i+j)x(j+k) =k—j+1i

equation of line whose dr's, are (1,—1, 1) and
passing through (0, 0, 0) is

X=-y=2z

3
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(B)

©

D)

Similarly (i x j)=k -
Hence dr's=(0,0, 1)
and passing through the point (2, 3, 0)

Equation of line ——=2—> =2
qualono me 0 0 1

Similarly §x(j+ k)= k —
dr's=(0,-1, 1)

x-2 y-2007 z+2004

Equation of li
quation of line — ) ]

because x=2 & y+z=3

soy=2007, z=—2004 satisfy above equation

x=2,x+ty+z=3
ytz=1
same as part C

x-2 y z-1

we get 0 .11

U l r 1
AM = 3 (a+b)
XA o
DN i
o %,
% x/n
N N
Q\({/ N
i M
~ - o ©
B g =4j-2j-06k
Lo aa a0 S A
= 5 [2i+4j+2k] = 1+2j+k
= r=+6
B)
b 2: 1 o
Orthocentre Cen‘goid Circumcentre
g

r 1 T T r r
(©) Area=|axb|=|(p+2q9)x(2p+g)|

N | W

rr rr r r 1
= [Pxq+4qxp|=[3pxq=3x-

D) u+v+w=0
= JUP VP W[ A2+ 2(Vaw) + 2(w.u) = 0

= 9+16+25+2  [u.v+Vv.w+w.u]=0

= J|uv+vw+wau|=5

Part # II : Comprehension

Comprehension # 2

1. Equation of the second plane is —x + 2y -3z +5=0
2(-1)+3.2 +(-4)(-3)>0
. O lies in obtuse angle.
2x1+3(-2)-4x3+7)(-1+2(-2)-3x3+5)
=2-6-12+7)(-1-4-9+5)>0

P lies in obtuse angle.

2. 1x2+2x1-3x3<0
O lies in acute angle.
Also
2+2(-1)-32)+5)2x2-1+3x2+1)=(-1)(10)<0

P lies in obtuse angle.

3. 1-4-9<0

O lies in acute angle.

Further

(1+4-6+2)(1-4+6+7)>0

The point P lies in acute angle.
Comprehension #5

1 ror 1 11

1. Wehave: a' =X (bxc), b’ =A (cxa) and

L, r 1 _
¢ =\ (axb), where A m—]

bxb' = bxA(6xa) = A{bx (Exh)!

1

—A{(b.%) 6—(b.C) &}

A O b=—(A.b) (b .B) e—(b. &) &
r T r rrrT
+M{(c.b)a—(c.a)b}

2
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—A[(.E)b—(h.b)C+(b.8)Cc—(b.0)A L1
fE D E-E Db L (A 2 4 -1|=13-7-2=4%0
1103

—A[(.O)b-(h.b)c+(A.b)e—(b.0)A

v r rr 1t Hence non coplanar; so linearly independent
+(b.c)a—(a.c)b]

(B) Intriangle, let length of sides of triangle are a, b, ¢

1 1
=210=0 then triangle is formed if sum of two sides is greater
Lt r T r than the third side. Check yourself.
ro1 (bxc)x(cxa) ¢
2. a'xb =T, = I 11
[abc] [abe] © @-1)p
. =(i+3j-4k).(i+j+k)=1+3-4=
Co R (i+3j-4k).(i+j+k)=1+3-4=0
a'xb +b'xc¢ +c'xa =—7Fr— Hence true.
[abc]
2. ((}Iaxél)xlr):uf)+vél+wlr
so A=1
(f)i)él - (alr)f) = uf) + Vél + wr
cxa By solving p.I & Q. , We get
3. (@' xb)x (b xc) :[T;EE]T L L p'l q; ’ L L
5q-3p +0r =up + vq + wr
I I 1
SRR P VLR compare
[abc]’ [abc]’ [abc]” | [abe]® [abe] utv+w=5-3+0=2.
n=—4 3. S is unit vector
Comprehension # 6 (Il)ls) (él X lr) + (él.ls) (i" X Il)) + 1.8 (Il) X él)
A(2,1,0),B(1,0,1)
C(3,0,1)and D(0,0,2) ik
' gxr=02 4 -1/=131-7j-2k
1. Equation of plane ABC 11 3
x—2 y-1 z
1 -1 4 i Y L i j k . .
2 0 0 rxp=| 1 3|=-2i+2]
1 1 1
. N wu o uug
2. Equationof L =2k + A(AB x AC) I
1]
so L=2k+a(+k) pxa=[1 1 1|__sit3j+2k
2 4 -1
3. Equation of plane ABC
y+z—1=0 Lets =1
2-1_1 Putting the value we get

distance from (0,0,2)is =~ 7= = R R . . R . A
\/5 \/5 13i =7 -2k + 221+ 2))+ 51+ 3j + 2k)
Comprehension # 7
Vectorp = 1+ j+k»q=2i+4j-k, =131-7j-2k-41+4)-51+3]+2k
T =14]+3k =4i+0+ 0k = 4i
Magnitude = 4.

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



MATHS FOR JEE MAIN & ADVANCED

Comprehension #8

_2£+11)
3
a  c
equation of OP r = 7{|—[—|+|—1—|J (1)
al |c
LetPdivide EAinp: 1
r
r 2£+b
pa +
p+1
ce)—5—2 B(6)
P
F
0(0) A@)
Plieson (1)
1
r 2c+b
a r r
3 — a N c
wtl [a] [¢]
1
atc=b
r 3c+a
W r r
3 2 a +—1C—
ht I? ]

el
= :|—ar| o)
1 A
andm:m A3)
<]
divided (2) by (3) p+—:|_é_|
el 1
SRHEE
A
=TT
Putin (3) MJri |c|
|al

_3[a[e]
B c|c|+2|a|

So position vector of P

3|
F = —1—+—1—J
SR I(Ial |

Now for solution of 4
equation of AB,
1
I =a+A(b-a)=a+MC) ()
equation of CP, F=¢+p

3|c|a y 3|a|c r
3|c[+2]al 3lcl+2fa]

. I 3lcla+3lalc—3|c|c—2alc
- 3c|+2]a]
r T T
r:£+u 3|cla+]alc—-3]|c]c 5
3lc|+2]a|
Comparing (4) and (5)
pla|-3p|c|
A=t 2 e
T T T
3|c|+2|a|+u|a|—3u|c|
= 3[¢]+2[a] ~(6)

3|<r:|+2|zr1|
— 3e]
Put value of p in equation (6)

u(lal-3c))

CaE Y SPUTEY

T
|a|-3[c| 1]a]

=1+ =
MU T3
lla|r
So position vector of F is = a+ —ﬁc
c
Solution—5
L1 1 1 U J |
AF:p.V.OfF*p.V.OfA:a-i-g lc| ©-2
lla|r
3|
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VECTOR AND 3-DIMENSIONAL

EXERCISE - 4

T PZ XZ
Subjective Type aoai 2o and 25 =
again Let and p

6”% :4)% P(0) PVs of point Z may be given as
R uuw I
RY =4YS u[{)+£j+l[£+4bJ
i ey b+a)+( 5 5
Let p be origin A(b+a)+0 & also as
@)Q At w1

& R(q+8) 4

from figure

1 1 1 1 1
4(q+s)+ 5q+4s R(b+a)
PVorx- 29T 34
5 5
1 1 1 1 1
4s+q+s Ss+
P.V.ofY= Sq = 5 q

Now LetZ divides PR inratio A :1

Now LetZ divides XY inratio p:1 o
L1 (they are representing non collinear vectors PQ & PS))

Equating both answers and coefficient of a & t';

AMg+s)
PV.ofZ=—"" (fromPR)
(), L
I T r r 'S 5 and A _\S5)
pOs+q) 5q+4s 1 WETL A+l pl
PV.ofZ= 3 3 (from XY)
n+1 21

Solving these equations gives A = e

equating both Z then we get
3. After rotation equation of plane is new position will be

el S(u+l)
Let angle between (1) and ®x +my =0
A Su+4 is 0, then
T T Er L g e (ii)
A+1 Su+1) 2o
1 21 cosf =
from (i) & (i), W=7 & A== V2 +m2y12 +m? +a?

Solving we get

1 1 a”=(®*+m’)tan’ 0
SoPV.ofZ= 71 q+s)

= = a'=+/(1*+m?)tan0

21 A 2 - Equation is 1x +my * zy/(1* + m?)tan6 = 0
=55 @+s)=55 PR

x-1 y-2 z-3

4. = =1 (Let ..
PVs of vertex P,Q,R,S are (Let) 6, a, 119+£, f) 2 3 4 (Let) M
using section rule PVs of = (2r+1, 3r+2, 4r+3)represents any point on (1)
I r. 1 T :
b 4b x—4 -1 z-0
XE—4(b+a)+a and YE—( +a5)+ s = y2 = . (2)

To find point of intersection of (1) and (2)
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2+1-4 3r+2-1 4r+3
5 2 1

2r—=3 3r+1 4r+3
5 2 1

= 4r-6=15r+5
= 1lr=-11

= r=-1

point of intersection of (1) and (2) is (—1,—1,-1)

r=(+i-k+r3i-)) (1)

I =4 -k +pi+3k) Q)

For their point of intersection
3A+1=4+2n = 3A-2p-3=0
1-A=0 = A=1
and —1=-1+3p pu=0
point of intersection is (4, 0, — 1)
required distance

= J@+1)? 140 =25+1 = 26

I r Irr I I
dYb x &)+ (b.d)C x )+ (€.d)a x b){

o=

\(
r r r

‘(g.fi)(lg &)= E.d)b x &)+ (b.d)e x aﬁ){

‘B X [(erl(li){: - ((r::i)gl]+ ({)(11)({: X g){

gx {(arl X(r:)X(li]+ (i)(li)((r: xgi

(]li)(li)(g X cl) - {i)(g X E)}(Ii - (i)axg X (r:){

1

rr.n L
acld :[b££]| d|

‘o=

o -

|

(i) Projection of OP on N
0, (0,0,0)

r r
a CJ Proved.

> |21|=1

)
(@

B

z
1

Areaof AABC = Eab:x (i)
1

Arecaof AABC = 5 bc=y ...(ii)
1

Areaof AACD = 5 ac=z ....(1ii)

1
Area of ABCD = E\/azb2 +b%c? +c*a’

:l><2\/x2+y2+z2
2
=X’ +y +7°
N A A I A A A
(@) (Bi-3j+k+d)=2i-2j+2k
Iy N
= d=-i+j+k
uur A A A
(b) AB=6i—j+k
wr . A
AC=8i+2j+2k

- \K“é\:mzﬁ

D (d) C(5i + 2K)

A3 2)) B(3i — 3] +k)

2
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VECTOR AND 3-DIMENSIONAL

N
V38

Required vector is (6? —3 + 1A<)

@)}

= o (6i-j+K)

ﬁ

Ui A A
(c) BD=-4i+4j

uua wua

AC. BD -32+8 -24

cos@=‘-uAiéﬂuBi5—‘ = \/7_2\/3_2 B NNG)

2
= 9*2—7t
3
9. Letorigin be C
A@@)
(%)
c = B(b)
©) b
(2)
; r
Given (g—é = b—%‘ (medians are equal)
12 r D2 .
r, b r: , a r
= a +— - =b"+— —a.b
4 a.b 4
I
3a 35, .
T
YR a5 b
10. A 27k+12,—9k—4,18k+8
A+1 A+1 A+1

Which lies on the sphere
L (2nr12Y (on-4Y BK+827504
a4 N A+l )

(124,8) 1

.. O8Ny
A (27,-9, 18)

2
Solving above we get 9\>=4 A= ig

11.

12.

. . x-3 z
Let point on line 5 :_:T ..... (€]

are 3 +24,3 + L)

Equation of line which pass through origin is

x-0 y-0 z-0

3420 34A A e WA @)
Angle between (1) & (2)
cos ™ B+2AR+@B+M +Ax1

3 B 420 +B+AF 422422 412 41

Solving we get
AM+30+2=0
= A=-1,-2
Putting the value of A in equation (2)

x_y_=z -
| or

M is mid point of CB, also OM =R cosA

= PV'sofcircumcentre Ois = (%I +Rcos A}j

again CL=DbcosC and HL=2RcosB cosC

= PV's of orthocentre H is

= (bcosC 1+2R cos BcosC 3)

Distance between points O & H

= ‘(%—bcostﬁ(RcosA—2RcosBcosC)j)‘

:\/(RsinA —2RsinBcosC)’ + (R cos A —2R cos Bcos C)?

\/sinz A +4sin? Bcos® C—4sin A sin Bcos C +cos® A

+4cos*Bcos? C—4cosAcosBceosC

:R\/l+4cos2 C—4cosC(sin Asin B+ cosA cosB)

3
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13.

14.

:R\/1+4cosz C—4cosCcos(A-B)

:R\/1+4cos2 C+4cos(A +B)cos(A - B)

:R\/1+40052 C+4cos’ A—4sin’ B

:R\/1—8cosA cosB cosC

=a;i+a,j+ask

T
a
1 ~ A A
b=b,i+b,]+bsk

r 2 A ~
c=c,i+c,j+c3k

r~ r~ r2
ai a.j ak
rrr. .. r, r, r.,
[a bc] is written as |p j b.j bk
r~ r~ Tp
ci c¢j ck

Now  {(n&+b)x(nb+6)}.(n6+4)

= (n(Axb)+n(Ax &)+ bx &} . (mE +4)
—wlabe] + beal
—@+1) [ibe]

W+ (Wxu)=v ()
Dot (1) with v
\%V.{/-i-[ku]:l .. (2)
Dot (1) with u

W.u+0=v.u . (3)
cross (1) with 111

UX W+ (U)W — (W)U = UxV
Using (3) we get
UXW+W—(V.U)U=uxv
[Vaw]+(V.w)—(v.u)2 =0
Using (2) we get
[vaw]+1-[vwu]-(u.v) =0

2[u v wl=1-(u.v)?

[uvwl..==

rr 1 1
when u.v=0 = ulv

15. Angular point OABC are (0, 0, 0), (0, 0, 2),

(0,4,0) &(6,0,0)
Let centre of sphere be (r, 1, 1)
Equation of plane passing ABC is

3_}_14’_5:1
6 4 2
r r r
—+—+ -1
c_| 64 2
1 1 1

6 4
Tr==(11r-12)

2
r= 3017 3 (not satisfied)

16. (a) Let L distance of ¢ from line joining a and E isp.

] owr, ] u
Now A= ‘ABXAC‘:E‘AB‘xp
\Z“IBXKLCW
= p=—uE—
|AB| .
()
ip
5 P
AP a B(b

Equation of line BD is
T 1 1 1
r=b+pu(d->b)

to obtain point of intersection

-(d) cd+8)
o}
e} I\/I[ng g]
A(0) B(g)

r 21 1 1 1
MO+Z ] =b+pd-b)

A
= A=l-p & EZH

2
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VECTOR AND 3-DIMENSIONAL

17.

A=1 r A=
= A=1-7 or A=

Iy

— W

h int O i 2 lr3+d
ence pomn 1S 3 5
Area OMCD = Area OMC + Area OCD
tlifr d) (b, 2d b 2d
_or Iy
=—|=| b+= |x| =+— +l E+2—d X —2b+zd
213 2 33 23 3 3 3
1(r {1 r 11 r © 1
1 2 bx2d+ Sxb) ||+ = | = (bx2d —4d xb)
219 2 219
r r r r r r
:iszd+L|6bxd\:ixl—5|bxd|
182 18 18 2
15
= x12=5 i
18%2 sq. units
r r r r r r
_ B bxd+ L 6bxd = L x 12 bxd]
182 18 18 2
15
= x12=5 i
18x2 Sq. units
T
Let |u|=7u

r Ao R
U= (+437)

7\4 oy ~ ~
Given ‘5(1+\/§J)_1

2 B | A
:x‘g(iﬂ/?j)—zi

( 2 2)?
L[£—1] +&J =)2
2 4
f[x—ﬂz 32
—_— +_
(S ary
(AN — A0+ 4P = 1602 (02— 20 +4)
(V2= A+1)P =22 (02— 21 +4)

) =2 %
solving we get A =

But A>0

Y N

a=2,b=1

V4 +4
2

:—l:t\/z

18.

(i)

21.

2%

For linearly dependent vectors
®(i—2j+3k)+m(-2i+3j—4k)+n(i—j+xk)=0
®-2m+n=0,-20+3m-n=0
30—-4m+nx=0

1 2 1
-2 3 -lj=0isx=
3 4 x

() Ax(bx) = G-Hb-G.b) &

1 1
= 10b-3¢ = parl+qb+r£
p=0,9q=+10, r=-3
[ap, B’, 8 are non coplanar]
1
(Ax by x (ax¢). d

1

(G0 E)h - (Gx D). B)Ey -4

~[A b &l A.d-0=20x(5)=-100

A

+i

rtor
vectors a, b & ¢ are non coplanar so are the vectors

Axb, bx¢

Let position vector of circumcentre
T =x(@xb)+ y(bxc)+z(Exh)
also OE=AE=EB=EC

r o rr, t L 1T
= [r|=[r-al=[r=b|=[T—c]

(@A

or r =

1
or 2y[abcl=a’ =

3
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T A \ 2
23. a=i+aj+a’k 0 0 1
2(b—-a) 2(c—b) b, +¢, —2c|=0

Fab a9 Laas 73980 4 P fls

,E},wr{ are non coplanar (ab) (b, —c)(c,-a)A=0
= (a,-b) (b, —c)(c,—¢)=0 [A=0]
1 a a’ = a =b =c
1 b b} =0 = &1,[31,{/1 are coplanar
1 ¢ ¢
24, ®+m+n=0 ... @
= (@a-b)(b-c)(c-a)#0 = a=b=c e+m’=n’jlll & Q)
If o, B, & v, are coplanar Put n=—(®+m)in(2)
1 2 @+ m’=@+m>+20m
a, aj
Then [I b, bi|l=0 = em=0
1 ¢ «cf (i) if ®=0; m#0 thenfrom(1) m=—-n
. _ NN
= a, =b, =¢ . OV -1
direction cosine are : 0 L
(al_a)z (al_b)2 (al_c)z 22
Given |(b, —a)Y (b, =b) (b, —c)¥|=0
(ii) if @0 ; m=0, then from (1), ®=—n
(Cl_a)z (Cl_b)z (Cl—c)z M
I_m_n
= R, >R -R, &R, >R, R, we get I 0 -1
 directi . o1 -1
a,+b, —2a a, +b, —2b a, +b, —2¢c . direction cosine are : ﬁ,o,ﬁ

(a,-b))(b,—¢) b, +c, —2a b, +¢,-2b b, +c, —2¢|=0
(C _a)z (© _b)z (e _C)z

Let O be the angle between the lines

1
=0+0+ =
R >R R, cos0=0+0 5
a, —¢ a, —c a, —¢
= (a b)) (b—) b, +c, —2a b, +c,—2b b, +c, -2¢|=0
© _3)2 (Cl _b)z (c _Cz)

oo &
= 973

N | —

cosO =

r r . ..
25. |r + bs| is minimum
= (a;b) (b, —c)(c,~a)

Let  f(b)= /12 + b’§% + 21.bs
1 1 1

for maxima & minima
b, +c, —2a b, +c, -2b b1+01—2C:O RS
(¢, —ay (¢, b c —c¢f £(b) = s r+ = =0
\/r2 +b’s* +2br.s
C,»C-C, & C,-C,-C, L
. : : r.s
= (a,—-b)(b—c)(c,—a) b=- 52
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‘bs‘ ‘r+bs‘ —b2s? + 12+ b’s® +2bT
— b8 + 12 2b28=| B2

26. Angle between two vectors

_ I+ DM +MED 1
V33 3

Hence obtuse angle between them.

Vector along acute angle bisector

L li-j+k i+j-k
”{ NERN }

2\

\/g[ J+k]—t(J k)

hence equation of acute angle bisector

:(f+2j+31§)+t(jff<)

27, Li 'x—l_y+2_£
. Line: 7 3 5

Plane :x—y +z+2=0

The vector perpendicular to required plane is

]
3
-1

:2}+33+l}

i
N W =

Now equation of plane passing through (1, — 2, 0)
and perpendicular to 27+ 3+ k

x-1)2+y+2)3+(z-0)1=0
= 2x+3y+z+4=0

28. L. :

Dr'sof ABare —a®, br,—cr—c®+2c

AB is perpendicular to both the lines
0(—a®) +b. br+(—) (—cr—c®+2¢)=0
(b*+c)r+c’® =2¢2 .. a

and a(—a®)+0(br) +c (—cr—c®+2c)=0
—(a?+c?)@—cr+2c¢2=0

(0,0,c)
A(0,br,—cr+c)

o B(a/,0 ,ct—c)
(0,0,—c)

(a2+cH)@+cr=2¢> ... ?2)
from (1) & (2)

1 2b%c? 2a%c?
= r=
a’b? +b%c? +c%a? ’

a’b? +b%c? +ca’

Alo 2a’bc? +b2 2_¢%a?

" a’b? + b2 +c%a?’ +b%c? +c%a?
B 2ab%c? bZc? —a’b? —ca?

a’b? +b%c? +c%a’’ +b2c2+ca
b, 4a’bc? 4a*b?c?

= + +
(azb2 +b%c?+ czaz)2 (azb2 +b%?+ czaz)2
4c?(a*b")
(azb2 +b%? + czaz)2

L i (azb2 +b%?+ czaz)2 B a’b? +b%c? +ca?
d* a?bict +atbict +atbic? a’b’c?
L 1 1 1

uuuuuw . uguuuuw

. Given OP,_, + OP_,, —% 8.]?’: n=23

1Y (1)

(a) Let P, &P, be [tl,—J Ltz, J

for n=2

uur  uuar Uuur
OP, +OP, =~OP,

U 1 A
= OP :_(t1+—J)—t1——J
t, t,

w3 (3 1),
or  OP, [ t—t] btz—;)J

. (3t, —2t, 3t, —2t, )
Point P:L ) 2t1t2J

3 2

which does not lie on xy = 1
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3 . n “ ~
.a(i) AB=3i-j-k

(b) LetP, &P oncircle x> +y> =1
are (cosa, sina), (cosp, sinf})

uuu uuuu 3 uuuu
For n=2, OP, + OP, :EOPz

uu 2 ~ A A A
op, :g {(cos o1+ sin oj)+ (cosPBi+ sin Bj)}

w2 s . . ¢
OP, =3 {(cos oL+ cosB)i + (sin o + sin B)J}
As P, lies on the circle then

58] -

%{(coscx +cosB) + (sin o +sin [3)2} =

9
2+2cos(oc—B):Z

= cos(a—B)=7

OP, = 0P, —;(OPl +OP; |

Uuu UL
JSB 28y

= icosoc—%cosB i+ ésinoc—%sinﬁ j
6 3 6 3 ;

uumy 25 4 52
‘OP4‘ :g"‘g ZEECOS(G, B)

=P, liessonx’+y* =1

. 3i+3k

uuua A A A
AC=4i+2j+4k

wiu A A
AD =2i+2]

. 3 &1n-1
V:g 4 2 4| =6 cubicunit
2 2 0

a (ii) Equation of line AB is
r=j+2k+n Gioj-k)
Equation of Line CD is
I =4i+3]+ 6k +p(-2i —4k)

(a, —ay).(b; xb,)
| by xb, |

Shortest distance =

[(41+3_]+6k) (_]+2k)][(31—_] k) (21—4k)]
|(317J k) (2174k)|

[41+2_]+4k] [41+14]—2k]
|41+14J 2k|

16+28-8 36 _ 26 18 g

T J16+196+4 216 2J54 3J6

uuL ~ A A uuua s A A
(b) AD=-2i+2j-k , AC=1+2j+2k

vector perpendicular to the face ADC is

A

k
-1| = 61+3j-6k
2

I
|
N
[\ T O R

i ~ A
AB =3+ 4k

A vector perpendicular to the face ABC is

= 2i+4j-3k

Il

—_— O e
N W o
RN

acute angle between the two faces is given by

o —12+12+18 | 2
0S| B6+9+36v4+1649| 29

5
tan0 = 5 . 0=tan E

uuu " n ~
32. OP=1+2j+2k

. uuu . uuu
after rotation of QPp , let new vectoris QPp '

Now (b)uf’ , Ai, 8}‘" will be coplanar

S0 8- \OP\M [o[op|=[0P1]

‘(OPx1)><OP‘
But (OP x})x OP =87 —2] -2k

wa  30@1-27-2k)

= 0P =TSl
i

2
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VECTOR AND 3-DIMENSIONAL

33. hxb—exb+ Exh—exC 36. & =-2+4+29
37. Equation of plane passing through (1, 1, 1) is
ax—1)+b(y—1)+c(z—1)=0 .. (1)

1
(arlf{:)xb+gx(£fg) =0

rr. ! r.
(a-c)x(b-c) =0 ¥ it passes through (1,— 1, 1) and (—7,— 3, 5)
22 = . - a.0-2.b+0.c=0 = b=0
CAxCB =0 BC is||to AC
and —8a—4b—-6¢=0
N 2i-3j+6k o 4a+2b+3c=0 > b=0
BC =+14 7 =+(4i—-6j+12k) 4a
4a+3c =0 = c= 3
34. 0(0,0),A(1,0)&B(-1,0) 4
oo dr’s of normal to the plane are 1,0 — =
Let P (xy) 3
;x -(1- X)Ai _ y} and dr’s of the normal to the x-z plane are 0, 1, 0
PB =-(1+0)i-y] o |0x0+0 | o T
W o i uuu cosh = [———|= s 0==
PA-PB 3 OA.OB =0 Vza?[za? 2
= X-1)+y*-3=0
Xty =4 (1) 38 xxa+(kba=c e @)
uu | uuw N
‘PAHPB‘ = \/(X —1¢ +¥y \/(x—i- 17 +y* taking cross product with b :

1

(i %E)x b + (.b)a xb) = & xb

=5 -2x - /5 +2x

ryr rir rior ! r ! ..
_ /2 s _ 4y xe (-2,2)  (from (1)) x.bya—-(@bx+xb)Yaxb)=cxb ... (i)
0 M=5m=3 Now taking dot product with a in (i)

= Ml+ml=25+9=34 L
(xbl? = a.c

35. Let the plane is

rToac
R2x+3y—-2)+1+A(x+y—-2z+3)=0 ...(1) x.b:—2
Q+N)x+B+A)y—(1+20)z+1+3% =0 4
32+1)—(B+1)+2(1+20)=0 @c)r rfr acr I r T
——a—@bx+—(@xb)=cxb
6L+5=0 = A=-15/6 a a
Putting value of A in (1) | {(g.£)£+&(£xg)_£xg}_§
Tx+13y+4z-9=0 (ar.bi) a2 a
Now image of (1, 1, 1) in plane ® is
rr r r
x-1_ y-1 z-1 (7+13+4—9) = e {%(g—bxg)+bx£}
A 13E 4 49+169+16 @bjla
x—1 y—l Z =] 15 ] n 2on o ~ r 2 o n
= = =_— i—j+2k—4i+j)[(i+2j-3k)x(2i+4j—5k
E A W 117 39, gp = GmdrZk A+ )1(+2) - 3k)x (214 4)-50)]
‘(1+2r3k)><(21+4rsk)‘
12 -78 57

B RAY || AT sl
(31 +2k).(2i - j)

121 -]

6

V5

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



MATHS FOR JEE MAIN & ADVANCED

41. Letthe required point be P(a., B, y)
OP=PA=PB=PC
OP2=PA2=PB?=P(?
02+ B = (o a) By ot (B b)Y+
y'=ol+ i (y—c)

(0,0,c¢)

_a.p.b.c
(1*29 27'Y B

required point is abe
u T o
e P 222

42. D(a C(t)

In cyclic quadrilateral
tanA +tan C =0
uuu uuLL uuu uuu
‘AB x AD‘ ‘CB x CD
= e + aruar— = ()
AB.AD CB.CD

(E—é)x(&—f:){

-
T

‘(f)—é)x(a—é)(
(b-a)(d-a) 2 b-cnd-c)

1 1 1 1 1

1 1 1
‘Zrl><b+b><d+d><2rl‘ ‘bx<r:+<r:xd+dxb
+ ¥

= r

(b-2).d-2) (b-c).(d-¢)

43. . 3.1-2.4+5x1=0,lineis parallel to the plane
reflection of line will also have same direction ratios
ie.3,4,5

Also mirror image of (1, 2, 3) will be on required line.

x-1 y-2 z-3 1-4+3-6
= = =-2 | 2%m 2
1 -2 1 1" +17+(-2)

(X7 Y Z):(33723 5)

. . . x=3 y+2 z-5
equation of straight line = =

3 4 5

44. Planesarex—2y+z=1 ()}

x+2y-2z=5 ....(ii)

2x+2y+z=-6 ...(iii)

Add (i) + (ii) + (iii)

4x+2y=0 = y=-2x (V)

From equations (iii) — (i)

x+4y=-7 (V)

from (iv) and (v) we get

x=1,y=-2

Putin (i) we getz=—4

So point of intersection is (1, —2, — 4)

45. 2r+1-GBr+2)+2(@r+3)+2=0
Tr+7=0 = r=-1
A(-1,-1,- 1)
required line will be projection of given line in the plane
foot of L of P will be on D
x—1 y-2 2-3 [2.1—2+2.3+2j
2 1 2\ 224 (re2?
x-1 y-2 z-3 -8
2 -1 2 9

(2r+1,3r ,4r+3)A/ l
D,

2x—y+2z+2=0
_ 7o 26 11
g YT 90 g

x+l  y+1  z+1
2/9  35/9  20/9
x+l  y+1  z+l

2 35 20
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VECTOR AND 3-DIMENSIONAL

47.

48.

| S S G| X
X+cxy=a ... (>i)
1 1 1 1 .o
y+exx=p .. (ii)
1 1 1 1

= Yy =p - cxx putin(i
r r ! T 1 1 1

x+cxb-—c*(cxx)=a

1 11T r r r !
X—(cx)c+({:.c)x=a—c><b

L orlr or ot
r b+(cb)c+axc

Putting in (ii), we get y =

g in (ii), we get y (5
x-4 y-3 z-2

T T s ()

N (3,-2,0)

/(4.3,2)

(%Y. 2)

50.

x-3 y+2 z-0

I 1/x 1/p - (2)

Equation of the plane is

x-3 y+2 z
1 5 2|=0
1 -4 5

x=3)25+8)—(y+2)(5-2)+2z(-4-5)=0
33x-99-3y-6-92=0
33x—3y-9z-105=0

11x—y-3z=35

r 1N
r : S
= 1— ,bz_l“f‘_
a=+31 5 2]
= ab =0

;(3/ =0 (given)

@ +(q® =3)b). (=ph + gb)=0

49.

q(q> -3)

= P==

=f(q)

for monotonocity

p'=3¢*-3

if p' < 0 then f(q) is decreasing
= (@-D(@+1)<0

= -1<q<l1

Decreasing forqe (—1,1),q# 0

3V3

Fi+j+K) =

LB

p = |—=|=3
NE)

= r=4

(a) Since tetrahedron is regular AB=BC=AC=DC
and angle between two adjcant side = 1t/3
consider planes ABD and DBC

vector, normal to plane ABD is = 5 x

"'t (oxlad

1
vector, normal to plane DBCis= bxc

angle between these planes is angle between
,D(0)

vectors (SX E’) & (gx g)

2
—*\ \IaIICI |

= cosO= (axb!!bxc -3

‘axb”bxc‘ Z'Erl” ‘ |

. . . a1
Since acute angle is required 0 = cos ! (EJ
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MATHS FOR JEE MAIN & ADVANCED

(b) circum-radius = distance of circum centre from any

of the vertex

= distance of

r + r
atb+c

from vertex D (6) [tetrahedron

isregular]

Circumradius

2
3 7.
2 = ,/=k
6k 3
R k
= r== =—
30 4
8.
9.
11.

EXERCISE - 5

Part#1: AIEEE/JEE-MAIN

We have,

1
= fAlu andhlv
= P

Now, uxv=(i+j)xG-j=-2k

>

L=+
Hence, |\¥v.ﬁ|:|(Ai+2}+31;). (ilAi)|: 3
We have,

F =Total force = 73+2j—-4k

d = Displacement vector = 4} + 2§ — 2k
— Workdone=F.d = (28 +4+8) units

= 40 units

Let D be the mid-point of BC. Then,

wm  AB + AC

AD=—_""

L o .
= |AD| =47+ j+ 4k

uu
= |AD|= J16+1+16 =33
Hence, required length = /33 units.
We have,

a+b+c=0

r I r r I rp
|a+b+c|:0 = |a+b+c| =0

=
= &P +lbf +16F +26 b+ b E+E By =0
= 1+4+9+2(§.11)+ll>.cr:+<r:.£):0
= zri.ll>+i>.£+£.zr1 =-7

We have,

U+V—W). (U= V)X (V—W)

I 1 1 I 1 1 I I 1 1
V=W).(UXV-UXW—VXV+VXW)

1 1 1 1

(111+
({1+{1—W).({1><{/—u><w+v><\5v)

u.uxv —lll.(ll.lXéV)Xll.l-i-({fX\lN)

—~

FV.UX V)= V.U X W)V (VX W)

—év({lx{/)+\lzv({1 X\sv)—\gv.({/x\%v)

2
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VECTOR AND 3-DIMENSIONAL

12.

14.

16.

It is given that
£+2‘E> is collinear with ¢ and b +3¢ iscollinear with a
= £+2‘E> =Ac and b +3¢ :ué for some
scalar A and p.
= b+3c=pc—2b)
— Qut1)b+G-)E =0
= 2u+1=0 and 3-pr=0
1
Qbandc }

1
= pu=——"'A=-6
2 Lre non — collinear

£+211>:7»£
= £+213:—6£ = er1+2i>+6£:(1)

Let a=a+2b+3¢, f=Ab+4¢ and y=QA—1).

12 3
Then, [aBy]=[0 A 4 |@bc]
00 @h-1)

= [@By]=A2h-1) @be]
Ly . 1 r 4
= [ocBy]zO,lszO,E [ [abc]#0]
Hence, &, [13,{/ are non-coplanar for all values of A except

two values 0 and E .

(axb)xc=1/3bl|c|a
= (a.c)b—(b.c)a=1/3|b||c|a

1
= (ac)b= {(b.c) 4 §|b||c|} a

1
= (a.c)b=|bllc |{cose+ ?} a

1
As a and b are not parallel, a.c=0 and cos + 3 =0

25

1
= cosf=- 3 Hence sinf =

17.

21.

22.

24.

29.

30.

PA +PB =(PA +AC)+(PB+BC)-(AC+BC)
=PC +PC —(AC - CB)  ,

L ¢
(> AC =CB) B
" PA +PB =2PC
10 -1 10 0 ¥
[abe]=x 1 1-x |=x 1 1 b |x 1+x:1

y X I+x-y| |y x 1+x

(axll))><£=arl><(i)><£)
— @.0b —(b.Cf = @.0)b — @.b)
— (.c)a = @.by

So that a is parallel to c

AC L BC

.. dr's of AC and BC will be (2-a,2,0) and (1-a,0,—6)
Sothat(2—a)(1-a)+2x0+0x(-6)=0

= a’-3a+2=0

a=1,2
A2, -1,1)
(a,—3,1) B(1, -3,-5)
[3u pv pw] - [pv w qu]- [2W qvqu] =0
3p2[uvw] —pq[v w u] - 2q*[w v u] =0

Gp2-pq+2¢). [ v w]

3p?-pq+2¢2=0
has exactly one solution
p=q=0
@ xb)+6=0
(G x b) = —¢
igx(gxé)z—gxg
= GBb)- AP b=-Axt
1 1 1
=3(j-k)-2b=—(-2i-j-k)
@xc=-2i—j—k)
1
= 2b = (-2i+2j- 4k)
1
=b=-i+j-2k

3
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1 1 1
31. GiveaLb,alc&blc Hence (L+6) =Gu+1a
w0 ac=0 & 113.£=0 But given a and ¢ are non coliner
S o 1420=0 & 20+4+p=0 enee 2 x0=3u T1=0
= A=-3 & p=2 SO a+3b+6¢c=0
32. ab. %0 36. €d=0
ad=0 A A
bXC:bXd = (a+2b)(5a—4b):0
ax(bxc)=ax(bxd) AT
5-8+6a.b=0
(a.c)b — (a.b)c — (a.c)b — (a.b)d {a.d=0} =
= (a.b)d = (a.b)c (a.c)b (divide by a.b) —~ a.b=12
= cosb=1/2
d=c_ 29y
(a.b) n

ri
33. ab=0 andfaj=|b|=1
P 37.

(@ xb)x (& +2b)= @ x b)x & + (@ x b)x2b

I I I
7[2rl><(erlxb)+2bx(£><b)}

I I I I I I
:_[(g.b)gf(g.g)b+2(b.b)£172(b.£)bJ
- D
r r I r P
27[0—b+2a+0J:[b—2aJ
. r r L —
(2£_b)_[(£xb)><(£1+2b)] g+T=A
L = T=-g+AM
=Qa-b). (b-23) a
1 1 _ _ 5qr
=4a2-b2+4a.b =-5 = I=—q+—p
i
p 1 1
34. 1 q 1]=0 N ?:—q{g}—;
11t p.p
38.
plgqr-D)-@-DH+(1-q=0
pqr—p-r+1+1-q=0 A
pgr—(ptr+t+q+2=0
pqr—(p+tr+q)=-2
35. Let Let B D C
+ :}\.1 ¢ r: ! L e
at3b=>xrc b+2c=pa ww ABLAC . . .
add 6¢ both side 3b+6¢ =3ph AD =————=4j-j+4k
T > r r L .
= add a both side U
a+3b+6c=A+6)X 1 |AD|:\/§
243b+6C=Cu+ln
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VECTOR AND 3-DIMENSIONAL

X=X Y271 2~ 7%

1, m, n,
1 -1 -1 0 0 -1
1 1 —k|=0 = | 2 I+k -k|=0
kK 2 1 k+2 1 1
K+3k=0 = kk+3)=0 = k=0 or-3

45. Let ﬁl and 1112 be the vectors normal to the faces OAB

and ABC. Then,

PR B ko
n=0AxO0OB=|1] 2 1|=51i—-]-3k
2 1 3
ik
and, b, = AB x AC=| 1 -1 2 |=i-5j-3k
-2 -1 1

cosO= r——1t—
| n[| ny|

5+5+9 a0
J25+149J1425+9 35

= cosO=

19
— 1| -
= 0=cos (35j

1
46. .l—amIZOandcml—nfO:—l:& il
a 1
Also ® —a'm,=0 and c¢'m,—n,=0

P m, 1
= S e ™

® @ +mm +nn,=aa'+tcc'+1=0
47. Here, ® =cosb, m=cosf}, n=cosd, (> ®=n)

Now, @ +m?+n*>=1 = 2co0s?0 +cos’p =1

= Given, sin®p =3sin’0 = 2co0s?0 = 3sin’0

5c0s’0=3, .. cos’0=

Ullb)

48.

49.

50.

52.

Given plane are 2x +y+2z—8=0
or 4x+2y+4z-16=0 ... @)
and 4x+2y+4z+5=0 ... (ii)

Distance between two parallel planes

-16-5 | 21 7
J42 422 442 6 2

Let the two lines be AB and CD having equation

X y+a

z_, Wo SN =
1 1 e SR 1 "

thenP=(A,A—a,A) and Q=2u—a, u, u)

So according to question,
e
A L

ine of shortest
distance

o0 —"D
C Q

B
A=2p+a A-a-p A-p

2 1 2

= p=aandA=3a
P=(3a,2a,3a)
and Q=(a,a,0)

X
We have, ] = = =5

- — -2
and x=0 - ! _Z =t
1/2 1 -1

Since, lines are coplanar then

X=X Y27Y

I my n =0

Z; —7)

1, m, n,
-1 4 1
= 1 A A =0
1/72 1 -1
On solving, A =-2

Angle between line and normal to plane is

1x2 -2x1+2+4/A
cos (E—GJ === - . , where 0 is the angle
2 3x[5+2

between line and plane

1x2+2x(C1)+24n
3x4/5+A

2 5

1
3 3J5+x:3 3

12
3 35+

= sin0= =

=

3
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53 Thelinesare X = % = & g X_ Y _ %
3. Thelinesare 3 = 5- = =~ and —~=—7 )

Since, a,a,+bb,+cc,=6-24+18=0

= 0=90°
58. Equation ofline PQ is

x+1 -3 z-4

Y= _ =2
1 -2 0

For some suitable value of A, co-ordinates of point
Q(A-1,3-21,4)

R is the mid point of P and Q.

(x—z 6 -2 ) o P(-1,34)
RE PN —74
2 2 dr. of normal (1,-2,0)
‘R —2y=0
R= (&—1,3—x,4j A
2 s
It satisfies x —2y =0 Q
14
- 7
2 1
Q—[E’ 5’4]
59. Ifdirection cosines of L be ®, m, n then
2@ +3m+n=0
®+3m+2n=0
Solvi 1_m &
olving, we get, 3~ 3 3
° 1 1 1 1
Im:in=—= ——= ! —/—= = COosa.=
NN N
0. ® e b
. =C0S—,m=¢os —
cos4, cos4
we know that @2+m?+n?=1
l + 1_ + 271 ;0
>3 n°’=1=>n=

Hence angle with positive direction of z-axis is g
x=2 y-1 z+2

3 =5 2
Planex+3y—az+p=0 ...(2)
Point (2, 1, -2) put in (2)

64. - (D)

Line

65.

66.

67.

68.

= 2a+tp=-5

Now aa, + b;b, +cic, =0
3-15-20=0
-12-2a=0

o=-6

-12+B=-5

B=7

a=-6,3=7

. 1 . T
Proj. of a vector (1 ) on x—axis = |r| ®
. T
on y—axis = |r| m

. T
on z—axis = |I'| n

2
6=70 = @ _5 similarly m:—i ,N=—
7/ 7 7
cos?o + cos?P + cos?y = 1 ..(i)
o =45°, = 120°

Put in equation (i)

1 1
—+—+cos’y=1
4

1
2, =
= cos?y 1

= y=60°
Mirror image of B(1, 3, 4) in plane x—y+z=15

x—1 _y—3 :z—4 :_2(1—3 +4—5):2

1 -1 1 I1+1+1

= x=3,y=1,z=6
mirror image of B (1, 3,4)isA (3, 1, 6)
statement-1 is correct

statement-2 is true but it is not the correct explanation.

z—3

2 A

equation of line

equation of plane x + 2y + 3z =4

sin = —t4+3h
V14144 +22

2

A==

= 3

2+3+20+B=0
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69. 1(1-1)+2(0-6)+3(7-3)
=0-12+12=0
mid point AB (1, 3, 5)

i i_y—l_z—Z
1€S On 1 _2 3
p1(3, -1, 11)
70.
M <2,3,4>

M(2r, 3r+2, 4r +3)

Dr's of PM <2r—3,3r+3,4r- 8>
22r—3)+3(3r+3)+4(4r-8)=0
29r—-29=0

r=1

M(2,5,7)

Distance PM =+/1 +36 +16 =+/53

z

P(1-5,9) X

71. )
M

eqn. of aline || to x =y =z and

passing through (1, -5, 9) is

x-1 y+5 z-9
1 1 1

Let is meets plane at M(r+1, r-5, r+9)
Put in equation of plane

=T

X—-y+tz=5
r+l1-r+5+r+9=35
r=-10

Hence M (-9, -15,-1)

Distance PM =+/100 +100 +100 =10+/3

72. Equation of plane parallel to
X—2y+2z-5=0isx—-2y+2z=k
X 2 2 K

or E—g y+ gz:?

74.

/5)

82.

K
—{=1
3
= K==£3
Equation of required plane is

x—-2y+2z+£3=0

3-1 K+1 0-1

1 2 1
2 K+1 -1
= |2 3 41=0
1 % 1
= 2K-9=0
& 9
= =
2

4x+2y+4z+5=0
4x+2y+4z—-16=0

d_‘zl 1
3 6| 2
= @-b).lexd)=0
1 -1 -1
1 1 k=0
kK 2 1
= (1+2k+(1+k)-(2-k)=0
= te+3k=0< 0

-3

1(3)+m(=2)-(4)=9

31 -2m=5 .. (i)
3] —2m-3=0

21 -m=3 .. (ii)
41 -2m=6 .. (iii})
(iii) — (i)

1 =1

m=-—1 12+m?=2
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— (BEh-(hh)i Bt
2 2

ﬁ

2

= Angle between a & ¢ =30°

r r
and a.b=—

o

r
= a.

V3
2

5n
6

a & ¢ =150°=
x-1 y+5 z-9
111
Any pointis (A+ 1,A—5,1+9)
It lies on plane
= AtDH)-A-35)+tA+9)=5
= At1-A+5+A+9=5
= A=-10

Pointis (—9,—15,- 1), another is (1,—5,9)

Distance = 1/100+100+100 =10~/3

84. Equation of line : =X

1.

Part # 11 : IIT-JEE ADVANCED

(b)

@

=

=

. rir?
Given that g b, c,d are vectors such that

(erlxlla)x((r:le)zo ..... 4]

P, is the plane determined by vectors a andb

Normal vectors ﬁl to P, will be given by

r r !
n, =axb

Similarly P, is the plane determined by vectors
1 1
Cand d
Normal vector r112 to P, will be given by

r e
n, =cxd

Substituting the values of ﬁl and r112 in
equation (1) we get r11l X rll2 =0

r r

nl||n2

and hence the planes will also be parallel to

each other.
Thus angle between the planes = 0.

a,b,C are unit vectors.

6-2 @b+bi+e4)<9 ()

From (1) and (2),x<9

-. x does not exceed 9

2
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VECTOR AND 3-DIMENSIONAL

5.

Given data is insufficient to uniquely

determine the three vectors as there are only 6 equations
involving 9 variables.
. We can obtain infinitely many set of three

1 1 1 . . I’
vectors, v,,V,, Vv, , satisfying these conditions.

From the given data, we get

11 T
vi.v,=4 = |v1|:2

v, v, =2 = |{/2| =
vV, 29 = |v]=429
Also {/1.{/2 =-2

I T
= |v1| |v2|cose =-2

[where 0 is the angle between {/1 and {/2 ]

-1
= cosO=—F7= = 0=135°
2
Now since any two vectors are always
1 1
coplanar, let us suppose that v, and v, are

. Lo . o

in x-y plane. Let v, is along the positive direction of
. 1 ~ T

x-axisthen v, =21. Q |v1| =2]

As {/2 makes an angle 135° with {/1 and ies in X—y

plane, also keeping in mind

|{/2|: \/5 we obtain

Again let, V; =ai+Bi+yk
¥ Vv,V =6 = 20=6 = a=3

and v;.v,=—5 = —a*B=-5 = B=x2

r
Also |v3|:@ =S> o+ p+y=29
= y==+4
T 2 A e
Hence v, =31+£2j+4k

~ T

r ' AT A A "
Thus, v, =21;v, =—it v, =31£2)j+4k

are some possible answers.

A (t) is parallel to B (t) for some t € [0,1] if and only if

HONEA0)

g g

or f(t).g,(t) = £(t).g,(t) for some t € [0,1]

Let h(t) =f,(1).g,() — £(0).g,(D)

h(0) =1£,(0).g,(0) - £,(0).g,(0)
=2%x2-3x3=-5<0

h(1) =£,(1).g,(1) - £,(1).g,(1)
=6x6-2x2=32>0

Since h is a continuous function, and

h(0).h(1)<0

= there is some t € [0,1] for which h(t) =0

for some t € [0,1]

Le., 1A (t) and ]13 (t) are parallel vectors for this t.

: r A n A
Given that, a:all+azj+33k

o=

=b,i+b,j+bsk
T A A "
c=cji+c,j+cik

wherea, b, c,r=1,2,3 are all non negative real numbers.

3
Also ) (a,+b,+¢)=3L

r=1
To prove V <L? Where V is vol. of parallelopiped formed

r 1
by the vectors 3, b and é

a, a, ag
.. We have V = [gb%] =|by b, by
¢ € G

= V = (a,b,c; + a,bsc,tasb,c,) — (a,bse, + a,bc,
+ a;b,c) ..
Now we know that AM > GM
(@, +b,+c)+@, +b, +c,)+(@; +by+cy)
o 3
>[(a, +b, +¢) (a,+b,+¢,) (a; + b, +cy)]*?

3L
= T > [(a,+b,+¢)) (a,+b,ytc,) (aytbyte,)]'”?

= L’>(atb,+c) (a, + b, +¢,) (a, +by + ¢y)

= a,b,c,; + a,b,c; + asb,c, + 24 more such terms
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